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existence of standing waves within the plasma layer.
The power density at the Ath harmonic varies as the
input power density to the Ath power for fixed values
of the normalized plasma parameters. The peak values
of the third- and fourth-harmonic powers, Qs max and
Q4 max, have been discussed, indicating that they are
independent of w,/w in the range 0.1<w,/w<0.8.
Outside this range both decrease rapidly. The peak
values also vary inversely with »/w. Similar statements
hold for the harmonic powers reflected from the plasma
layer.

The question of the convergence of the series used to
solve the equations has been examined. A condition
on Py, the incident power density at frequency w, is
derived such that the small signal analysis is valid.

An analysis of the effects of the nonlinear terms on
propagation at the incident frequency w is then dis-
cussed. This is accomplished through a reiteration
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procedure, including only the effects of the second
harmonic, which yields a correction to the equation
for the power transmitted through the layer calculated
from the linearized equations. The results indicate that
the correction can be as much as 509, for w,/w<0.2
and »/w<0.005. This may be of importance when
using an electromagnetic wave to measure the proper-
ties of a plasma and also when considering ionospheric
propagation phenomena.
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The thermodynamic behavior of liquid He? in its possible superfluid phase is investigated by extending the
methods of Brueckner ef al. They suggest that such a correlated phase can exist at very low temperatures due
to the fact that there exist attractive D-state interactions near the Fermi surface. The free energy and the
energy gap of the system for D-state interactions corresponding to different pure azimuthal modes are
calculated at different temperatures. It is found that /=2, m=2 and /=2, m=1 modes correspond to the
lowest free energy of the system near the critical temperature. In the intermediate range of temperatures
the free-energy curves for the two modes, when the computations are made numerically, come out to be very
nearly the same. But actually it can be shown by an analytical method that they are identical. The /=2,
m=0 mode yields a higher free energy for all temperatures less than the critical temperature. The mixing
of modes is investigated near the critical temperature. Any linear combination of all the modes =2, m=0,
1, —1, 2, and —2 does not seem to lead to a lower free energy than that of the /=2, m=4-2, and m==1
modes. The correlation lengths at different temperatures are also analyzed. The specific heat and entropy

curves for the /=2, m=2 mode are given.

I. INTRODUCTION

ECENTLY, it has been suggested by Brueckner,
Anderson, Morel, and Soda!? and Emery and
Sessler® that liquid He® may have a superfluid phase at

* Supported by the U. S. Atomic Energy Commission, the
Office of U. S. Naval Research, and by the U. S. Air Force under
a contract monitored by the Air Force-Office of Scientific Research
of the Air Research and Development Command.

t Now at the Physics Department, University of California,
Berkeley 4, California.

1 K. A. Brueckner, T. Soda, P. W. Anderson and P. Morel,
Phys. Rev. 118, 1442 (1960).

(129(%)W. Anderson and P. Morel, Phys. Rev. Letters 5, 136, 282

3V. J. Emery and A. M. Sessler, Phys. Rev. 119, 43 (1960).

very low temperatures. They extended the method of
Bardeen ef al. to a system in which the interactions are
represented by non-spherically-symmetric potentials
and found that a fermion system such as He® can become
superfluid due to the attractive interaction in the /=2
state very close to the Fermi surface.

In the above-mentioned papers, the total energy and
the energy gap of the system for the ground state have
been calculated. The transition temperature 7. as well
as the discontinuity of the specific heat at 7. have been

4 J. Bardeen, L. N. Cooper and J. R. Schrieffer, Phys. Rev. 108,
1175 (1957). Hereafter we refer to this as BCS.
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determined. It is the purpose of this paper to explore
the thermodynamic behavior of the system for tem-
peratures below the transition temperature.

In Sec. IT, we outline our method and list the various
quantum-statistical formulas and other necessary ex-
pressions in a form convenient for use in later sections.
In Sec. ITI we use numerical methods to calculate the
energy gap and free energy of the system corresponding
to different pure modes. In Sec. IV we discuss the prob-
lem of whether the system favors a mixing of the
different modes. Near the transition temperature, we
are able to show that some types of mixing of modes do
lead to a lower free-energy state, corresponding to the
pure =2, m=2 or m=1mode. In Sec. V, we investigate
the correlation length. Finally, in Sec. VI, we obtain the
specific heat curve of the system for /=2; m=2 mode
below the transition temperature.

II. FORMULAS FOR THE ENERGY GAP AND
THERMODYNAMIC QUANTITIES

In the earlier papers!? the energy gap, the distribu-
tion function, and entropy of the system are calculated
by a variational procedure which minimizes the free
energy. Following the paper of Brueckner e/ al.! and
using their notation, we take the interaction Hamil-
tonian as

H; =—Z(2H‘1)Vz Y adeowte_wew PuBE), (2.1)
k,k’
with
Vi=— (kp| Ki|kr). 2.2)

The wave function of the system at a finite temperature
T can be written as

bit— Ay 144 k"bk"
V= H e’ I , (2.3)
V(1 (A0 [ 0 (0 A
Smgle Excited pairs Ground pairs

particles

(o being the vacuum state). ¥ represents the existence
of excited pairs, ground pairs, and single-particle excited
states. cxo' is the creation operator for a single particle
of momentum k and spin o, and ;! is the pair creation
operator

bi'=cuTc_ut  (for even values of 1).  (2.4)
The free energy of the system is
F=E-TS
A2
‘22|€k]<fk+(1 2fk)~ )
+| 4|
R *
—dr Vi Y Vin(k ko) —(1=27)
o A2
XZ Vin* (k' ko) y |2(1 2fw)
+23 {/f« lnfk+(1—fk) In(1— f)}&T. (2.5)
k
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In the above, fy is the distribution function for occu-
pancy of state of momentum k, the 4’s are the varia-
tional parameters introduced to represent the proba-
bilities of the pair states, k being occupied. As in
reference 1, we take the K matrix for the effective
interactions. Since the interaction in the /=2 state
seems to be predominant near the Fermi surface, we use
only Vs, Introducing for simplicity the quantity By
defined as

Bi= A/ (14| 4%,

and minimizing the free energy with respect to Bi*, we
obtain

(2.6)

2¢, By
(14| Bi[2)! :
XX [BiVon* (B o) 1= 2fi) Vam(kR0) ). (2.7)
With the definition
com=41V2 X B Vau* (k' o) (1—2fw), (2.8)
Eq. (2.7) becomes
2¢.Bx .
—_— =3 eozm ¥ am(k,k0). (2.9)
(1—4|Bg|®)t »
Let us introduce a quantity ¢(6,¢) by defining
Be _clhe) (2.10)

(1—4|By|®)} 26

Expanding ¢(8,¢) in terms of spherical harmonics, we
have

C(e)w):Zlm Clmylm(g,(P)- (211)
From (2.9) and (2.10), we find that
cim=0for I£2, cim=-e€pmforl=2. (2.12)
Hence .
_ Sl m €o2my2m(li,ko)] . (2.13)
2Le+ | X m €oam¥ om(kyko) [ 7]
From Eq. (2.8) we see that
Vou* (k) [ mr €ome Vo (B k)]
€oom=4mV — -
k 2[€k2+ ( | Zm” 502m”y2m”(k;k0) ] 2)]*
X(1=2fy). (2.14)

By minimizing the free energy with respect to fx, we
obtain

1n1"_£ =Bl (S el BR[0T,

and

(2.15)

Je=f(BEW)=

, (2.16)
P41
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where Ey represents the “‘single-particle-like”” excitation
energy. Equations (2.15) and (2.16) lead us to the
integral equation for the energy gap,

4x Vs >k YZm*(k,ko)l:Zm’ €02m' ¥ om (}},]%0)]
2[€k2+ * Zm’ €02m’ Y2m’ (]%7]%0) ! 2]%
X tanh (BEy/2).

The free energy and entropy of the system are

. s BE
F=Z | fkl _Z{éch—{" | [Z 602mY2m(k,ko)][ 2}% tanh-—2 £
k k m

€02m ( T) =

(2.17)

(€03 Y om(k,Bo)) tanh (BEy/2)
k 20e4 | (En Eozmyzm(i’c’,ko) [2]
S=2k 3k {BEx futIn(14¢FFx)}. (2.19)

The specific heat C;=T(dS/dT) can be calculated from
the entropy curve of the system.

TS, (2.18)

an

III. CALCULATION OF THE ENERGY GAP AND
FREE ENERGY OF THE SYSTEM

We shall now calculate the energy gap and the free
energy of the liquid corresponding to different pure
azimuthal modes for the D-state interaction in the
liquid. The problem of mixing of the different modes will
be dealt with in the next chapter.

According to Eq. (2.18), the energy gap for a par-
ticular pure mode m is '

éozm(T) = 471"7\7* (O) Vz/dQ

AE ‘ Y2m(]%,iéo) l 2 tanh(ﬁEk/Z)
X / dey; .
0 [5k2+ léozmyzm(k,ko) | 2]%

" Here N*(0) is equal to N (0)/4w, where N (0) is Bloch
density of states at the Fermi surface.! We replace the
function tanh(8Ex/2) in the above by the expansion

3.1)

tanh (BEy/2)=1—2 3" (—1)emsEx  (3.2)
n=1

Using the analogous expression for the energy gap at
T=0, we can find the following equation for €, (0)

1 AL | Y2m| 2
_ / i / dei. (3.3)
N(O)V, o Lex? ]| (eoam(0) Vau)?| ]t
Hence we easily see that
AE | yml 2
/dﬂ/ dey;
0 Ler?+ | €0zm(0) Vom| 2]
AE dfkl Yzml 2 ®
=/d9/ ~2% (— 1)
o e+ Leozn(T)Vom ?[}t n=
AE | y2m| 2—nBEy
X / aQ / dey; - (34
0 E€/c2+ IEOZm(T) Y2M| 2]%
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Making change of variable

€= | €0am(T) Y 2m | sinhs, (3.5)
we obtain
eozm(O) ) L
N =2 3 (— 1) dszmmw/ ds
Gozm(T) n=1 0

X exp(— 18| €vzm(T) V2m| coshs).  (3.6)
where ‘

L=sinh~(AE/ | eozm(T) Vom|).

Taking as an approximation the upper limit L as
infinity, which is very good near 7', and 7'=0, we find

€02m (0)
fO?m(T)

In

=2 Z(—l)"“/dﬂlysz

XKo(n,B|€2om(T)Y2m|), (37)

where K, is the zero-order modified Bessel function.
We then do the integration on the right-hand side
numerically using Weddle’s rule, taking the integrand
as a function of %2n=RBe02s(T) and varying this value
%2m over the desired temperature range. The results of
these integrations and the subsequent sums over # are
shown in Figs. 1(a), 1(b), and 1(c). To solve for the
€0am(T) at different temperatures, we plot the function

Fop=2 él(_l)”+l/d9| Vom|2Ko(nB| €sam¥ om|), (3.8)

as a function of xs, on the semilog graph paper. The
left-hand side of (3.7) can also be expressed as a function
of xom, 1.€.,

Vom (xzm) = ln[:ﬁceogm (0)]— lnxg,,,—- ln(T/Tc) (39)
and
(3.10)

On the same semilog paper, ¥z, plotted as a function
of x2m, according to Eq. (3.9) will be a set of parallel
lines. Different lines will correspond to different tem-
peratures. The intersections of these lines with the
curve drawn for Fy,(x2m) according to Eq. (3.8) will
fix the values of x9,,=Be02m(7") for that temperature.
Figures 2(a), 2(b), and 2(c) indicate the procedure
adopted. In these calculations we use the values of
Be€o2m(0) determined in reference 1. Hence the energy
gap at different temperatures is determined and the
curves of Fig. 3 are obtained for different modes.

The free-energy calculation also follows in a similar

Yom (x2m) =Fom (x2m)

"manner. From (2.19) the expression for free energy is

F=Y"|ex| — 2 [ex>+ | €o2mVam| ?]* tanh (BEy/2)
k k
IGOZmY2m| 2 tanh (BEk/Z)

k [6k2+ ‘ 602mY2m| 2]%

AE Ek2+Ek2
—4AN*(0)kB / o / dejm—
J 0

k

X3[1—tanh(BE/2)].

(3.11)
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Substituting (3.2), changing the integration variable as
in Eq. (3.5), and using the same approximation used in
(3.6), we obtain

N

[——%—iemmﬂ 25 (= ) (D)

™

X/dQl y‘gm‘2:]K2[(%6|€02m(T)Y2m|)] (312)

Using the parameter x,, defined as above, we have for
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the free energy

o (B2) - measra{ sz o

deﬂ{Y2m|2K2(nx2m|Y2m|):|, (3.13)

where K, is the modified Bessel function of second order.

The numerical integration in (3.13) is carried out for
different values of xs. over the desired temperature
range. After summing over the values of # until the
series converges, we draw the curve for that integral as
a function of «s,. For different temperatures we know
the corresponding values of the parameter xs, from
Eq. (3.10). Hence the free energies are evaluated for
different temperatures from (3.13). The free-energy
curves for the system for different pure azimuthal modes
are drawn in Fig. 4. The curves indicate that near T,
the /=2, m=2 mode leads to the lowest energy for the
system. The /=2, m=1 mode also yields the same
energy as the /=2, m=2 mode or nearly the same
energy throughout the entire temperature range. It can
be shown analytically that the /=2, m=2 mode leads to
identical values as the /=2, m=1 mode. However, the
I=2, m=0 mode always yields a higher free energy.
Of course, the mixing of different modes has to be
analyzed before determining lowest free-energy state
of the system.

IV. MIXING OF AZIMUTHAL MODES

It is very important to find out whether pure modes
only exist in the system. If a mixing of different modes
leads to a lower free energy, the system will favor that
state. But it is rather difficult to solve the energy gap
equation (2.14) analytically for the case of mixed modes
for all temperatures. Hence, we will obtain analytical
expressions for a general mixture of modes near T'..

Taking the energy gap equation (2.17) and ex-
panding the factor {[tanh(8Ey/2)]/Ex} in powers of
(| X m cm¥im|?), which goes to zero at T=T, we
obtain for eyn’s the following integral equation:

€02m (T) © tanh(B.¢e/2)
=[ - de 602m(T)
NV Jo €
© sech?(B.¢/2)
+/ _*_“_dé (B_ﬂc)GOZm(T)
0 2
_F

*tanhy sech?y
=)
0

8 y? ¥

X/ l > €oom (T) Vg l 23" €oam (1) Vom Vam*dQ,
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)
or where
6027nK:/Y2m* Z e[)‘znY21L602u*y2u*502v1/2yd9, (4‘1) . .
nopy By using the spherical harmonics for /=2, the above
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equation reduces to the following :

K€02m=€02mZ|602n{2)\1m;|n[+€02m Z Ieog.n

n nFEm

Nl inl

+(=Dmeonn® 2 (4.2)

nFEm,nFE—m

€09—n€02n (— 1) ™\ ||,

where Nmjja=J | You|?| V2n|2dQ. This set of 10
coupled equations for eopem’s and ep2,™’s is solved in a
generalized manner in Appendix A.

The free-energy expression represented by Eq. (2.18)
can be obtained in powers of (|Y_m €uim¥im|2=c?) near
T. by using the same kind of Taylor expansion. Since
AF/3(c?)| 2 =0, T =1. is identically zero, the free-energy
expression is

2
F,=F,—1 / G 2dQ%N(O)

r*/tanhy sech?y
X / < - )dy, (4.3)
o\ Y ¥

where F, is the normal free energy at that temperature.
From Eq. (4.1) the second term on the right-hand side
of (4.3) is QK Y| eum|?, where

© 32 tanhy sech?y
—8~N (0)( )dy.

0=2 (4.4)

0 »? y

From the set of equations (4.2), 3" .| €o2m|? is solved in
the Appendix, giving six solutions besides the pure mode
solution. The most favorable solutions which give the
highest value are obtained as

Zml 602m|2=K/>‘y

A=/|Y22!4d9=/|172114d9

Hence, the lowest free energy obtained for the combined
mode is Fy=F,—QXK?/\. For the pure model /=2,

4.5)
where
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F16. 4. Curves for free energies for pure state /=2,
m=0, m=1, and m=2 versus T/T..

m=2, the iree energy can also be shown to be

Fo=F,—QK?/\. (4.6)

Hence we see that the pure mode /=2, m=2, as well as
I=2 and m=1, lead to the lowest free energy as also
some other solutions corresponding to a mixing of
different modes. Also it is found that for /=2, m=0, the
free energy is higher than the pure /=2, m=2 and m=1
cases. It is also to be noted that some asymmetric
mixing of modes; i.e., the case in which we mix /=2,
m=2, =2, m=1, and =2, m=0, yields a lower
energy equal to the pure /=2, m=2 case and all sym-
metric mixings, i.e., the cases in which m and —m are
mixed, lead to higher free energies for the system. All
possible general solutions are obtained in Appendix A.
In no case does the mixing lead to a free energy lower
than the pure mode case I=2, m=2 or m=1.

Considering the case of the single mode by Eq. (4.3),
we have

Fs=Fn_‘Q/{€Glm| 4[ Yl,,,] 4dQ. (47)

By solving the equation for the energy gap (4.1) for a
pure mode, we obtain

| €02m?| = (10.2/X)(1/8) (1 —T/T.). (4.8)
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In view of the above (4.8), the absence of (] eozm|?) term
in (4.7) proves that the transition is one of second order.

A general discussion of the ground state is not
attempted here.

V. CORRELATION LENGTH

Having introduced a directional correlation in the
liquid to obtain the superfluid state, we are interested
in calculating the length over which the correlation
might persist.

According to the BCS theory, the correlation function
for fermions of opposite spin is

pa=n[Fn+Pa(r)], (.1)
where 7 is the relative distance between two fermions,
n the number of fermions of both spins for unit volume,
and P4(r) is the following expression at 7=0:

PA(Y)Z%(&Y / / dkdk’

X[ - | €02m (0) | 2V 2 (B, o) Vo (B o)
et~ x .
EXE'

(5.2)

The range of the spatial correlation may be determined
by investigating this P4(r). We evaluate the function

114\3 etk-r .
E

Y

(5.3)

Expanding e®* in terms of spherical harmonics, we get

ek t=dr 3 ()T p (k)Y e * (BE) Y 1 (Bo 7).

U'm’

(5.4)

Since we are interested in a region of integration where

(r.8) ptane

(® sla—,k'[m(i_;;]

(r.8) plane

() Vawlvaolk,n]

() Var [voo(R,h]

F1c. 5. Spatial patterns for the correlation function 7(r): [=2;
(a) m=2, (b) m=1, (c) m=0, and (d) I=0; m=0 (BCS case).
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kpr>1, we have the relation

T () 1)"“'/2(1//37){ sin(kr), !'=even
cos(kr), l'=odd
+higher order terms in 1/(kr), (5.5)
and we set (as was done in BCS)
ok
k2kp+—| es=krter/hvr, (5.6)
derl p
where vr is the Fermi velocity and
sin[ (kp+er/hvp)r Jo=sin (kpr) cos(exr/hvr), 5.7)

cos[ (kr+er/hvp)r I~cos(krr) cos(exr/hvr).
Then we have

N(0) AE ,
/dQ2 O T (e

(2m)°

I(r)=

Vim*(BEo) Y 1m (B Bo) €xr
cos(——)(kk

2[€k2+ | eOBm(O) Y2m[ 2]%
1 jsin(krr)

kpr

hor

Vi (Bof). (5.8
cos(kpr)l v o). (58)

Using the approximation for the limits as in Sec. III,
we find

N() 1 { sin(kpr) }

> (4m)Y v (ko,?)

U'm’

(2m)3 kyr | cos(kpr)

™

aQ - s 2
X/ LYl'm’*(k)kO)Y?m(k’ko)
(4m)?!

| €02 (0) ¥ 3 (B, o) | 7 .

Ky ) (5.9)
/I‘UF

Since it is reasonable to expect a large contribution to

the integral from I’=2, m'=m in the summation, we
approximate the value of the above as

1\*N(0
I(r)= (—) Q) g ler) (47 ¥ an o)
kpr

[ b
X - 2m 0y 2
(4m)t

KO( | 602,,,(0) ]1’| ng(k,ko) i

hv F

). (5.10)

The correlation length R can be taken as the difference
between values of 7 corresponding to the maximum
value of the function 7(r) and that corresponding to
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1/e times this maximum value. In particular, if we take
the I=2, m=0 mode, the maximum value of I(7)
occurs at #=0 and assuming that sin(kpr)/(kpr) does
not oscillate too much in this range of 7, we find the
the approximate value of R (the correlation length),
using Fig. 1(c), to be about 400 A. The case of /=2,
m=1 or 2 differs from the above case, since I(r)
vanishes at =0, and its maximum occurs at a different
point for these two modes.

From (5.10) we see that the expression for /(r) has a
factor (4m)*¥gm(ko,#) which gives a peculiar pattern
for the quantity 7 (7) in the liquid. The space dependence
of this pattern in a given plane represented by the
shaded areas [inside of (47)}Y an(k0o,?) figures] is given
in Fig. 5. The shaded areas represent those regions in
which the function 7(r) has maximum strength; outside
this region I(r) tails off to zero. For the pure modes,
=2, m=2 or 1, the correlation vanishes near =0, and
for m=0 is a maximum at »=0. This is indicated by the
amount of shading present in different parts of the
patterns in the Fig. 5. From these considerations we
note that the angle-dependent correlations vanish in
some directions.

To find the correlation lengths at higher tempera-
tures, we have to calculate the matrix element

o5 0'")
= <\I/excited l \I’a"* (fl/)\I,a'* (r,)\I/u' (rl)\I’v" ’ (f”) [ \I/excited>,
(5.11)

where Weycitea are the excited-state wave functions. This
matrix element can connect different possible initial
and final states and, taking into account all such
possible nonvanishing contributions, we obtain for the
function 7(r) for higher temperatures the following

expression
Y om (ko)

1
(27)? Cer’ | €oem(T)Vom| 2]
X ikt tanh[}ﬁ (ex2+ I €0omY om | ?) %]'

(5.12)

From the values of the quantity Beosn(7T) determined
from Figs. 2(a), 2(b), and 2(c) for different values of
T/T., it is found that it exceeds unity considerably in
ranges of temperatures from O to 0.87.. Hence, as a
very crude approximation, we can take tanh(8E./2) as
1 in this range. Hence, the function () is the same as
that for T=0, except for the fact that €. (0) is to be
replaced by €2 (7) in Eq. (5.9). As before, for the /=2;
m=0 mode at =0, the function 7 () reaches a constant
value and hence the correlation length at any tempera-
ture T in this range will be of the form

Rzo(T) = 400[6020 (0)/602() (T) ]A .

For the other two modes /=2, m=2 and l=2, m=1 also,
if, as a very crude approximation we assume the
integrals represented by the curves 1(b), 1(c), etc. to

(5.13)
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be of the type ¢4%, where 4 can be determined by
finding the slope of the curve in the region between the
points where it reaches the largest value and the point
where this value is reduced by a factor of 1/¢, we can
show that R, (7T) is of a form very similar to Eq. (5.13)
and is given by

R222225 [6022 (0)/6022(T) :IA,
R21g245[€021 (0)/6021 (T)]A.

At T, the correlation strength function P4 defined in
Eq. (5.1) goes to zero since P4 contains | e, (T)|% as a
factor and liquid becomes a normal fluid.

(5.14)

VI. SPECIFIC HEAT

In the previous sections we have discussed the various
thermodynamic aspects of the system, though we are
only sure of the lowest excitation mode of the system
near T'., where the energy corresponding to the /=2,
m=2 mode is one of the lowest possible energy state of
the system. Any linear combination of the different
modes does not lead to a lower energy near T,. Near
T=0, and in the intermediate range of temperatures,
the /=2, m=2 mode, as well as the /=2, m=1 mode,
yield the same energy (for the system) which is lower
than that of the /=2, m=0 mode. Though we are not
certain whether any linear combination of the modes
will lead to lower free energy of the system in these lower
temperature ranges, we shall draw the entropy and
specific heat curves for the /=2, m=2 mode throughout
the whole range. Near T, at least it will represent the
true state of affairs.

The expression for entropy is

AE 6k2+Ek2
S=4N*(0)k3 / aQ f f(BEx)der.  (6.1)
0

Ex

Effecting the same change in the integration variable
as was done before in Eq. (3.5) and approximating the
upper limit of integration to infinity, we obtain

S=4N*(0)k2Twem? Y, (—1)n+1
n=1

X/dﬂ[ Vom|2Ko(n| xam¥ om|),

where
x2m=602m(T)ﬁ~ (6-2)

For different temperatures the value of x2, can be
found out as was done in Sec. III and the corresponding
value of the entropy calculated. The entropy curve for
I=2, m=2 mode is shown in Fig. 6.

The specific heat C,=T(dS/dT) can be calculated at
each point of the entropy curve and a graph for the
specific heat of the system is drawn in Fig. 7. The curve
shows a discontinuity at 7', corresponding to the tran-
sition from the normal to the superfluid phase. The
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Fi6. 6. Entropy curve for /=2, m=2 versus T/T,.

ratio of the jump in the specific heat to the normal
specific heat at T, can be calculated as
(Cs(l=2,m=2)—C,)/Cn=1.08. (6.3)
In conclusion, we may point out that the thermo-
dynamic behavior of liquid He?® discussed in the
previous chapters can be analyzed very well near T';
and the extension to lower temperatures can be accom-
plished only by more detailed numerical computations.

2.5 T T
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20— ' .
|
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1.5k H
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1
/
1.0} .
05 2
T/
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F16. 7. Specific heat curve for /=2, m=2 case.
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APPENDIX A

We will here solve Eq. (4.2) in the most general case
and we are interested in the expression for the quantity
> x| €024 |2 which enters into our free-energy calculations
[Eq. (4.3)] in the case of general mixing of modes. Let
us rewrite Eq. (4.2) as

CK—2 3| €oan| N jmi1niF | €02m| 2\ ) 1m) J€02m

=

nFEm,nFE—m

= (—)"eor-m* €20n€02—n(— ) "Ajmin- (A1)

Let us assume the most general form for the eon’s as

€02m="Nme%™;  €02—m="1N_me'%m, (A2)

where 7,, is the modulus of the quantity es2n. Equation
(A1) can be written

N
LK+ €ozm| Njmiin1—2 2 | €02a| A jmiini]
N—m n

= (=)mg-iamta—m) 3

nFEm, nFE—m

nnn_nei(dn'*'a—n).

(A3)

Replacing the m by (—m) in the above, we obtain an
equation which, when multiplied on both sides by
Eq. (A3), yields

1 (K—2 20| €020 2Nl 1M\ imi 1)
=02 (K—2 2 n|€ozn| N imi 101 F1—mNim] 1m])-

Two possibilities arise, namely, either 7,2=75_,% or
Nn#Zn-n?. In the former case, Eq. (A4) is only an
identity. Hence if we take the latter case 9,279_n2, we
arrive at the result that

(A4)

K/)\ = 7722+7712+7I~22+71—12+710 = Zn 1 €02n l 2,

by virtue of the values of Ajmj|. obtained earlier,
)\12=>\10=)\20=)\/2 and )\oo=%)\.

Taking the other possibility eoam®=e€o2—n?, We can
assume

(AS)

€0om="|m|€°%™  €02—m="1|m|€ %™ (A6)
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Putting these values of €pm in Eq. (A1) we obtain

(K= 1\ mini— 2o 102N\ imijn)) = (—)mei@mta—m)
n nFEm

XL 2

n#Em,nFE—m

(A7)

M Nim) jnje?enten) ],

Since the left-hand side of Eq. (A7) is real, the right- -

hand side also should be real, and hence we obtain the
condition

> MmN (5"

nFEm,nF—m

>< Sin (an+a_n—am— a—m) = 0’ (AS)

for all values of m.
If we identify groups of angles (Qay—ai—a-1),
(20[0—'012—01_2), and (a1+a_1——a2——a_2) as a, b, and [

respectively, we obtain the following conditions
from (A8):
(m2%)/ (n111?) = sina/sind; (i)
—2(m22/90%) = —sina/sinc; () (A9)
and
2(m1/%/n0*) = sind/sinc. (iii)

Writing the real part of Eq. (A7) for the value of m=2, .

we get i

K= 3n22)\22+47712)\21+ 2"702)\20“*‘[1702)\20 CoS (2010-‘@2—01_2)
'—21’]12>\21 COS(a1+a_1—C(2—Ol_2)]. (AlO)
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If the angles a, b, ¢ are not zero or multiples of 7, we can
make use of Egs. (A9) and obtain

2ama’=K/\ (A11)

- If, however, @, b, and ¢ are odd or even multiples of ,

we can go to the real part of Eq. (A7) and write them
as follows for the three values of m=1, 2, and 0.

K/\=3nj524201*(1—=3R) +no*(1+3M),
K/\=2952(1—3R)+3n12+no*(1—3 1),
K/\=2n9>(A+3M) 42912 (1—3L) 500,

where L=cose, M =cosb, and R=cosc. In the above,
L and M can individually take values of 1 according
as @, b assume even or odd multiples of 7. The value of
R is determined by those of L and M, since ¢c= (b—a).
Thus there are four possible cases and if we solve these
four sets of equations, we find that the sum Y, 52
takes the value either 2K/3\ or K/\. We can similarly
consider asymmetric mixing of either (1) ep—» and
€02—1 are both missing, or (2) one of them is missing. The
results are such that there are no greater values for
> m|€o2m|? than K/N. The case of a special symmetric
mixing of the +m and —m mode is shown to lead to
(3)(K/\) for the value of 3_,.]€o2m |2 Thus the general
mixing of all modes in view of the Egs. (4.3) and (4.6)
does not lead to a free energy lower than the case of the
pure mode /=2, m=2.

(A12)



