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Longitudinal and transverse dispersion relations including spin and exchange contributions are derived
for electromagnetic waves in a fully ionized plasma. The nonrelativistic Pauli description of the electrons
is used, and the electron density matrix is assumed to obey the quantum analog of the Vlasov equation.
The electromagnetic fields satisfy Maxwell’s equations with self-consistent source terms.

The dispersion relation for longitudinal modes is unaffected by spin, and the exchange correction derived
agrees with that obtained by previous investigators. The transverse dispersion relation is evaluated in the
long-wavelength limit for the completely degenerate plasma at 0°K. If the transverse frequency be written
w=woFwsptwex, Where w, is the frequency with spin and exchange effects omitted, our results for the
corrections are wsp= (w,2/8we) (42/m?), wex= — 3w,'q?/80w* K r?, where q is the wave vector of a disturbance
and %K is the momentum limit of the Fermi distribution.

I. INTRODUCTION

HE study of plasmas in which quantum mechani-
cal effects are significant has been facilitated
through the use of the quantum analog of the classical
Vlasov equation for the density matrix or quantum
mechanical distribution function of the system.'* In
particular, dispersion relations for longitudinal and
transverse electromagnetic waves have been derived
by several authors.*~7 The effect of electron exchange
of the longitudinal dispersion relation has been cal-
culated recently by Silin® and von Roos and Zmuidzinas®
using different forms of quantum mechanical distribu-
tion functions.
In view of the fact that for real systems the particles

1Y. L. Klimontovich and V. P. Silin, Doklady Akad. Nauk
(S.S.S.R.), 82, 361 (1952).

2 0. von Roos, Phys. Rev. 119, 1174 (1960).

3 James E. Drummond, Plasma Physics (McGraw-Hill Book
Company, Inc., New York, 1961). Chapter II contains an extended
discussion of problems of this type and an excellent bibliography.

+J. Lindhard, Kgl. Danske Videnskab. Selskab, Mat.-Fys.
Medd. 28 (8) (1954).

8 H. Ehrenrich and M. H. Cohen, Phys. Rev. 115, 786 (1959).

6 H. Wahlquist, Jet Propulsion Laboratory Technical Report
No. 32-81, March, 1961 (unpublished).

comprising the plasma have spin, it is of interest to
calculate the effects of spin on the dispersion relations.
Since spin couples only to the transverse field, it is
desirable also to determine the contribution of particle
exchange to the transverse dispersion relation in order
to compare the two. Although a proper theory of parti-
cle spin and transverse electromagnetic waves should
be relativistic, we shall use the nonrelativistic Pauli
description of the particles. Thus, the results will be
strictly valid only for low-temperature plasmas and
weak fields. In the course of calculating the exchange
contribution to the dispersion relations, one is faced
with solving an intractable integral equation. Here we
have used a perturbation treatment and since, in fact,
both spin and exchange contributions are expected to
be small, they have been calculated entirely separately.
In Sec. II we consider the spin correction and in Sec.
IIT that due to exchange.

Since the derivation of the quantum Vlasov equation
has been examined elsewhere?71%11 only a brief
summary will be given here. The system of particles
is described in terms of a distribution function of the
type defined by Wigner? or von Roos? or by means of

7P. B. Burt, Ph.D. dissertation, University of Tenn
Knoxville, Tennessee, June 1961 (unpublished).

8V. P. Silin, Phys. Metals Met. 3, 193 (1956).

9 0. von Roos and J. Zmuidzinas, Phys. Rev. 121, 941 (1961),
see also H. Kanazawa, S. Misawa and E. Fujita, Progr. Theoret.
Phys. (Kyoto) 23, 426 (1960).

10 W, E. Brittin, Phys. Rev. 106, 843 (1957).

11 R, K. Osborne, University of Michigan Radiation Laboratory
Report RRL-TR-60-274, Part I, 1960 (unpublished).

12 . Wigner, Phys. Rev. 40, 749 (1932).
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the density matrix.» The particle interactions take
place through self-consistent electromagnetic fields, the
sources of which are derived from the one-particle
distributions. Collisions are neglected. Finally, exchange
effects are included by adding to the Hamiltonian a
Coulomb term of the form?*

R® (w1, %1, 2")
Pex= 47re|:Tr(2’E<—————— >:|, (1)

[ri—ry

where R®@ is the two-particle density matrix and the
trace is taken over all coordinates, space and spin, of
particle 2. The operator E interchanges one set of
coordinates of particles 1 and 2; e.g.,

ER® (xl,xg; x1’,x2,) =4R® (xl,xz; le,x{),

)

where the positive sign holds for bosons and the
negative for fermions.

The system to be treated is comprised of V electrons
per unit volume and an equal number of stationary
positive ions to provide net electrical neutrality. We
assume that the one-particle density matrix for
electrons in wave-vector space may be written

RO K; s'5; )=F (k41K k; 5,550, (3)

where F is the equilibrium Fermi-Dirac distribution,
diagonal in both momentum and spin space, and f is
a small perturbation. Finally, the sources of the
self-consistent electromagnetic field ‘are determined by
the perturbation f alone, since the positive-ion back-
ground neutralizes the equilibrium part.

If one Fourier-analyzes the time dependence of the
distributions and fields, the governing equations written
in wave vector space are

[—w+7k-q/m+hg?/2m]f(k+q, k; s, 5; w)

e /3
- —{ $(00)+ dex(0,9)——k-Ag,0)
h mc
ih
2mc

06 (a,0) = e f P T (k+a k; o, 55 @)}, (5)

[qz—wz_%?:'A(q,w)

c?

4meh
=——-o | &*k[k—q(k-q)/¢*] Tr@f
mc

idweh

/ BrAXTEOfa), (6)

2mc

1B P, A. M. Dirac, Proc. Cambridge Phil. Soc. 27, 240 (1931).
14 J, von Neumann, Ges. Wiss. Géttingen 245, 247 (1927).
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where ¢ and A are the electromagnetic potentials in
Coulomb gauge, q is the wave vector and  the angular
frequency of the disturbance, ¢ is the Pauli spin
vector, Tr(®) means trace over spin coordinates only,

and
AF=F(|k+q|)—F(|k]|). (M

Exchange enters the equations by the additional ex-
change potential appearing in Eq. (4), the linearized
quantum Vlasov equation. Spin contributes two terms;
the last in Eq. (4) which is, of course, the interaction
of the electron’s intrinsic magnetic moment with the
magnetic field, and the second source term of Eq. (6)
which is the so-called “spin current.”

II. SPIN CORRECTION

The dispersion relations including spin contributions
may be calculated in a straightforward manner using
Egs. (4)-(6) when the exchange term is omitted. The
sources in Egs. (5) and (6) can be evaluated by solving
Eq. (4) for f. One then obtains a set of homogeneous
equations for the amplitudes ¢(q,w) and A(q,w). The
condition for these to have a solution is that the
determinant of the coefficients vanish. This leads to
the dispersion relations.

Inserting f from Eq. (4) into Eq. (5) and (6) and
performing the indicated operations gives

[1—w,T1(¢*w) J¢ (q,0) =0, )
and .
Wgw,? Watw,?
[—wr‘—i—czqz-l-wp?—f- ! I2(g?w)+ z qu%w)}
2m? 4m?
| XA(g6)=0, (9)
with
wpt=4mNeX/m, (10)
2 &k F(|k|)
I] 2,(.0 = y 11
(@) N/(w—hk-q/m)z—(hq2/2m)2 )
2 a2k [k2— (k-q)2/¢*JF (| k
12(q2,w)=_/ (e (k-ar/¢JF (k) 12)
N J (w—1k-q/m)2— (hq?/2m)*

Setting the terms in brackets in Egs. (8) and (9)
equal to zero gives the dispersion relations. From Eq.
(9) one obtains the usual relation for longitudinal
modes'~245 which is uninfluenced by spin as expected.
The last term in the bracket of Eq. (9) is the spin
correction to the transverse dispersion relation. If one
expands the integrals I; and I. in powers of ¢% the
transverse dispersion relation for long wavelengths
becomes

hzwy‘l <k2> h2q2
2— (2024 2+ l:_+ B ]
¢ gres 3 5m2w2< )

o 2 g2 )
+(4m2w2 )[1+m2w2<k >:]’ (13)

miuw?
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where

(k”)=/d3k k"F(|k|). (14)

Finally, evaluating the averages at zero temperature
gives y
g (Kit/S+¢/4)
=gttt — :
m2 62q2+wp2

where #Kr is the momentum at the top of the Fermi
distribution, $Kz® is the leading quantum term from
the ordinary transverse current and %¢? that due to the
spin interactions. While the expansion used to obtain
Eq. (15) is mathematically valid for ¢ comparable to
Kr, the theory itself is probably inaccurate for such
short-wavelength disturbances. In this region cor-
relation effects are likely to be significant so the self-
consistent field approximation breaks down. Further,
in a real metal interactions with the ionic lattice, which
are here ignored, will become important. Eq. (15) should,
therefore, for physical reasons be restricted to ¢&KKp,
and the spin correction consequently will be smaller
than the usual quantum mechanical correction term.

(15)

IIl. EXCHANGE CORRECTION

Since the spin correction is small for ¢&<Kp, the
exchange contribution to the dispersion relation will
be calculated with the spin interaction omitted. In
keeping with the self-consistent field approximation
and the first-order perturbation of Eq. (3), the exchange
potential may be written

47re( /‘AF(k',q)dsk’
=V Tecwp

/f(k”rq, K'; )
[k—Kk'[*

where AF is given by Eq. (7), the factor of
from averaging over spins® and

J(k+-g, k; ) =TrO[f(k+q, k; 5',s5; ) .

Eliminating ¢ and A through use of the field equations
leads to an integral equation for which exact solutions
have not been obtained. Consequently, we shall apply
a simple perturbation treatment similar to that used
in the longitudinal case by von Roos and Zmuidzinas.®
That is, assuming the effect of exchange to be small,
we write

d3k’>, (16)

comes

w=wo+w1, ‘
f=fo(wo)+f1(w1),
é=go(wo)+¢1(w1),
A=Ay(wo)+A1(wr),

where wo is the frequency without exchange. Equating

terms of like order in the perturbation expansion of
Eqgs. (4)-(6) gives the following set of equations for

(7
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the distributions and fields:

[4 e
fo= [-¢0——k . Ao:lAF/D, (18)
7 mc
q2¢0=41r1\76/d3k fo(k+q, k; wo), (19)
(wt—wz?) 4w Neh
= Vo= [ (k-keaasag, @0)
c? mc
and
fr=D[wifot (eps/—ek-Ay/mec) JAF
M 52 @3k’ AF i
(1, . ) (1)
2 \) k=K |k—K'|2
¢*dr=4mNe / @k fi(k+q, k; w1), (22)
(q”—— (woz—wp2)>Al_ZWW1A0
e ¢
47w Neh
- / &k (k—k-a0/®f, (23)
mc
where
D= —wo+-ik-q/m~+hg?/2m. (24)

Solution of Egs. (18)-(20) gives the usual dispersion
relations. Making use of these relations in the solution
of Egs. (21)-(23) leads to separate dispersion relations
for longitudinal and transverse waves with exchange
effects included. The longitudinal dispersion relation
agrees with that found previously.®® The transverse
dispersion relation is obtained from the following
equation:

fiw
wl[Zon——————/dak klklAFD—2:|
m

/dskdak/ AF(R)AF () fhky klkl) .
=y —x: oo /) P

where I is the unit dyadic and

k,=k—k-qq/¢. (26)

Inspection of the integrals in Eq. (25), taking into
account the parity of the integrands, reveals that this
dyadic is diagonal. The dispersion relation for trans-
verse waves may be obtained by equating any one of
the diagonal elements to zero.

Again, we examine this expression for the zero
temperature Fermi distribution and for ¢<<Kp. One
then has

w1= — 3wp'g?/80we*K #?, 27
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and the corrected transverse dispersion relation will be
w?= (wotw1)* e+ 2wow1 = wol — 3w,/ 40w K 2,  (28)

with we? given by the first three terms of Eq. (15).
Since for physical reasons we must restrict our treat-
ment to ¢&KKr as discussed before and the exchange
correction is then small compared to the zero-order
frequency, the approach of calculating spin and ex-
change contributions separately is justified.

IV. CONCLUSION

Taking the ratio of spin to exchange corrections
from Egs. (15) and (28) gives

10 72K ¢* 10 72K g4
— K~ —— 10

(29)

2., 2 2., 2
3 mlw,t 3 miw,
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for a typical metal, indicating that for the region
g<Kp, particle exchange is more significant than the
spin interaction. This is hardly surprising since the
typical metal at zero temperature is certainly non-
relativistic whereas particle statistics are important in
this system. An interesting feature of the calculation is
that when spin and exchange effects are included, the
transverse and longitudinal modes are still decoupled
in the sense of having separate dispersion relations, at
least for first order. They are not entirely independent,
however, since the exchange contribution to the trans-
verse relation arises directly from the Coulomb inter-
action. Thus, even in the ‘“zero interaction” limit to
which the self-consistent field treatment corresponds,
the indistinguishability of the particles gives rise to
currents which couple the radiating and nonradiating
modes.
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The sum-rule

E,(m|AIn)(n]aﬂ/aklm)-l-(mlaﬂ/a)\]n)(nM |m)=<m‘i{1_ m>—i((mlf1|m))
n €n— €Em [N N
is derived. In this relation |m), ---, |#n), - -+ form a complete set of orthonormal vectors, which are the

eigenvectors of the Hermitian linear operator ©, with eigenvalues em,

+++€n, +++; A Is a parameter which

occursin @, and 4 is an arbitrary linear operator. In many sums of this type, @ is the Hamiltonian operator H.
Particular examples are considered, and a differential equation, relating the mass dependence and coordi-

nate dependence of the wave function y, is derived.

1. INTRODUCTION
INF INITE sums of the form

m|A|n)n|B\m
guy Al Bl o

n €n™ €m

appear in many quantum-mechanical problems. In (1),
A and B are linear operators, while |m), «--|n), - --
form a complete set of orthonormal vectors, which are
the eigenvectors of some Hermitian linear operator €,
with eigenvalues €n, - - €4, - - ; the prime in the sum-
mation sign indicates that the summation is over all
states except |n)=|m). A familiar case occurs when Q

* Part of this paper was presented at the 10th Symposium on
Molecular Structure and Spectroscopy (The Ohio State Uni-
versity, June, 1961).

T This research was supported in part by a grant extended to
Harvard University by the Office of Naval Research.

is identical with the Hamiltonian operator H, so that
the e,’s become the energies E, associated with the
different stationary states |#). The summation in .S
then includes, of course, an integral over the continuum
states.

The reduction of S to a simple expression which
depends on the properties of |m) alone has long been a
challenging problem. A very simple, though dangerously
uncertain, expression can be obtained by using the
closure approximation.! Clinton? seems to have been
the first to discover a case where, although one of the
two operators 4 and B remains completely arbitrary,
S is exactly reducible. He treated those sums in which
one operator is identical to 27—> ;ri-(dV/dr,)
(T'=kinetic energy operator, V=potential energy
operator), while the other operator remains arbitrary,

1 A. Unséld, Z. Physik 43, 563 (1927).
2W. L. Clinton, private communication to the author (to be
published). )



