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A classical theory is given for the influence of quartic anharmonicity terms on the infrared lattice vibra­
tion spectra of ionic crystals. It is found that quartic anharmonicity introduces terms in the damping con­
stant which are proportional to the square of the absolute temperature. A frequency renormalization is 
found to be necessary in order to make the simple classical theory go through for quartic terms. 

I. INTRODUCTION 

RECENT measurements of the infrared reflection 
spectrum of single crystals of sodium chloride 

show that the damping constant associated with the 
fundamental lattice vibration absorption is roughly 
proportional to T2 at high temperatures.1 Theoretical 
calculations of the damping constant have hitherto 
assumed that only cubic anharmonic interactions be­
tween the normal vibrational modes are responsible for 
the damping. Born and Blackman,2 Blackman,3 Mara-
dudin and Wallis,4 and Neuberger and Hatcher5 have 
carried out classical calculations based on the cubic 
anharmonic terms and have found that the damping 
constant is proportional to the first power of the absolute 
temperature. A quantum-mechanical calculation has 
been given by Born and Huang,6 and has been elabor­
ated by Maradudin and Wallis.7 The quantum-me­
chanical damping constants which arise from cubic 
anharmonic terms turn out to be proportional to T3 in 
the high-temperature limit. None of the theoretical 
results is in satisfactory agreement with the experi­
mental data. Furthermore, the Born-Huang result 
appears to violate the correspondence principle. 

In this paper we extend the classical treatment of 
Blackman to include the effects of quartic anharmonic­
ity. I t is hoped that this work will shed some light on 
problems^which arise in the quantum treatment of this 
problem. I t is found that quartic terms in the potential 
do indeed yield a contribution to the damping constant 
which is proportional to T2, and which adds to the cubic 
contribution (proportional to T) given by Blackman. A 
combination of cubic and quintic anharmonicity terms 

* Part of this work was carried out while this author was em­
ployed at the U. S. Naval Research Laboratory during the summer 
of I960. 
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would also give a T2 dependence; however, we shall not 
consider this contribution here. 

Generalizing the Blackman treatment to quartic 
terms is not completely straightforward because the 
quartic terms contribute to frequency-shift effects in 
first order! This first-order shift is itself easily handled, 
but the second-order transition effects must be calcu­
lated using the shifted frequencies if serious problems 
are to be avoided. 

We shall limit most of our discussion to the one-
dimensional model studied by Born and Blackman2 and 
more fully by Blackman,3 although it is clear that the 
results we have stated above generalize to three dimen­
sions. Blackman was able to obtain closed form ex­
pressions for the cubic contribution to the damping 
constant in one dimension. Unfortunately, this does not 
appear to be possible for the quartic contribution. We 
limit ourselves to a qualitative study and one limiting 
case. 

The infrared spectra of alkali halides show subsidiary 
peaks in addition to the fundamental or reststrahlen 
absorption. The origin of these peaks is an interesting 
problem. (See reference 5.) For the linear chain model 
the quartic terms produce singularities in the absorption 
constant as do the cubic forces. However, it appears 
that this is a one-dimensional effect and does not give 
any real evidence for the existence of subsidiary peaks 
in the optical constants for a three-dimensional model. 
This conclusion follows from the general arguments 
used by Van Hove8 to determine the singularities of the 
frequency distribution of a lattice of given dimension. 

II. THE LINEAR DIATOMIC CHAIN 

We assume that we have a linear chain of atoms of 
two different types; one type with mass M2 and charge 
+e occupies the even sites, and the other of mass Mi 
and charge — e occupies the odd sites. We shall assume 
that only the forces between adjacent atoms are im­
portant,, and these include quadratic, cubic, and quartic 
terms. The chain is bathed in a uniform external radia-

8 L. Van Hove, Phys. Rev. 89, 1189 (1953). 
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tion field with the electric field 

E=E0e
i(at. (1) 

The Hamiltonian of this sytem is 

3C = £ L(^2W2n2+Afi'it2^-i2) 

+ - Z [(M2n+1— U2n)
2+ («2n~ W2w_l)2] 

2 n 

H Z [fen+l —^2n)3— (U2n~i— U2ny] 
3! » 

H Z [(^2^+1—^2n)4+(^2n—^2n-l)4] 
4 ! n 

+ eE Z (^2n— Wjjn+i). (2) 

This Hamiltonian neglects the long-range Coulomb 
forces between the ions which are physically very im­
portant. Nevertheless, we expect that the conclusions 
of this paper will remain much the same for a model 
including these forces, although the frequency spectrum 
of the lattice and the form of the cubic and quartic 
coupling between the normal modes will be quite dif­
ferent. In particular, the temperature dependence of 
the damping due to the cubic and quartic terms will 
not change. 

Following Blackman,3 but with a slight change in 
notation, the normal coordinates are given by 

1 
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Akv=Mr* cosfl^+Mf* sin$k(Te^iklN\ 

A— icff — AfctT y Z—kcr—qkcr , 

3€o— Zlko 2{ I £&<r | 2 +kW 2 | %k<r | 2} , 

uko
2=(a/M1M1){M1+M2+(M1-M2) sec20*,}, 

1 
3 ! &1&2&3 aiawz 

(5) 
1 

"1 2LJ 2—I * k\<s\k%ozk%<szk\.G&k\o\^kw'LZ>kz<JzC,kw\-) 
4 I ^1^2^3^4 01<T2cr3(r4 

V kicikwikzaz \A~k\cri **• /c20"2 -^£30-3 A-ki<ri<™-k2<T2^*- kz^z) 

' k\oik2<?2kz<Tzki<Jl 

N 

where 

\Ajciai s±k202 ^-kz<TZ -^£40-4 I ^ K\o\A k2<J2^ kz<rz^ k4<n) 

XA(*i+**+A,+*«)> 

A(ft) = l, * = 0(mod2V), 

A(&) = 0, otherwise. 
(6) 

Since this transformation diagonalizes the harmonic 
potential energy, we have the useful relations 

and 
A]CaiA^]CSt-\-Ak^A^.k<,x = ^, (Ti9^(T2 

14 *,| » = »*,*/(2a). 

•Ee^wfc . r cos f l* , , 

(3) 

(7) 

(8) 

We shall now modify the Hamiltonian expression by 
adding a new set of terms to HQ and subtracting these 
same terms from HA* 

•1 
^2n+l = 

(NMi)* ka 
. ^ e ( ^ / i V ) ( 2 n + l ) ^ ( r S i n 6 | ^ 

ka 

5 C A = 5 C A ~ " 2 Z ®>k<r%ko$;-k( 
(9) 

The index a takes on the values 1 and 2 labeling two 
roots dki and dk2 of the equation 

tsin2e=2(M1M2y(M1--M2)-
1 cos(wk/N). (4) 

The first root 0M is assumed to lie in the interval 
— 7 T / 4 < 0 M < 7 T / 4 , and 6k2 is defined by 6k2^6kl—ir/2. 
(The variable £M is Blackman's £*, %k2 is his rjk.) As 
stated, this transformation does not lead to the same 
definition of the normal modes if k is replaced by k+N. 
Since we shall require this property for later considera­
tions, we shall choose 0k2—6ki+ir/2 when k is an odd 
number of iVV away from the fundamental zone 
0<k<N. The quantity 4̂*2 defined below is zero at 
the points of transition, so there is no discontinuity. 
Performing the transformation, we find 

For the time being the constants dk(T are arbitrary 
positive numbers; they will be chosen later to make cer­
tain contributions to the perturbation expansion vanish. 
This trick is much akin to the renormalization used in 
field theory. The frequencies associated with H$ are 
given by 

o*,2=«*,2+a*,. (io) 
We now perform a canonical transformation to the 

new variables 

V 1 • \ 
2 \ ittk<T / 

_ i / i . \ 
Ck -<r— - \ %k<r Zka H 

2 \ i£lk0 J 

iUkfft 

>+ittkfft 

(11) 

file:///A~k/cri
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This is accomplished by the transformation function 

-C^C^^-hZU-kJ]- (12) 

The momentum conjugate to the coordinate Ck<r is 
— 2iUkaC-k -<r- Consequently, if we make the definitions 

Q»-=-°*" (13) 
Ak —or — A kffj 

both equations of motion will have the same form.9 

i 850, . i 33C 
Cktr — , C-k-a— • (14) 

2Qkff dC—k —a 2£2_fc _3- dCka 

In terms of the new variables, the Hamiltonian is 

Ck,(t)=wk,(t), 

We have used here the fact that, since the cubic ex­
pression is periodic in &2 with period TV, umklapp 
processes are treated properly if we eliminate the A 
function simply by placing k2 = k — ki. In those cases 
where k—ki falls outside the first Brillouin zone, the 
expression will have the same value at this outside 
point as it has at the corresponding point in the first 
zone. The same argument also allows us to eliminate 
kz from the quartic terms. 

The indefinite integral of this equation is 

C*,(/) = C*,(0)+ f WkJ(h)dh. (17) 
Jo 

We are particularly interested in calculating Co* 
because the polarization of the lattice is 

P=eN* £ , A*jCto(t)e**<K (18) 

In the harmonic lattice, Co«r behaves like an undamped 
harmonic oscillator closely coupled to the external field: 

C0(T=r}ffexp[i(o)—9,0<T)f]7 cr= dbl. (19) 

This same form will be assumed for the anharmonic 
lattice with the constant coefficient rj^ determined by 
the equation of motion. This procedure is justified by 

9 Blackman's expressions appear to be missing the factor of 2 
in the denominator as well as a minus sign. There are a number of 
other misprints in this paper. The formulas of Neuberger and 
Hatcher (reference 5), who review the Born and Blackman theory 
in a three-dimensional formalism, appear to agree with ours. 

3C0' = 0, 

WE = eNiE0 E ^o,Coa expp(co+G0,r)(], 

1 

31 

Xexpft(£2fcm+&A2*a+Q*8»*)0 

1 
"1 2—t * &i7i&20'2k3<r3^43'4^ kiffi^ k2<72^-y kz<Ty^ ki 74 

4! 

-iILak£kv(C-k-,+C-krfiiQ*'t). (15) 

The sums occurring here run over both positive and 
negative values of sigma. The equations of motion 
have the form 

-®k«{Cka(t)+Ck-a(t) exp(-2ittkat)}}. (16) 

the fact that it is possible to find a consistent solution 
in this form. We shall see that obtaining this solution 
requires changing the unperturbed frequencies from 
COk<r t O Qkff. 

We solve Eq. (16) with k = 0 putting in Eq. (19) for 
Coa and substituting the expression given by Eq. (17) 
for the other Cka's in the right-hand side. We obtain 
the Ctea's in the right-hand side of Eq. (17), except for 
Co</s, by again substituting in the expression given by 
Eq. (17). Repeating this process indefinitely gives a 
type of iteration expansion. We will only study the 
first- and second-order terms of this expansion. 

Each expression in the expansion contains a number 
of Cka (0)'s as factors. We shall assume that these 
quantities have the same statistical distribution that 
they would have in a harmonic lattice at this tempera­
ture. This implies that the C^(0) Js for the various nor­
mal modes are independent of each other except for 
the relation Ckff(0)*=C-.k -«r(0) and have random 
phases so that 

<C*,(0)>=0. (20) 

After the averaging is carried out, most of the terms 
in the sums over k and <J which occur in each expression 
of the perturbation expansion give a zero contribution. 
Only those terms survive in which each Ckff(0) is 
matched somewhere else in the expression by C-k -<r(0). 
The average of such a pair is 

(Ck9(0)C-k-,(0)) = kT/2Qk*. (21) 

Wko(t) = {-5koeN^EoA0<T exp[i(w—Q0,)/]+§ Z V-k-v kl(n k-kl<r2Ckiai(t)Ck-kl(r2(t) e x p p ^ ^ + O * - ^ - ^ ) / ] 

2Qika 

+ | ! S V-k-ff kiai k2o2 k-ki-k2ffiCkicri(t)Ck2a2Q)^k-ki-k2ffM GXp\j ( — Qkff+Qki(T1-\-Qk2(r2+Qk_kl_.k2<T3)t] 
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To keep track of the many combinations which arise 
in carrying out the iteration and pairing together the 
Cka(0)'s in the various possible ways, it is most con­
venient to draw diagrams. We shall represent the first-
order cubic term, 

i rl 

— / dkl 2^j * Off k\a\ —k\_ — Ji 

XC^MC-ki-jMtr^, (22) 

by the diagram denoted by 1 in Fig. 1. The dashed line 
is meant to indicate that the two Ck« (0)'s are chosen so 
that their phases cancel. This type of term can only 
give a contribution to Coff(t). By looking at the coeffi­
cient Voc ha -k -*, we find that this term is zero. The 
first-order quartic term for Ck<x(t), 

412&0- kitri 

2_^ V —k —jyki<j\,—ki — 7i,kff 

i X / dh Ckin(0)C^kl -cl(0)Ck9(0), (23) 

is represented by 7 in Fig. 1. The phase of Ck<T(Q) on the 
right-hand side is "balanced'' by a similar phase in the 
left-hand side. This is expressed by drawing the corre­
sponding dashed line up along the arrow. 

Note that this quartic term contains a combinatorial 
factor of 3, since such a term is produced by choosing 
any one of 3 sets of indices to be k, and letting the other 
two be equal and opposite in sign. Similar factors arise 
in other terms. 

The counterterm which we have introduced gives the 
first-order contribution 

G*koCk<r(0j, (24) 

which will be represented by 8 in Fig. 1. We shall choose 
&k(T so that the contribution from the part of a diagram 
given by 1 in Fig. 2 is equal and opposite to the con­
tribution of the part labeled 2 in Fig. 2. By this we 
mean that we want the following expression to be zero: 

k\<Ji ~ki—ffi k<x 

- [ dh a t ,[ / t . (0 +/* _, (0<r2in*<(]=0. (25) 

Note that this contains the whole contribution from 
the diagram fragment labeled 2 because 

V-k _„ *!„, -*!-»! k„2=0 unless | <r21 (26) 

which follows from Eq. (7). The quantities fk*(t) in 
this formula can be arbitrary functions; in practice they 
will be given by expressions in the iteration expansion. 

1 2 *3 4 

4-Jo = 
10 12 

& & > % 
13 14 15 

FIG. 1. Diagrams arising in the first and second orders of 
perturbation theory. Only 13 and 14 contribute to the final 
formulas. 

The formula defines dkff as 

&k<r^h ] £ V-k -a kiei -fci-ffl ka\Ckl(T1(0)\2. (27) 
ki<r\ 

In particular, with this definition, the first-order 
counterterm cancels the linear quartic contribution. 
Notice that this expression for the linear quartic con­
tribution would introduce a first-order approximation 
for Cka(t) which is linear in L This behavior is not per­
missible in a theory which treats the system in the 
steady state. Such contributions do appear unless we 
eliminate them by introducing ttkff. This procedure re­
moves all such terms from every order of the expansion 
and appears to be the best way of taking their effect 
into account. All the diagrams which arise in first and 
second order are shown in Fig. 1. Diagrams 1 through 6 
are all zero. This can be shown by changing each index 
k to — k and noting that the cubic anharmonicity has 
the property that 

so that each of these diagrams is equal to its own 

FIG. 2. The two dia­
gram parts which lead 
to a linear / dependence. 
The part labeled 1 is ad­
justed to be equal and 
opposite to the part la­
beled 2. 
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negative. The diagrams with double arrows between any diagram containing one of these elements can 
them yield terms which are equal in magnitude but equally well be drawn with the other. Two such terms 
opposite in sign, and therefore cancel each other. The always lie side by side in the expansion, canceling each 
two diagrams separated by 2 double arrows are equal, other out. 
so they could be interchanged in the canceling procedure The only two terms which must actually be considered 
if desired. It is clear that as a result of this type of in second order are those corresponding to diagrams 13 
cancellation, we may drop all diagrams which contain and 14 in Fig. 1. Thus to second order in the potential 
parts of the type shown as 1 and 2 in Fig. 2, because the expression for Coff(t) is 

CooiO^iyaioo—iloa) expp(o>—floff)(] = — ieN*Ao<T£o(2120(r)~
1 expp(co—O0ff)/] 

, V 0 — <r k\<Ji —ki<r2\ / 

- L \C-klff2(0)\2exp\j(-Q0<r+ilk(ri+^kl(T2)Q / dh exppCw+Qfc^j+O-*^)/!]^. 
Jo 

T O — a kio\ &20T2 — k\— 

8&Q<T&-ki-k2<T3 

I Ckid(P) | 2 | Ck2ff2(0) | 27]a4 / dh e X p p ( w + Q_ifc1_<rl + 0-*s r-er2+ f i«'l+*2-<r8)^] 

Jo 

Xexp[—i(QQ0+tt-kl-01+Q-k^Vi+toki+kt-*z)'(]. (29) Hence the coupled equations we obtain for t]a are 

(o)-U0a-ya)v<r-7aV-a= -eN^A0ffEo/2QQ(r, (30) 

with yff given by 

1 l-exp[—i((a+Q-k-vl+Qkl-aJQ 
ya = Y^ — — I Vo -a kid -hwrlCkL-aziO)^ " " " " • " • • " " 

4 f t A l q CO + 0_A;1_(r2+^A;i-(r2 

1 
I 2-rf ' I * 0 —cr ki<ri k2<T2—kl—kwzl I^&IO'IVV/I 

8l2off12_fc -k2<rZ 

l — eXp[—i(w + Q-ki-<Ti+tt-k2-<r2+®ki+k2-oS)f\ 

x|a2 ,2(o) |2—, — — — — • . (3i) 
0)-T^l-ki—<Ti~r^—k2-(T2~T^'ki+k2~<TZ 

The complex dielectric constant e, which is the square putting Qk^bkaVka2, 
of the complex index of refraction n^=nr+ik is related 
to T<r by kTe 

Z -.. (34) 

b= , or b = ̂ -l+(l+2kTe/a2)^ (35) 
2a2 1+6 

e=(nr+ik)2=eo-2Tre2Na>Q1
2or1 Sa2N h<n l+fa19l 

X(co2~^oi2-212om)-1. (32) ' • 
If bk=o, a constant, we rind 

The optical constants are determined by separating the 
real and imaginary parts of the equation and solving kTe 1 
for nr and k. 

The first term in Eq. (31) is the cubic term studied by 
Blackman, but with the frequency co,a appearing in his C h o o s i n g t h e positive root of this equation for b gives 
formula replaced by 12*,. The second term is the quartic u s a c o n s i s t ent definition of akff. 
contribution. The real part of 7. which we call Aov T h e expressions given in Eq. (31) for the cubic and 
gives an additional frequency shift effect, and the q u a r t i c contributions to 7. are not symmetric in the 
imaginary part r , gives a damping constant, both of d u m m y summation indices, but can be made symmetric 
which are frequency dependent. b y a d d i n g t o g e ther the various forms obtained by inter-

For each of the |C*.(0)|* factors we substitute its c h a n g i n g the labeling. Performing this process, intro-
high-temperature thermal average as given by H,f. d u d n g t h e r m a l a v e r a g e s for the C*,(0)'s, and simplify-

|cka(p) \2=kT/2Qk<T
2. (210 inS> w e o b t a i n f o r t h e c u b i c t e r m 

Using Eq. (8) we find that the thermal average of <3Lk<r uo^kT Qk _<T2+0_A; _ffl 

is given by 7a(3) = — 5Z H :— 
ekT a>k*2o)klff

2 32Na*(l+bp kcur2,\*i\*\**\ co+Q^+Sl .^ 
Q,k* = £ — , (^) 

Sa2Nklffl £2/ci„
2 Xll-expH-f^+O^i+a^Q, (36) 
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and for the quartic term 

u)o<re2(kT¥ 
( 4 ) = . 

COT C O S 2 # y 

•rio-20-3 CO — COy 

X { l - e x p [ - i ( c o - c o r ) / ] } , (37) 
where 

# r = # f c 1 f f i + # - f c 2 f f 2 ' " f ~ $ - f c l - f c 2 * 3 > 

w i t h &k<T def ined b y 

\o>k<r\ 

Aka= expfttf*,]. 
(2a)* 

I t is understood in these expressions that we take the 
limit as t approaches infinity so that yff is a constant 
independent of t. I t can be shown that this can be done 
by giving co a small negative imaginary part, — in, 
carrying out the time limit explicitly, and letting K 
approach zero later in the calculation. Hence, we may 
write 

(38) 

(39) 

(»> = -
«o^8»*r 

32a?(l+b)* N 

x Z 
k(r\<T2, I cri | ^ | o"2 1 i 

-1 + 
co+12/cffl+£l- -kffo 1&-

u,ae
2{kT)2 

r ( 4 ) = _ { / + J } ) 

24(2a)4(l+tV)7/2 

1 

1\"L k\k<£0i<J2<y% 

(40) 

J = -
C O S 2 # T 

N2 kik2,<ri(T2<rsO) — 00T — IK 

For a macroscopic system, the sums over k in these 
expressions become integrals. 

The cubic term gives10 

mJPkT o>0«P2kT 
( 3 ) = . 

4c?(l+b)*. 4a3(l + Z>)! 

x- (41) 
[ (co a

2 -co 2 ) (co 2 -co 6
2 ) ] * 

coa
2 = 2a(l+Z>)(Mr*+M2-^)2 , 

c o b
2 = 2 a ( l + ^ ) ( M r ^ - l f 2 - ^ . 

The sign of the square root is to be taken the same as 
that of co. When co is outside the interval of absorption, 
the second term is real, and the square root should be 
chosen with a positive sign above the region of absorp­
tion (co2>co&2), and negative below it. 

10 Blackman calculated the imaginary part of this term but ob­
tained a different answer. It appears that he made an error in his 
change of variable of integration. 

I t can be shown [see Eq. (44)] that the frequency 
dependence of the contribution to l\ from this term is 
copy(co), where pr(co) is the density of allowed transition 
frequencies having the value co. The quartic contribu­
tion is more difficult to interpret because cos2#r is an 
extremely complicated function of ki and k2. In general, 
we may expect COS2#T to have an average value of about 
\ on each curve of constant cor in the kh k2 space. Since 
COS2#T varies from 0 to 1, this approximation can only 
fail seriously if some selection rule forces cos2#r=0 for 
the whole curve at certain frequencies. We shall en­
counter this phenomenon later for special choices of 
the masses, but this does not appear to occur generally. 
When this approximation can be made, the quartic 
contribution to IV is proportional to copy(4)(co), where 
pr(4)(to) is the density of allowed transition frequencies, 
O)T having the value of co. The quantity / in Eq. (40) 
gives only a constant frequency shift, therefore we will 
only discuss the effects arising from the / term. 

For a macroscopic system each sum over values of k 
can be replaced by an integral. Because of the symmetry 
in the &'s and cr's, many of the integrals which occur in 
the sums over branches in Eq. (40) are equal to each 
other. Hence, the expression may be reduced to a 
smaller number of unequal integrals. 

First, we define wo(<p). by 

W ()(<£>) =122 (<£>), 0 < C > < 7 T , (p^irk/N 

= - f i 2 ( V ? ) , 7T<CP<27T (42) 

wo(<p) is periodic with period 2w. 

Although U2(cp) must be periodic with the period -K in 
the development of the theory in order that umklapp 
processes are taken into account properly, wo(<p) may 
be used to simplify the answer. In this way we may 
treat positive and negative acoustic frequencies to­
gether, effectively decreasing the number of branches 
from 4 to 3, and the number of integrals from 64 to 27. 
These can be expressed in terms of six integrals: 

/ = /+ (co- tK)~7+( -w+iK) , 

dcp2 — 
o x-

l f2x f 
x)=— dipij 

IT2 J 0 JO 

— I d<pi 
TV2 J 0 JO 

3 r r2* r 
— / d<pi 
Tt2\-J 0 J 0 

f d<pr[ 
Jo Jo 

/ d<pi 
Jo Jo 

+ [ d<px f 
Jo Jo 

COS2$T 

+" 

+" 

+ 

-WO+WO + WQ 

cos2#r 
d<p2 ~—— 

c o s 2 # r 
d(p2 • " 

0 X+Wo+ttx+ili 
2* . cos 2 #r 

d <p2 — 
o x+Wo+Wa+toi 

cos2#:r 

cos 2 #r 
d<p2 •—— • 

o x+Wo+Q-i+OiJ 
(43) 
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4, 
3r 

2r 

i 
o 

I _ R 
-if- —-

-2h 

~3r 

- 4 1 -

FIG. 3. Variation of Bj\ with frequency, /i=(C-f-«)/J?. The 
imaginary part indicated by / is a measure of the absorption. The 
real part R gives a frequency shift. 

The transformations which reduce the expression to this 
form are given in the Appendix. 

Again, if cos2???1 may be approximated by J, the 
imaginary part of each of these integrals becomes pro­
portional to a density of combinations of states. I t is 
possible to utilize the procedures developed by Van 
Hove8 for the usual density of states of a crystal to 
deduce some of the qualitative behavior of the imagi­
nary parts of these integrals. The denominator of any 
one of these integrals is in the form 

Since 
X — G)T(klk2)^LiK. 

and 

1 / 1 \ 
lim = P ( — J^Fiirdix—COT), 

8{x—ajT(kik2)}dkidk2^EpT(oc), (44) 

we have that the imaginary part of each integral is 
proportional to a density of states. Van Hove has 
shown that the critical points of a>r(&i,&2) represented 
as a surface over the (£i,&2) plane will give rise to singu­
larities in the density of states. Using his arguments, 
we may expect each of these integrals to have at least 
one logarithmic singularity and two jump discontinui­
ties, the first two jump discontinuities being located at 
the ends of the corresponding interval of absorption. 

I t is not difficult to find the exact locations and con­
tributions of the critical points of the integral in which 
all three frequencies are acoustic. The critical points 
are determined by the equations 

dwo (<pi)/d <p\ = dw0 (<P2)/d <P2 = dwo (<pz)/d <pz, 

<Pi+ <P2+ <£>3=0 (mod 2x) . 
(45) 

Since for this branch a given value of dwo/d<p is taken 
on only at the points <p and 2w— <p, these equations can 

be solved easily to yield the three points 

1. (pi— (p2"= <p3 = 27r/3, 

2. <£>1=<£>2= <£3 = 47r/3, 

3. <pi= ̂ 2 = <P2=0. 

(46) 

The general theory of Van Hove8 leads us to expect at 
least four critical points: one maximum, one minimum, 
and two saddle points. The first point proves to be a 
maximum, the second a minimum, and the origin is a 
multiple saddle point combining the two expected from 
the theory. The maximum and minimum do give jump 
singularities at the two ends of the absorption region, 
but the saddle point gives no singular contribution. The 
logarithmic singularity is absent in this case. 

We shall now carry through a complete evaluation of 
J in the case when M2<3CMi, obtaining the behavior and 
effect of the real part as well as the imaginary part. 
The general case of arbitrary masses appears to be 
much too difficult even with cos2#r set equal to J, be­
cause of the complicated dependence of the frequencies 
on k. When the two masses are equal, the frequencies 
and cos2#:r both have simple form, but complete evalua­
tion in terms of standard functions still is not possible. 

As M2/M1 becomes small, the acoustic and optic fre­
quencies approach the limiting forms 

wo(<p)~B sinp, B = [2a(l+b)/M1J, 

Gi(«0~C, C = [ 2 a ( l + J ) / J l f J * , 

and the phase angles approach 

(47) 

(48) 

Consequently, COS2#T = 0 for each of the integrals which 
contains the acoustic branch an odd number of times. 
The quantity J+(x) reduces to 

J+(x) = 3j1+3j2+jh 

7i = d<pi I dcp2 

X-
1 

X+WQ(<PI)+WQ((P2)+QI(<PI+<P2) 

J2 = 
1 r r 
- d^l 
irj 0 Jo 

d(f2 

(49) 

X+Ql(<pl)+to-l(<P2)+tol(<Pl+<P2)-

73 = 

1 r* r1 

~2 ^ 
IT J 0 J 0 

d(f2 

1 
X-

X+Qi(<pi)+tti(<p2)+ttl(<Pl+ <P2) 
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Evaluating the first integral, we obtain 

ji=(&/TBfdK(4/ft), h>2, 

ix= WTB){K<jm)+iK<ll-fty*)), 0</ 1 <2, 

ix= (4/xS){ - i*r ( / i 2 /4)+^([4- / 1
2 ] /4)} , 

- 2 < / i < 0 , (50) 

ix=-(8/TS/1)Jf(4//1»), / < - 2 , 
where 

/ ^ ( C + w ) / * , 

and i£ is the complete elliptic integral of the first kind, 
defined by 

K{m)— I (\ — msm2u)~^du. 
Jo 

(51) 

In this approximation the other two integrals give a 
5-function absorption at the frequency of the optical 
branch and a S-function absorption at a frequency 
three times as large. This absorption can be given a 
finite spread if we improve the approximation of the 
shape of the optical branch by including the next term 
in the expansion for the optical frequency. This im­
proved approximation is 

Oif>)-C'+£>cos2^ 

C = l2a(l+b)/M2Jll+M2/4M1l (52) 

D=[aM2(l+b)/2j/2Mh 

which gives for the second integral 

2 / r(u2+v^-u-
7 2 = • 

J2 

7rD£U+(U2+V2)^ rrf-E (u2+v2y*+u. ) • 

/ . < • 

j» = \K( )+iK( )), 0 < / 2 < 4 
TD(B-A)H \B-AJ \A-BJ\ 

' fB~A\ 
wDBi 

4</» 

where 
ft=(a+C+D)/D, 

A = 2f»+2-ff+2(2f,+ iy, 

B = 2ft+2-tf-2(2ft+l)*, 

and with U and F defined by 

( f /±F i ) 2 =(2 / 2 +2- / 2
2 )±2 ( -2 / 2 - l )H . (53) 

The integral jz is obtained from the above formulas by 
a substitution. 

J i=-D '»( - /3 ) ]* , /3=(o>+3C-Z>)/Z?. (54) 

I 

L_ R 

FIG. 4. Variation of Dj2 with frequency, f2— (w+C-{-D)/D. 
The imaginary part indicated by / is a measure of the absorption. 
The real part R gives a frequency shift. 

We graph the behavior of j h J2, and j \ in Figs. 3, 4, 
and 5, giving both the imaginary part / , which is a 
measure of the absorption, and the real part R, which 
is a "small" frequency shift. Since the mass of the light 
atom is much less than that of the heavy atom, the 
frequencies of absorption from these three contribu­
tions will not overlap. To obtain — J+(—co+i/c) from 
the sum of the three j's, we must put in -co for co and 
change the signs of all the real parts. Adding together 
J+(oo—in) and — J+(—co+i/c), we obtain the same ab­
sorption at positive and negative frequencies, but the 
real part has opposite sign for negative frequencies. 
The real part in any one of the regions of absorption 
will arise mainly from the same integral giving the 
absorption so that the R curve and / curve in each of 
the figures give essentially the real part and imaginary 
part of J in this region. 

The frequency shift given by the real part makes a 
finite jump where the imaginary part becomes loga-

2r 

ij-

3 

i 
o 

R 

FIG. 5. Variation of Djz with frequency, / 3 = (o>+3C—D)/D. 
The imaginary part indicated by / is a measure of the absorption. 
The real part R gives a frequency shift. 

file:///B-aJ
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rithmically infinite. The effect of this behavior is to 
spread the point of infinite absorption over a finite 
spread of frequencies, and perhaps reduce it to a finite 
maximum. In the reverse situation, when the imaginary 
part makes a finite jump and the real part, which is 
otherwise small, becomes logarithmically infinite, the 
net effect is not so clear, but is probably to round out 
the corners of the jump. In three dimensions this 
singular behavior does not occur (see below). 

III. THREE-DIMENSIONAL LATTICES 

I t is quite clear that the quartic contribution in the 
three-dimensional problem can be obtained by these 
same methods and would certainly yield a T2 depend­
ence for the damping constant. The relatively good 
agreement between this theoretical result and the experi­
mental infrared data1 for sodium chloride at high tem­
peratures is evidence for the importance of the quartic 
anharmonic terms. 

However, a number of the simplifying features of 
the one-dimensional problem do not carry over to three 
dimensions. In the general problem, shifting the fre­
quencies to take into account the first-order quartic 
effect requires a more general set of quadratic counter-
terms since Eq. (7) no longer can be used. The result 
is that the optical and acoustic branches will be mixed 
together in obtaining the new frequencies 1W This 
could cause additional weak maxima due to failure of 
selection rules true for the unperturbed problem. 

We should also point out that we cannot be sure that 
the absorption is as much a direct display of the density 
of transition frequencies as in the one-dimensional 
problem since we made express use of Eq. (8) and other 
special relations to reduce the frequency dependence of 
Eq. (31) to Eq. (36) and Eq. (37). 

In any case the density of transition frequencies of a 
three-dimensional lattice does not have the singularities 
obtained in the one-dimensional model. The transition 
frequency cor for the cubic terms in three dimensions 
depends upon the three components of k, and the argu­
ments of Van Hove show that in this case the critical 
points give rise to discontinuities in the first derivative 
of the density of frequencies rather than in the density 
function itself. The density of frequencies relevant to 
the quartic terms is determined from a transition fre­
quency which depends on six k components, so that the 
singular behavior arising from the critical points lies 
in even higher derivatives of pr(co). On the other hand, 
we may expect that subsidiary maxima in the absorp­
tion arise from areas of the uT(k,k) surface which are 
relatively flat so that many (k,k) points give transition 
frequencies of nearly the same value. The critical points 
should occur near such flat areas if these areas exist, 
and a subsidiary peak should be very likely when the 
transition frequencies of two or more of the critical 
points happen to be near each other. 

APPENDIX 

We readily establish the relations 

WO(<P+TT)=— w0(<p), 

w0(ir— <p) = Wo(<p), (Al) 

using the definition of WQ(<P) and a symmetry of the 
frequency functions. 

We shall consider in detail only the subset of terms 
for which all three of the ex's refer to the acoustic branch, 

, the other integrals are handled similarly. The set of 
terms to be considered can be written as 

1 
JAAA = / d(pi I d(p2 

4Wo Jo 

xE 
COS2&T 

± C0dzl2(2)(<^l)=bQ(2)(^2)=t:^(2)(^l+^2) — tK 
(A2) 

where the sum is over all combinations of plus and minus 
signs. The range of integration has been extended to 
two periods in each of the integration variables, and the 
effect of this change has been balanced out by dividing 
the result by 4. I t is immediately clear that this ex­
pression is equal to 

J AAA — / d<pi I dipo 
4Wo Jo 

xE 
C O S 2 # F 

± Q)ZLWQ((PI)ZLWQ((P2)±WQ(<PI-{- <p2) — IK 

(A3) 

because we sum over all choices of the + and — signs 
anyway. The potential and thus cos2#y is independent 
of the signs of the branch indices and, therefore, is un­
affected by the transformations we are considering. 

We can now show that all eight integrals obtained by 
choosing different combinations of the signs in Eq. 
(A3) are equal. Since each term in the integrand is 
periodic with a period of 2w in the integration variables, 
we are free to translate either variable by a constant 
and still integrate between the same limits. Making the 
change <^2/= <£>2+7r, we note that 

cos^r 
d<p2 E — 7 

0 ± Q)dc:Wo(<pi)-\-Wo(<p2)±Wo(<Pl-{- <Pz)-- tK 

r'-r cos2#r 

= / ^ E — -. 
(A4) 

This shows that we need only consider the plus sign in 
front of wo((p2) and include the contributions from the 
terms with the negative sign by multiplying the result 
by 2. By applying the same transformation to <pi in 
this new expression, we find that we may also limit 
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consideration to one of the signs in front of wo(cpi) and 
multiply this result by 2. Finally, the transformation 

<pi/ = 7r— (pi, <p2—ir—<p2y 

= — WQ(V — <pi— <p2) = —w0(<pi+ <pz) (A5) 

shows that the terms with the two different signs in 
front of wo(<pi+<p2) give the same contribution. We 
may write the result as 

2 r27r r2* 
J AAA — — / dipi I d(f2 

Wo . Jo 

COS2$T 

X — —. (A6) 
o)+Wo(<pi)+Wo(<pz)+Wo(<pi+ <p2) — in 

The integrals containing three optic frequencies 
obviously need not be transformed. The remaining in­
tegrals which we have not considered separate into two 
groups, those containing a single acoustic frequency and 
two optic frequencies, and those containing two acoustic 
frequencies and one optic. Each of these groups can be 
handled by the same technique. 

The original frequency denominators have the 
symmetrical form 

W — O^Oi)— ^ ( ^ 2 ) — ftcrsOs) — IK, (A7) 
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with the condition 

<Pi+<P2+<P*=0. (A8) 

Consequently, the terms which differ only in the ar­
rangement of acoustic and optic frequencies in the de­
nominator yield the same contribution. We may divide 
the integrals into three sets: 

set I, ai — ao — cr-i] 
Set I I , (ri = (727*£0'3, (717^(72— (J3, 0"1 — (Ti7£0'2') ( A 9 ) 

Set I I I , <Tl76<T2?£<rz. 

Set I contains three unequal integrals, set II contains 
six unequal integrals, each repeated three times, and 
set III contains one integral which is repeated six times. 

Another symmetry enables us to reduce the number 
of integrals to be studied still further. We notice in the 
original expression that — J(—co+i/c) has the same form 
as J (GO—in) with the signs of each of the tik* reversed. 
If we define J+ to be similar to the original expression 
but with a definite one of the frequencies always chosen 
positive, then we may generate the entire expression by 
the formula 

y = / ( w - f i c ) = y + ( « - i i c ) ~ y + ( - w + ^ ) . (AIO) 

This same procedure may be adapted to the modified 
expressions obtained by introducing wo(<p), the main 
difference being that we introduce the contribution of 
Eq. (A6) into J + , omitting the factor of 2 which appears 
in Eq. (A6). We obtain for J+ the expression given in 
Eq. (43). 


