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existence of standing waves within the plasma layer. 
The power density at the hth harmonic varies as the 
input power density to the hth power for fixed values 
of the normalized plasma parameters. The peak values 
of the third- and fourth-harmonic powers, Qz max and 
QA max, have been discussed, indicating that they are 
independent of cop/oo in the range 0.1<cop/co<0.8. 
Outside this range both decrease rapidly. The peak 
values also vary inversely with v/o). Similar statements 
hold for the harmonic powers reflected from the plasma 
layer. 

The question of the convergence of the series used to 
solve the equations has been examined. A condition 
on Poj the incident power density at frequency w, is 
derived such that the small signal analysis is valid. 

An analysis of the effects of the nonlinear terms on 
propagation at the incident frequency co is then dis­
cussed. This is accomplished through a reiteration 

I. INTRODUCTION 

RECENTLY, it has been suggested by Brueckner, 
Anderson, Morel, and Soda1,2 and Emery and 

Sessler3 that liquid He3 may have a superfluid phase at 
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procedure, including only the effects of the second 
harmonic, which yields a correction to the equation 
for the power transmitted through the layer calculated 
from the linearized equations. The results indicate that 
the correction can be as much as 50% for oip/cx)<0.2 
and J>/O><0.005. This may be of importance when 
using an electromagnetic wave to measure the proper­
ties of a plasma and also when considering ionospheric 
propagation phenomena. 
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very low temperatures. They extended the method of 
Bardeen et al.A to a system in which the interactions are 
represented by non-spherically-symmetric potentials 
and found that a f ermion system such as He3 can become 
superfluid due to the attractive interaction in the 1 — 2 
state very close to the Fermi surface. 

In the above-mentioned papers, the total energy and 
the energy gap of the system for the ground state have 
been calculated. The transition temperature Tc as well 
as the discontinuity of the specific heat at Tc have been 

4 J. Bardeen, L. N. Cooper and J. R. Schrieffer, Phys. Rev. 108, 
1175 (1957). Hereafter we refer to this as BCS. 
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The thermodynamic behavior of liquid He3 in its possible superfluid phase is investigated by extending the 
methods of Brueckner et al. They suggest that such a correlated phase can exist at very low temperatures due 
to the fact that there exist attractive Z>-state interactions near the Fermi surface. The free energy and the 
energy gap of the system for Z)-state interactions corresponding to different pure azimuthal modes are 
calculated at different temperatures. It is found that 1 = 2, m = 2 and 1 = 2, m=\ modes correspond to the 
lowest free energy of the system near the critical temperature. In the intermediate range of temperatures 
the free-energy curves for the two modes, when the computations are made numerically, come out to be very 
nearly the same. But actually it can be shown by an analytical method that they are identical. The 1 = 2, 
m = 0 mode yields a higher free energy for all temperatures less than the critical temperature. The mixing 
of modes is investigated near the critical temperature. Any linear combination of all the modes 1 = 2, m = 0, 
1, —1, 2, and —2 does not seem to lead to a lower free energy than that of the 1 = 2, m = =b2, and m = ± l 
modes. The correlation lengths at different temperatures are also analyzed. The specific heat and entropy 
curves for the 1 = 2, m = 2 mode are given. 
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determined. I t is the purpose of this paper to explore 
the thermodynamic behavior of the system for tem­
peratures below the transition temperature. 

In Sec. I I , we outline our method and list the various 
quantum-statistical formulas and other necessary ex­
pressions in a form convenient for use in later sections. 
In Sec. I l l we use numerical methods to calculate the 
energy gap and free energy of the system corresponding 
to different pure modes. In Sec. IV we discuss the prob­
lem of whether the system favors a mixing of the 
different modes. Near the transition temperature, we 
are able to show that some types of mixing of modes do 
lead to a lower free-energy state, corresponding to the 
pure / = 2 , m= 2 or m= 1 mode. In Sec. V, we investigate 
the correlation length. Finally, in Sec. VI, we obtain the 
specific heat curve of the system for 1=2; m=2 mode 
below the transition temperature. 

II. FORMULAS FOR THE ENERGY GAP AND 
THERMODYNAMIC QUANTITIES 

In the earlier papers1 '2 the energy gap, the distribu­
tion function, and entropy of the system are calculated 
by a variational procedure which minimizes the free 
energy. Following the paper of Brueckner et al.1 and 
using their notation, we take the interaction Hamil-
tonian as 

ffi=-E(2/+l)7, Z cfc-fc-vcM%fi), (2.1) 
l k,k ' 

with 
Vi=-(kF\Kt\kF). (2.2) 

The wave function of the system at a finite temperature 
T can be written as 

„ «. „ bJ-Av _ l+Ak,.bk.S *=iw n n — — — * o , (2.3) 
k' (l+\Ak.\*)i k " ( l + | ^ k „ | 2 ) J 

Single Excited pairs Ground pairs 
particles 

(<f>o being the vacuum state). ty represents the existence 
of excited pairs, ground pairs, and single-particle excited 
states. c±J is the creation operator for a single particle 
of momentum k and spin a, and b^ is the pair creation 
operator 

6k+ = £ktt£-k4t (for even values of / ) . (2.4) 

The free energy of the system is 

F=E-TS 

= 2 £ | e * | ( / k + ( l - 2 / k ) -^—) 

A * 
- 4 T T E ^ E M ^ O ) ^ - - ( l - 2 / k ) 

«« k i + M k | 2 

X L Ylm*(k',k0) • - ( 1 - 2 / k O 
k' 1 + M k ' | 2 

+ 2 Z { / k l n / k + ( l - / k ) l n ( l - / k ) } * r . (2.5) 

In the above, / k is the distribution function for occu­
pancy of state of momentum k, the ^4k's are the varia­
tional parameters introduced to represent the proba­
bilities of the pair states, k being occupied. As in 
reference 1, we take the K matrix for the effective 
interactions. Since the interaction in the 1 = 2 state 
seems to be predominant near the Fermi surface, we use 
only Vi. Introducing for simplicity the quantity Bk 

defined as 
£ k ^ k / ( l + M k | 2 ) , (2.6) 

and minimizing the free energy with respect to Bk*, we 
obtain 

2ekBk 
- = 471-7-2 

( l - 4 | £ k | 2 ) * 

X E £ LBkfY2m^k\ko)(l-2fkdY2m(k,kn (2.7) 
ra k' 

With the definition 

eo2m=47rF2£k' 5 k T 2 « * ( ^ o ) ( l - 2 / k 0 , (2.8) 

Eq. (2.7) becomes 

2ekBk 
~= T,*02mY*m(k,k0). (2.9) 

( l - 4 | 5 k | 2 ) * m 

Let us introduce a quantity c(6,<p) by defining 

Bk c(e,<p) 
(2.10) 

( l - 4 | £ k | 2 ) * 2ek 

Expanding c(d,<p) in terms of spherical harmonics, we 
have 

c(0,<p) = Y,im cimYim(6,<p). (2.11) 

From (2.9) and (2.10), we find that 

cim=0 for 1^2, Cim = eo2m for 1 = 2. (2.12) 

£ k \_Hrn e02mY2m(k,ku)j 

Hence 

Bk = ~ (2.13) 
2[e /b 2 +|Lm€02mF 2 m(^,^o) | 2 ] i 

From Eq. (2.8) we see that 

-f 2m 

eo2m=47rF2 IZ 7~2— 
€ 0 2 m " * 2m" 

X ( l - 2 / k ) . (2.14) 

By minimizing the free energy with respect to / k , we 
obtain 

A 
In = E k = [ € , 2 + ( | E 6 o 2 . F 2 m ( ^ o ) | 2 ) ] s (2.15) 

l — /k m 

and 

fk = f(/3Ek) = 
1 

e ^ k + l ' 
(2.16) 

file:///_Hrn
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where Ek represents the "single-particle-like" excitation 
energy. Equations (2.15) and (2.16) lead us to the 
integral equation for the energy gap, 

m' €02m'¥ 2mf 

C 0 2 w ( T ) — • • • • • • • - ^ 

m' € 0 2 r a ' F 2 m ' 

(Mo)lJ]» 
Xtanh(/3£k/2). (2.17) 

The free energy and entropy of the system are 
F=Z M - £ { e * H - I [ £ eo2mF2m(fc,&0)]|

 2}*tanh 
k k m 2 

(Eme02mF2«(l,^o)) tanhG&Ek/2) 
- £ — — — --TS, (2.18) 

k 2 [ 6 , 2 + | ( E m 6 o 2 m F 2 m ( ^ o ) | 2 ] * 

and 
S=2k L k {]8£k/k+ln( l+«r^k)} . (2.19) 

The specific heat Cs=T(dS/dT) can be calculated from 
the entropy curve of the system. 

III. CALCULATION OF THE ENERGY GAP AND 
FREE ENERGY OF THE SYSTEM 

We shall now calculate the energy gap and the free 
energy of the liquid corresponding to different pure 
azimuthal modes for the Z)-state interaction in the 
liquid. The problem of mixing of the different modes will 
be dealt with in the next chapter, 

According to Eq. (2.18), the energy gap for a par­
ticular pure mode m is 

e02m(T) = 4*rN*(0)V2lda 

rAE | F 2 m ( ^o ) ] 2 t anh ( /3£ k / 2 ) 
X / dek . (3.1) 

J* [6,2+|602WF2m(k,k0)|2]^ 

Here N*(0) is equal to .V(0)/4TT, where N(0) is Bloch 
density of states at the Fermi surface.1 We replace the 
function tanh(j&Ek/2) in the above by the expansion 

tanh(/3£k/2) = 1 - 2 £ (-i)n+ie-nf>EK (3>2) 
n = 1 

Using the analogous expression for the energy gap at 
T = 0 , we can find the following equation for e02m(0) 

dQ 
F 2 J 2 

N(0)V2 J Jo Lek*+\(eo2m(0)Y2my\y 

Hence we easily see that 

F2™|2 

dek. (3.3) 

AE 

dti I dek 
o tV+|e 0 2™(O)F 2 m | 2]* 

/

»&E 

dtt — 

Jo Uk 

d*k\Y2m\2 

X 

{e , 2 + | [6 0 2 w ( r )F 2 m ] 2 | }^ n=i 

F 2 m | V ^ k 

2 Z ( ~ l ) n + 1 

H dtk-
iei?+\mm(T)Yim\*y 

(3.4) 

where 

Making change of variable 

€*= |e02m(r)F2m|sinh^) (3.5) 
we obtain 

€ 0 2 m ( 0 ) oo r ^ 

In = 2 E ( ~ l ) n + 1 / d£l\ Y2m\2 / ds 
eo2m(T) »=i J Jo 

Xexp(— nP\eo2m(T)Y2m\coshs). (3.6) 

L^s inh - 1 (A£ / | € 0 2 w ( r )F 2 m | ) . 

Taking as an approximation the upper limit L as 
infinity, which is very good near Tc and T=0, we find 

€ 0 2 m ( 0 ) f 

l n _ = 2 L ( - l ) n + 1 dti\Y2m\2 

e02m(T) n J 
XK0(n(3\e2om(T)Y2m\)y (3.7) 

where Ka is the zero-order modified Bessel function. 
We then do the integration on the right-hand side 
numerically using Weddle's rule, taking the integrand 
as a function of x2m—0^o2m(T) and varying this value 
x2m over the desired temperature range. The results of 
these integrations and the subsequent sums over n are 
shown in Figs. 1(a), 1(b), and 1(c). To solve for the 
eo2m(T) at different temperatures, we plot the function 

F2m=2Z (-l)n+1 [dtt\Y2m\2Ko(n(3\eo2mY2m\), (3.8) 
n=l J 

as a function of x2m on the semilog graph paper. The 
left-hand side of (3.7) can also be expressed as a function 
of x2m, i.e., 

y2m(̂ 2m) = ln[]Sc€02m(0)]—lnx2m—ln(T/rc) (3.9) 
and 

y2m{x2m) = F2m(x2m). (3.10) 

On the same semilog paper, y2my plotted as a function 
of x2m, according to Eq. (3.9) will be a set of parallel 
lines. Different lines will correspond to different tem­
peratures. The intersections of these lines with the 
curve drawn for F2m(x2TO) according to Eq. (3.8) will 
fix the values of x2m=/3eo2m(^) for that temperature. 
Figures 2(a), 2(b), and 2(c) indicate the procedure 
adopted. In these calculations we use the values of 
/3ceo2m(0) determined in reference 1. Hence the energy 
gap at different temperatures is determined and the 
curves of Fig. 3 are obtained for different modes. 

The free-energy calculation also follows in a similar 
manner. From (2.19) the expression for free energy is 

^ = E I **| - E 0* 2+1 co2mF2m|2]* tanh(££ k /2) 
k k 

- E 
C 0 2 m F 2 m 

k [efc2+|eo2mF2m|2] 

-4#*(O)£0 fdnf 
J Jo 

AE e*2+Ek
2 

dek 

o Ek 
X t [ l - t a n h ( £ £ k / 2 ) ] . (3.11) 
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FIG. 1. Curves for K2m = 2f \ Y2m \2Ko(x2m \ Y2m \ )<Kl and F2m 
= 2 2n(-l)n+lf\Y2m\2Ko(nx2m\Y2m\)dn versus x2m=(3e02m(T). 
(a) tn = 0, (b) m=l, (c) m — 2. 

Substituting (3.2), changing the integration variable as 
in Eq. (3.5), and using the same approximation used in 
(3.6), we obtain 

iV(0) 

4TT L 
• i | eo2»(r )2 | -2E(- i )" + 1 ho 2 m ( r ) | 2 

n 

X MO|F 2 r o | 2 " | ^£ (« l 3 |eo 2 m ( r )F 2 m | ) ] . (3.12) 

Using the parameter x2m defined as above, we have for 

the free energy 

F /AT(0)\-* r 

——( — J =-W(r/r em+2E(-i)"+ 1 

< / • X / dQ\ Y2m\2K2{nx2m\ Y2m\) , (3.13) 

where K2 is the modified Bessel function of second order. 
The numerical integration in (3.13) is carried out for 

different values of x2m over the desired temperature 
range. After summing over the values of n until the 
series converges, we draw the curve for that integral as 
a function of %2m. For different temperatures we know 
the corresponding values of the parameter x2m from 
Eq. (3.10). Hence the free energies are evaluated for 
different temperatures from (3.13). The free-energy 
curves for the system for different pure azimuthal modes 
are drawn in Fig. 4. The curves indicate that near Tc, 
the 1=2, m=2 mode leads to the lowest energy for the 
system. The 1=2, m=\ mode also yields the same 
energy as the 1=2, m=2 mode or nearly the same 
energy throughout the entire temperature range. I t can 
be shown analytically that the 1=2, m = 2 mode leads to 
identical values as the 1 = 2, m=\ mode. However, the 
1=2, m=0 mode always yields a higher free energy. 
Of course, the mixing of different modes has to be 
analyzed before determining lowest free-energy state 
of the system. 

IV. MIXING OF AZIMUTHAL MODES 

I t is very important to find out whether pure modes 
only exist in the system. If a mixing of different modes 
leads to a lower free energy, the system will favor that 
state. But it is rather difficult to solve the energy gap 
equation (2.14) analytically for the case of mixed modes 
for all temperatures. Hence, we will obtain analytical 
expressions for a general mixture of modes near Tc. 

Taking the energy gap equation (2.17) and ex­
panding the factor {[tanh(/5£k /2)]/Ek} in powers of 
(\JlmeoimYim\2), which goes to zero at T=TC, we 
obtain for eozm's the following integral equation: 

€02m (T) r°°tanh(^ce/2) 

#(0)72 
de eo2m(T) 

' sech2(/W2) +/; 
/32 r°°/tanlry sech2y\ 

8 Jo\ y3 y2 J 

X / | E «02M-(r)F2m-12 E e02m:(T)Y2m„Y2m*dQ, 
J m' m" 

-de (fi-pjeinniT) 

dy 
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50 100 

or 

- / 

where 

€Q2mK= / F 2 m * E tMnY 2,i*M*Y 2*6QZVY 2vd&, (4.1) 
ic=[io.2/(/?c)

2](i-r/rc). 
By using the spherical harmonics for 1 = 2, the above 
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FIG. 3. Curves for energy gaps eo2m(r)/€022(0) 
versus temperature T/Te. 

equation reduces to the following: 

# 6 0 2 m— C02w 2 Z I e 0 2 n | A|raj \n\~\~€02m E I €02n | 2A | m\ \ n\ 

- ( - l ) m e 0 2 - m * E € 0 2 - n € 0 2 n ( - 1 ) W A 
nj^m^n^— m 

| m | | n I j (4.2) 

where \\m\\n\ = f\Y2m\2\Y2n\2dti. This set of 10 
coupled equations for eo2m's and eo2m*'s is solved in a 
generalized manner in Appendix A. 

The free-energy expression represented by Eq. (2.18) 
can be obtained in powers of ( |Em ^imYim\2 = c2) near 
Tc by using the same kind of Taylor expansion. Since 
dF/d(c2)\C2=o> T=TC is identically zero, the free-energy 
expression is 

Fs = Fn- c2\2dtt—N(0) 

X 
/ ; ( 

tanrry sech2y 
dy, (4.3) 

where Fn is the normal free energy at that temperature. 
From Eq. (4.1) the second term on the right-hand side 
of (4.3) is QKj^m\€oim\2, where 

Jo 
Q=h 

2 /tanlvy sech2y 

; \ -Vs 
yy. (4.4) 

From the set of equations (4.2), Xm|eo2m|2 is solved in 
the Appendix, giving six solutions besides the pure mode 
solution. The most favorable solutions which give the 
highest value are obtained as 

where 
Hm\€G2m\2 = K/\, (4.5) 

X= | F 2 2 | 4 ^ = r21im 

Hence, the lowest free energy obtained for the combined 
mode is Fs = Fn—QXK2/\. For the pure model 1=2, 

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

FIG. 4. Curves for free energies for pure state 1 = 2; 
m = 0, m=l, and m = 2 versus T/Te. 

w = 2 , the free energy can also be shown to be 

Fs = Fn-QK2/\. (4.6) 

Hence we see that the pure mode 1 = 2, m=2, as well as 
1 = 2 and m=l, lead to the lowest free energy as also 
some other solutions corresponding to a mixing of 
different modes. Also it is found that for / = 2, w = 0, the 
free energy is higher than the pure 1= 2,m=2 and m= 1 
cases. I t is also to be noted that some asymmetric 
mixing of modes; i.e., the case in which we mix 1=2, 
m=2, 1 = 2, m=\, and 1=2, m=0, yields a lower 
energy equal to the pure 1 = 2, m=2 case and all sym­
metric mixings, i.e., the cases in which m and — m are 
mixed, lead to higher free energies for the system. All 
possible general solutions are obtained in Appendix A. 
In no case does the mixing lead to a free energy lower 
than the pure mode case 1=2, m=2 o r w = l . 

Considering the case of the single mode by Eq. (4.3), 
we have 

Fs=Fn-Q 
• / ' 

€Gln m (4.7) 

By solving the equation for the energy gap (4.1) for a 
pure mode, we obtain 

| €02*21 = (10.2/X) (1//32) (1 - T/Te). (4.8) 
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In view of the above (4.8), the absence of (| eo2m|2) term 
in (4.7) proves that the transition is one of second order. 

A general discussion of the ground state is not 
attempted here. 

V. CORRELATION L E N G T H 

Having introduced a directional correlation in the 
liquid to obtain the superfluid state, we are interested 
in calculating the length over which the correlation 
might persist. 

According to the BCS theory, the correlation function 
for fermions of opposite spin is 

Jv(kr)~(--iy'+i'i*(\/kr) 

&F?0£>I, we have the relation 

sin(^r), /' — even 

lcos(£r), /' = odd , 

+higher order terms in l/(kr), (5.5) 

and we set (as was done in BCS) 

dk\ 
k^kF+~ 

dei 
ek=kF+€k/hvF, 

PA = n[%n+PA(r)~], (5.1) 

where r is the relative distance between two fermions, 
n the number of fermions of both spins for unit volume, 
and PA (f) is the following expression at T=0: 

PA(r) = —(—) f'fdkdk' 
ImXlirJ J J 

\eo2m(0)\2Y2m(kyko)Y2m(kf
1ko) 

X\e pi(k'— k) -r_ 
EXE' 

(5.2) 

The range of the spatial correlation may be determined 
by investigating this PA{T). We evaluate the function 

/ 1 \ 3 r eik-T 

/ ( , ) = ( — j \dk F2*(*,*o). 
\2TT/ J E 

(5.3) 

Expanding e i k r in terms of spherical harmonics, we get 

e ik- r=4rr £ {iyjv(kr)YVm,*{k,h)YVm,{h,r). (5.4) 
I'm' 

Since we are interested in a region of integration where 

M) plane 

(r.0)pione 

(c) x/47[Y20(ivr)] (d) /47[Yoo(k,r)J 

F I G . 5. Spatial pa t te rns for the correlation function I{r): 1 = 2; 
(a) m = 2, (b) m=l, (c) m = 0, and ( d ) / = 0; m = 0 (BCS case). 

where VF is the Fermi velocity and 

sin[ (kF+€k/hvF)r^}c^sm (k pr) cos (ekr/hvF), 

cos[ (kF+€k/hvF)r^c^cos (kFr) cos (ekr/hvF). 

Then we have 

N(0) 

(5.6) 

(5.7) 

I(r) = - / dti2 / 
(27T)3Jf Jo 

E(-i)2 , / 
( 2 T T ) 3 7 . /O i 

X-
2[ek

2+ | €02w(0)F 2m| 2~]^ \hVF/ 

1 I sin(kFr) 
X-

cos( -— \dek 

\jiVF' 

YVm.{%tf). (5.8) 
k F? I COS(k F?) > 

Using the approximation for the limits as in Sec. I l l , 
we find 

i¥(0) 1 [sin(*Fr) l 

s ( ^ F f ) I I'm' ( 2 T ) 3 kyrlcos 

r da 
X / YVm.*{k,k,)Ytm{k,kn) 

J (4ir)» 

XK„ 
\eo*m(0)Yim(k,ko)\r 

hvp } (5.9) 

Since it is reasonable to expect a large contribution to 
the integral from /' = 2, m, = m in the summation, we 
approximate the value of the above as 

/iyiv(o) 
\ 2 7 r / IZFY 

sin(kFr) (4:ir)hY2m(ko,f) 

X 
dQ 

Y2m(hk)\ 

XKo 

(4TT)* 

e02m(0)|r| Y2m(k,ko)\ 

hvf ) • 

(5.10) 

The correlation length R can be taken as the difference 
between values of r corresponding to the maximum 
value of the function I(r) and that corresponding to 
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1/e times this maximum value. In particular, if we take 
the 1=2, m=0 mode, the maximum value of I(r) 
occurs at r = 0 and assuming that sin(k&)/$&) does 
not oscillate too much in this range of r, we find the 
the approximate value of R (the correlation length), 
using Fig. 1(c), to be about 400 A. The case of 1 = 2, 
m=\ or 2 differs from the above case, since I(r) 
vanishes at r = 0 , and its maximum occurs at a different 
point for these two modes. 

From (5.10) we see that the expression for I(r) has a 
factor (47r)*F2m(&o/) which gives a peculiar pattern 
for the quantity I(r) in the liquid. The space dependence 
of this pattern in a given plane^ represented by the 
shaded areas [inside of (47r)*F2w(&o/) figures] is given 
in Fig. 5. The shaded areas represent those regions in 
which the function I(r) has maximum strength; outside 
this region I(r) tails off to zero. For the pure modes, 
1 = 2, m=2 or 1, the correlation vanishes near r=0, and 
for m=0 is a maximum at r=0. This is indicated by the 
amount of shading present in different parts of the 
patterns in the Fig. 5. From these considerations we 
note that the angle-dependent correlations vanish in 
some directions. 

To find the correlation lengths at higher tempera­
tures, we have to calculate the matrix element 

P (//wo 
= ^excited I * , » * (f " j * . ' * ( f O * » ' ( ' ' ) * , " (r") I ^excited), 

(5.11) 

where SfWited are the excited-state wave functions. This 
matrix element can connect different possible initial 
and final states and, taking into account all such 
possible nonvanishing contributions, we obtain for the 
function 7(f) for higher temperatures the following 
expression 

(2TT)3 J [e* 2 +| (T)v2m\*y 
X e i k r tanh[^(e k

2+|€02WF 2 m | 2)^] . (5.12) 

From the values of the quantity l3eo2m(T) determined 
from Figs. 2(a), 2(b), and 2(c) for different values of 
T/Tc, it is found that it exceeds unity considerably in 
ranges of temperatures from 0 to 0.87Y Hence, as a 
very crude approximation, we can take t a n n ^ E ^ ) as 
1 in this range. Hence, the function I(r) is the same as 
that for T=0, except for the fact that €02m(0) is to be 
replaced by e02m(T) in Eq. (5.9). As before, for the 1 = 2; 
m=0 mode at r=0, the function I(r) reaches a constant 
value and hence the correlation length at any tempera­
ture T in this range will be of the form 

£ 2 0 ( r ) = 400[€o2o(0)/eo2o(r)}4. (5.13) 

For the other two modes l = 2,m=2 and l = 2,m=\ also, 
if, as a very crude approximation we assume the 
integrals represented by the curves 1(b), 1(c), etc. to 

be of the type e~Ax, where A can be determined by 
finding the slope of the curve in the region between the 
points where it reaches the largest value and the point 
where this value is reduced by a factor of 1/e, we can 
show that R2m{T) is of a form very similar to Eq. (5.13) 
and is given by 

i?22^225[€022(0)/e022(r)]A, 

£ 2 i ^245[e 0 2 i (O) /€02 i ( r ) ]A . 

At Tc the correlation strength function PA defined in 
Eq. (5.1) goes to zero since PA contains \eo2m(T)\2 as a 
factor and liquid becomes a normal fluid. 

VI. SPECIFIC HEAT 

In the previous sections we have discussed the various 
thermodynamic aspects of the system, though we are 
only sure of the lowest excitation mode of the system 
near Tc, where the energy corresponding to the 1=2, 
m=2 mode is one of the lowest possible energy state of 
the system. Any linear combination of the different 
modes does not lead to a lower energy near Tc. Near 
T=0, and in the intermediate range of temperatures, 
the 1=2, m=2 mode, as well as the 1=2, m=\ mode, 
yield the same energy (for the system) which is lower 
than that of the 1=2, m=0 mode. Though we are not 
certain whether any linear combination of the modes 
will lead to lower free energy of the system in these lower 
temperature ranges, we shall draw the entropy and 
specific heat curves for the 1=2, m= 2 mode throughout 
the whole range. Near Tc at least it will represent the 
true state of affairs. 

The expression for entropy is 

<fo f(PEk)dek. (6.1) 
Jo Ek 

Effecting the same change in the integration variable 
as was done before in Eq. (3.5) and approximating the 
upper limit of integration to infinity, we obtain 

S=4N*(0)k2Tx2m
2j: (-1)"+* 

X jdtt\Y2m\*K2(n\x2mY2m\), 

where 
oc2m=eo2m(T)l3. (6.2) 

For different temperatures the value of x2m can be 
found out as was done in Sec. I l l and the corresponding 
value of the entropy calculated. The entropy curve for 
1 = 2, m=2 mode is shown in Fig. 6. 

The specific heat Cs=T(dS/dT) can be calculated at 
each point of the entropy curve and a graph for the 
specific heat of the system is drawn in Fig. 7. The curve 
shows a discontinuity at Tc corresponding to the tran­
sition from the normal to the superfluid phase. The 
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FIG. 6. Entropy curve for 1 = 2, m = 2 versus T/Tc. 

ratio of the jump in the specific heat to the normal 
specific heat at Tc can be calculated as 

(C.(J = 2, w = 2 ) - C n ) / C n = 1 . 0 8 . 5.3) 

In conclusion, we may point out that the thermo­
dynamic behavior of liquid He3 discussed in the 
previous chapters can be analyzed very well near Tc; 
and the extension to lower temperatures can be accom­
plished only by more detailed numerical computations. 
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APPENDIX A 

We will here solve Eq. (4.2) in the most general case 
and we are interested in the expression for the quantity 
]C»I eo2nl2 which enters into our free-energy calculations 
[Eq. (4.3)] in the case of general mixing of modes. Let 
us rewrite Eq. (4.2) as 

\_K—2 2 ^ J eo2n| 2 X | m | \n\~\~ | 602m | 2 X | m | | m | J e 0 2 m 
n 

= (-)m€02-m* E e20ne02-n(-)nX|m||n|. (Al) 
n^m,n7^—m 

Let us assume the most general form for the eo2m's as 

eo2m=rjmetam; e02-m=t\-me *" (A2) 

where t]m is the modulus of the quantity e02m. Equation 
(Al) can be written 

V-n 
C02m AI ra| \n\ *> / -. J €()2n 

| 2 X| m | | n j ] 
n 

= {-)me-Ham+a-m) £ 1 J n 1 7 _ n g i < « » + ^ » > . ( A 3 ) 

n9^m,n9^— m 

"0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 

FIG. 7. Specific heat curve for 1 = 2, m = 2 case. 

Replacing the m by (—m) in the above, we obtain an 
equation which, when multiplied on both sides by 
Eq. (A3), yields 

7]m
2(K--2 E w | € 0 2 w | 2 A | m | | n | + ? 7 m 2 A | m ! \n\) 

= 1 7 _ m
2 ( i £ — 2 X w | e 0 2 n | 2 X | m | \n\+V-m%m\ | m | ) . ( A 4 ) 

Two possibilities arise, namely, either r]m
2=y]-m

2 or 
77m

27^77_m
2. In the former case, Eq. (A4) is only an 

identity. Hence if we take the latter case ?7m
2^?7_m

2, we 
arrive at the result that 

^ /X = 7?2
2 + )7l

2+r?_22+^-l2 + ^02 = Zn|602n|27 (AS) 

by virtue of the values of \\m\ \n\ obtained earlier, 
Xi2=Xio=X2o=X/2 and Xoo=fX. 

Taking the other possibility e02m2=€02-m2, we can 
assume 

€Q2m'=v\m\eiam e 0 2 -m= m™\eia-m. (A6) 
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Putting these values of eo2m in Eq. (Al) we obtain 

( t f - £ r , K
2 X , m | | n | - £ ij.*X,W||»|)= (-)»«-*<««+—> 

n nj£m 

X [ Z ii«i2X lmnnie i ( a"+a-" )]- (A7) 

Since the left-hand side of Eq. (A7) is real, the right-
hand side also should be real, and hence we obtain the 
condition 

L V\n\%m\\n\(—)n 

Xsin(an+ar_n—aTO—a_TO) = 0, (A8) 

for all values of m. 
If we identify groups of angles (2ao—an—a*_i), 

(2ao—a*—(X-2), and (ai+o:_i—«2—a_2) as a, b, and c, 
respectively, we obtain the following conditions 
from (A8): 

(^2|2)/(^|i|2) = sma/sin6; (i) 

-2(r? |2 |2Ao2)= - s ina / s inc ; (ii) (A9) 
and 

2 (v\ i|2A?o2) = sinJ/sinc. (iii) 

Writing the real part of Eq. (A7) for the value of m= 2, 
we get 

K= 3^X22+4r?i2X2i+2r?o2X20+[W^20 cos(2a0—a2—<x_2) 
— 2t7i2X2i COS(CKI+OL-I—a2—a-2)]. (A10) 

If the angles a, b, c are not zero or multiples of w, we can 
make use of Eqs. (A9) and obtain 

Znmn\2=K/\. (Al l ) 

If, however, a, b, and c are odd or even multiples of x, 
we can go to the real part of Eq. (A7) and write them 
as follows for the three values of m— 1, 2, and 0. 

^ / X = 3 r ? | 2 | 2 +2r / , 1 , 2 ( l - ^ )+7 7 o 2 ( l+W) , 

^ /X=2r ? | 2 , 2 ( l - ^ )+37 ? 1 1 | 2 +r?o 2 ( l - jL ) , (A12) 

ir/X = 2^, 2 , 2 ( l+iM)+2r ? | 1 1
2 ( l - jL)+f) 7o 2 , 

where L=cosa, M=cos6, and R=cosc. In the above, 
L and M can individually take values of db 1 according 
as a, b assume even or odd multiples of w. The value of 
R is determined by those of L and M, since c=(b—a). 
Thus there are four possible cases and if we solve these 
four sets of equations, we find that the sum ^2nrj\n\2 

takes the value either 2K/3X or K/\. We can similarly 
consider asymmetric mixing of either (1) €02-2 and 
€Q2-i are both missing, or (2) one of them is missing. The 
results are such that there are no greater values for 
Xm|€o2m|2 than K/X. The case of a special symmetric 
mixing of the -\-m and — m mode is shown to lead to 
(f)(X/X) for the value of E I eo2m 12- Thus the general 
mixing of all modes in view of the Eqs. (4.3) and (4.6) 
does not lead to a free energy lower than the case of the 
pure mode 1=2, m=2, 


