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The divergences of the Green's functions of electrons and photons in a classical gravitational field are 
investigated and are found to be removable by the introduction of suitable counter terms into the Lagrangian. 
These counter terms are obtained by rewriting the conventional renormalization technique in a generally 
covariant way. It is shown that infinite renormalization constants identical to those appearing in con­
ventional quantum electrodynamics are sufficient for the removal of all divergences also when a gravitational 
field is present. No other renormalization is necessary. The segregation of the divergences is accomplished by 
making use of the transformation properties of the Green's functions under (i) general coordinate trans­
formations, (ii) Vierbein rotations, and (iii) gauge transformations. 

INTRODUCTION 

THE investigation of the Green's functions of elec­
trons and photons interacting with a given 

classical gravitational field is of interest to the quanti­
zation program for general relativity for the following 
reasons. 

Let us suppose that Feynman's method of path-
integration is applicable to the quantization of the 
gravitational field interacting with a system of electrons 
and photons. The Green's function of an electron in this 
case is given by1 

> - * / . G(x,y) = N G(x,y\g^Dlg^ 

Xexp i[(-g)*g»Rltj*x~\w\j] II dgUx). 

Here the function G{x,y\gliV) is the Green's function for 
an electron interacting with the quantized electro­
magnetic field in a given classical gravitational field 
gpV(x). D^pJ] is a functional of the same g»v(x) which 
appears as a denominator in the definition of G(x,y\g), 
namely, 

# [ f r J = / exp i L(WAg»v)d
Ax 

H,x,y,z 

L is the Lagrangian density of the electron-photon sys­
tem in the gM„ field. Finally W[_g~\ is the weight function 
in the functional space which should be chosen so that 
G(x,y) will have a correct transformation character 
under changes of the integration variables. 

For the evaluation of G(x,y) we must, first of all, know 

* This work was supported by the U. S. Air Force Office of 
Scientific Research. 

f On leave of absence from Osaka University, Osaka, Japan. 
1 N. N. Bogoliubov and D. V. Shirkov, Introduction to the Theory 

of Quantized Fields, English translation (Interscience Publishers, 
Inc., New York, 1959), Chap. 7. 

the behavior of G{xyy\gllv) and remove the divergences 
from it.2 Because of the derivative coupling of the 
gravitational field with the electron and photon fields, it 
will be expected that there occur an infinite number of 
different kinds of divergent diagrams in the course of the 
calculation of the S matrix. This unfavorable situation 
suggests that there may be serious barriers to the 
renormalization of quantum electrodynamics in a given 
classical gravitational field. 

I t is the purpose of the present paper to show that no 
such obstacles exist. The renormalization constants 
Z i = Z 2 = Z, Z3 and dm in the conventional quantum 
electrodynamics are also sufficient for removing all the 
divergences when a classical gravitational field is 
present. 

Schwinger's formalism3 seems to be the most suitable 
approach to the present aim. Under some assumptions 
imposed on the gravitational field, it will be shown that 
the Green's functions of an electron and a photon in a 
classical gravitational field can be given together with 
the equations which should be satisfied by these Green's 
functions. 

We shall see that these equations are the generally 
covariant substitutes of the familiar equations for 
Green's functions originally given by Schwinger.4 The 

2 S . Deser [Revs. Modern Phys. 29, 417 (1957)] has con­
jectured, on the basis of the Feynman functional integral, that the 
divergences of field theory should disappear, owing to a smearing 
of the Green's-function singularities, when account is taken of the 
quantized gravitational field itself. Although this seems to be a 
reasonable conjecture it should nevertheless be noted that when 
the functional integration is performed in the order indicated here, 
one. cannot avoid dealing with the divergences arising from the 
electron-photon coupling, since they come first. The explanation 
of this paradoxical situation is not clear, although it would not be 
surprising if such a mathematically ill-defined object as a func­
tional integral should depend, in value, on the precise manner 
(e.g., order) in which the integration is performed. In any case, 
since the renormalization described in the present paper is carried 
out in a completely covariant manner, the end result should be the 
same whether renormalizations are performed before or after the 
integration over the metric variables. 

3 J. Schwinger, Proc. Natl. Acad. Sci. (U. S.) 37, 452 (1951). 
4 Although the metric field is not determined by dynamical laws 

but is here an externally given c-number function, one should not 
infer from this that general covariance is lost in the present dis­
cussion. The equations of the following sections hold for an arbi­
trary gravitational field in an arbitrary coordinate system pro-
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singular behavior of the operators of the electron-self-
energy type and the vacuum polarization type will be 
investigated in detail by expanding these operators in 
functional power series in the gravitational potential 
[^strictly speaking, in power series in the deviations of 
gy,v{x) from the Minkowskian metric i?M J . According to 
Dyson's terminology, we shall have an infinite number 
of different kinds of primitive divergent diagrams corre­
sponding to each term of the above functional series. 
The infinities corresponding to these primitive divergent 
diagrams, however, are fortunately not independent of 
each other, but should satisfy a set of recurrence 
formulae which are derived from the transformation 
characters of the operators concerned. Owing to this 
fortunate situation it will be seen that all the diver­
gences appearing in the above series can be lumped as a 
compact expression containing an infinite constant iden­
tical to one of the well-known constants Z, Z3, and dm. 

I t is evident that this result is consistent with both 
the principle of equivalence and the fact that the 
Green's functions of a bare electron and a bare photon 
in a classical gravitational field have the same strength 
of singularity as those in the case of no gravitational 
field. 

1. LAGRANGIAN AND FIELD EQUATIONS 

In order to describe the electron field by means of a 
spinor function \[/(x) in a general Riemannian manifold 
having coordinates x* (M = 0 , 1, 2, 3), we introduce a 
local Lorentz system at each world point x. The four 
unit vectors at any world point x indicate the directions 
of the four coordinate axes of the local Lorentz frame 
defined at the point x and are, in general, functions of x. 
They are conventionally denoted by 

h^k(x) = the covariant /zth component of the kih 

vector, (k = 0, 1, 2, 3), 

h°(x) = a time-like vector, 

h1, h2, /j3=a space-like vector. 

These four vectors are called "Vierbeine" (four legs).5 

The spinor function yp(x) is defined with respect to the 
Vierbein at x and is subjected to a transformation only 
when the Vierbein is rotated, but behaves like a scalar 
function under general transformations of the coordi­
nates x. 

The orthonormality properties of the Vierbein are 
taken as 

hfi
k(x)hv

l(x)gliv(x) = r]kl, 

where g^ix) is the contravariant metric tensor in the 
given curved space-time while rjkl is the Minkowskian 

vided an explicit transformation law (the customary one) is 
specified for the c-number variables. It is just the use of this 
transformation law, in fact, which is crucial for the derivation of 
the rjresent results. 

6 T. Levi-Civita,'Berlin. Ber. 137 (1929). H. Weyl, Z. Physik 56, 
330 (1929). 

metric in the local Lorentz frame, having the diagonal 
elements (—1, 1, 1, 1). 

For the sake of convenience we shall list some 
definitions: 

guv (x) = r]k ih^ k (x)hv
 l (x), (completeness), 

hkfi(x) = 7ikih/(x)J 

hk»(x)=gfiV(x)hv
k(x). 

In what follows, Vierbein components are denoted by 
Latin indices, while the Greek indices refer to the general 
coordinate system. 

The familiar Dirac matrices yk are transformed to6 

YM0*) = 7*A*M(z), 

which satisfy the anticommutation relation 

[ ^ (x ) , T " (x ) ] + =2g^(x ) . 

In terms of the quantities introduced above, the 
Lagrangian density of the system of electrons and 
photons interacting with the given classical gravi­
tational field is written as 

L(x) = -l-g(x)y^r(x)ldli+B,(x)+ieA,(x)2+m^ 

~ C - g ( » ) ] M / M p / ^ ^ ' V 4 + ( ^ M ) V 2 } 
— iJ'iAfi—i\p'n—i7j\p, (1.1) 

where the following abbreviations have been used: 

ffiV=dlxAv—dvAfi) 

g = det(gM„), 

VflA»=dlxA>1+T/Av, 

r / , = k X p ( ^ ^ P M + ^ p - ^ P ^ ) -

Bpix) is the affinity which is necessary for making the 
Lagrangian invariant under ^-dependent rotations of 
Vierbein and is defined by 

B,(x)^ihfV,hkly\yk']==^lyv(x),Vfirv(x)']J 

iJli{x) is a given charge-current vector density (c 
number) satisfying the equation of continuity 

dliJ^(x) = 0, 

and 7j and fj are anticommuting fictitious sources of the 
electron field which will be put equal to zero after all of 
the calculations have been finished. 

The equations for the electron and photon fields are 
derived from (1.1): 

i(-gKy>(x){d*+Br+ieAJ+mlrf, = ri, (1.3) 

-id£(-gyrfy^+i(-g)htv»(B»+ieA») 
+i(-g)*$tn=fi, (1.4) 

and 

-i(-g)hlncA^+R%A^ = J^+e(-gy^y^, (1.5) 
6 The boldface letter is used to denote the ^-dependent y matrix. 
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where D c stands for the D'Alembertian operator in the 
curved space-time and is denned by 

and 
Vp= covariant derivative, 

These equations are covariant or invariant under the 
following four groups of transformations4: 

(i) The general coordinate transformation group 

#" —> xf,i=function of x, 

A AM 0*0 -* h'kll{x')={dxv/dx»')hkv(x), 
\f/(x) —> \p' (x') = \[/(x), 

Apix) -> A'n(x')= (dx'/d^Arix), 

7i->r)'(x') = r}(x)d(x°- • 'Xz)/d(x0'- • -a?7), 

dx* d(x'°'-x'z) 

(ii) The Vierbein rotation group 

xft=no change, 

A*M(«) —• h\p(x) = ak
l(x)hiii(%)> 

with the restriction 

«AZW^mW(x)77A ; m=77Z n . 

In case of the infinitesimal transformation, we have 

ak
l(x) = bk

l+K€k
l(x), 

eki(%)= — eik(x), 

K— infinitesimal parameter, 

for which the field quantities are to be transformed as 
follows: 

^a(x) —> \l/af(x)^Sap(x)\pp(x), 

# « ( * ) - » #«'(X) = #0(x)Sfia~1 (X), 
17—>^ = 5i7, 

Ŷ—> Y'*(#) = Y ^ + K ^ J T * * ^ ) , 

x, Ap, g^j J1"—not changed, 

where 5 is 

The proof of the invariance of the Lagrangian density 
under these transformations is straightforward and 
familiar. 

(iii) The gauge transformation group: 

tl—>7i, = e'~ie\ 

r\—> rj' — eie*r}, 
Jx fi ^ Jx p, —~ Jx n~\ t / / iA, 

where X(#) is an arbitrary scalar c-number function 
satisfying 

• cA=V'Vp\ = 0. 

(iv) Charge conjugation: 

AC
U=-AL 

h kn ' •h* kfj, tthfi' 

Here the matrix C is independent of x and has the 
following properties: 

CykC~l=-{yk)T, 

CT=-C, 

C+C=l. 

The invariance under charge conjugation leads to the 
fact that Furry's theorem continues to be valid even in 
the presence of a gravitational field. More precisely, the 
contribution from any Feynman diagram vanishes re­
gardless of the number of external gravitational lines if 
the diagram has no external electron lines but has an 
odd number of external photon lines. 

2. GREEN'S FUNCTIONS 

The definition of the electron and photon Green's 
functions needs the following assumptions as its basis: 

(i) The Riemann tensor Rx^p vanishes rapidly for 
both 

x° —> ± °° : at any x, 
and 

x —» ± 00 : at any x°. 

(ii) The given g»v(x) is a suitably well-behaved func­
tion all over the world and the hypersurfaces x°=con­
stant are space-like. These characters are to be retained 
under any general transformation of coordinates. 

(iii) The electron charge (—e) vanishes sufficiently 
gradually for x° —> ± °o. 

By virtue of the postulate (i), it will be convenient to 
adopt a coordinate system in which 

lim gpp(x)->-rip,. 
£°—>±oo 

(2.1) 

This choice of coordinate system, together with postu­
late (iii) makes it possible to define the conventional 
creation and destruction operators for free electrons and 
photons at x°=zk<x>. In addition, we can establish a 
complete set of eigenvectors for the free Hamiltonian at 

The postulate (ii) enables us to establish the Heisen-
berg-Pauli scheme for the present system in a generally 
covariant way (even though this scheme is not mani­
festly covariant). Furthermore, the above three postu-
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lates make it possible to define the T product and to The one-electron and one-photon Green's functions 
represent formally any Heisenberg operator in terms of are defined as follows: 
the incoming-field representation. Consequently they ~, N r , / . / A W , , n / , / \ 7/ w 
allow us to establish the formal 5 matrix. G f e y ) - [ ^ ( * ) > / « i , ( y ) ] ^ o = ^ W ^ ( y ) > , 

Because of the existence of the external fields g^(x) QAx,y)^8(Ali(x))/dJv(y) = 8(Av(y))/dJfi(x) 
and J^x), the vacuum state ^ 0 at #°=— 00 is not = {Alx(x)JAv(y))—{Afi(x))(Av(y))=£VIJL(yyx). 
generally the same as the vacuum state at x°= + 00. # % 

Accordingly in order to discuss the net effect of any T h e e q u a t l o n s w h l c h a r e satisfied by G and g are 
opera tors of. the incoming-representation, the following i ( - ^ [ f ( a M + 5 , + f e < i l , ( x ) » + w ] G f e 3 i ) 
quantity is of importance 

(F)=(^^U(coyx°)F(x)U(x0, - 0 0 ) * 0 ) / ( * 0 * S * 0 ) , +ie2(-gY' [2(x,u)t-g(u)yG(u,y)du 

where ^0 means the vacuum state at x°= — <*>, and U 
is the well-known U matrix giving the connection be- = g 4 ( x _ _ ^ (2.4) 
tween any Heisenberg operator FH(X) and the corre­
sponding incoming operator F(x): -i(-gKneg

flp(x)+R»»(x)^Qpv(xyy) 

ieK~g)h \ P»p{x,u)[-g(u)Jqpv(u,y)du 
FH (X) = U~l (x°, -oo)F (x) U C%'°, ~ 00), 

Km U(x°y - « > ) = 1 , 
20—•—oo 

lim U(x°,-oo) = S. =5»v5*(x-y)y (2.5) 
a;Q—H-00 

In what follows, we shall make use of the following w h e r e (AJis a function of J satisfying the equation 

abbreviation: - i ( - * ) » [ D « g ' " + * ' " : P , ( * ) > 

<4(*),B<y)-"> +e( -g)*Tr [ T " (*)G( i r ,* ) ] = 7''(*). (2.6) 

v L w w J '• K " K The mass operator 2 in (2.4) and the polarization 
which can be rewritten as operator P in (2.5) are defined by 

2(x,y) = ir»(x) / G{x,u)[-g{u)J 
= (*o*5r[^ir(*)BB(y)- • •]*«)/(*o*5*o). (2.2)' 

Let us regard the field equations (1.3)—(1.5) as q-
number equations of the Heisenberg picture and take 
the "expectation value" of these equations in the sense XT"(u,y; v)g^(x,v)[_—giv^dudv, (2.7) 
of (2.2)'. Keeping in mind the following relations7: 

s P"'(x,y)= - i Tr I {r{x)G{x,u)l-g{u)J 
(*o*S*„) = (*o*SA „ (x) *¥„) J 

bJ1* (x) 
= (^ 0 *r [5 / l M (x )>o) , XTv(u,v',y)Z-g(v)yG(v,x)}dudv, (2.8) 

/

(2 3) where the vertex operator T is 

- 1 S G ^ O w 
r*(*,y;s) = - -, (2.9) 

f el-g(z)J 5(Av(z)) 
fii(¥o*S*oH &fi(xH*o*Sfn(x)*o)dx, 

* G~l{x,y) is defined by 
we can derive the equations for the one-electron and ~ 
one-photon Green's functions, respectively, from (1.3) [_—g{x)~]h I G~l(x,u)[_—g{u)~^G(u,y)du 
and (1.5). The relations (2.3) were first introduced by J 
Schwinger3 and are easily verified if we take into con-
sideration the following expressions: = ( G{x,u)l-g(u)JG~Ku,y)L-giy^du 

+oo 
i j H^tixjJd^xAxA, 1 ix ^ i n t v ^ ^ 7 f, =54(x-y). 5= n T\ 

j=—00 \ 

Hint(x)= • • • +UtxAll+ir\\l/-{-i\p't}. In the present case G~l and T turn out to be 

7 We must be careful about the position of dr] and 5?? in the G~1(x,y) = i{ylx(x)(dfl+Bll+ie(All(x))) + m} 
definition (2.3), because of the anticommuting character of -q t/ . ._ . x - , , , . „ „ , N /n A^ 
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Tv(x,r,z)^ 
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(as well as similar relations for 2 and F) and 

1/1 
yv(x)8 (x—y)8 (x— z) 

z-g<ym-g(*)y 
8*3 8S 

VO) V W k i ( # = o (3.5) 

ie 52 (x,y) 

l-g(z)yd(A,(z)) 

^r{x)b{x~y)b(x-z)/l-g{y)Jl-g{z)J 

+e2Av(x,y;z), (2.11) 

respectively. The derivation of these relations is es­
sentially given in Schwinger's paper3 and will not be 
repeated here. 

3. TRANSFORMATION PROPERTIES OF THE 
GREEN'S FUNCTIONS 

(i) Vierbein Rotations 

Equations (2.4)-(2.6) are form-invariant under the 
transformation 

hkn(x) —> hk(x(x)+Kekl(x)ki»(x) 

= hf kfx (x) (K=infinitesimal parameter), 

G(x,y) -> G'(x,y) = S(x)G(x,y)S~1(y), 

G-i(x,y) -> G'-i(x,y) = S(x)G-i(x,y)S-i(y), (3.1) 

T"(x,y; z) -> T'"(x,y; z) = S(x)T»(x,y; z)S~1(y), 

•2(x,y)-*r(x,y) = S(x)2(x,y)S-i(y), 
QupP^iA p) = not changed, 

where S(x) is given by 

S(a0 = l + t " * i ( * ) [ 7 * , 7 ' ] . (3.2) 

I t will be easily seen that these transformation laws 
are consistent with the definitions of 2 , V, and P. Since 
the new Green's functions Gf, g', and (Af) satisfy 
equations of the same form as the original ones [except 
for4he explicit change of hk„(x)'], and since the boundary 
conditions in both cases are the same, we have the 
following relations between the new and the original 
quantities: 

ldhkfi(z) 8hifX(z) 

(and similar relations for (^4) and PMP). 
Since €ki= — *ik is completely arbitrary, (3.5) leads to 

<5g 5g 
——V(*) = A/M, 
8hkti(z) hhi^z) 

which shows that g is a functional of g»v=hknhiPrikl but 
does not explicitly depend on hk!x- The same is also true 
for P^ and (A,,). 

(ii) Gauge Transformations 

The gauge transformation which leaves Eqs. (2.4)-
(2.6) invariant is denned by 

(i,W)->(i /
MW)=(i,w>+a,AW, 

G(xj) ~> G'(x,y) = e-ie*<x)G(x,y)eieXM, (3.6) 

where the arbitrary scalar function X is restricted by 

DcX = 0. 

I t is seen that G~l, F, and 2 are transformed in the same 
manner as that of G, while P*v is gauge invariant. We 
can easily check the consistency of the above law of 
transformation with the definitions of g, T, 2 , and P. 

The argument which led to the relations (3.4) and 
(3.5) leads us, in the case of infinitesimal gauge trans­
formations, to the relation 

f bG(x,y,(A)) 
— ie{\(x) — \(y)}G(x,y) = / dfl\(z)dzJ 

J 5(A,(z)) 

where G has been regarded as a functional of (A^(z)) 
instead of 7M. In a similar way we have the important 
relation 

& (x}y) = G (x,y,hf (x)) = SG (x,y,h)S~l, 

P'»p(x,y) = PfXf>(x,y,h') = Pflf>(x,y,h)} 

2 ' (x,y)=2 (x,y,h') = 5 2 (x,y,h)S~\ 

Inserting (3.1) and (3.2) into (3.3), we have 

\{eki{x)ly\y^G{x,y)-eki{y)G(x,y)ly\y^} 

' 8G(x,y,h) 

-ie[\(x)-\(y)Mx,y) 

' 82(x,y,(A)). 

(3.3) 

-dfJL\(z)dz 

= iej A*(x,yiz)Z-g(z)ydM*)dz, (3.7) 

where the definition (2.11) of AM has been used. 
The relation (3.7) is the basis of Ward's identity. 

Applying similar arguments to P^1', we have 

- / : 8hkn(z) 
«(z)VO)<fe (3.4) 

d /SP"'(.x,y,(A))\ 

dz\ 8(Ap(z)) I ' 
(3.8) 
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(iii) General Coordinate Transformations After the coordinate transformation has been made, 

Consider the infinitesimal coordinate transformation **»?» e q ^ a t i o n s f o r / h ? t r a n s f o r ^ e d G r e e n ; s f u n c t ! o n s 

still nave the same features as the original equations 
xi*—>x'll=xll+K£it(x) a p a r t f r o m t h e difference m t n e explicit forms of hkfi 

and (Ap). Therefore, the transformed 2 ' should have 
where £**(#) = an arbitrary and infinitesimal function e o r m 

of x and K— small parameter. Under this transformation x,(xf Y) 
the 8 function and [—#(#)]* are changed in the same 
way: » em C » m 

S 4 ( x — ^ - ^ ( ^ ' — / H §4(x—V), n,m=onlmlJ y-i ?=i 
d(s/°---s'8) 

[-g(*)]»->C-g ,(x ,)]-= * X ° ' ' ' * C-g(x)]*. ("1.- • •,"»),«,y,yi',- • ;ynW,-••,*.'} 
d(x'°---a/3) 

n m 

Keeping in mind the above-mentioned fact, we can 
prove that the covariance of the basic equations for the 7 3~ 
Green's functions is guaranteed by the following trans- Noticing the fact that the primes on y/•••?»', 
formation laws: Zl

f... Zm
/
 c a n be removed (since these are dummy inte-

r( v r>( f <\ — r( \ gration variables), we have the following relation: 
Lr{x,y) > (J {x ,y ) — Lr{xyy)y 

2fay)->Xffay) = 2fay), 2'(x,y)-2(x,y) 

T»(x;y;z) -> T'WJ; 2') = T'foy; 2), 
d2v 

+ 
/•[ 52 52 ] 

Ho) -r / \——ikUz)+——KA»(z)) <fe=0, (3.11) 
a x P ^ , ^ ' y ; •/ I8A*M(») ^ ( 2 ) J 

8M„ fay) -> g'M, (x',y') = —- —7gp , (*,?), w h e r e 
d * * ^ ' . d?{z) dhk, 
/)r/M , w lhkli(z) = h,

klx(z)-hkll{z)=-K- hkv(z)-K?(z) , 
dx dy ~ , . dz» dzv 

and 
P^fay) —> P'^fajy') = Pp'fay). 

dxp dy 
^ M ( 8 ) > = <4M'(8)>-<^,(S)> 

It is easily shown that these laws are compatible with 
the definitions of T, 2, P, etc. d£p(z) 

The relationships (3.9) between original and trans- =— K (Ap(z))—K^p(z)dp(Ali(z)). 
formed quantities give us important information. Let °%tx 

us, for example, consider the mass operator 2 fay) Similarlv 
which, as is easily seen from the equations (2.4), (2.7), 
and (2.9), is a functional of hkii(x) and (A^fa)). 2 can d^(x) d£v(y) 
be represented as a functional Taylor series in hkli and * Ppp(x,y)+n —P*'fay) 
(A*) in the following way8: dxP dyc 

2fay;h,(A)) 
00 e 

n,m—Q ft 

0™ f n m 

=*f' (*)—P^+Kfp (y)—P*v 

dxp dyp 

+/ -hP^)+~r-7-KA,{z))\dz, (3.12) 
bgp,(z) KA,{z)) Xfn,m{(kv ' 'kn),(v>V • - jLt„) ; (*>!' • • Vm) J 

tf^ij' *' Jn; zi, • • • ,2m} with the definition 

x n ^ - n ^ (3.10) **' d*> 

8 The coefficient /„ , m is a function of x,y, • • *sn and has a set of 
contravariant indices (MI- • -|in), (*i- • • *m) together with a set of T u p c , p rplotions will n lav a ha«;ir rnlp in thp qpcrrpcrjitinn 
Vierbein indices fe • • • kn). For the sake of convenience in printing, l n e s e r e l a t l o n s W l i l P l a Y a DaSlC role in tne segregation 
this unpreferable notation was adopted. of the singular pa r t s of 2 a n d P " " . 
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4. THE SINGULAR PARTS OF S , T, AND P 

The differential equation (2.4) can be changed into 
an integral equation by introducing the Green's function 
G° denned by 

i(-g)*Zr*(d>+BJ+my?(x,y) = *(x-y), (4.1) 

with the same boundary condition as that for the ordi­
nary SF(x—y). 

Namely, (2.4) becomes 

G(x,y)-=G{){x,y)+e I G°(x,u )l-g{u)jr{AM) 

XG(u,y)du —ie2 I G°(x,', u) 

Xt-g(u)JV(u,v)t-g(v)jG{v,y)dudv. (4.2) 

In a similar way the Green's function g°M„ defined by 

= &(x-y)bv», (4.3) 

allows us to rewrite (2.5) and (2.6) as 

SM,(*,y) = S0M,(*,y)-W8°Mp(^)C-^(«)] i 

XPpa(u,v)[- g(v)y$ffV(v,y)dudv, (4.4) 
and 

(Ar(x))= \$\v{xy)Jv{y)dy-e [ff„(x9y) 

XL-g(y)J Trtr (y)G(y,y)ldy. (4.5) 

The method of iteration gives G, g, and (A) as ex­
pansions in series with respect to the charge, each term 
of which corresponds to a Feynman-diagram in which 
each internal electron and photon line stand for G° and 
9°, respectively in place of the conventional SF and DF. 

As is well known,9,10 Green's functions in a curved 
manifold defined by (4.1) and (4.3) have singularities 
on the light cone11 of exactly the same type as those in 
a flat manifold. The postulate (ii) mentioned in Sec. 2 
is therefore necessary for the definition of the T product 
in a generally covariant manner. 

In general, the analytic form of G° and g° is very hard 
to obtain. However, if we put 

hkfx(x)="7}kfl-i-Kakfi(x)} 

hk>1(x) = rik>J—Kailk(x)-{ 

9 B. S. DeWitt and R. W. Brehme, Ann. Phys.9, 220 (1960)^ 
10 J. Hadamard, Lectures on Cauchy's Problem in Linear Partial 

Differential Equations (Yale University Press, New Haven, Con­
necticut, 1923). 

11 Consider a fixed point A and any other point J5, for which the 
geodesic distance <r(B,A) between B and A vanishes. The light 
cone at the point A is defined by the set of all the points {B} for 
which <r(B,A) = 0. 

1 ' 

/u 

FIG. 1. Diagram representing some typical term of G°. 

(K=small parameter) and expand, for example, (4.1) 
with respect to the parameter K, we are able to obtain 
G° as a power series in K. The first few terms of G° 
obtained in this way are, for example, 

G»(x,y)=SF(x-y)-KSF(x-y)v
k»akfi(y) 

" * / 
+u / SF(x-u)a/(u)y* SF(u—y)du 

Su» 

\(sF( 
8 J 

+-K j SF(£-w)YM[7ff,7x] 
8 J 

X{dMaaX(«)-'3x0^(«)} 

where 
XSF(u-y)du+->, (4.6) 

0<r/* Ctanittuffy 

and SF is defined by 

i(ylldfl+m)SF(x) = S4(x). 

It is seen that G° may be expressed as a sum of terms 
each of which can be represented by a diagram of the 
type shown in Fig. 1. In Fig. 1, the lines x<—u> u*-v, 
etc., correspond to SF(x—u), SF(u~v), etc. At each 
vertex there appears an arbitrary number of dashed 
lines corresponding to products of akyL. These dashed 
lines may be called external gravitational lines or, more 
simply, "g lines." 

The important fact is that at each vertex there 
appears a product of 7-matrices and at most one deriva­
tive operating either on an adjacent SF or on one of 
afcju's at this vertex. The fact that we have only one de­
rivative at each vertex of the open polygon is due to 
the fact that B^ is linear in the first derivatives of akfi 

and the fact that Eq. (4.1) for G° is of the first differ­
ential order. 

Accordingly in the momentum representation 
G°(P,P')> defined by 

G°(P,P') = / Goix^e-tv^v'x'dxdx', 
(2TT)4 J 

turns out to have the asymptotic form 

G°(p,p')-+0(p-i) or 0(p'-1) 

for p (and p')y>m. This favorable feature can be easily 
seen, for example, in the third term of (4.6), where the 
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F ' ' s / 
D {x^u) \u \ v / 

FIG. 2. A typical diagram of 9°. 

asymptotic contribution of the derivative is cancelled 
out by that of the last SF. 

In a similar way it is easy to see that g%„ is repre­
sented by a series each term of which corresponds to a 
diagram similar to the one shown in Fig. 2. Each vertex 
has an arbitrary number of g lines and at most one 
second-order derivative. The Fourier-transform Q°(k,k/) 
has the asymptotic behavior g°(&,&') —* 0(k~2) or 
0(£'-2) for jfe, kf»m. 

I t should be noted that since the gravitational field 
is nonquantized, GQ and g° have no closed diagrams of 
the self-energy type, consequently, both Green's func­
tions have no singularities other than those existing on 
the light-cone. 

Now let us insert these expressions for G° and 8° into 
the power-series expansions (in e) of G and g. The fact 
that g° and G° have the same asymptotic behavior as 
DF and SF for large momenta enables one to apply 
Dyson's criterion12 for divergent diagrams to the present 
problem. The primitive divergent diagrams in the 
present case are: 

(i) diagrams of the electron self-energy type, with 
or without any number of g lines (linearly divergent); 

(ii) diagrams of the vacuum polarization type, with 
or without any number of g lines (quadratically 
divergent); 

(iii) diagrams of the electromagnetic vertex type, 
with or without any number of g lines (logarithmically 
divergent). 

5.. SEGREGATION OF DIVERGENCES 

Equation (4.3) shows that the Green's function G 
can be made free of divergences if the mass operator 2 
is regularized by a suitable subtraction method. 

In order to separate the divergences involved in 2, 
let us put 

hkn(%)=rjkii+i«lkii(%), (5.1) 

and express all quantities depending on hkfi [for example 
hkfi, (—#)*, etc.] as power series in the parameter13 K. 
The use of such expansions does not conflict with the 
fundamental postulate (i) and (ii) in Sec. 2, as long as 
we restrict ourselves to classical gravitational fields. 

In the case of the quantized gravitational field, how­
ever, the dynamical operator ak{X at any fixed point x 

12 F. J. Dyson, Phys. Rev. 75, 1736 (1949). 
13 The small parameter K is chosen to be the same one as the 

parameter appearing in the general coordinate transformation in 
Sec. 3 (iii). 

can presumably take arbitrarily large values (i.e., the 
range of its spectrum), thus destroying the convergence 
of such expansions. For the classical field, on the other 
hand, the maximum value of aktl(x) can be restricted 
by choosing suitable initial values for hkti even in the 
case where the gravitational field is produced by the 
electron-photon system (for example, by the expectation 
value of the energy-momentum tensor of these fields) 
according to the Einstein equation. 

Since the mass operator 2 (x,y) or 2* (x,y) = 2 (x,y) 
X[—g(y)y is a functional of J* and hkti or A^x) and 
hkilJ it is reasonable to expand it in a double functional 
series14 

oo Knem f n m 

2*(x,y)= £ — - n akm{z,), ft Ati(yi) 

n,m=0 film I J 3=1 3=1 

Xbn>m{(ki,- • 'kn),(fJLh' • -fin)] 

(»h' -Vm)',X,y,Zl,' ' -;Zn,yh' " Jm} 

XUd%f[d%-. (5.2) 

I t will be seen later that for our present discussion 2* 
is more convenient than 2. 

In (5.2), the coefficient bn>m is a sum of complicated 
products of SF, DF and the charge e and the constant 
Dirac matrices 7, and all the gravitational potentials 
a(xYs have been factored out. Namely, 

bn,m{(kh' ' ',kn),(nh' " , JU n ) ; 

(vu- • -,vm),x,y,zi,' - -,zn,yi,' - -,ym} 
00 

= E elbn,mtl{{kh- ' -,&«),(/XV • ',Mn); 
1=0 

(vh'-,vm)yxyy,zh'-,yh--}, 

where bn,m,i is a complicated product of DF, $F, and 7 
and their derivatives; accordingly it is a function of 
relative coordinates; 

A n , m , l { ( * l , - " - , A n ) , 0*1 ' ' ' ) J (w "), 

x-y, zi-y, • • •, zn-y, yx-y, • • -, y m - y } . 

Following the conventional line of arguments, let 
us introduce the momentum representation: 

2*(p,p') = / (T^^fax'Wp't'dxdx' 
(2TT)4 J 

= (2*-)» E -— / n«^wn^,fe) 
n,m,l=Q n\m\ J 3=1 3=1 

Xbn,m,l{(ki,- ' '),(H1,' ' • ) ; 

(vh''' Vf*),Po,pi, * • * ,pn,qi, -' ' ,qm} 
n m 

0 1 

Xdpv"dpndqv.'dqm, (5.3) 
14 The coefficient bn% m is a function of (x,y,zi, • • • ,ym) and is a 

contravariant tensor under Lorentz transformations with contra-
variant indices (&i,- •-,£„), (MI,- • -,Mn), (yi,- ••,vffl). 
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where the following notation has been introduced 

bn,mtl{(kv ' •))( /*!• ' ' ) ; (vh' ' 'Vm),pO,pV ' ' P n&V ' ' Qm) 

/

FIG. 3. Feynman 

d% d%, •. .*,„ d*yh.. .*y„ s r r j x - s . ; i ; 
). Wavy lines ^ 

—external photon P~P^ 
Xbn,m,i{(kv ' • ) , (MI* * ' ) ; in,' -Vm), l i n es ; dashed lines— 

g lines; and solid 
x—y Z\—y ' ' ', zn—y, y\—y, • • %ym—y} lines electron lines. 

n m 

Xexp[-ip0(x-y)-iJ2pj(zj-y)-ilLqj(yj--y)'], 
1 1 

/

In (5.4), the last term is due to the factor [—g(y)]* 
{Av(y))eiqydy, in 2*, and bA and la are given by 

dAfi=~K(d^/dz^)AP(z)--K^(z)dvAfX(z), 

akll(p)=(2w)-2 / aklt(z)eipzdz, hklt(z) = a''klk(z)-akllL(z) 
J = -dMz)-^^v)akV-K¥dvaklx. 

and 
p?—p. The derivation of (5.5) and (5.6) was given in Sec. 3. 

The coefficient I n t n e momentum representation of (5.4), the co­
efficient of the arbitrary function £„(&) yields the 

bn,m,i{(k>'' *) ,( /V • * ) ; ( ^ v --Jipopi-' 'Qm) relation 

is represented by the Feynman diagram shown in Fig. 3. 
In general, this diagram involves a number of diver- y . v __^ i(k - • - k ) ( • • • ) • 
gent subdiagrams. Let us assume that these divergences y==0 ^Pu)\ 
due to the subdiagrams have already been removed by 
the subtraction method. Then, from Dyson's criterion (i>i,- • ',vm),po,- • ',pn,qi,' * - ,qm} 
it follows that bn,m,i is.linearly divergent for m=0 (no 
external photon lines), or logarithmically divergent for , A „ , r / , w N 

m = l (electromagnetic vertex), or finite for m>2. ~ \ QQ . x 

Now 2* should satisfy the following relations: 

For the coordinate transformations, 

/ d a \ " " * + (27r) 2&n f l ,m,z{(^l , - ' • ^ n , * ' ) , ^ ! , - ' * ,Mn,X) J 

+ / __„—8(Ap(z))-+— daUz) \dz / - i 
5(i4p(z)) dakfx(z) 

(vi," '>Vm),Po," ',pn,qi,- -,qm} 
dp(y) m 

ay 7=1 

for the Vierbein rotations, (*>i, • • • ,X, • • • yvm)po, • • • pn,qi,''' Q™} = 0> (5.7) 

| { ekl(x)Zyk,yl^2*- ekl(y)Z*tyky-]} where 

^2* qu)v== pth component of the ;th momentum g ^ , 
{e^(2)+«tj(z)a/(2)}(/z; (5.5) 

5a,M 0 = 1 , 2 , - - . , w ) , 

t (£) = f27r)-2 / £ (x)eikxdx 
for the gauge transformations, sv\ J \ / j s»v / * > 

-w[X(a:)-X(y)]S*(a;,y)= f ^ - ^ — d ^ W ^ . (5.6) and the limit &-> 0 has been taken in the end. 
J 8(Att(z)) Similar relations can be derived from (5.5) and (5.6). 

• / 
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For example, (5.6) gives, for the case of m=0, 

d 
-bn,0,l{(kl,' ' 0,0*1,' "Vn),pO,' ' -Pn) 

For example, (5.8) gives the relation B and C, i.e., 

£».i{o,(*i--0,0*i--0;X> 

^ =(27r ) 2 C n , , { (^ r" ) , (Mr- - ) ;X}. (5.12) 
#(0)X 

,,_ N07 (/1 7 N , . N In particular, for w=0 (no gravitational interaction) 
= (2>w)2bn,l,l{(kh' • 'knlMh- ' */*«) J w e h a y e 

*,#o,-••*»,<?}*-<>. (5.8) 5 O . I { 0 ; X } = ( 2 » ) V O . I { 0 ; X } , 

In order to segregate the singular part of each w h i ch is just Ward's identity to order «*. The method 
-N ' • of derivation of Ward's identity developed above seems 

to be the most elegant one compared with those so far 
published. 

bn,m,i (m=0 and m=l), let us put 

& n , m , l { ( * l - ' - ) > ( M v ) ; ( ^ 1 * • 0 , j V "pn,qi,' ' 'Qm} 

-—sing?, I finite/, 

where 

S i n g &n,0 ,z{ (^ r • 0 , 0 * 1 , ' • - M n ) , / V * ' # « } 

= 6n ,0 ,z{(^ l - * 0 , 0 * r ' 0 , i V * # ^n}a l l p=,0 

d 
~ bn,o,i 

Ldp(j)\ 

x{(*i--0,0*i--0,#o,---#»} 
J a i l 2>=0 

'+a»,o.i{(*r-O,0*i--O} 

+ E #(i)^».o.i{i,X,(Ai- • 0,(Mi- • 0 } , (5.9) 
/=0 

Inserting (5.11) into (5.7), we find that the terms 
independent of ^'s satisfy the relation 

( 2 7 r ) M n + i ) Z { ( ^ i , - • 'kn,v),(fii,- ' 'Mn,X)} 

+ E ri>*tAnii{(kh' • -*n),0*l,- ' -X,' • 'Mn}=0, 
y=i 

for ;z> 1, 
and 

^u(W,(l)} = 0. 

The latter relation, which comes from (5.7) for n=0, 
combined with the former recurrence formula leads to 
the conclusion 

and 

B i n , *» .u{ (* i - - - ) , 0* i - - - ) ; ^o , - - -^ ,g> 
= D>n,l,l{(kh' * 0,0*1," * *); V,Po>* ' 'Pn,q]ptq-& 

+T. .u{ (* i , - ••),(/*,- ••)',*}, (5.10) 

a, (3, and y=undetermined finite constants. 
Because of the particular structure of bn>m,i (viz., a 

product of SF and DF), we see that the first term of the 
right-hand side in (5.9) diverges linearly while the 
second term in (5.9) and the first term in (5.10) are 
logarithmically divergent. 

For the sake of simplicity, let us put15 

8ing6»,o,i{(*i--0,(/*i--0^o,---j?n} 

= An,i{(kl,- ' -&n), (MV * 'fin)} 

n 

+ lLPU)*Bn,l{jXkh' ' -*n),0il," ' -Mn);X}, (5.11) 
y-o 

•t'vbn.iMki- • 0,0*i- - 0 ; * } 

= Cn,l{(kh- -kn),(pi,' ' 'fin)] v}, 

where A = <*>, B and C=log°o. 
These undetermined infinite constants A, B, and C 

are fixed by the requirement that the singular function 
sing2* should satisfy the relations (5.4)-(5.6).15 

Ao,^0, 

An,i{(ki,- - •*»),(/*!,• • •/*•>)} = 0, (n>l). 
(5.13) 

The singular part of 2* corresponding to An>i turns 
out, in the coordinate representation, to be 

sing2i*(x,y) = I eipx~iprybA{p—pf) 
(2TT)4 J 

X ( 2 x ) 2 ( E elAo,i)dpdp' 

= (2T)W(x-y)(ZelA0,i). (5.14) 

The simplicity of this result is due to the fact that we 
have made use of 2* instead of 2J. 

The relation satisfied by Bnj is 

vvpBn,i{j; ( * v * n ) , 0 i i , - - 7 * » ) ; M 

n 

+ (27r)25n + M{i; (&i,- • -&n,O,0*i,' * -Mn,p)} = 0 

0 = 0 , 1 , • - .» ) . (5.15) 

This relation gives Bn+hl{j; (• • •),(• • 0,p} ( i = 0 , 
„ , „ , ^ . , , , , ^ , . . 1, • • • w) in terms of £„,* but does not give any informa-
15 A, B, and Care independent of p s. The letters appearing m ,• i , r> / • / \ / \ \ - i i m , ' 

{ }'s of these constants represent contravariant suffixes and take u o n a D 0 U t &n+i,i\J\ V ' '),{' ' ') I PJ, J = n-\-l. In iS CO-
values ranging from 0 to 3. efficient is given by a relation which follows from (5.5) 



R E N O R M A L I Z A T I O N O F Q U A N T U M E L E C T R O D Y N A M I C S 1737 

together with the expression (5.11), i.e., Transforming the above expression to the coordinate 
representation, we have 

= [(2w)2Bn+ltl{n+l, (*i ,---*n,f) , G * V •/*»,*) ; M 8in*°2(x,y)=(i:elMlMx-y) 
z=o 

z=o 
(7X- Ym ]54(x *( E *Wi)( 7X—+m W{x-y). (5.18) 

— p and & interchanged]. (5.16) 

Relations (5.15) and (5.16) show that all the Bn,, are t Q
T h e c o m P a r i s o n of ( 5 - 1 8 ) w i t h (5-14) and (5.17) leads 

proport ional to BQI and are completely determined u p - ,_ N 0/_ _ . ,T N 

to this factor. Aa,l={2^(Ml^mNi), (5ig) 

Let us now consider the second singular pa r t of 2*, ^o,z{0; X}= (2w) 2Niyx, 

because of the relation 

l i m { s i n ^ i * + s i n « 2 2 * } = sing °S*(^) . (5.20) 

namely, 
sing22*(x,;y) = (2TT)-4 / e<Cp*-p'») s ing22*(/>,^)d4^y, 

with 
sing22*(/> />') ^ s w a s a ^ r e a d y mentioned, the "initial va lues" of 

Bnti given b y (5.19) are sufficient for the determinat ion 
<*> elKn r r n of s i n g 2 2 *. However, the following facts give us the 

= (2T) JT, ~ / d Pu '' 'd Pn 5 \_p — 2L pj] explicit expression of s i n«S* even though we do not solve 
w' ~ n' 3~ actually the recurrence formulas (5.15) and (5.16): 

x£^.xB..,{y;(*i,---*»),(Mi,---M.);X} S s i y * O n P 0 ) ; ^ „ ^ fi ^ • •• 
?=o '(b) s i n g 2 * is linear with respect to the first der ivat ive 

(or linear with respect to p(3) (j=0, 1, • • • n); 
X F ^ w W , (c) SingS* s n o u l d s a t i s fy the relations (5.4) and (5.5). 

T h e result obtained in this way is a simple generaliza­
tion of (5.18) in a curved manifold, and is given b y 

l jm*- g 2 2 *(*,y) ^^(x,y)+^^(x,y) 

i=l 

which tends to 

1 00 C °° °° 

= £ e*B0 *{0;X} \ p^{p,-p)ei^-yU^pd^p' = (T,elM{)6*(x-y)-i(YielNi) 
(2TT)2 I-O ' J '-° *-° . 

= ( 2 r ) » ( £ ^ 0 i , { 0 ; X } ) - ^ ^ - y ) . (5.17) x j Y x W ^ + S x ( ^ + m U * - y ) . 

In the case of no gravitational interaction, the mass T h e t h i r d s i n g u i a r p a r t 0f
 s ^ 2 * , namely that which 

operator of an electron in the momentum representation c o m e s f r o m t h e Cn^ c a n b e a l s o t ransformed into a 
has, in the Ith. order, the form compact form if we take into consideration Ward ' s 

^i(p,pr) = {Xi{f)+y*p\Yi(p*)}b(p-pf), ident i ty (5.12) or the requirement of gauge invariance 
\ t (5.6). Thus we arrive a t the final expression for the 

where Xt and Yi are Lorentz- invar iant functions of p2 singular pa r t of 2 * : 
and diverge linearly and logarithmically, respectively. 
T h e singular p a r t of °S is defined b y s i n g2*(x,y) 

»^«Mp,P')==Hp--p'){Mi+(y*Px-ini)Nl}y rriMW ^ v ^ I A M / x, M-* J - H ^ 
= ( 2 elMi)b(x—y)-i{ 2L elNt){yx(x)ldx+B^(x) 

where Mi and Ni are independent of p and are given by i=o *=o 
M^X^-m^+imY^-m2), +ie(Ax(x))2+m}8(x-y), (5.20a) 

t d \ where the divergent constants Mi and Ni are identical 
Ni— Yi(—m2)-\-2iml—Xi(s) ) with those evaluated by the perturbation method in the case 

\as / Ss=_m2 of no gravitational interaction. 
2mn Y (s)) ^he argument we have made so far is also applicable 

\ds / s n2 to the segregation of the singular pa r t of the electro-
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magnetic vertex function: 

Y (x)d (x—y)d (x— z) 
T*(x,y;z) = 

where 

Av(x,y;z) =— 

Z-g(ym-g(*W 

82(x,y) 

-e2A>(x,y]z), (2.11) 

i 52* (x:ty) 
, (5.21) 

(5.22) 

eL-g(*)l*l-g(y)MM*)) 

I t is easily seen from (5.20) and (5.21) that 

*i,a*Tv(x,y'jZ) 

= e2singAv(x,y;z) 

= -ied si^*(x,y)/t-g(y)J\:-g(z)j8(Av(z)) 

oo 5(x—y)8(x— z) 
= -ie2( E elNi)y'(x) — . 

z==0 t-g(y)l*l-g(z)y 
Accordingly we have 

oo yv(x)5(x—y)d(x— z) 
T'(x,y; z)=(l-ie2 £ elNi)—— • — 

Z-g(y)l*L-g(*)l* 
+e2A*(xyy]z)nnite. (5.23) 

The remaining singular function which must be con­
sidered is the polarization operator BineP'lv(x,y). For the 
segregation of s insp^v in a generally covariant fashion, 
use may be made of relation (3.12) or its equivalent: 

***(*) , N dt>(y) 
K PPV(XJ) +K P^P (x,y) 

dxp dyp 

r d 

--K\ £ ' ( * ) — 
L dxP 

-£'60-
dyp 

P^(x,y) 

bP*v 

{5<f>pff(z) 8{Ap(z)) 
dz, (5.24) 

which follows from the fact that P is a functional of 
g^v and hence depends only on the symmetric 
combination 

The following relation is also needed: 

(d/dx>){l-g(x)JP^(x,y)}=0, (5.25) 

which can be derived as follows. The Lorentz condition 

when substituted into (2.6), leads to 

e(d/dx»){Z-g(x)yTTty»(x)G(x,x)~]}=d(XJ»(x), 

which vanishes owing to the definition of J* introduced 
in section 1. Relation (5.25) then follows by a functional 
differentiation with respect to Jv(y), taking note of the 
definitions of T and Pfiv. 

By following the line of thought developed in the case 
of sins2*, and making use of the relations (5.24) and 
(5.25), the singular part of Pllv turns out to be 

[ - £ ( * ) ] * ^P^(x,y)t-g(y)y 

x[rx(*)rpW-rrx]— w*-?). (5.26) 
dx*\ 

The constants Li's which diverge logarithmically are, 
like the other divergent constants, the same as those 
obtained in the absence of a classical gravitational field. 

6. REMOVAL OF DIVERGENCES 

The method we are now going to develop is essen­
tially a repetition of the argument given in a previous 
paper by the author.16 

Let us regard all the quantities so far considered as 
unrenormalized ones and make the transformation17 

At 

/ " -

-> m' = m—dm, 

•A'^iZZJ-lA, 

>J'» = Z3iZ-V», 

(6.1) 

Z and Z3 are renormalization constants. 
Applying this transformation to the Lagrangian 

(1.1), we obtain 

L,= -Z{-g)^r{Y{x){^,+B,+^e\A;))+mf+bm}^pr 

-lz,z{-g)^f^rvag^gp°-{z/2)(-gy> 

The new Lagrangian L' is not numerically identical 
with the original L given by (1.1) because of the term 
—Z(--g)*(vV4 / ' ,)2/2. I t will be seen that this modifica­
tion of the Lagrangian is essential for the removal of 
the singularity of the vacuum polarization. 

The transformation (6.1) gives the relationship 
between unrenormalized and renormalized Green's 
functions 

G'(x,y) = 5(+'(x))/8r,'(y) = Z-iG(x,y), } 

<3\Ax,y)=5(A;(x))/dJ'>(y)=zi-
1sUx,y),\ 

(6.3) 

16 R. Utiyama, S. Sunakawa and T. Imamura, Prog. Theor. 
Phys. (Kyoto) 8, 77 (1952). 

17 The primed letters denote the renormalized quantities. 



1 8G'-i(x,y) (6.4) f 
T'»(x,y;z) = - -=ZT»(x,y;z), +i {e'^-g(x)jP'^(x,u)l-g(u)J 

e'[-g(z)J 8(A/(z)) J 

e'V(x,y) = ,VV(*) (C{x,u)l-g{u)jT"{u,y; z) 
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and consequently gives and 

G'-\x,y) = ZG-'(x,y), -i[.-g(x)J{n*g™+R™)%' pv{x,y) 

1 SG'-'ixj) __ f (6.4) 

e'l-g{z)J 8(A;(Z)J 

-(z3-i)ax[(-g)Krrrx-rpgXr)5r]5(.T~«)} 
J X9'pv(u,y)Au=b/h{x-y). (6.11) 

Xl-g{z)Jq'vli(z,x)diMz l Q o r d e r tQ s h o w t h a t G,f ^ a n d ^ a r e f r e e of 

= Ze22(xv) (6 5) divergences, let us expand all the quantities in power 
series in e: 

e"iP''lv(x,y)=-ie'2Tv {r"(x)G'(x,u)r-g(u)']i =° 

w=0 n=0 «=2 

Xr/"(«,v;y)[-g(w)]*G,(^)}rf«Jw 
CO CO 

= Z3e
2-P'"(x,y). (6.6) 5«=Z« ' " (5»)» , Z j = l + E e ' " ( Z s ) „ 

The new Lagrangian (6.2) together with the rela- , . , . , . , - . 
+™o (^ i\ tf. c\ „;„™ +1^ „™,o<-™ ^^ ^/ and make use of mathematical induction. 
tions (0.5)-(6.5) gives the equation lor G r .-. „ . • . _ . . , , r r . . . • , 

v v 6 H [AJ: Gk', Qk, Tk, and Ak are free of singularity for 
il-g(x)2Hr(d,+B{i+ie,(Ah

,))+m}G,(xj) ft = 0, l , -"», and consider the terms of (6.7) of order 
en+1 satisfying 

+i{-g)^fle'^\x,u)l-g{u)J+Zbmb{x-u) it-g{x)J{r{x){d»+B»)+m}G'n+l(x,y) 
n 

+ (Z-l){r»(dtl+Bll+ie'(A;))+m}8(x-u)^ - [ - « W ] V W E ( ^ ' ^ ^ M 

XG,(«,3/)J«=«(ic-3;), (6.7) 

and the new expression for T' 
+C-f(*)]* 

.Jfc-0 
£ 2'*(x,u)kG'n-k-i(u,y)du 

r(x)8(x-y)8(x-z) SL'{x,y) . v V z x ^ r ' <V ,^ 

C-«(y)?[-«W]1 • [-s(*)]*W(*)> 
r"(a;)«(*-3r)5(*-z) +*y"(*) E ( Z - l ) ^ ' ^ ) ) / ? / ^ ) 

+ (Z-1) - . (6.8) «+H--^ 
l-i(y)J€-i(z)y 

In deriving (6.7) the following relation has been used 

z{Aj{xW(*W<y)) 

+ {y"(x)(dr+Bll)+m} 

XLCZ-lJiM.aGVifc-ifey) = 0. (6.12) 

5 
= Z(Al/(x))Gf(x,y)+ G'(x,y). (6.9) Since 2, '* has the structure 

The Z factor in the last term of (6.9) disappears because 
of the term . ^ , x [„ ,, , N-,lT1, , 

-iZJ'»A ' = * £ 7"W G/M[-g(«)]»r ' ' ( tf ,3i;z)y 
. , , " i+y+i-fc / 
m (6.2). 

In an analogous way we can obtain the equations for X[—gO^DCS'^O^IhC-"g(y)~X*dudz, 
{ ^ a u d g V 

it has no divergences arising from divergent sub-
-iL-gixmDcg^+R^iA/ix^+iiZz-Vdx diagrams (or, more precisely, from the factors G/, 

X{t-g(x)y(g>*Tgxf>-gWg^dT}(A'p) r / , and g/ involved in 2') by virtue of our assumption 
+e'(-g)i TrZr^(x)G/(xJx)'] = J^(x)} (6.10) [A~] (i.e., i, j , l<n~ 1). Accordingly 2*'* must have the 
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following form, in accordance with (5.20) 

{2'*(x,u))k 

= MkS(x-u)-iNk{y>-(x)(dx+Bx)+m}d(x-u) 

+ E Nif^A^Mx-^ + i"*^*)*, 

Inserting this expression into (6.12), the third term 
i(—g)*Z-''l becomes 

l_&«o J 

+ Z [_Mk+{Z8m)k+{]G,n^-i(x,u) 
k=0 

fc=0 

+« E [ ( Z - l ) < H . 2 - t ^ . M ^ x ' > » G e ' ( * , y ) l . 

Therefore, if we choose the indefinite constants Zi, 
and 8m\ as follows: 

pression (6.8) are written 

Zk+i—iNk, 

k 

(Z8m) k+2=HZi (8m) k+2-1 
1=0 

(6.13) 

= -Mk, ( £ = 0 , 1 , •••n-1), 

then the third term i(—g)*C" *"H turns out to be finite: 

* ( -g )* E / {nn,teE'*(*>«)}*G«_i-*(«>y)<fo. 

Consequently (6.12) becomes 

i{-g)Kr(^+Bli)+m}G'n+,{x,y) 

= E (-g)V^/)^',-. 

-*(-f)*21{' ,n,ta2:'*(*,«)}iff(M,y)»--L-vfo, (6.14) 

which shows that G'^+i is actually free of divergences. 
In a similar way the terms of order en+1 in the ex-

(T^)n+1={(Z-l)n+1-iNn^} 
yfX8(x—y)8(x—z) 

+ {finiteA/*(x,;y;s)}n_1, 
which becomes 

( r ^ ) n + 1 = (fini*eA^)n_x=finite, 

owing to the choice of (6.13). 
I t is not hard to prove that (gM/)n+i is likewise free 

of divergences if the renormalization constant Zz is 
defined as 

(Z3)fc+2=— iLk (k=Q, l , - " , » — 1 ) , 

where Lk is given in (5.26). This completes the proof. 
The success of the renormalization in the present case 

seems not surprising if one takes account of the follow­
ing situations. 

As was emphasized in Sec. 4, the singularities of the 
Green's functions G° and g° in a curved manifold are 
exactly the same as those of SF and DF. Consequently 
the singular parts of the kernels S and P of the integral 
equations (4.2) and (4.4) have the same nature as those 
in a flat space-time. In other words, these singular parts 
are proportional to the 8 function or its derivatives (of, 
at most second order). This local character of the singu­
lar parts enables one to apply the principle of equiva­
lence which, by a suitable general coordinate trans­
formation, can reduce the present problem to the 
conventional one with no gravitational effect in the 
vicinity of the world point concerned. The result that 
the mass renormalization 8m in the curved manifold is 
exactly the same as that in a flat space-time shows that 
the identity of the inertial mass with the gravitational 
mass is also true for the renormalization part of the 
mass. 
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