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The influence of independent processes of relaxation of paramagnetic ions on nuclear magnetic relaxation
in the presence of these ions is discussed theoretically, using the Kubo and Tomita method. The nuclei are
assumed to relax as a result of their contact with the ions through the usual dipole-dipole mechanism and
this interaction is, in turn, considered to be of negligible influence on the ionic relaxation. Following a
suggestion by Abragam, the ionic interactions are described as a coupling of the ionic spins to an effective local
field varying randomly in time; this coupling is finally expressed in terms of experimentally more accessible
parameters such as the ionic correlation and relaxation times. All dissipative interactions are approximated
by autocorrelation functions with simple exponentially decaying time dependence, thereby limiting the
applicability of this calculation to liquids and to liquid-like solids. The second-order terms in the perturbation
expansion of the relaxation tensor yield contributions to the Bloch relaxation times of the system of nuclear
spins that agree with previous calculations by Solomon. The fourth-order terms describing ionic relaxation
yield a contribution to the nuclear relaxation times with a narrowing influence, except in the limit of very

strong fields when a broadening is produced.

I. INTRODUCTION

HE relaxation of nuclear spins caused by their

interaction with paramagnetic ions has been
treated by several authors.!—® Two distinct mechanisms
are obtained, one for which the interaction is randomly
modulated due to additive motion of the ions and the
nucleus, the other where it is due to an independent
means of relaxation of the electron spin. In discussing
the relaxation of protons in magnetic ion solutions,
Bloembergen and Morgan® considered the combined
influence of these two types of random modulation;
this was done by inserting in the conventional formulas
for the nuclear relaxation time, a correlation time
obtained from the sum of the reciprocals of the cor-
relation times of relative motion and of electron spin
motion. A similar description was used by Torrey,
Seevers, and Korringa’ in a discussion of paramagnetic
wall effects on the nuclear spins in liquids. The present
study was undertaken to check the validity of this
procedure, and to find its generalization when, e.g.,
the electronic or nuclear motion cannot be characterized
by a single correlation time.

To this end, we have used the method of Kubo and
Tomita® (from now on referred to as K.T.), which is
based on a perturbation expansion for the induced
nuclear magnetization in terms of the interaction
Hamiltonian of the spin system. Our discussion will
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be limited to liquids and to solids where molecular
groups are free to undergo a considerable amount of
internal motion,® thus producing a relaxation mechanism
similar to the one encountered in viscous liquids. This
means that the autocorrelation functions of the nuclear
or ionic local field components can be approximated
by exponential functions exp(—|¢|/7), with = a cor-
relation time.® The method is applicable to the
description of nuclear relaxation when the system of
nuclear spins is in the liquid state with the ions in the
solid state or vice versa, as long as the geometry is
such that the nuclear interactions with the ions still
provide the dominating mechanism of nuclear relaxation.

The spin of the nuclei as well as the effective spin of
the ions will be assumed to equal %; our discussion,
however, can easily be extended to the case of spins
with arbitrary magnitude.

Section II summarizes the results of K.T. that will
be applicable to this paper together with the analytical
formulation of the present problem.

The discussion will be limited to cases where the
contribution of the random motion of the electron
spin to the nuclear relaxation is only a small correction
to the contribution of the random relative motion.
This permits an expansion, of which the first correction
term will be calculated.

In Secs. ITI and IV the procedure for computing the
various terms in the perturbation expansion is outlined
and explicit expressions for the relaxation times are
derived. The second-order expressions will reproduce
Solomon’s results® and illustrate, in simple terms, the
principles involved in carrying out the considerably
more involved calculations of the fourth-order terms.
This is followed in Sec. V by a discussion of the various
limiting cases of interest, and criteria are established
for the applicability of the present method.
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10 N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys.
Rev. 73, 679 (1948).
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II. ANALYTICAL FORMULATION OF THE PROBLEM
A. Relaxation Tensor

Consider a system of spins in the presence of a strong
magnetic field H, in the z direction and under the
action of an arbitrarily small disturbance,

Hl(i)=H1, — 00 SlSO,

=0, 0<L. W

The induced magnetic moment Mind(z) of the system
due to H;(#) will then be given by

Mind ()= (f)-Hy, (2)

where the tensor ®(f) will be called the relaxation
tensor. Following K.T. we shall assume ®(f) to be
independent of the magnitude of Hj, provided that H,
is small.

Once the components of ®(¢) are known, one can
easily calculate the Bloch! relaxation times. If H; is
assumed to be along the x direction, the x component
of induced magnetization becomes

M4 () =®,.(t)Hy, 3)

and if the initial time dependence of M ,™4(f) can be
approximated by a single exponential decay, one has

M ind(8) =Xoe~T2 cos (wt) Hy
=Xo(1—t/Tot- ) cos()Hy,  (4)

where X, is the static susceptibility and T is the
transverse relaxation time. The cosine factor is included
in order to account for the precessional motion with
frequency « of the transverse magnetization in the
longitudinal field H,. ®,.(f) can now be expanded in
powers of the time:

&, () = cos (wt) (b't+- - +), ®)

and consequently
1/Ty=—b./Xo. (6)

The longitudinal relaxation time T can similarly be
obtained by writing down the expressions analogous
to (4) and (5) for M.m4(f) and &,,(¢), respectively,
and equating coefficients of like powers of time. This
time, however, the coswt factor is missing since M,™"4(#)
does not precess around a transverse axis. The result is

1/T1=—b.'/X,, (M

where b,/ is the coefficient of the first power of time in
the expansion for ®,.(%).

No limits have so far been imposed on the magnitude
of the time interval ¢ if the definitions Egs. (6) and (7)
for the relaxation times are to remain meaningful.
Such limitations will be established, as the need for
them arises, in the subsequent development of this

paper.

11 F, Boch, Phys. Rev. 70, 460 (1946).
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B. The Hamiltonian

The Hamiltonian for a system of two different
species of spins can be written in the form

JC=3Co+3¢C". (8)

3Cy is the total energy of the individual particles apart
from magnetic interactions, but including their Zeeman
energies, and 3¢’ is the sum of their magnetic inter-
actions and will be treated as a small perturbation
on JCo.

The unperturbed Hamiltonian 3¢, will be written as

5C0=$CMN+ECMQ+SCZN+3Cze+5c¢. (9)

In this expression 3C,¥ and 3C,° are the motional energies
of the nuclei and ions respectively; 3¢, and 3C.¢ are
their respective Zeeman energies (in the static field H,)
and are given by

KN =—hw3.; I,

1
3C.e= —7%Q Zk Sk, ( 0)
with Larmor frequencies
w=yyH, and Q=+v.H.,. (11)

The quantities vy and <, are the nuclear and ionic
gyromagnetic ratios, and I, and S, are the z components
of their respective spin angular momentum operators
Iand S.

Jee is the Hamiltonian of the environment in which
the ionic spins find themselves.

Since the ionic magnetic moment is three orders of
magnitude larger than the nuclear magnetic moment,
mutual interactions among the nuclei may be dis-
regarded. The interaction between nuclei and para-
magnetic ions will be taken to be of the dipole-dipole
type 3C'aq, and will be assumed to have negligible
influence on the ionic relaxation. Following Abragam,*
we take the ionic perturbation to be an interaction
between the ionic magnetic moments and an effective
local field operator V. This local field may be due to
mutual magnetic interactions between the ions, spin
orbit coupling, crystalline field (in a solid), or other
possible sources for magnetic interactions, and its
components will be defined in terms of statistical
parameters such as mean square values and correlation
times. ]

The perturbation Hamiltonian 3¢’ will be written as

3¢’ =3¢, 43 aa, (12)

where 3¢’, is assumed to be linear in S, [V,,S;]=0,
and is given by

3¢ s=2"% Vi Ss. (13)
3¢’ 44 is the usual dipole-dipole interaction,
3¢ aa=pnpe 2k 73~
XL+ Si—3(L- 1) (Si- t)ri ], (14)

The constants uy and u. are the nuclear and ionic
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magnetic moments and are given by
(15)

We choose the representation where I, and S, are
diagonal. Moreover, we take the interaction representa-
tion, for which the time-dependence of 3¢’ is given by

3¢’ (8) = exp (i43Co/#)3C" exp(—143Co/ ). (16)

Then, using Eqs. (9) and (12)-(16) one can express
3¢/ (¢) in the form

5(0) = Lo 90O

pv=7xh and p,=7vh.

=20 2o5n 3 (8), (17
where
gc'jkiz(t) = I,iSki (ij:FZ (t) eTilet®) t
I 3 () =TS 21 o (D) e:Fiwt’
3¢ (1) = (LsSiFon™ (O)+SEVi™) e, (18)

Bt 0(8) = — 17 SiT o (1)eTi DY,
3 2 () =I.;S e 0ii® (1) SV i2(2).

In this expression the symbols 7= and Si* denote the
usual raising and lowering operators:

Ix¥=],+4l, and S*=S5,+1S,. (19)

The quantities ¢+ denote the usual spherical harmonics
that arise as factors to the different terms in the
standard expression for dipole-dipole interactions;
they are given by

@i = Junnerii® sin¥jetivik,

cpjki] = —%MN[l.m'k_a sin0,-k COS@jkeiNi", (20)

eir"=pnperin*(1—3 cos;x),
with 6;; and ¢j; denoting the usual spherical polar
angle and azimuth, respectively. The time dependence
of ¢z can be written as
oir” (£) = exp[it(3en +3Cn*) /1]
X @ir” exp[ — it (3N +3Cn%)/B].  (21)

The terms V,?® denote the different components of the
vector operator Vj:

Vid=V,* and VF=3(Vi2L£iV¥). (22)
Their time dependence is given by
Vi®(t) = exp[ (it3C,*+3Cn+-3C°) /1]
X Vi? exp[—it(3C.*+3Cne+3C) /%], (23)
and the approximate relation,
Lon®(®),Vi(2)1=0, (24)

will be assumed valid.

C. Perturbation Expansion of ®(¢)

Using quantum statistical methods, K.T. have shown
that the components of @®(f) can be expressed as a
series in powers of J¢'

J. S. DOHNANYI

00N (t) = Zn Py ™ (t)’ (25)

where A stands for any one of the three Cartesian
coordinates and where

D™ () =B(ih)y ™ Yo 2.5 €xp (twal)

t 31 th—1
X/ dtl/ dtz"'f /23 JITERD I
0 0 0

X exp[i(w,lrf'walz'f' te +wrtn)]
X{{[Mx(wa) 5 3¢ (1), 3" (23) - - - 3C" (1) ]
XMx(wp))}, (26)

where 3 stands for 1/kT with k equal to Boltzmann’s
constant and T the absolute temperature. The factor
exp (w.t) describes the explicit time dependence of the
magnetic moment operators, which in our representa-
tion can be expressed as

M. ()= o M .(wy)eiwat= M+eiot M—eivt
ME=3uy 35 I

The exponential factor under the integral sign

follows from Eqs. (17) and (18). The curly brackets

signify the real part of the enclosed expression and the
square bracket denotes a multiple commutator,

4;B,--- ,N1=[[---[4,B]---1N].  (28)

The remaining bracket { ) indicates the process of
averaging over the ensemble; explicitly, given that P
is any operator,

" (@27

(P)=Tr(oP) (29)

is the average value of P with respect to the density
operator

p=-exp(—B3C)/Tr exp(—B3Co). (30)

Expression (26) is valid provided that the energy
difference for any transition m—n of statistical
interest satisfies the inequality

| En—Ea|BK1. 31)

It can be shown that as long as the high-frequency
Fourier components of the local field 3¢'%(#) are com-
paratively small, the individual terms under the
summation sign in Eq. (26) are similarly small unless

wetwptwyt - w,=0. (32)

Inview of the fact that the magnitude of the static
field H., is assumed much larger than that of the local
field, Eq. (32) will be a good approximation throughout
the rest of this paper.

K.T. have shown that the multiple commutators
under the summation sign in Eq. (26) individually
satisfy the relation

<[Mn (“’a) 3 3C781(8) - - -3¢ (tﬂ)]Ml‘ (‘-"ﬂ) >
~ (= 1) (M (wa) ; 381 (21) - - - 3C" %k (1) ]

XMy (wp) ; 3% () - - -3 (1y0) 1), (33)
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provided that the energies #uw,, fiwy- -+ are small’® in
comparison with 1/8. This means that in a field H, of
10000 gauss (where the ionic magnetic energy is
approximately #Q~10"1%cgs=~£) the temperatureshould
be T>>1° Kelvin in order for Eq. (33) to be approxi-
mately true. In weak fields, however, Eq. (33) remains
valid down to quite low temperatures. If the condition
of validity for Eq. (33) is satisfied, and this will be
assumed from now on, the Zeeman energy term

N+43C,° may be omitted altogether from the density
operator Eq. (30) when computing averages over the
spin operators. Hence,

p=exp[ —B (3, +3Cn+3e9)]/
Tr exp[ —B(3C" +3Cne+3C) ] (34)

In this approximation, the ensemble average of any
spin operator is just the trace of that operator divided
by the trace of unity in spin space.

III. SECOND-ORDER CALCULATION
A. Computation of ®(f) to Second Order

With the help of Egs. (26), (27), and (32)-(34) we
may presently begin the computation of ®\\(¢). The
calculation of ®,,® (f) is straightforward.

q’zz(o) (t) ‘_‘B Za <Mz(wu)M=(~wd) )eiwut____ XO COSo)t, (35)

where
Xo=3BNun*I (I+1),

with N=number of nuclei, is the expression for the
static susceptibility of the system of nuclear spins.
$,,9(f) contains no terms that would describe a
relaxation.

The first-order term ®,,V (¢) is identically zero since
the trace of an odd power of any spin operator is zero;
the same holds for the other odd orders of the xx and yy
components of & (£).

The second-order expressions ®.,® (f) can easily be
obtained; using Egs. (26), (27), (32), and (33), one
can write

(36)

¢22(2)(t) t t
—Bi T, zazyzs{expwat) / ity / dta

Xexp[é(wytrtwstz) ]
X(CM o (wa), 3¢/ (12) ITM o(ws), 3¢/ (22)]) } 37)

With the use of Eq. (21) and the fact that 3C,~, 3C.°,
JeN, 3.5 and 3C° all commute with each other and
after rearranging the dummy indices in accordance

12 The difference between this condition and the one stated in
Eq. (31) is that while in the'latter only statistically significant
transitions are considered, the former is sensitive to virtual
processes as well.
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with Eq. (32), one can rewrite Eq. (37) in the form
®,,®(f)

— gy, Z.,[exp(iwdt) / iy / ity
X expi (ts-Forte) M s ese)y 3¢/ (1s— 12)]
xth<-—wu>,ac'—v<0>]>}. (38)

This integral contains factors of the form

(T ein? (li—t2) 0ix (0)).

Assuming exponential time dependence, one may write
(as is usually done)

(Tir o (i—t) i (0))
=8y,(Tir ¢ir” (0)0;577(0)) exp(|ti—ta| /74), (39)

where 8., is the usual Kronecker 6 symbol and where
7, 1s the correlation time of the mode ¢”. Actually 7,
is the effective correlation time for the nuclear and
ionic motion, defined by

1/7,=1/7,(nuclear)+1/7,(ionic). (40)

Since the nuclear motion is usually faster than is the
ionic motion, we shall refer to 7, as the nuclear cor-
relation time; it is clear, however, that Eq. (40) should
be consulted in any specific application.

With the explicit time dependence of the integrand
in Eq. (38) thus determined, it can be integrated to
give ‘

&, (£)=2B%2 cos(wt)
X2 A(LM+,3¢ (0) JLM 3¢ (0)])
X[oyt+exp(—at)—1]Jay2}, (41)
where

@y=1/7y—10,. (42)

B. Relaxation Times

We may now evaluate ®,,? (f) for a length of time
which is long compared with the correlation time 7.
We also have to impose an upper limit on the time
interval 4, otherwise Eq. (6) may no longer be meaning-
ful for the initial behavior of the relaxation process;
accordingly

T &KLILT, and 7, <KLT . (43)

Using Egs. (5), (6), (41), and the fact that because
of Eq. (43) the exponentials exp(—a,t) approach zero
one obtains, in agreement with Solomon,

1\®» 1 1 foro 2fimy
A R
T, 472 14+ 72(0—0)2 14722
41111 4fore
——-——*—'—:I, (44)
1422 1479 (w0402
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where

Fr=21{eir"(0) ;7 (0)) (45)

and where the constant terms in Eq. (41), which
are the second-order contribution to the static
susceptibility, have been omitted.

The calculation of (7;)®, which is obtained from
&, (1), strictly follows the procedure described above.
One finds, again in agreement with Solomon,

$70f0 711

1\® 1
<E) _}1—2[1+702(w—~9)2] 1+ 7%?

273f2
T
1472 (w0+9Q)2

IV. FOURTH-ORDER CALCULATION
A. Outline of the Calculation

The expressions for the relaxation times, Eqgs. (44)
and (46), contain no details of the ionic relaxation;
mathematically, this is because the ionic interaction,
Eq. (13), commutes with the nuclear magnetic moment
operators and hence does not contribute to @@ (t).
The ionic interaction may, however, be larger than the
ionic-nuclear interaction, Eq. (14), in the ratio of
we/un=10%; its influence on the nuclear relaxation
times may be calculated by evaluating the contributions
of the ionic perturbation, Eq. (13), to ®® (7).

Thus, we calculate ®®(¢) for the case where the
fourth-order contributions of the nuclear jonic inter-
action terms are neglected in comparison with terms
involving the ionic local field V. Using Egs. (26) and
(33) we can write

B2u () =PI T - 'z:,| exp(icnl)

t 4 i2 t3
X[ dtI/ dtg/ dt;;/ dity
0 0 0 0

X exp[4 (wyt1Fwsta+witstw,is) ]
X ([Mz(wa) 3 'ZC,"(tl)) 5(_’,'5(12)]

X[Mz(wﬂ);50'”(14),3(3“03)])]- 47

In view of Eq. (24) this can be expressed as
&,, W (t)=26%"* cos(wt)

t 1 . t2 t3
xf dtlf dt,j dtaf dts
0 0 0 0

XYy 2 sexpli(wylytwsts—wyta—wsts) ]
XA{(CM+; 3" (1y—1s), 3% (ta—t5) ]
X[M‘; 3¢-7(0), 3¢'°(0) 1)} (48)

DOHNANYI

TasLE I. Expectation values C,, 5 of spin variables.

Y

N -2 -1 11 —11 —00 0
0 4 0 2 2 1 0
11 8 4 0 4 0 2

11 0 4 4 0 1 2

In analogy to Eq. (39) it will be assumed that the time
dependence of the fluctuating field components V> can
reasonably be approximated by

Vr@V=+0))=00(V7(0)V=7(0)) exp(—[¢]/o4), (49)

where o is the correlation time of the component X of
this effective local field. o, will be referred to as the
(ionic) spin correlation time.

Substituting Egs. (39) and (49) into Eq. (48),
performing the integration, and using condition (43),
one obtains finally

&, (H)=p7"*A4 cos(wl)
X2y, 6{Cy sF 5047 (ay+bs) )8,

where the fourth-order contribution of the static
susceptibility has been omitted, and where the C,,;
are averages over the spin variables and their values
needed in this calculation are given in Table 1. Also,

(50)

Fy =ik 0" (0) 0 (0) Vi (0)V2(0)), (51)
a‘y:l/T'y_iw'y and ba‘—‘l/o’a—-iws, (52)
A= (1/9un I (I+1)S(S+1). (53)

The fourth-order contribution to the transverse
relaxation time (7';)® can then be written as

(1/Ty®
= —BAX X, 8{Cy,sFy, 00y (ay+b5) 7).

To obtain the fourth-order contribution to the longi-
tudinal relaxation time, (1/7:1)®, one calculates the
relevant parts of ®,.® (¢), with the only difference that
terms of the form M ,(w,) exp(iwst) and M ,(wg) in
Eq. (47) are to be replaced by M ,. The result is
1/Ty® ‘

=—BAXg 3y, s{ Ky, sF 5, 50,72 (ay+b5)7},

where the K., ; are averages over the spin variables
and are given in Table II.

(54)

(55)

TastLE II. Expectation values K, s of spin variables.

Ny
N 2 -2 1 -1 400 —00
0 4 4 0 0 1 1
11 0 8 4 4 3 0
—11 8 0 4 4 0 3
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B. Evaluation of the Relaxation Times

To evaluate the sums in Eqgs. (54) and (55), one may
start with the evaluation of the real part of the expres-
sion as%(a,+bs). Using Eq. (52), one can easily
show that

e

1= 7202 — 274 Ty 500 (WyFws)
= 772‘77.6 ) ( )

(1+7'72‘-"72)2[1+ 7_'7,52(037'1"0’5)2]
1/74,6=1/74+1/0s, (57

and 7,,5 will be called the effective correlation time for
the nuclear and the ionic interactions. Furthermore,
whenever terms of the form w-Q appear, use can be
made of the approximation

Qtw= (58)

The quantities F,,; from Eq. (51) can be rewritten in
the form

1 s=N (i 0ix"(0) 0~ (0) V12 (0)V 5~8(0) )

=N (V2 (0)Vi2(0)). (59)
In order to facilitate interpretation, averages over
V3(0) may be expressed in terms of the longitudinal
and transverse ionic relaxation times 7,° and T°, or
in terms of the Larmor frequency associated with
V%(0). The former can be accomplished by calculating
T:¢* and T,¢ under the perturbation > Vi(f)-Si
according to the method outlined in Secs. IT and III.
One obtains

(Vi) Vi™(0))

= %h21/12 = %hz (1+0’1292) (0'1T1 e)—l,
(Ve 0)V(0))

=2y =12 (00T 2*)1— (200719 ],
subject to the condition analogous to Eq. (43), namely,
T12>a5, To>05.

Next, the quantities f, will be expressed in terms of
the nuclear and .ionic spin flip transition probabilities
calculated by Solomon?® and defined in Fig. 1.

Using Eq. (58) one may write

—%Tofoh 2(1+T0292)—1
Wl— '1-T1f1h 2(1-|—7-12w2) 1
Wy= i‘rlflﬁ 2(14-7202),
=27of P2 (14722021

In terms of this notation, the second-order expressions
for the relaxation times (1/79)® and (1/71)® become

(1/T9)® =2W (147202
FAW oW 2W 1 W,
(1/T)® =W+ 2W1+Wo.

where

(60)

(61)

(62)
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Szeg Iz=%
W, |
Sz=% Iz=%
Wo | W, | Wo
Sz=% Iz=%
W| \ 1
Sz*7 Iz*-%

F16. 1. Schematic diagram showing the four energy levels and
transition probabilities of the z components of two spins S and I.

The corresponding expressions for the fourth-order
contributions to the relaxation times can be obtained
by successively substituting Egs. (56)-(61) into (54)
and (55) and eliminating the quantities f, and
Ok Vif(0)V52(0)). After some algebra, one obtains
the result which, combined with (62), can be written as

1/T2= (1/T2) @+ (1/T2) @ = 2W0(1+ 1.0292)
X (1~w0')+%Wo_(1—wo)+W1(1'—'w1)

+2W1/(1—7,U1,)+%W2(1—~‘W2), (63)
and
1/ Ty= (1/T2) O+ (1/ T2 © =W o(1—wy)

The quantities w are the fourth-order contribution to
the relaxation times and are defined as

wo' = vi’roFo,1 (1470,20%) 7,
wo=X o[ Vo,0+Zo(1+ 70,1221,
wy= 1171, 1 —711(r14 271, Dow?]
X (147 22) 2 (14 71, 202) Y,
=X\[V1,0+2Z1], (65)
w2=X2[Y2,0+Z2(1+ Tow?) 1],
= 7'7(1+7'1292)_1
Vo, 5=y, L1 — 7y (ry 27y, )R] (147,208,

v, 8=T
Z—y %’1_‘7 1V12(1——T 292)
V. DISCUSSION OF RESULTS

A. Limits of Applicability

From Eq. (57), it is clear that 7y,3;— 0 as ¢5— 0,
and all the fourth-order terms w in Eq. (65) become
negligible in comparison with unity if the correlation
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times o; become sufficiently small. This is to be
expected since as the correlation time of an interaction
becomes arbitrarily small, the influence of this inter-
action vanishes in the limit, as can be seen from
Eq. (49). In the rigid case when o;— o, 7,,; will
approach 7, and the corrections to the nuclear relaxa-
tion times become the ones given in Eq. (65) with
74,5 replaced by 7.

From Egs. (63) and (64) it is clear that the calcula-
tion breaks down if any of the quantities w satisfies
w21. If the applied field H, is weak, such that ¢;202<1,
7201, one can use the expression for wy’ in Eq. (65)
to get

V1270'7'0_1<<1 (66)
as the necessary condition for the validity of our
calculation. More generally, in weak fields one must
have

(To7y,0)tsK1; 67)
i.e., the ionic local field must be so weak that the
Larmor period associated with it is smaller than the
geometric mean of the nuclear and effective cor-
relation times; otherwise the expressions Egs. (63)
and (64) become meaningless.

If the applied field H, is strong, such that 7, Zw?>1,
it is easily seen that all terms in Eq. (65) except wo’
will become negative and contribute no dangerous
terms to the relaxation times. Considering Eq. (63),
we see that wq carries an additional factor of (14 7%0%)
so that it is the dominating factor of W, in strong
fields. Therefore, a criterion of validity of this calcula-
tion in strong fields becomes

v/ QL F0,1/ 7o, (68)
or, using the condition ¢:?02>1 in Eqgs. (57) and (60),
one has

(o1 70)/ T1K1. (69)
This last inequality is only meaningful as long as the
second equalities in Eq. (60) can be defined ; specifically
if T1¢X 01, Eq. (68) has to be used.

In the more frequent case when o021 and
2021 but 7., 20*<<1 one has, in addition to condition
(69) involving 7o, an identical condition for 7, as well.

For long ionic correlation times o1>3>7¢ and one has
Foa=~79 and Eq. (68) becomes »12<Q?; this condition
simply states that H, must be much stronger than the
local field, in agreement with one of the basic assump-
tions underlying our perturbation expansion.

B. Relaxation in Strong and Weak Fields

In this section we will evaluate the relaxation times,
Egs. (63) and (64), for the limiting case when 7, %w?>1.
Using Egs. (60) and (69) it can easily be shown that
the quantities w in Eq. (65) then reduce to
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wo' = (ro+01)/T1%1,
wom — 5 (roto) 2 (T1%?) 7,
wi= — (11+301)/T1%K1,
wi' = —§(r1+01) 71,2/ Ty,
Woe= — % (Tz+01)92 (szle)—l,
indicating that details of the ionic relaxation may have
an appreciable broadening influence on nuclear relaxa-
tion in strong fields.
The more frequently encountered case where 7,202>1

and ¢;0>1 but 7,,%?<K1 gives results analogous to
Eq. (70),

(70)

wo' = (ro+01)/T1",

Wom —§190170,10%/ T,
wi= (r1+01)/ T4,

wy'~ —§ (ribon) 7,29/ Tre,
Wam —§790172,10%/ T1°

When the applied field H. is weak, such that
TP 10 %02, one can use Egs. (60) and (65) to show

(71)

wo' = To70,1(01 7197,  wo=a,
_ . ) (72)
wi=Te71,1(01719) 7Y, w0, =ay,, Wiy,
where
Ay = 77[:?7.0(0'07‘26)—1
+ Py =7y 000 ) QT19) ] (73)

If the ionic field fluctuates vary rapidly compared with
the nuclear motion, one has ¢;&r, and Eq. (72)
reduces to

wo'/romwi/T1=1/Tye,
and (74)

'Wo/T[)z7.€)1,/’7'1z‘71)2/7'2z 1/T2e.

In the limiting case of completely random nuclear
motion one can evaluate the quantities f, in Eq. (45)
by simply averaging the spherical harmonics over a

sphere?:
$fo=fi=fo=15K2,

where K2=%ynvo/ (Pji).

Assuming further that o1=0s=0, 7¢=711=7,=7, and
74,5= 7, one may use Egs. (75), (61), and (72) to obtain
1/Ty= 257K [10— 1377 (20T, — 777 (20 T5*) ],
1/T1=77K[10=377(cT19) 2 — 177 (¢ Ty 1],
with the property that Ty=T, if T1°=T,°. Hence, if

the system of nuclei is liquid and the ions are in the
solid state, 715 T's since in this case T5*KTe.

(75)

(76)

C. Comparison with the Phenomenological Theory

The phenomenological expressions®? for the relaxa-
tion times T'; and T'; can be obtained from Eqs. (44)
and (46) if the following assumptions are introduced:
(1) Let the quantities f, be defined by Eq. (75),
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(2) let ro=m1i=72=7, (3) let 7?w?K1 (this is usually
the case), (4) replace 1/7 by

1/T=1/T¢= 1/T7+1/78, (77)

where, using the notation of reference 6, 7. is the

effective correlation time for nuclear ionic dipolar .

interaction, 7, is the correlation time for the relative
motion and 7, is the ionic spin relaxation time.

Under these circumstances, Egs. (44) and (46)
become

1/Te=(1/20)7.K*[74+13/ (1+4720%) ],
1/T1=v7K[3+7/ (147202 ].

Using conditions 1-3, together with T'y°=Ts*=T>>7
and go=0,=0<r, one readily finds that Egs. (63) and
(64) simplify to

1 K27 T 13
—=—{7(1——)+
T, 20 T/ 1420
-y 1
X[l—-— +1
2T 147202\ 140202
1 K27 T 7
-=—-‘3(1——)+—
T, 10 T/ 1420
T 1—1'292/ 1
x| 1—-— +1+4o22) [}
2T 14202\ 1402022

for this isotropic case.

(78)

o]

(79)

IONS 1831

It can easily be shown that expressions (79) reduce
to (78) for both limiting cases of weak and strong fields
alike, provided that in the latter case 1<<7%Q*1>>¢%2?
and that one lets r=7, and T=r,.

VI. SUMMARY

We use the K.T. method to study nuclear magnetic
relaxation in the presence of paramagnetic ions and
discuss the influence on the nuclear relaxation times
of independent processes of ionic relaxation. Explicit
expressions have been obtained for the nuclear relaxa-
tion times when the ionic interactions can be approxi-
mated by a random local field. Criteria of validity
have been established for these expressions and several
limiting cases have been discussed. Phenomenological
expressions that have recently been proposed for
isotropic interactions are verified. In general, the ionic
interactions tend to slow down nuclear relaxation in
weak fields, producing a narrowing phenomenon. In the
limit of very strong fields, however, nuclear relaxation
is enhanced, with a corresponding broadening. In
intermediate situations one will have to consider the
specific cases of interest since the dependence of T; and
T on the applied field strength and correlation times
is fairly involved.
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