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The calculation of the induced spin density of a normal fermion system, such as the electron gas, in the 
limit of small wave numbers, is carried beyond the random phase approximation (R.P.A.) by the method of 
canonical transformation so as to include the first non-R.P.A. corrections. An expression for the induced 
spin density in the same limit, exact to all orders of particle-particle coupling, is then derived by more gen­
eral methods of many-body perturbation theory. It depends only on the knowledge, to all orders of inter-
particle coupling, of the effective mass and the forward scattering of quasi-particles at the Fermi surface, 
and also yields the results of the extended R.P.A. on appropriate expansion. In the limit of zero wave number, 
the resulting expression for the magnetic susceptibility is found identical with that deduced by Landau from 
a phenomenological basis and may be regarded as an additional confirmation of the microscopic validity of 
the theory of the Fermi liquid. 

I. INTRODUCTION 

IN this article we study the response of an interacting 
many-fermion system to an applied, spatially vary­

ing, magnetic field, using the methods of many-body 
perturbation theory developed by the author in prior 
communications on the electron gas1 and the problem 
of the inertial moment.2,3 Initially, the results of the 
random phase approximation (R.P.A.) (for simplicity 
we have assumed a gas of interacting electrons) in the 
calculation of the induced spin density (<r2(q)) for small 
momentum transfers,4 q, are reproduced, since they 
provide the key to the calculation of the first non-
random-phase corrections. These latter corrections are 
then presented in some detail as an indication of the 
existence of a more general result for the induced spin 
density of normal fermion systems in the limit q/kF<£\. 
We finally derive this general result, an expression for 
(o-2(q)), for q/kF<£l, correct to all orders of particle-
particle coupling. For small wave numbers, the induced 
spin density is found to depend only on the knowledge, 
although to all orders of particle-particle coupling, of 
two quantities, the exact effective mass and the forward 
scattering amplitude of quasi-particles at the Fermi sur­
face (the last quantity is understood in the limit derived 
by Landau5). Further, the magnetic susceptibility ob­
tained from the induced spin density, by considering 
the limit q —> 0, is identical with that deduced by Lan­
dau6,7 from semiphenomenological arguments, so that 
this last result may be regarded as an additional con-
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firmation of the microscopic validity of his theory of the 
Fermi liquid.6,7 

II. R.P.A. OR "PAIR" APPROXIMATION 

As the first step in the calculation of the non-random-
phase corrections to the induced spin density of an elec­
tron gas in the limit of low wave numbers, it will be 
useful to exhibit the R.P.A. for this problem4 as a suit­
able pair approximation1,2 to the exact Hamiltonian, 
which, in the notation of second quantization, has the 
form,3 

H=HT+\HIy 

k<r 

(1) 

S (2) 
H H H fl(<?)Ck+q<r+£k'-q<r'tCkV'Ck<r, 

212 kk'q(g^O) aa' 

# / = L ^(0')^(q)^k+q(rtCk«r 
kqo-

(3) 

with ^ ( ± ) = =bl.8 The model pair-Hamiltonian which 
yields the appropriate nonvanishing graphs9 of the 
R.P.A. may be constructed by inspection or by simple 
mutilation of the exact Hamiltonian.10 One may write 
the model Hamiltonian as the sum of three parts,11 the 
kinetic energy of pairs (which also includes the ex­
change self-energy of pairs in lowest order4), 

pqcr 
p.q " p.q 

pqcr 

with 

* = { ( p + q ) 2 - £ 2 } / 2 M 

V M * *>,.*'),. (4) 

CO p.q 

-- Z Wp+q-p')-»(p-p')>, (5) 

8 We take n=l. 
9 See for example Figs. 1-3 of reference 4. 
10 This is done, for example, in footnote 13 of reference 2. 
11 We have chosen to transcribe them directly in terms of 

canonical variables. 
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pair-pair interaction terms (which describe the exchange scattering, annihilation, and creation of pairs),12 

IIp-P= £ M P ~ p/)(«p.q*Wp'.q*)i[^p.q'rVp'.q,r+(Wp,q*COp'fq*)'" V p ^ 1 ^ , , " ] 
{} PP'q(«Z^0)<r 

+ »(p+q+pO(«p .qV.q*)*C^P.q 'V, ' . q ' - («p i q V.q*)"S .q ' t ' p ' . q ' ]}» (6) 

and, finally, the pair approximation Hi,12 

ffp.i=E#WB(q)(coPiq*)Vp.. (7) 

The model problem as set forth in Eqs. (4), (6), and 
(7) is then easily solved via the unitary transformation 

with14 

U=U+U-

U„=exp[-i\ £(2/«p , f f*)*Fp ,qv. p . q y 

(8) 

(9) 

integral equation,17 

£ M* 
<t>(P)—EC»(P-P')+»(P+P')>-—?'-qi»tf'-q) 

O p ' - p q 
X5(p'-PF)<t>(p')+l = 0, (p=Pr). (13) 

Since for q—> 0, <£(£), <f>{p')~<i>(PV), we have 

{JW* I 
• * — — * E H P - P ' ) 5 ( ^ - ^ ) | + 1 = 0, (14) 

which brings about the appropriate translation in ^ a n d> n e n c e > 
space.15 That is, we require the vanishing of the terms p * —> f * 
in U^(HK+HP-P~\-XHPJ)U linear in the canonical 
variables <p. One then finds that this requirement, = — 

XE(2/cOp)q*)^p iq*^p i qVP)q
f f t 

p(<r)B(q)V(fi-q)6(p-PF) 

and 

- - Z C»(p-p')+»(p+q+p')](«,.,V.»*)* 
20 M'«" 

X{(2/« p . , * )*F p . , ' *^ . q ' + (2 / (o p , , , * )V p . . q V, . , ' t } 

+X E #(<r )5 (q ) («„ ,* )Vp . , ' ^0 , (10) 
pq<r 

yields an integral equation for Fp,^, 

1 / 7 cr 1 2 __v „ < r _ _ 

( 1 / M * ) - (&?/&*)*) fdQp, v(p- p ' ) l 

| £ ( q ) | 2 

-, (15a) 

x [ ( l / M * ) - (l;PF/(2ic)*)[<mp. v(j>- p ' ) l 

i?(£-q)*(*-iV) 
X-

/>-q 
. (15b) 

III. NON-RANDOM-PHASE CORRECTIONS 

* 
2-p' 0 ( p - p ' ) + i > ( p + p ' + q ) ] / V , q ' 

In order to exhibit the first non-random-phase cor­
rections to the induced spin density, in the limit of low 
wave numbers, it is necessary to transform away the 

+p(<r)B(q) = 0. (11) pair diagrams of the R.P.A. in the exact Hamiltonian. 
We do this in the manner of I. As was the case there, 

This integral equation is essentially16 the same as that the unitary transformation appropriate to the pair 
derived in reference 4 by the method of equations of approximation [Eq. (9)] furnishes the proper guide. 

That is, we make the correspondence,18 motion. I t is solved by the ansatz, 

p(a)B(q) 
r p . q * ( # M W M | p + q | - l ) , (12) 

E/,= exp[ -X E ^p .q '^ -p , -q ^p-q* ) J~ 

u p , q 

J7 f f=exp[-X X) F^ib-faa-r-, 
which, in the limit q —> 0, in turn, yields the auxiliary 

p—q<r «-p-fq<r ^p<r W ) 

12 In anticipation of R.P.A. results, we have judiciously omitted 
the direct matrix elements of v. 

13 The Hermiticity of HP,I follows from the relations 2?*(q) 
— B(— q) and <pPtq

ff = <p-Vi_q*t. 
14 T h e symmet ry FVi q»* = F^Vt -q* follows from the uni ta r i ty 

of XJa. 
" N o t e that ^ W ^ t f / ^ ^ p ^t+x(2/aJpiq*)*Fp,q

ff*. 
16 The precise correspondence is ^(o-)0(k-fq, — q) = XFk,q<r*, 

where \=vg. 

l~2 2 - / ^ p . q \^p+q<r #p<r &— p<r #— p— q<r) 
pq 

+ 2 5Z ^p.q^-p-qa^-p*—&p<r+&p+q<r)] 
pq 

_ =exp(~XS ( r). (16) 
17 R. M. Rockmore, Phys. Rev. 118, 1645 (1960). 
18 We have cPiq*—c_p,_q

fft==-j(2/c*>p,q*)*7rp,qt, with the con­
ventional correspondence, Cp.q* —> &p<r̂ p+q<r. 
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We may then express the magnetic energy 0(X2) in 
terms of the effective interactions Hi and Hi as 

(X-0) JEof(X)-£0
f(0) = - X W , (20) 

1 5£<2>(X) 

X5[X5(-q)] ' 
(17) 

with21 

it will be sufficient to calculate the low-wave-number 
contribution to the second-order magnetic energy. This 
is done using the transformed Hamiltonian, U(\) Iff £/(X), 
which, after neglecting terms 0(X3), takes the form, 

with20 
UWU= HT+XHI+WHI, 

H1=HI+I§,HT2, 

(18) 

(19) 

W=(01 H£HT(Q - £ O « ( 0 ) ] - W 110)-<01H 210) 
= (01 H1H(r

iH110)+(01 ZHvH0-il$,H J10) 
-K0|CS,H,]!0). (21) 

Hi and H2 are next determined by requiring that the 
new Fp.q* satisfy the same integral equation as the old 
[Eq. (II)],22 and also taking for Gp,q

a and HVi(i
a the 

solutions of those algebraic equations which remove the 
bilinear terms in Hi proportional to a V and bW. For 
example the requirement, 

2f 
X) a^+^dpa{p(o')B(q)-\-Gv,q

a(ep— €p+q)H X ^ V , q T v ^ p . - p ' j p + q . - p ' - q ) e x c h a n g e + ( ^ p + q , p ' ; p , p ' + q ) e x c h a n g e j } — 0 , 
pqcr 12 p ' 

yields the solution (in the limit q—> 0),23 

P(p)B(q) 
Gtf.a* — " 

t p + q 

— E Ft,,rtv(P+v')+v(r>- P ' ) l 
p— ep+<1 ft P' 

although, for our purposes, it will be enough to take as solutions, 

p(cr)B(q) 
G,.,'= — 

and 

^ p . q 

* e p + q 

p(a)B(q) 

(p, |p+q|>i>F) 

(P, |p+q|<PP) 

(22a) 

(22b) 
eP+4 

we thereby remove terms 0(X£°) from H\ and #2-
24 One has, for example,26 

£i 1~ 2~/ ^yp'»q ^v(?/^p+q<7 ^p<r Z-< ^ p . q iLw V^p+qcr ttq'cr ^ p . q I #p+q<r ^ p , q ' ^q 'ov 
pp'qo- O pq^ q' 

• $ 

2- / \ i p . q 2- /W—p—q.q ' 0q'or0—p<r~T"#q'<r <Jr—p— q,q ' #—pay 2 - / Z_* ^ p ' q ' ; q " p " ^ q ' ( r ' £p"er ' 
pqo- q' p ' q ' p ' V q er?*<r' O 

X L ^ p ' . q <^p'-fq<r V.—p'—q,q ^ p ' + q e r J ^ q ' V I - t l . C , \^^J 

(p<PF; | p + q | > i V ) 
where 

^ P . q r P , q ? 

(fc |p+q|>Py) (24a) 
19 Equation (17) follows trivially from Eqs. (22) and (4) of reference 4. Note that 

ni = fdrB(r)(^(r)<Tzt(r)) = fdrB(r)*z{r), 
with az{— q) = Sktr MoOck+qAk*. 

20 The requirement of unitarity yields the symmetry §*= — S with the additional relations, Fv, q°* = F_Pi _q
ff, Gp,q<r* = G_P)_q

(r, and 
£* p, q — ^3 _p, _q . 

21 Our notation follows that of reference 3 closely. Note that the last term in (21) includes propagator changes which were inadvertently 
omitted in the calculation in I. 

22 This procedure has the effect of removing those terms in Hi proportional to the bilinear combinations of fermion operators (the 
pair terms, ha and aW) which give rise to the R.P.A. graphs of reference 4. 

23 Note the additional symmetries, G^q*— — Gp+q,_qff* and HVt<f— — ZTp+q.-q**. 
24 These become essentially "esthetic" considerations in the limit q —> 0, since the contribution to W from the region of vanishingly 

small q is independent of the functions G and H. 
25 The terms 2Fv>i(l

ff(2£/Q)v(q)cp+q^cp(r may be identified as plasma terms; they make no contribution to W from the region of 
small £.4 For translation-invariant potentials flp+q,p';p, P '+q = fl(<7). 

file:///ip.q
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and 

0p.«'=.Fp..', (p<P,;\v+q\>P,) 
= -fl",.q '- (P, | p + q | < ^ ) (24b) 

We shall omit the rather tedious, though straightforward, calculation of the low-wave-number contribution to 
W, here, and content ourselves merely with a discussion of the structure of W(q), for small q, where, 

W=Z< W(q). (25) 

One has 

l i m W ( q ) = - i E ^ W 5 ( q ) ( / P . V + / - p . V ) 

+§E, 
£5 

? 

>PF\ 

E 

E 
; Z , | n 

E 

(2<02+D'2)lm; _ ?r „ (2v+,o'!)taiM„ 
2 2 ^ g p . q * 

P<^ 122L(lp+qUs>PJp;^m<Pii') e p + q + e s — e i — e m (P,8>Pjr,i,m<PF) e p + e s — e i ~ e ^ 

(2<U2+<0'2)lm;ps (2t)2+<U'2)lm;: 

. ( p , s > P ^ ; i , m < P i ? ) 6 p + € s — € l — 6 m ( lp -q | ,«>Pj , ; ^w»<P-F ' ) € p _ q + e s ~ € l — € m 

(2Vi+V%,m+ves (21)2+D'2)im;ps-
^ . . Z-J 

m<x 1 2 2 L ( P . s < P ^ ; Z , | m + q I < P J p ) 6 p + € s — €{— € m + q (P,S>PF; 1,T,I<PF) € p + e s ~ C l — € r a . 

(2< l ) 2 +1/ 2 ) i m ; p s ( 2 ' 0 s + , U ' 2 ) i , » - , i p . 
" 2 2^ gm,-q' 

m<r 0 2 L ( P , s > J P - f ; ^ . w < P J F ) € p + e s — €i—€m (p,8>PF;l,\m—q\<PF) € p + € s ~ e i — € 
E 

+§E 
mpT L 

c p I c s 

' ^ U - m , - q V p . q ^ i y - m , q J - p . - q ^ i 7 - m , q V p . - q f f ' J - n i , - q V - p . q / n 2 - / 

m—q 

( 2 - 0 * - • 0 '% ! ; . 

+ 2 ( / - p , - q < r J - s , q < T + / - p , q " J - s , - q < r + 7 p , ( l 7 - s , - q ' ' + j ( p , - q V - s , q 0 r ) E 

r 1 2 U - l t q % ) - q f f T J - l , - - q 7 n i , q f f T J - - l ) - q 7 - m , q a T j - l 1 q J - m - q J 2w 
0 2 (P ,*> 

^2\J-^,-qaJp,qa^f-tn,qCJ-p,~qff^J~m,qCJpt-q
a^j~mt~qaJ-p,qT) 

to2 (8>PF-,I<PF) e p + e s ~ e i — en 

(2<0 2 -<0 / 2 ) m l ; p s 

^ p + € s -

(2X)2-eU /2) rnl;p 

0 2 CP,*>P*O e p + e s — ei— em 

£2 ( /̂S) 
ml; P s 

• (26) 
ft2 U>PF-,KPF) e p + € s — € i — e m . 

This rather lengthy expression is easily reduced with the help of Eqs. (15a) and (15b) to the sum of three terms,2 

Ml r 1 / 1 1 \ ( l )
 PF 

M 

iirQ r 1 / I 1 \ (1 ) PF 

\imW(q)=\B(q)\iPF 
«~« ( 2 T ) : 

-I-B(q)!2/^ 

/ 1 1 \ ( , )
 PF r 

r W * j f / (2T)»J (,.,»>/» 

n-0 r 1 / 1 

7r)3LM W * (2TT): 
- ) + — — / <«V3C«a)(p,p') 

Ml (2T)V (,.„-_*» 

X j p ( . ) e ( P , ) ] + _ L . f <ftV3Ccx<
2>(p'",p")), (27) 

where the superscript (1) C(2)] indicates the interaction correction of first [second]] order. 3Zex(p,p') denotes the 
forward (exchange) /^-matrix element. 

The expression (27), which exhibits the first non-random-phase corrections to the R.P.A. (which is the first 

26 The identity, 

/a, q'/b. - q ' + / a . -q ' /b , , ' + / - * ,<7b , -q '+ / - a , - , ' A « ' = - ^ 3 ^ j j ^ - ^ / , ^ ( P " P ' ) ] " V a - ^ ) 5 ( i - ^ ) , 
is most useful here. 
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term on the right-hand side of (27)), has the appearance of the beginning of an expansion of 

4TT0 r 1 PF 
1 — + — — [ d%, aCexexact(p,p,)l 

(27r)l(M*)exact {2iry){v,v^PF) J 
limTTexact(q)= |5 (q) l 2 ^ r d ~ 7 I — + T T T : / &* 3Cexexact(p,p') | (28) 

in irreducible self-energy and (exchange) scattering diagrams. We shall prove the truth of this statement in the 
next section. 

IV. PROOF TO ALL ORDERS OF PARTICLE-PARTICLE COUPLING 

The general proof of (28) begins with the exact statement,27 

1 a2 1 
W(q) = <$o | ( # V + X # r , q ) — • • (Hv+\HItq) | <*>0>L 

4 aX2 -(HT+XHj^+ie 
(29) 

(A=.0) 

1 1 1 
= -*<*o|ffj,q r H J f q | $ 0 ) L - i ^ 0 | ^ _ _ _ _ f l ' J i q — — HT^L 

— HT+ie — HT+ie — HT+ie 

1 1 1 1 1 
- i<*0 I #I,q ~ V ^ / , q — 7HV | $o)L- i<^0 | Hv - ^ H j , q — — ^ f f J.q———yff, | <*>0>L. (30) 

— HT+ie — HT+ie — HT+ie — HT+ie — HT+ie 

The last of the terms in Eq. (30) above vanishes in the limit q —> 0, since one has 

1 1 1 
limfeolH, #r,q -ff/.q HV\$Q)L-* ' 
< °̂ -HT+ie -HT+ie -HT+ie 

1 1 1 
2\B(q)\z($o\Hv-——2Sz 2SZ r g , l $ 0 ) L = 0 , (31) 

— HT+ie — HT+ie —HT+ie 
where 

since 

and 
S,|$o> = 0. 

We consider next the propagator corrections in the second and third terms of (30). WTe need only discuss the 
second term where one finds 

1 1 
($0 | Hv— — g j , q ^ ff/.q] <f>0>L 

— HT+ie —HT+ie 
- 2|5(q)|* lim £ £(<r)K</) X <*o|ff.- r 

(propagator corrections) 9 ^ <ro'/ k tiT + le 

1 
X { L (0k ' f f 'W+q<^ — ftk'+qa^ftk'cO + ^k^k+qcr} flk+qg^k*1' [ $ O ) L = 0- ( 3 2 ) 

kVk —HT+ie 

The principle we invoke in this instance is that of "particle number conservation," by which we may pair all the 
diagrams of (32) into null3 dyads. 

Thus we are left to discuss 

1 
^ ( q ) = - 4 < * o | t f r . q —ffr,q|*o>L 

— Hr+ie 

1 1 
-Hp(<r)p(<rf)\B(q)\2 Z (*o\Hv— ~{b^a>a^^+a^^b^^) ak+^bkJ\<S>,)L 

<**' kk';(k^k) —HT-\-ie —HT+ie 

1 1 
-Zp(<r)p(v')\B(q)\2 £ < * o | & k , a k + q , — — (ak,+q^bk>^+b^aak^>)—__ff,|$0)L. (33) 

atr' kk';(kVk) — HT+ie — HT+ie 
7 By Hi, q, we mean the sum of the Fourier components of Hi for q and — q; otherwise, our notation is that of II. 
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At this point the discussion given in I I may be taken over bodily; the complication of spin-dependence offers no prob­
lem. As in II , one finds for the contribution from forward pair scattering, 

1 
- | < ^ o | ^ / , q — r ^7 ,q | ^o> i . - - | ^ (q ) | 2 i : ( ^ ( a ) ) 2 <^o |p k f q ^ (£o - iyT+^) -Vk , q ^ t | ^o> 

— H.T-\-it k(r 

= l#(q) | 2 2 £ v(p-q)8(p-PF)(M*exact/PF) 
p 

4TT 

= | B (q) |2 PFQM*exact. (34) 
(2r)« 

Further, the contribution from nonforward pair scattering and pair annihilation (and pair creation) may be ex­
pressed schematically3 as the matrix28 

GAG (35) 
where G satisfies the matrix integral equation 

G=G+GAG, (36) 
with 

[ A ] k ^ q ^ k , q ^ ( k , + q > , k / < ; ( 7 , | ^ | k + q > , k < ; ( T ) + ( 0 | i e | - k , - q > , - k ' < , c/; k + q > , k<, <r). (37) 

In the limit of q —> 0, we make the customary identification,3 

l i m [ A ] k ^ q < k ) / ^ 7 ? ( ^ • q ) C 5 C ( k V , k ( 7 ) + X ( - k V , k a • ) ] a ) F = p F ) . (38) 

Following Landau,6-7 the K matrix may be written as29 

^o+iSCexffV, (39) 
so that, for example, 

X ( k ; ± , k=lz)-3C(k ,zh,k=F) = 5Cex(k/,k). (40) 

On the other hand, we will find the usual matrix representation of X convenient for the solution of (36). [That 
integral equation we shall consider in its premultiplied form, 

T=AG+AGT, (41) 
where 

f = A & ] (42) 
Namely,30 

*-[£ £:]• <« 
Then we have, 

4?r 
W(q)= |S(q) |2 P ,OM*«act- \B(q) |2 £ p{e)pW) lim Z [Gf ] ^ i q ' ' ; k , q ' . (44) 

(2TT) 3 era' «"*0 kk' 

(45) 

If we take 
f 

_ - 1 . 
we arrive at the scalar integral equation, 

ufTu = u^AwG+u^AGTu, (46) 
with 

4?r 
W(q)= | £ ( q ) | 2 P^M*e X act - |5 (q) |* l im £ [G« t r«] k , , q ; k , q . (47) 

(2TT)3 ^ ° kk' 
Equation (46) is easily reduced to the algebraic equation, 

4TTPF 

(r^-r+^k'k^CA^-A+jGk,,^---—M^^A^-A^^fr^-r+j, (48) 
(2TT)3 

28 We refer here to spin space. These indices were generally suppressed in II. 
29 Our notation differs slightly from his. 
30 There are, as a result of (39), only two independent elements in this matrix. In particular,7 3C++ = 3C—=3Co+iXex , 3C+-
nr> no 1 nn 
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with the solution, 
#+iVk^=2(r++— r+_)k/k 

-2(A + + -A + _) k , k G k , q (°> 

The additional relations, 

1 + M * e x a c t ( A + + _ A + _ ) a l . (49) 
(2TT)3 J 

4 T T ( A + + - A + _ ) a v = f dak, xe x<e x a c t ) (k ,k ; ) , 
J (k,k'=pp) 

and 
mwPF

2 r 
lim2 £ G^^(A+ + -A+__) k , kG k , q ( 0 )== (M*exact)2 / dQk>» ^ ^ ( k ^ k ' ' ' ) , 
*-° kk' (2TT)6 J{k»,k>»-pr) 

then yield the anticipated result. 

4xPirOM*exactr iW*exact 
l imT^(q)=l^(q) l 2 1 + dttk> 3 C e x ^ t ) (k,k') • (28) 

^M*exactr iW*exact f l - 1 

1 + dfi^3Cex(«Mt)(k,k /) . 
2TT)3 L (2TT)3 / ( * i f c ^ P , ) J «-° ' " ' " " " (2TT)3 L (2ir)" ^ ( * i f c ' - p ^ 

which is the proper generalization (to all orders) of that of reference 4. If one passes to the limit q = 0 and replaces 
B(0) by B in (28), one obtains for ths susceptibility per unit volume, the expression 

8TTX2PFM*, pivi exact 
X'~ 

(2TT)3 

PpM exact 

(2x)3 

1 + " " ^ 7 7 - / <*°*' 3«exteact> (k,k') 
(k,k'^PF) 

-1 

(50) 

which has been previously derived by Landau5,6 from a somewhat intuitive basis; however in the present instance 
it is found as a direct consequence of the many-body perturbation theory.3,31 We shall postpone to a subsequent 
communication a more detailed discussion of the static responses of a normal fermion system. There we will find 
that these have a precise formulation in terms of ikf*exact a n d 3C(k<r,kV) | (k,k'^pF) so long as they depend strongly 
on contributions from the region of small wave numbers. 
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