PHYSICAL REVIEW VOLUME

125,

NUMBER 5 MARCH 1, 1962

Effect of Quartic Anharmonicity on the Infrared Absorption of
Alkali Halide Crystals

D. W. JEPSEN*
Thomas J. Waison Research Center, International Business Machines Corporation, Yorktown Heights, New York

AND
R. F. WaLLis
U. S. Naval Research Laboratory, Washington, D. C.
(Received September 11, 1961)

A classical theory is given for the influence of quartic anharmonicity terms on the infrared lattice vibra-
tion spectra of ionic crystals. It is found that quartic anharmonicity introduces terms in the damping con-
stant which are proportional to the square of the absolute temperature. A frequency renormalization is
found to be necessary in order to make the simple classical theory go through for quartic terms.

I. INTRODUCTION

ECENT measurements of the infrared reflection

spectrum of single crystals of sodium chloride
show that the damping constant associated with the
fundamental lattice vibration absorption is roughly
proportional to 7% at high temperatures.! Theoretical
calculations of the damping constant have hitherto
assumed that only cubic anharmonic interactions be-
tween the normal vibrational modes are responsible for
the damping. Born and Blackman,? Blackman,® Mara-
dudin and Wallis,* and Neuberger and Hatcher® have
carried out classical calculations based on the cubic
anharmonic terms and have found that the damping
constant is proportional to the first power of the absolute
temperature. A quantum-mechanical calculation has
been given by Born and Huang,® and has been elabor-
ated by Maradudin and Wallis.” The quantum-me-
chanical damping constants which arise from cubic
anharmonic terms turn out to be proportional to 7% in
the high-temperature limit. None of the theoretical
results is in satisfactory agreement with the experi-
mental data. Furthermore, the Born-Huang result
appears to violate the correspondence principle.

In this paper we extend the classical treatment of
Blackman to include the effects. of quartic anharmonic-
ity. It is hoped that this work will shed some light on
problems which arise in the quantum treatment of this
problem. It is found that quartic terms in the potential
do indeed yield a contribution to the damping constant
which is proportional to 72, and which adds to the cubic
contribution (proportional to T) given by Blackman. A
combination of cubic and quintic anharmonicity terms

* Part of this work was carried out while this author was em-
ployed at the U. S. Naval Research Laboratory during the summer
of 1960.
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would also give a 72 dependence ; however, we shall not
consider this contribution here.

Generalizing the Blackman treatment to quartic
terms is not completely straightforward because the
quartic terms contribute to frequency-shift effects in
first order? This first-order shift is itself easily handled,
but the second-order transition effects must be calcu-
lated using the shifted frequencies if serious problems
are to be avoided.

We shall limit most of our discussion to the one-
dimensional model studied by Born and Blackman? and
more fully by Blackman,?® although it is clear that the
results we have stated above generalize to three dimen-
sions. Blackman was able to obtain closed form ex-
pressions for the cubic contribution to the damping
constant in one dimension. Unfortunately, this does not
appear to be possible for the quartic contribution. We
limit ourselves to a qualitative study and one limiting
case. , :

The infrared spectra of alkali halides show subsidiary
peaks in addition to the fundamental or reststrahlen
absorption. The origin of these peaks 1s an interesting
problem. (See reference S.) For the linear chain model
the quartic terms produce singularities in the absorption
constant as do the cubic forces. However, it appears
that this is a one-dimensional effect and does not give
any real evidence for the existence of subsidiary peaks
in the optical constants for a three-dimensional model.
This conclusion follows from the general arguments
used by Van Hove® to determine the singularities of the
frequency distribution of a lattice of given dimension.

II. THE LINEAR DIATOMIC CHAIN

We assume that we have a linear chain of atoms of
two different types; one type with mass M, and charge
e occupies the even sites, and the other of mass M,
and charge —e occupies the odd sites. We shall assume
that only the forces between adjacent atoms are im-
portant, and these include quadratic, cubic, and quartic
terms. The chain is bathed in a uniform external radia-

8 I.. Van Hove, Phys. Rev. 89, 1189 (1953).
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tion field with the electric field
E=Eyeit, 1)
The Hamiltonian of this sytem fs

JC= % Z (M‘.Zu211,2+M1’L.L2,H_12)
«
+£ 2 Cluenp1—t20)*+ (san—120—1)*]
B8
+; Z [(u2n+1— u2n)3_' (u2n——l"— Mgn)a:l

+i > [(#anp1—san)* =+ (thon—t30—1)*]
+eE Z(%2n—%2n+1). (2)

This Hamiltonian neglects the long-range Coulomb
forces between the ions which are physically very im-
portant. Nevertheless, we expect that the conclusions
of this paper will remain much the same for a model
including these forces, although the frequency spectrum
of the lattice and the form of the cubic and quartic
coupling between the normal modes will be quite dif-
ferent. In particular, the temperature dependence of
the damping due to the cubic and quartic terms will
not change.

Following Blackman,? but with a slight change in
notation, the normal coordinates are given by

1
Uop= Z e(Zwik/N)nEkv COSG/W,
(NMg)% ko
3)
—1 Z (wik/N) (: ) 1
Uont1™= , eI @nl gy - siny,.
(NMy)? ke

The index o takes on the values 1 and 2 labeling two
roots 61 and 6y, of the equation

tan20= 2(M1M2)%(M1—M2)—1 Ccos ('R‘k/N) (4)

The first root 60 is assumed to lie in the interval
—7I'/4<0k1£7r/4, and 0k2 is defined by 0k2=0k1_7r/2‘
(The variable £z is Blackman’s £, &2 is his ;) As
stated, this transformation does not lead to the same
definition of the normal modes if & is replaced by &+ V.
Since we shall require this property for later considera-
tions, we shall choose 0x,=0;1+7/2 when k is an odd
number of N’s away from the fundamental zone
0<k<N. The quantity A defined below is zero at
the points of transition, so there is no discontinuity.
Performing the transformation, we find
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Usn—Usnp1=N"1D 4, e@miRnINI 4, £,
Ape=M57? coso~+ M sinye(Ti*/ V)|
Ako=Are*, & ro="Er",
J=3Co+3Ca+3Cx,
o= ko 3{| kol *Fwrs®| E10]*},
wio= (a/ MM ){M+M:+(M,—M,) sec26y,},

1
Ha=— Z Z V/Cl<71k2‘72k3'73£k1471£k2‘725163'73
3! kikoks 010203

. ®)
+— Z Z Vkl“lk2”2k8ﬂk474£klUl£k202£k3”3£k404)

4! kikoksks 01020304

Jep=eEN Ao,
B
kalkzazkaos = ;; (A knu*A Icga'z*A ksoa*_ 4 kldlA kzuzA k3<73)
Nz
XA(k1+kotk3),

Vk;ﬂkzagkzvskuu

€
= ;(A kwl*A /czvz*A kaas*A k4v4*+A kwa 1:20244 /\‘303‘4 k4a4)
L

XA(ki+kot-ks+ky),
where
A(k)=1, k=0 (mod N), ©)
A(k)=0, otherwise.

Since this transformation diagonalizes the harmonic
potential energy, we have the useful relations

Ak Aoyt AkyA s, =0, o170, (7
| Ao |2=wr?/ (2c2). (®)

We shall now modify the Hamiltonian expression by
adding a new set of terms to Hy and subtracting these
same terms from H 4.

3Co'=3Co+3 X Qrobrob—to,
ko

HA'=30a—3 2 CQrobrobio
ko .

and

©)

For the time being the constants @, are arbitrary
positive numbers; they will be chosen later to make cer-
tain contributions to the perturbation expansion vanish.
This trick is much akin to the renormalization used in
field theory. The frequencies associated with H, are
given by

Qio? = wpo?+ Qka. (10)

We now perform a canonical transformation to the
new variables

17 1 _
Ciro= E(Eku‘*—_—éka)e“m’“‘,

ZQ/W

1 1
Ck —c— _(ékq_ —"‘Elw>3+iﬂk”!-
2 Qe

(11)
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This is accomplished by the transformation function
F=Y iQ[2£1,C oot
ko
—CroCpo?™ot =380 E 1o .

(12)

The momentum conjugate to the coordinate Cy, is
—2iQ4,C_1, —,. Consequently, if we make the definitions
QIc —a= _"Qkar,

13
Ak—azAkcr, ( )

both equations of motion will have the same form.?
93¢

. i
C__k — - (14)
ZQ_k —7 acka

1 a3C
Ckv: )
2Qys 0C_k —o

In terms of the new variables, the Hamiltonian is

Cia () =Wio(1),

K3

Wk,<[):

ko
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SCOI = Oy
Fep=eN*Ey 3 A0.Co0r exp[i(w+Q0,)!],
1
{}CA/ = é—r Z Vk‘.ylk-;Jgkgasckldxckztwcka”S
X expli (Uyor+QhzontRrgos) ]

1
+; Z Vk[ 71k202k303k404ck1U1Ck202Ck30'3Ck4 74

X exp[i (Qkx o1 +Qk2 72+Qka va+9k404)l]

=3 2 QpoCro(Cp o+ Cpoe?et).  (15)
The sums occurring here run over both positive and
negative values of sigma. The equations of motion
have the form

{_BkOeN%EUA Oc eXP[i (w—QOU)t:H_% Z V—k—v kio1 k—szckltn (t)ck—klvz (t) CXP[i (Qk1-71+9k—k102°'9k0)l]

T35 Vb k101 kaos b—k1—k20sChio1 () Cyos () Cr—y—tpos (1) exPLi(— Qo 1oy T LrsorTLk—rr—t205)0 ]

We have used here the fact that, since the cubic ex-
pression is periodic in k, with period XN, umklapp
processes are treated properly if we eliminate the A
function simply by placing k,=k—£k;. In those cases
where k—Fk; falls outside the first Brillouin zone, the
expression will have the same value at this outside
point as it has at the corresponding point in the first
zone. The same argument also allows us to eliminate
k3 from the quartic terms.

The indefinite integral of this equation is

Con())=Cra(0)+ / W (1) ds. (17

We are particularly interested in calculating Co,
because the polarization of the lattice is

P=eNtY, A¢,Cor(£)ei%0t, (18)

In the harmonic lattice; C, behaves like an undamped
harmonic oscillator closely coupled to the external field :

C0v=7la’ eXP[’i (w_QOa)t:l: (19)

This same form will be assumed for the anharmonic
lattice with the constant coefficient 5, determined by
the equation of motion. This procedure is justified by

o==1.

9 Blackman’s expressions appear to be missing the factor of 2
in the denominator as well as a minus sign. There are a number of
other misprints in this paper. The formulas of Neuberger and
Hatcher (reference 5), who review the Born and Blackman theory
in a three-dimensional formalism, appear to agree with ours.

- (ik.,{Ck,(t)—%—Ck —o(0) exp(—2iﬂk,t)}}. (16)

the fact that it is possible to find a consistent solution
in this form. We shall see that obtaining this solution
requires changing the unperturbed frequencies from
Wieo to Qlca~ .

We solve Eq. (16) with 2=0 putting in Eq. (19) for
Co, and substituting the expression given by Eq. (17)
for the other Cy,’s in the right-hand side. We obtain
the Cy,’s in the right-hand side of Eq. (17), except for
Co.’s, by again substituting in the expression given by
Eq. (17). Repeating this process indefinitely gives a
type of iteration expansion. We will only study the
first- and second-order terms of this expansion.

Each expression in the expansion contains a number
of Ci,(0)’s as factors. We shall assume that these
quantities have the same statistical distribution that
they would have in a harmonic lattice at this tempera-
ture. This implies that the Cy,(0)’s for the various nor-
mal modes are independent of each other except for
the relation Cy,(0)*=C_; _,(0) and have random
phases so that

(Crs(0))=0. (20)

After the averaging is carried out, most of the terms
in the sums over & and ¢ which occur in each expression
of the perturbation expansion give a zero contribution.
Only those terms survive in which each Cj,(0) is
matched somewhere else in the expression by C_;, _,(0).
The average of such a pair is

<Cka'(0)c—k —0 (0)>=kT/2Qku2- (21)
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" To keep track of the many combinations which arise
in carrying out the iteration and pairing together the
Crs(0)’s in the various possible ways, it is most con-
venient to draw diagrams. We shall represent the first-
order cubic term,

I3 t
- dll Z VUa kioy —ky —a1

Q0,0 ko ;
XCI.111(0)("—-/{1*11(())6~Luw“7 (22)

by the diagram denoted by 1 in Fig. 1. The dashed line
is meant to indicate that the two Cy,(0)’s are chosen so
that their phases cancel. This type of term can only
give a contribution to Co,(¢). By looking at the coeffi-
cient Vo, ko —k —o, We find that this term is zero. The
first-order quartic term for Ci,(?),

1
- Z V»Ic —J,k101,—k1 —71,ko
49;“, kio1

X / s Casn(0)Css —n(0)Cuo(0), (23)

is represented by 7 in Fig. 1. The phase of Cy,(0) on the
right-hand side is “balanced” by a similar phase in the
left-hand side. This is expressed by drawing the corre-
sponding dashed line up along the arrow.

Note that this quartic term contains a combinatorial
factor of 3, since such a term is produced by choosing
any one of 3 sets of indices to be k, and letting the other
two be equal and opposite in sign. Similar factors arise
in other terms.

The counterterm which we have introduced gives the
first-order contribution

@1.Crs(0),

which will be represented by 8 in Fig. 1. We shall choose
@ S0 that the contribution from the part of a diagram
given by 1 in Fig. 2 is equal and opposite to the con-
tribution of the part labeled 2 in Fig. 2. By this we
mean that we want the following expression to be zero:

(24)

t
/ dtl % Z V-k —0 kpo1 —k1—o1 kaCk171(0>C—k1-71(0)
0

kio1

XL fro(D)+fi (e 2]
- / iy Qual fro (D i —e(De?%et]=0.  (25)

Note that this contains the whole contribution from
the diagram fragment labeled 2 because

V_k —o kbioy —ki—oy ke, =0 unless |oa| =|[o[, (26)
which follows from Eq. (7). The quantities fx,(¢) in
this formula can be arbitrary functions; in practice they
will be given by expressions in the iteration expansion.
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|
yj??_
| ]
!
“$=O~Omp

13

F1c. 1. Diagrams arising in the first and second orders of
perturbation theory. Only 13 and 14 contribute to the final
formulas.

16

The formula defines @i, as

alca'E% Z V—k —0 kel —k1—o1 Iw] Ckwl(()) ‘2~

k101

27

In particular, with this definition, the first-order
counterterm cancels the linear quartic contribution.
Notice that this expression for the linear quartic con-
tribution would introduce a first-order approximation
for Cy.(t) which is linear in . This behavior is not per-
missible in a theory which treats the system in the
steady state. Such contributions do appear unless we
eliminate them by introducing Q.. This procedure re-
moves all such terms from every order of the expansion
and appears to be the best way of taking their effect
into account. All the diagrams which arise in first and
second order are shown in Fig. 1. Diagrams 1 through 6
are all zero. This can be shown by changing each index
k to —Fk and noting that the cubic anharmonicity has
the property that

(28)

so that each of these diagrams is equal to its own

V~k1ﬂ1 —kyon —ksos = V kyorkaanksos

Fic. 2. The two dia-
gram parts which lead
to a linear ¢ dependence.
The part labeled 1 is ad-
justed to be equal and
opposite to the part la-
beled 2.
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negative. The diagrams with double arrows between
them yield terms which are equal in magnitude but
opposite in sign, and therefore cancel each other. The
two diagrams separated by 2 double arrows are equal,
so they could be interchanged in the canceling procedure
if desired. It is clear that as a result of this type of
cancellation, we may drop all diagrams which contain
parts of the type shown as 1 and 2 in Fig. 2, because
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any diagram containing one of these elements can
equally well be drawn with the other. Two such terms
always lie side by side in the expansion, canceling each
other out.

The only two terms which must actually be considered
in second order are those corresponding to diagrams 13
and 14 in Fig. 1. Thus to second order in the potential
the expression for Co,(?) is

Coo (1) =i, (w—00) exp[i(w—Qos)]= —ieN A0, Eo(220,) " exp[i(w—0,)t]

i VU —0 kjoy —kioy \2 ¢
- Xz _—"’“—“I—Llc*sz(o)iz exp[i(_5200+ka1+9—)€1¢2)ﬂ‘/‘ dly expli(w+Qri—op TR k1011 105
k1010203 4Q052k10, 0
| VO —o ko1 kaog —kl-kzva}.z ¢ . )
- Z | Chﬂ(O) |2 ‘ Ckzﬂz(o) \27704/ dty exp[}(“’_'_Q—kl—vx+Q—kz—n+9k1+k2—ﬂs)tl]
SQOoQ-kl—kgas 0
X exp[—1(Qoo+Q k10, FQkp0sHLustis—a)l ] (29)
Hence the coupled equations we obtain for », are
(w_QUa—'Ya)ﬂa_’Yv'ﬂ—az —eN¥4 OaEO/ZQOvy (30)
with v, given by
1 1—exp[—i(w+Q s —oyFQty—0s) ]
'Ya:Z o I VO —0 ko1 —I\‘102| 3] Ckl—az(o) ]2 ! o
490091\7101 w+9—k1—¢2+9k1—02
1
+Z “‘“_“—I Voo k1oy kao2 —kx—k2v3‘2| Ckwl(o) ] 2
890a9~k —kaog
1—exp[ = i(0+Q ko1 T kyost Dkrt kg—03)! ]
chsz(o)lg . 1—o1 2—02 1t+k2—o3 . (31)
w+Q-Ic1——v1+9—kz—t72+le+k2—'03
The complex dielectric constant e, which is the square putting Qre=">bxowr.%
of the complex index of refraction #n=mn,+1k is related
to Yo b kTG 1
Y b= 3 . (34)
e= (n,41k)2=eo— 2w Nwota™" 8aZN ks 14bpye,
2—Q02—2Qory) L. (32
X (=8 o71) (32) If b,=0, a constant, we find
The optical constants are determined by separating the
real and imaginary parts of the equation and solvin kTe 1 ,
for nand k. ! e o b= AT (39)
Q .

The first term in Eq. (31) is the cubic term studied by
Blackman, but with the frequency wy, appearing in his
formula replaced by Q.. The second term is the quartic
contribution. The real part of v, which we call Aw,
gives an additional frequency shift effect, and the
imaginary part I', gives a damping constant, both of
which are frequency dependent.

For each of the |Cy,(0)|? factors we substitute its
high-temperature thermal average as given by H,'.

| (0) | 2= BT/ 20,2, (21')

Using Eq. (8) we find that the thermal average of Gy,

is given by

GkT wk,,zwkwf

aka=
8N ko1 Qe

: (33)

Choosing the positive root of this equation for & gives
us a consistent definition of @x,.

The expressions given in Eq. (31) for the cubic and
quartic contributions to 7, are not symmetric in the
dummy summation indices, but can be made symmetric
by adding together the various forms obtained by inter-
changing the labeling. Performing this process, intro-
ducing thermal averages for the Cx.(0)’s, and simplify-
ing, we obtain for the cubic term

wOaB2kT Qk —02+Q—k —o1
32N (1-+b)f koroz,lo11=l021 0+ Loy QL o,
X {1—exp[—i(wFQpota)i]}, (36)

v, @ =
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and for the quartic term

) W€ (kT)Z dr cosdy
24N (20) (140" hitssioses o
X{1—exp[—i(w—wr)]}, (37)
where
oJT=levl+9sz+ﬂ—kl_k?”’ (38)
G =010, Fhory T by kaos
with ¢, defined by
lwkal
Apy= exp[idsq . (39)
(2a)*

It is understood in these expressions that. we take the
limit as ¢ approaches infinity so that v, is a constant
independent of . It can be shown that this can be done
by giving w a small negative imaginary part, —ik,
carrying out the time limit explicitly, and letting «
approach zero later in the calculation. Hence, we may
write

wo BT 1
e ® =
.

32a3(14b)F N

w
koyoa, |01 o2 W+ Qiior T kge—1K

woce (kT)?
VoW =—e—————{I+J}, (40)
24(20)4(140)72
1
I=— > cosr,
N? kikzoroz03
w cos™dr
J=— ¥

N% k1kg,010203 w—wT-"iK

For a macroscopic system, the sums over % in these
expressions become integrals.
The cubic term gives'

w0062kT wOoBQkT
€

@) = —
43(14B)}  4ad(14B)}

w1

X )
[(ont= ) (=)
wa?=2a(140) (M M%),
= 2a(14-5) (M = M)
The sign of the square root is to be taken the same as
that of w. When w is outside the interval of absorption,
the second term is real, and the square root should be

chosen with a positive sign above the region of absorp-
tion (w?>w?), and negative below it.

(41)

10 Blackman calculated the imaginary part of this term but ob-
tained a different answer. It appears that he made an error in his
change of variable of integration.
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It can be shown [see Eq. (44)] that the frequency
dependence of the contribution to I', from this term is
wpr(w), where pr(w) is the density of allowed transition
frequencies having the value w. The quartic contribu-
tion is more difficult to interpret because cos’¥r is an
extremely complicated function of &; and k.. In general,
we may expect cos®¥7 to have an average value of about
% on each curve of constant wr in the &1, ks space. Since
cos®¥r varies from O to 1, this approximation can only
fail seriously if some selection rule forces cosr=0 for
the whole curve at certain frequencies. We shall en-
counter this phenomenon later for special choices of
the masses, but this does not appear to occur generally.
When this approximation can be made, the quartic
contribution to T, is proportional to wpr® (w), where
pr® (w) is the density of allowed transition frequencies,
wr having the value of w. The quantity / in Eq. (40)
gives only a constant frequency shift, therefore we will
only discuss the effects arising from the J term.

For a macroscopic system each sum over values of %
can be replaced by an integral. Because of the symmetry
in the £’s and ¢’s, many of the integrals which occur in
the sums over branches in Eq. (40) are equal to each
other. Hence, the. expression may be reduced to a
smaller number of unequal integrals.

First, we define w,(¢) by

wi(@)=(p), 0<Zo<m, o=mk/N
=—M(p), T<e<lrm (42)
we(p) 1s periodic with period 2.

Although Q,(¢) must be periodic with the period = in
the development of the theory in order that umklapp
processes are taken into account properly, wo(¢) may
be used to simplify the answer. In this way we may
treat positive and negative acoustic frequencies to-
gether, effectively decreasing the number of branches
from 4 to 3, and the number of integrals from 64 to 27.
These can be expressed in terms of six integrals:

J=JH(w—1ik) —JH(—w+ix),
cos*dr

) = f dos / dpp——
0 "C+'w0+'wo+‘wo

cos°197v

o
0 x+91+91+91

cos?dr

l:/ d¢1/ Ay ———
0 a+wo++Q

cos®dr

+f dsm/ doy e
0 xtwotwo+

cos*dr
+ / der / dop——————
0 x+91+9—1+91
cos?dr

+ / der / des ] (43)
0 2+ wo+Q_1+Q
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Fic. 3. Variation of Bji with frequency, fi=(C+w)/B. The
imaginary part indicated by 7 is a measure of the absorption. The
real part R gives a frequency shift.

The transformations which reduce the expression to this
form are given in the Appendix.

Again, if cos®¥r may be approximated by 34, the
imaginary part of each of these integrals becomes pro-
portional to a density of combinations of states. It is
possible to utilize the procedures developed by Van
Hove? for the usual density of states of a crystal to
deduce some of the qualitative behavior of the imagi-
nary parts of these integrals. The denominator of any
one of these integrals is in the form

x—-wT(klkz)ﬂ:iK.
Since
1

1
lim =P< )?iﬂﬁ(x—wT),
&>ty — wptik rx—wrp
and

/B{x—wT(k1k2>}dk1dk2EPT(x), (44)

we have that the imaginary part of each integral is .

proportional to a density of states. Van Hove has
shown that the critical points of wr(k1,ks) represented
as a surface over the (k,ks) plane will give rise to singu-
larities in the density of states. Using his arguments,
we may expect each of these integrals to have at least
one logarithmic singularity and two jump discontinui-
ties, the first two jump discontinuities being located at
the ends of the corresponding interval of absorption.

It is not difficult to find the exact locations and con-
tributions of the critical points of the integral in which
all three frequencies are acoustic. The critical points
are determined by the equations

0wo(@1)/9 1= 0wo(02)/d 02=0wo(3)/d 03,
¢1+ g02+ gagEO (mod 27!').

Since for this branch a given value of dwo/d¢ is taken
on only at the points ¢ and 2r— ¢, these equations can

(45)
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be solved casily to yield the three points

P1= 3= @3=12m/3,

2. p1= 2= p3=4r/3, (46)

3. P1= Y= g03=0.

The general theory of Van Hove® leads us to expect at
least four critical points: one maximum, one minimum,
and two saddle points. The first point proves to be a
maximum, the second a minimum, and the origin is a
multiple saddle point combining the two expected from
the theory. The maximum and minimum do give jump
singularities at the two ends of the absorption region,
but the saddle point gives no singular contribution. The
logarithmic singularity is absent in this case.

We shall now carry through a complete evaluation of
J in the case when M y<&K M, obtaining the behavior and
effect of the real part as well as the imaginary part.
The general case of arbitrary masses appears to be
much too difficult even with cos*$r set equal to %, be-
cause of the complicated dependence of the frequencies
on k. When the two masses are equal, the frequencies
and cos’¥r both have simple form, but complete evalua-
tion in terms of standard functions still is not possible.

As M,/M, becomes small, the acoustic and optic fre-
quencies approach the limiting forms

wo(p)~Bsing, B=[2a(140)/M ],

Ry
M(e)~C, C=[2a(1+b)/ M},
and the phase angles approach
3(@)z2~7/2, F(@)1~0. (48)

Consequently, cos®¥r=0 for each of the integrals which
contains the acoustic branch an odd number of times.
The quantity J*+(x) reduces to

JH(x)=371+372+ 73,

1 2 2r
jlz’-‘/ d‘ﬁl/ dS02
Jo 0
1
X

x+w0(¢1)+wo(¢’2)+91(501+gDz)’
1 T T
J'2=*/ d<m/ dos
w2Jo 0
1

X y
2401 (1) +Q1(02)+ 21 (o1 02)

1 T T
js=—/ dqm/ dos
7/ 0 0
1

X .
0 (1) +Q1(02) + (01t 02)

(49)
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Evaluating the first integral, we obtain

J1=(8/xBf)K(4/f2), fi>2,
J1=@/mBY{K(f¥/4)+iK([4—f2]/4)}, 0<fi<2,
j1=(4/71'3){_K(f12/4)+iK(|:4_f12]/4)}:

—2<£<0, (50)

jr=—@&/7Bf)K(4/f?), [<-2,

where

fi=(C+w)/B,

and K is the complete elliptic integral of the first kind,
defined by

/2
K(m)=f (1—m sin®u)"*du. (51)

In this approximation the other two integrals give a
5-function absorption at the frequency of the optical
branch and a é-function absorption at a frequency
three times as large. This absorption can be given a
finite spread if we improve the .approximation of the
shape of the optical branch by including the next term
in the expansion for the optical frequency. This im-
proved approximation is

Q(o)~C'+D cos2 o,
C’: [2a(1+b)/M2]%[1+M2/4M1],
D=[aM,(1+b)/2]}/2M,,

which gives for the second integral

(52)

‘ 2 K( I:(U2+ pe)i— U]z>
I DU+ ()] w+veitul )
f:<—%

(), v

DA
2 B 4
b 2 (P s )] v
DB—A)H \B—4 A—B
2 K(B—A) \
L Ll N
= ot \ B &
where

fa=(w+C+D)/D,
A=2fo42—f24+2(2fo+1)}
B=2fr+2—f?—202fr+1)}
and with U and V defined by
(U£Vi)r=(2fs+2—f)E£2(—2fo—1)4. (53)

The integral j; is obtained from the above formulas by
a substitution.
Ja=—L5(=f) T

fs=(w+3C—D)/D. (54)
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Fic. 4. Variation of Dj, with frequency, f.= (w+C+D)/D.
The imaginary part indicated by 7 is a measure of the absorption.
The real part R gives a frequency shift.

We graph the behavior of j;, js, and j; in Figs. 3, 4,
and 5, giving both the imaginary part 7, which is a
measure of the absorption, and the real part R, which
is a “small” frequency shift. Since the mass of the light
atom is much less than that of the heavy atom, the
frequencies of absorption from these three contribu-
tions will not overlap. To obtain —J*+(—w-+ik) from
the sum of the three j’s, we must put in —w for w and
change the signs of all the real parts. Adding together
J*t(w—ix) and —Jt(—w+ik), we obtain the same ab-
sorption at positive and negative frequencies, but the
real part has opposite sign for negative frequencies.
The real part in any one of the regions of absorption
will arise mainly from the same integral giving the
absorption so that the R curve and 7 curve in each of
the figures give essentially the real part and imaginary
part of J in this region.

The frequency shift given by the real part makes a
finite jump where the imaginary part becomes loga-

Fi6. 5. Variation of Dj; with frequency, f;=(w+3C—D)/D.
The imaginary part indicated by I is a measure of the absorption.
The real part R gives a frequency shift.
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rithmically infinite. The effect of this behavior is to
spread the point of infinite absorption over a finite
spread of frequencies, and perhaps reduce it to a finite
maximum. In the reverse situation, when the imaginary
part makes a finite jump and the real part, which is
otherwise small, becomes logarithmically infinite, the
net effect is not so clear, but is probably to round out
the corners of the jump. In three dimensions this
singular behavior does not occur (see below).

III. THREE-DIMENSIONAL LATTICES

It is quite clear that the quartic contribution in the
three-dimensional problem can be obtained by these
same methods and would certainly yield a 7% depend-
ence for the damping constant. The relatively good
agreement between this theoretical result and the experi-
mental infrared data' for sodium chloride at high tem-
peratures is evidence for the importance of the quartic
anharmonic terms.

However, a number of the simplifying features of
the one-dimensional problem do not carry over to three
dimensions. In the general problem, shifting the fre-
quencies to take into account the first-order quartic
effect requires a more general set of quadratic counter-
terms since Eq. (7) no longer can be used. The result
is that the optical and acoustic branches will be mixed
together in obtaining the new frequencies ,. This
could cause additional weak maxima due to failure of
selection rules true for the unperturbed problem.

We should also point out that we cannot be sure that
the absorption is as much a direct display of the density
of transition frequencies as in the one-dimensional
problem since we made express use of Eq. (8) and other
special relations to reduce the frequency dependence of
Eq. (31) to Eq. (36) and Eq. (37).

In any case the density of transition frequencies of a
three-dimensional lattice does not have the singularities
obtained in the one-dimensional model. The transition
frequency wr for the cubic terms in three dimensions
depends upon the three components of &, and the argu-
ments of Van Hove show that in this case the critical
points give rise to discontinuities in the first derivative
of the density of frequencies rather than in the density
function itself. The density of frequencies relevant to
the quartic terms is determined from a transition fre-
quency which depends on six £ components, so that the
singular behavior arising from the critical points lies
in even higher derivatives of pr(w). On the other hand,
we may expect that subsidiary maxima in the absorp-
tion arise from areas of the wr(k,k) surface which are
relatively flat so that many (%,k) points give transition
frequencies of nearly the same value. The critical points
should occur near such flat areas if these areas exist,
and a subsidiary peak should be very likely when the
transition frequencies of two or more of the critical
points happen to be near each other.

JEPSEN AND R. F.

WALLIS

APPENDIX
We readily establish the relations
wo(ptm)=—wo(p),
wo(r— @) =wo(¢),
Qr— )=o),

using the definition of we(¢) and a symmetry of the
frequency functions.

We shall consider in detail only the subset of terms
for which all three of the ¢’s refer to the acoustic branch,
the other integrals are handled similarly. The set of
terms to be considered can be written as

1 o 2T
]AAA=—/ dgmf do,
4r? ) g 0

cosdr

(A1)

2 —, (A2)
+ wtQe) (1) EQe) (02) £ (01 ¢2) —ik

where the sum is over all combinations of plus and minus
signs. The range of integration has been extended to
two periods in each of the integration variables, and the
effect of this change has been balanced out by dividing
the result by 4. It is immediately clear that this ex-
pression is equal to

1 27T 2m
]AAA:‘*‘/ d‘Plf des
4/ 0

cos’dr
X2 (A3)
+ wtwo( @) Ewo(@2) Fwo( 1+ o) —ik

" because we sum over all choices of the + and — signs

anyway. The potential and thus cos®¥7 is independent
of the signs of the branch indices and, therefore, is un-
affected by the transformations we are considering.

We can now show that all eight integrals obtained by
choosing different combinations of the signs in Eq.
(A3) are equal. Since each term in the integrand is
periodic with a period of 27 in the integration variables,
we are free to translate either variable by a constant
and still integrate between the same limits. Making the
change ¢,'= @o+m, we note that

cos™dp

2
/ de2 3
0 + wﬂ:WO(wl)+wo(¢2)iwﬂ(¢l+fpz)'—iK

cos?dp

=/ de2 2 -
0 + wAwo( 1) —wo(2) Fwe( @i+ @) — ik
(A4)

This shows that we need only consider the plus sign in
front of w(¢2) and include the contributions from the
terms with the negative sign by multiplying the result
by 2. By applying the same transformation to ¢; in
this new expression, we find that we may also limit
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consideration to one of the signs in front of we(¢;) and
multiply this result by 2. Finally, the transformation

ol=m—¢1, @=1—¢s

wo(p1t @2) =wo(2r— o1 — o) =wy(r+[7— o' — @2'])
=—wy(r—p1— ) =—wo(ert¢s)  (AS)

shows that the terms with the two different signs in

front of wo(e1+ @) give the same contribution. We
may write the result as

2 2T 27
]AAA=_/ d‘Pl/ d¢>2
w2/ . 0
cos’dp

X .
w+wo(p1)Fwo(@:) +wo( 1+ ¢2) —ix

(A0)

The integrals containing three optic frequencies
obviously need not be transformed. The remaining in-
tegrals which we have not considered separate into two
groups, those containing a single acoustic frequency and
two optic frequencies, and those containing two acoustic
frequencies and one optic. Each of these groups can be
handled by the same technique.

The original frequency denominators have the
symmetrical form

Q—qu(§01)_9¢2(<p2)—903(<p3)—1:K, (A7)
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with the condition

o1+ o2t ¢3=0. (A8)

Consequently, the terms which differ only in the ar-
rangement of acoustic and optic frequencies in the de-
nominator yield the same contribution. We may divide
the integrals into three sets:

set I, 01=02==03,
set I, o1=02703, 01%02=03 o01=03%az; (A9)
set III, o1#0s#0s.

Set I contains three unequal integrals, set IT contains
six unequal integrals, each repeated three times, and
set IIT contains one integral which is repeated six times.

Another symmetry enables us to reduce the number
of integrals to be studied still further. We notice in the
original expression that —J (—w-ix) has the same form
as J(w—ik) with the signs of each of the @, reversed.
If we define J* to be similar to the original expression
but with a definite one of the frequencies always chosen
positive, then we may generate the entire expression by
the formula

J=J(w—ix)=Jt(w—i)—JH(—w+ik). (A10)

This same procedure may be adapted to the modified
expressions obtained by introducing ws(¢), the main
difference being that we introduce the contribution of
Eq. (A6) into J*, omitting the factor of 2 which appears
in Eq. (A6). We obtain for J* the expression given in
Eq. (43).



