DISPLACEMENT OF Cd ATOM

one ionization state.* The particular state of ionization
of each defect is determined by the position of the
Fermi level. This is sensitive to the total number and
type of impurities in the crystal and hence varies
greatly from crystal to crystal. The time required for
the establishment of steady state conditions is often
rather long, for example the slow rise in photoconduc-
tivity in CdS observed by Bube.!” Quasi steady-state
conditions might be expected to exist during and
following the periods of heavy ionization caused by
electron bombardment which can cause a change in the
distribution of the electrons over the existing defects.
Temperature cycling or long decay times or both may
be required before a return to equilibrium is accom-
plished. This is evidenced by the decrease in intensity
of the 7200 A band under bombardment at low temper-
ature followed by the partial recovery of this fluores-
cence by warming to 20°C then cooling again. The
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initial increase in intensity of the 1.03 u band during
bombardment at 275 kev, below the threshold, and its
decrease following warming and cooling is an example
of a similar phenomenon with opposite effect. Much
work remains to be done before any real understanding
about the character of the defect levels in CdS can be
accomplished. Electron bombardment near the thresh-
olds for displacement of the cadmium and sulfur atoms
offers a new approach to the problem; however, the
results obtained are complicated.
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The problem of the valence band structure of germanium and
silicon in the presence of an external magnetic field is considered
from a quantum-mechanical point of view. The analysis is carried
out using first- and second-order perturbation theory. The ap-
proach is an extension of methods of Shockley and Kane to include
the effects of the magnetic field. The usual approximation of the
decoupling of the V1 and V; bands from the V; band is not made,
thus making the analysis applicable to Si as well as Ge. Spherical
energy bands are not assumed in this calculation and the case of
kr#0 is considered. Detailed analysis is carried out for the mag-
netic field A in the [001] direction. The analytical results ob-

I. INTRODUCTION

HE quantum-mechanical effective mass formalism
for treating problems of magnetic energy levels
(Landau levels) in semiconductors has been developed
by Luttinger and Kohn.! The method has been extended
by Luttinger* who used it to analyze the valence band
of germanium. Since in the valence band of Ge the spin-
orbit splitting is rather large, Luttinger has been able to
consider the V; and V, bands separately from the V;
band. He has written down a 4X4 matrix, a diagonaliza-
tion of which should yield the energy levels for elec-
trons in a Ge crystal which is subjected to a magnetic
* This work was performed while the author was a recipient of
the Howard Hughes Fellowship in Science and Engineering, and
was supported in part by the Office of Naval Research.
t Present address: Hughes Research Laboratories, Malibu,
California.

1 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955).
2 J. M. Luttinger, Phys. Rev. 102, 1030 (1956).

tained are more general than those of Luttinger but reduce to the
latter if certain approximations are introduced.

Numerical calculations of the Landau energy levels are carried
out for certain special cases. The results predict an increase of the
hole effective mass with the magnetic field. They also indicate
mixing of the Landau levels even at 2z =0, which leads to a pre-
diction of new transitions some of which are of “negative mass”
type. The mixing is more pronounced in Si than in Ge. Calcula-
tions for kg0 show that the €~ levels possess negative curva-
tures near kg=0. Gradual “crossing” or reordering of the heavy
hole levels is found at relatively high %z.

field in the [1117 direction. In deriving this, Luttinger
assumed that the momentum of the electrons, in the
direction of the magnetic field (kz) is zero. He has then
simplified the problem further by assuming the energy
bands to be isotropic. This reduced the problem to the
solution of two 2X2 determinants which Luttinger has
carried out. He also formulated a perturbation approach
to the anisotropic problem. The numerical results for
Ge have been given by Goodman.? One of the most
interesting results obtained by Luttinger and Goodman
is the unevenness in the spacing of the Landau levels at
low quantum numbers, an effect which has been experi-
mentally observed.*—¢

8 R. R. Goodman, doctoral dissertation, University of Michigan,
1958; Phys. Rev. 122, 397 (1961).

4R. C. Fletcher, W. A. Yager, and R. F. Merritt, Phys. Rev.
100, 747 (1955).

5. C. Hensel, Bull. Am. Phys. Soc. 6, 115 (1961).
6 J. J. Stickler et al., Bull. Am. Phys. Soc. 6, 115 (1961).
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Calculations on the behavior of the Landau levels in
the valence band of Ge at values of 2y 70 have recently
been performed by Wallis and Bowlden.” However, in
their calculations they assume isotropic energy bands
which prevents them from predicting possible reordering
of the Landau levels at high k5. They also do not con-
cern themselves with the wave functions corresponding
to the various Landau levels and thus cannot discuss
transition probabilities or-the possible existence of new
allowed transitions.

No calculations of the sort described above have been
made for silicon. In the case of Si the analysis is compli-
cated by the small spin-orbit splitting. It appears to be
necessary to consider all three valence bands together,
which leads to the formulation of the general problem in
terms of 6X6 matrices. It may be expected that in this
case the unevenness in the Landau level spacings, mix-
ing between the Landau levels, the nonparabolic effects,
and the anisotropy effects will be even more pronounced
than in the case of Ge.

The problem of energy band structure of Ge and Si in
the presence of a magnetic field, which relates to the
problems of cyclotron resonance® and interband mag-
netoabsorption,® ! is considered here from a quantum-
mechanical point of view. For the sake of clarity and
completeness, some of the results of Luttinger and
Kohn! and Luttinger? are rederived in Sec. II using a
slightly different approach to the problem. Also, the
analysis given makes use of a smaller number of ap-
proximations than previously so as to enable one to
study Si as well as Ge. Thus we do not make the assump-
tion of decoupling of the V; and ¥, bands from the V3
band which results in a 6)X6 matrix operator. Spheri-
cally symmetric energy bands are not assumed, although
approximations must, of course, be used in dealing with
the resulting infinite secular determinants.

In Sec. III the Landau energy levels in Ge and Si
are found at kz=0 for the case of a magnetic field in
the [001] direction. No approximations other than those
involved in the use of the second-order perturbation
theory are made in that section. In Sec. IV the approxi-
mation of the decoupling of the V; and V', bands from
the V'3 band mentioned above is introduced. The valid-
ity of this approximation is numerically checked for
both Ge and Si. The behavior of the energy levels for
k%0 is then considered.

II. PERTURBATION MATRIX

To analyze the energy-level structure of a Ge or Si
crystal in a magnetic field, one must solve the following

7R. F. Wallis and H. J. Bowlden, Phys. Rev. 118, 456 (1960).

8 For a review see B. Lax, Revs. Modern Phys. 30, 122 (1958)
and B. Lax and J. G. Mavroides, in Solid-State Physics, edited by
fl Seitz alnd D. Turnbull (Academic Press, New York, 1960), Vol.

, p. 261,

9 E. Burstein, G. S. Picus, R. F. Wallis, and F. Blatt, Phys.
Rev. 113, 15 (1959).

0§, Zwerdling, B. Lax, L. M. Roth, and K. J. Button, Phys.
Rev. 114, 80 (1959) and L. M. Roth, B. Lax, S. Zwerdling, 7b:d.
114, 90 (1959).
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Schriodinger equation:

G Mo e G

2m c

le]

+—o - Hy+V(r)w=Ey, (1)
2mce

where standard symbolism is employed.

The corresponding equation for the case of no mag-
netic field has been solved quite accurately for Ge and
Siin the region of the Brillouin zone near k=0 with the
help of the perturbation theory. The method has been
suggested by Shockley' and has been carried out in de-
tail by Dresselhaus, Kip, and Kittel? and by Kane.®®

To solve (1), we use an approach similar in principle
to that of Kane* but introduce modifications required
by the presence of the magnetic field. The solutions to
(1) are obviously not of the Bloch type, as are the solu-
tions to the no-magnetic-field problem. However, choos-
ing a coordinate system w1, %5, x3 such that the magnetic
field lies along «; and selecting the Landau gauge
A1=Hzxy, As=A3=0 we find by arguments exactly
analogous to Bloch’s?s

Y= ei(k111+k3x3)‘ukllc3(r):

2

where Uy, (r) has the periodicity of the lattice in the
%3 and «; directions and %, and k; are the wave vectors
in the x; and x5 directions, respectively.

In view of the form of the solution to the Schrédinger
equation for an electron in a magnetic field and other-
wise free, given by Landau,'® it is convenient to write
WUy kq in the following way :

WUk (1) = ZG i infn(%2) i, 3)

=1 n=0

where the f, are the harmonic oscillator wave functions
and the ¢; are the six zero-order wave functions of
Kane which are written in terms of the coordinates
%,9, 2, and the spins. The x,y, z axes are along the
[1007, [010], [001] directions of the crystal, respec-
tively. Up, (1) given by Eq. (3) is seen to have the
required periodicity in the «; and «; directions, and is
expressed in terms of a complete set of functions of x,.
Egs. (2) and (3) may now be substituted into (1).
Performing the necessary algebraic operations, de-
fining the operators

k1’=k1— le[ng/cﬁ,
k2,= (1/'&)(9/30(72, k3,=k3,

11 W, Shockley, Phys. Rev. 78, 173 (1950).
12 G, Dresselhaus, A. F. Kip, and C. Kittel, Phys. Rev. 98, 368
1955).
( 8 E. O. Kane, J. Phys. Chem. Solids 1, 82 (1956).

14 Here, as well as below, we refer to Kane’s article (reference 13)
rather than the others since the former generally gives a more
complete treatment.

15 F, Bloch, Z. Physik 52, 555 (1928).

18 L, D. Landau, Z. Physik 84, 629 (1930).
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which operate only on the harmonic oscillator wave
functions, and transforming to the #, y, z coordinate
system, the following is obtained

> 5 i fn[—:iv2¢,-+ V(r)dn]

=1 n=0 m

6 # 6 o il
43 > ik a2 2 ain—(K'fr) - Vo
i=1 n=0 2m i=1 n=0 m
6 o ‘h
+3 T ainfr—LVV XD T-08s
C

n
i=1 n=0 4m

2

6 o
+Z Z Qip

=1 n=0

[VIXKf,]-0¢:

4m2c?

le|

43 Y an e Hofu=E Y T aufue (5)

=l n=0  2MC i=1 n=0

This equation is analogous to Kane’s Egs. (2) and (8).
Following Kane one may neglect the term involving
[VVXk'] o, and treat the first term as the zero-order
equation with all other terms as perturbations. This
restricts the calculation to the region close to the center
of the Brillouin zone and to relatively low Landau level
quantum numbers. The zero-order equation is thus
given by

%2

6 6
5 a,-no[——v2¢,-+v<r>¢,]=E°z: ads  (6)
=1 2m =1 .

for each # since all f, are linearly independent. This is
essentially the zero-order equation of Kane, and there-
fore the solutions and the zero-order energy levels are
as indicated in Kane’s paper.
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In calculating the effects of the perturbation terms
we restrict our attention to the case with the external
magnetic field applied in the [0017] direction, i.e., along
the z axis. We thus have x1=x, xs=1, x3=3, etc. Since
k’ operates only on f,, one can carry out the second-
order k-p and the first-order spin-orbit perturbation
analysis exactly as in the no-magnetic-field case, sub-
stituting &.’ for k., in the final result and operating with
the resulting matrix on some linear combination of
functions f,. There will be only one modification which
arises from the noncommutivity of %, whereas the %,
do commute.?2 Thus all off-diagonal terms H ;;*?(i5£7)
in Kane’s Eq. (6) must be replaced by

H 2 (i j) = N{ko'kg'} +3K (ka'kd), ™

where {k.kg'} is the symmetrized product of &, and
kg’ and (k.',kg")is the commutator of k.’ and kg'. K is
the antisymmetric constant introduced by Luttinger.?

The transformation U given by Kane which diagonal-
izes the spin-orbit interaction can also be used in our
case which will transform the problem to the Jm;
representation in which the basis functions are the
angular momentum functions ¢ ;. Note, however,
that relations (21) and (22) of Kane are not applicable
in view of (7). Performing the transformation the matrix
||V ;77 =|| may be explicitly written. We use the defini-
tions (following the form of Luttinger and Kohn,! al-
though L, M, N constants'*®® used here are different
numerically from their 4, B, C constants)

P=(L+M) (k4 k,)+2ME2;

Q=M (kb )+ LE2;

£=— (iN/V3) (k' —ik, ks
am="[1/(12){IL(L—M) (k.*—k,")—2iN {k,'k,"} ].

Ordering the matrix elements so as to conform with
Luttinger and Kohn, one gets

®

Ks 7
1pp— —ig —an 0 —g —VZM 3)3
2 vz
i £* 1P—|—”Q+Kx 0 m : (P—2Q+Ks) 'Vg.,e (@)L
1 = 3 b [ — s 17— 3\1
6 3 6 3\/2 \/Z 2)2
o 0 $P+30 £ ‘ A 1(P 20—Ks) |3)—13
- 6 U—— "’L£ 11— D d —AS 5) 5
T V2 32 2T
[[if =o|| = ,
Ks
0 m et - M o ®—3
vz
Lot —(P-20+K) il VI PO+ ——A 0 @
——g* —(P— s —i—£ m 3 —— hi
V2 32 V2 2 3 3)2
N . L po2o—ks) 0 s (P all @)1
—V2I —i—8 —(P—20—Ks) —& 3 ———A|(3)—
vz V2 ¢ V2 ¢ 3 o
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where
s=|e|H/ch. (10)

Now if ||V ;#?=|| is transformed using an appropriate
unitary transformation” and K is set equal to zero, a
matrix is obtained which is identical in form with the
final result of Luttinger and Kohn.

Now the terms (%#2/2m)k"2 and (|e|/2mc)e-H which
appear in (5) must be introduced. Since the operator &’
is simply a multiplier as far as the wave functions ¢
are concerned, |H *|=|(#/2m)k";]|. The con-
tribution of the (]e|/2mc)o-H term in the ¢; representa-
tion is a matrix ||H ;7 ¥|| which is diagonal with values
(1,1,1, —1, —1, —1) times &|e| H/mec.

One may now write the complete perturbation Hamil-
tonian ||[V4|| by transforming both |[|H#| and
|H 7 B|| to the Jm; representation and adding the
results to (9). The resulting matrix must then be
allowed to operate on linear combinations of the har-
monic oscillator wave functions f,. This is most con-
veniently done by writing the operators £,” and %, in
terms of the raising and lowering operators defined by

a*=— Q2s)7 (kS +ik,); a=—(2s) (kS —1k,"). (11)
Using the definitions
(#/2m)(—1)=L; —(#*/m)3c+1)=K;
#/2m)(u—1)=M; std=k,; (12)
(7*/2m)v=N; R/ m)sA'=A;
reordering the terms in ||V ;|| in a manner which will

be found convenient, and changing its sign so as to
deal with holes instead of electrons one gets ——

where
a=— (I—I—M)/Z, = (l-—p,—l—l/)/‘h/g,
o=—(—p—v)/83,  ¢=—(+5u)/6,

n=-—- (.Uf+2l)/6)
A=—(+2u)/3.

To compare this result with Luttinger’s? the following
approximations are introduced: (1) The 4X4 matrix in
the upper left-hand corner may be decoupled from the
2X2 matrix in the lower right-hand corner. The va-
lidity of this approximation is discussed in Sec. IV.
(2) d=0 (i.e., k,=kyg=0). (3) I—u—r=0 which im-
plies spherically symmetric energy bands. Luttinger
makes this approximation in all cases except that of the
magnetic field in the [1117] direction, and then treats
l—u—v#£0 case by perturbation theory. This pro-
cedure seems to be applicable to Ge where [—u—v is
small, but is questionable in case of Si, as Luttinger

p=— (l_:”')/:;\/?:

17y, Evtuhov, doctoral dissertation, California Institute of
Technology (1961) (unpublished). Also available as California
Institute of Technology Electron Tube and Microwave Lab-
oratory Technical Report No. 16 from the Office of Naval Research.
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himself points out. We also define v;=—31(0+2u),
ve=—3%(—n), ¥s=—%v, 71, 72, vs being the constants
used by Luttinger. Assumption (3) implies y.=v3=7.
The resulting 4X4 matrix is identical with Luttinger’s
Eq. (71) with the exception of some signs. It is easily
shown, however, that these signs do not affect the
solutions.

III. LANDAU LEVELS IN Ge AND Si AT kz=0 FOR H
IN THE [001] DIRECTION

We now calculate the energy levels in the valence
bands of Ge and Si as functions of the external magnetic
field H for a special case of H in the [0017] direction
and £r=0. This special case is analogous to the case
of k,=0, but &, and %, finite in the no-magnetic-field
problem. The resulting energy levels are the ones in-
volved in the interband magneto-optical transitions and
probably in most of the cyclotron resonance transitions.
They are thus of primary importance in the interpreta-
tion of the experimental data.

Since no approximations, aside from the basic ones
which have already been discussed, are being made in
this calculation, it will serve as a basis of comparison
for other calculations.

Upon setting d=0 (i.e., kx=k,=0) it is found that
the matrix of (13) decouples into two 3X3 matrices.
Using these the following eigenvalue problem must be

bp ¢ b o a b2 ¢ @ bz ¢ a

é
V28

IIfe € »p
III fo p €
II fi € o
III f, p €
I fo €
II fe B8
III fo
Ifi e B
II fs B
II1 f;
I fz 8 \/25 €
IT f4 B8
IIT f4
Ifs 3
II fs
II1 f5
Ifs 8
II fs
IIT fs
Ifs 8
II f;
IIT f7

o ™
-8
a

>}

V28

V28

It will be observed that the infinite set of equations
can be decoupled into four independent sets (labeled 4,
B, C, D) which reduces the problem to the solution of
four independent infinite determinants, each of which
can be quite accurately solved by truncating it suffi-
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solved:
V> F=E|I|F, (14)

where ||I|| is the unit matrix and F can be taken to be
of the form
Z i Q5 f ¢

23 bifi
>k Cufr

Performing the operations indicated in (14) using the
first (one involving (2)3, (3)—1%, 3)—% zero-order
functions) of the two 3X3 operator matrices one ob-
tains an infinite set of linear equations involving co-
efficients a, b, and ¢ and the harmonic oscillator func-
tions f.

Now if the energy bands are assumed to be spherically
symmetric, i.e., I—u—»=0, one may write j=i-+}2,
k=1-+2. Then for each 7 a set of three simultaneous
equations is obtained, the solution of which will involve
simply a diagonalization of a 3)X3 matrix.

If the assumption of spherical symmetry is not made
(!—p—v#0), one must use the orthogonality properties
of the f.’s to obtain algebraic equations for the coeffi-
cients a;, b;, and ¢x. This yields an infinite number of
coupled algebraic equations which may be arranged in
such a way that the system determinant has the follow-
ing form [ the symbolism employed should be obvious—
see Eq. (13)]:

F= (15)

by C4 as bs Cs ay bs Co as  bs
8
V25
)
V28
8
V28
B V2B
. . 4 (16)
o €
€ B V28
B8 € o B
V28 p €
€ 8 V28
B € »p C
V28 p €
€
B8 €
V28 p

ciently far from the 3)X3 block which gives rise to the
eigenvalue of interest. This is possible because the terms
involving & are smaller than those in the main blocks.
In this process one must avoid the ‘‘decoupling” of
levels close to each other in energy.
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The second of the two 3X3 matrices (the one in-
volving ($)3, (3)—%, (3)3 zero-order functions) may be
treated in a similar fashion.

Again, if =0, one may set =142, k=1, and obtain
for each 7 a set of three simultaneous equations. If,
on the other hand, 650 as is actually the case, one pro-
ceeds as indicated in the previous case obtaining an
infinite determinant of the form similar to (16). This
also decouples into four infinite determinants which are
solved by the same methods as (16).

For the constants /, u, », and « which appear in the
above analysis one must rely on the experimentally de-
termined values. The determinations based on experi-
mental data have been made by Dresselhaus, Kip, and
Kittel,* Dexter, Zeiger, and Lax,'® Dexter and Lax,?
and Goodman.? The first three estimates have been
based on the ‘“‘semiclassical” model of cyclotron reso-
nance, while the one by Goodman is based on fitting
the quantum-mechanical energy-level calculation (for
Ge at kg=0) to the data obtained by Fletcher, Yager,
and Merritt.4

Due to the difficulty of obtaining the data for Si
with sufficient degree of precision,? there arise certain

80 -l T T I
3 5~~~‘7§'@5
72
, -3 (13,15)
64 < (12,19
(11,13)
56 =3
52533 e soi23 w02
8 RITBI 4 140 "“;r'g;i’: (8,10
R 982
0 o572 40033 375807\ o)
| 36668 35765 =21 (6,8
. 32.360 |
32129898 29230 (5,7
& 28071 | (4 o
24927  24.383 23536 '
24 ° (3,5)
2002! 19.647 19.071 (5 4
Y
16 | ]
| 12477 12304 12.023 | ( | 3)
8.599 8.532 8.424 '
sl 2 4(0,2)
4.849 4827 4794 [ ')
[~ 1:625 .618 1. 60
: | | — - ( o)
o 10 20 30 40 50
‘H, kgauss

F1c. 1. Landau levels belonging to the e+ ladder in Si as func-
tions of the magnetic field. The dotted lines indicate levels whose
enﬁrgies have not been as accurately computed as those of the
others.

(1135R). N. Dexter, H. J. Zeiger, and B. Lax, Phys. Rev. 104, 637
956).

B R, N. Dexter and B. Lax, Phys. Rev. 96, 223 (1954).

20 The most recent and accurate determination of these constants
was made by Hansel and Feher [ Phys. Rev. Letters 5, 307 (1960)7],
but was, unfortunately, published after our calculations were
completed.
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TasirE I. Eigenvalues belonging to the V; and V3 bands in Ge.

H
(kgauss) ( 0)

(1 02 13 (24)
1 2661 11.18 29.60 5112 73.39
et 50 2659 11.09 2878 4876 68.00
1 3601 2188 4330 6558 8811
et 50 3.679 21.89 4273 63.66 83.97
02) @13) 24 G5 46 67)
1 4428 907 1305 1694 20.14 2385
e 50 4357 906 13.01 1687 2006 23.75
1 2058 605 997 1304 16.80 20.40
e 50 2054 598 989 1291 16.63 20.19

» All eigenvalues are normalized so that the actual energy of a given level
above the band edge is given by E = (#%|e|H /mc)e.

ambiguities in the determination of the LMN con-
stants®® for Si. Here we used the constants preferred by
Kane. All the above constants, as well as the antisym-
metric constant can be related to the constants (sums
of matrix elements) F, G, H;, and H, defined by Dressel-
haus, Kip, and Kittel. If H, is taken to be zero, which
is the value quoted by Dresselhaus, Kip, and Kittel,
the constant « can be easily evaluated. The following
are the constants used in the subsequent calculations:
for Ge I=—31.0, u=—4.3, y=—2324, ¥k=3.3, A=0.29
ev®; for Si I=—6.2, u=—2.9, v=—"7.7, k=—0.016,
A=0.0441 ev.2

A. Numerical Results for Ge

The energy eivenvalues as well as the coefficients in
the corresponding wave function expansions, are deter-
mined by solving the eight eigenvalue problems dis-
cussed above. The four problems arising from (16)
result in eigenvalues which correspond to the two ¢
ladders of Luttinger,? since they involve only the ¢;®,
¢3® and ¢_;P angular momentum functions. The
eigenvalues arising from the other four problems corre-
spond to the e ladders of Luttinger and involve the
;@) 4@ and ¢, functions.

By examining the results obtained by solving deter-
minants of various orders!’ it is found that in general
for Ge in order to find the first » eigenvalues with 19,
or less error a determinant of the order of #-}+3 must
be solved. Errors larger than ordinary may result if
close-lying energy levels arising from different basic
3X3 blocks of the same determinant are decoupled
during the truncating process. However, this effect
becomes smaller as the basic blocks which given rise to
the close-lying levels become farther separated. Thus
for Ge there seem to be few if any cases where the above
must be seriously considered.

The eigenvalues for Ge for H=1 kgauss and H=150
kgauss are given in Table I. It will be observed that the
energy levels for the heavy holes (- and e~ ladders)

21 S, Zwerdling, K. J. Button, B. Lax, and L. M. Roth, Phys.
Rev. Letters 4, 173 (1960).
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TasiE II. Eigenvalues belonging to the ¥, and V, bands in Si.

H
(kgauss) ( 0)

(1) (0,2) (1,3) (2:4) (3.5) (4,6) (5,7) (6,8) (7,9) (8,10
e 1 1.63* 485  8.60 1248 2002 2493 2990 3667 4157 4713 5253
50 160 479 842 1202 1907 2354 2807 3236  37.58 4198 4627
et 1 213 608 1330 1803 2300  29.68 3482 4026 4571 5132 5675
50 210 596 1310 1748 2208 2842 3266  37.06 417 4543  49.54
02)  (13) (2:4) (3,5) (4,6) (5,7) (6,8) (7,9) (8,10)  (9,11)
@ 1 151 461 738 1000 1266 1578  15.73 1838 2008  23.16
50 144 446 710 9.57 12.07 1504 1496 1735 1957 2173
e 1 120 384 647 9.42 9.49 1220 1468 1704 1935 2175
50 118 379 638 9.30 9.16 1167 1400 1618 1835  20.63

a All eigenvalues are normalized as in Table 1.

depend very little on the magnetic field. This is to be
expected since the energy levels shown lie quite close
to the band edge (thus the e~ (5,7) level is ~0.014 ev
above the band edge at H=50 kgauss) and therefore
the interaction of these levels with the V3 valence band
is small. This interaction is, of course, the one re-
sponsible for the dependence of the energy eigenvalues
on the magnetic field. The light hole energy levels, on
the other hand, show a more marked dependence on
the magnetic field. The dependence of the normalized
energy on the magnetic field is for practical purposes
linear.

Values of the coefficients in the eigenfunction ex-
pansions corresponding to various levels have also been
computed. It was found that although the leading co-
efficients for a given level are in most cases appreciably
larger than the others, significant mixing does occur in
some instances. In general if the leading coefficients are
@n and b,ys the coefficients an—4, Gnia, bn_2, bnys are on
the average about 109, and sometimes as large as 309,
of the value of the leading one. In these cases transi-
tions of relatively high probability may occur between
the e(n, n+2) level and the e(n+3, n+5) or e(n+S5,
n+7T) levels. The e(n, n+2) to e(n+3, n+5) transition
will be a “negative mass” transition, i.e., it will be
caused by a circularly polarized photon with the sense
of polarization opposite to that causing the normal
cyclotron resonance transitions.??

B. Numerical Results for Si

The calculations for this case are very similar to the
ones just described. However, because the & terms for
Si are relatively larger than for Ge, it was found'’ that
determinants of the order of #46 must be solved to
obtain the first # eigenvalues. Also, the difficulties due
to the proximity in energy of the heavy and light hole
levels arise somewhat more frequently here than in the
case of Ge. An example of very strong coupling is
provided by the e;+ (5,7) and the - (13,15) levels (see
Fig. 1).

22 G. C. Dousmanis, Phys. Rev. Letters 1, 55 (1958).

The energy levels can be identified and classified in
the same way as for Ge, but in the present instance the
task is somewhat more difficult since in many cases
mixing is quite strong.

As may be seen from Table II the effect of the mag-
netic field on the energy levels is in this case appreci-
ably more pronounced than in the case of Ge. For ex-
ample, for the e+ ladder, the approximate changes in
the effective masses are by factors of 1.08 to 1.5. This
is due to the small spin-orbit splitting in Si. The de-
pendence of the normalized energy on the magnetic
field is in this case not quite linear especially for the
deeper lying levels as is illustrated in Fig. 1 for the
e+ ladder.

Since, in Si, mixing between the Landau levels is
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€2 ladders in Si at H =35 kgauss. Expansion coefficients indicated
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marked NM are of the “negative mass’ type.

quite strong, many interesting transitions should be
possible. Some of these are shown in Figs. 2 and 3 at
H=5 kgauss. It will be observed that some of the
transitions are ‘“negative mass” (NM) transitions in the
sense mentioned above. No transitions between the ¢
and e ladders are possible at kg=0.

The expansion coefficients for different values of the
external magnetic field have been computed.!” Few
qualitative changes in the coefficients with the change
in the magnetic field were found except for stronger
coupling to the V3 band. However, some levels do change
the mixing pattern sufficiently so that the absorption
spectrum must be expected to be somewhat different
at different values of the magnetic field.

As one may estimate from Kane’s calculations, the
“nonparabolic” effects in the V, band of Si appear
at about 0.015 ev below the valence band edge. The
deepest light hole energy level computed here is the e+
(12,14) level which lies about 0.017 ev away from the
band edge at H=20 kgauss. Thus the “nonparabolic”
effects should start manifesting themselves. However,
in order to see them clearly, a few additional deep-lying
levels would have to be calculated.

IV. VALENCE BAND LANDAU LEVELS AS FUNCTIONS
OF &y FOR H IN THE [001] DIRECTION

A. Check on the Validity of an Approximation
Involving the Decoupling of the V; and V,
Bands from the V; Band

Because of the complicated nature of Eq. (13), it is
desirable to introduce some approximations before pro-

VIKTOR EVTUHOV

ceeding with further numerical computations. The
approximation that has been extensively used so far
is that of the decoupling of V; and V', bands from the
V3 band. According to Dresselhaus, Kip, and Kittel,
who used the assumption in computing the band struc-
ture of Ge and Si without the magnetic field, the error
involved is of the order of #%/A where A is the spin-orbit
splitting. Thus the assumption is good near the center
of the Brillouin zone and should be much better for
Ge than for Si. For the problem of a crystal in a mag-
netic field, this assumption is expected to be reasonably
good for small kg and for energy levels lying close to
the band edge.

To check the extent of the validity of the approxima-
tion the solutions to the exact and the approximate
problems for the special case considered in Sec. III,
i.e., the case of kz=0 and H in the [001] direction were
compared.

The assumption in question reduces (13) to two
matrices, one 4X4 and involving the (3), ($)—3%,
(3)1, and (2)—% zero-order wave functions and the
other 2X2 and involving (3); and (3)—% wave func-
tions. The 4 X4 matrix (V; and V, bands) is of primary
interest.

As in Sec. III the problem to be solved in the
following :

|Vi>4||[F=E|I|F, (17
42 T
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F16. 4. Energy sub-bands resulting from the solution of a

13X 13 determinant for Ge.
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where F is assumed to be

i aifs
25 bif;
>k Crf
g

The assumption of §=0 leads to the substitutions
j=1+2, k=141, =143, which results in sets of four
equations for each 7. In the case of §#0 one has a
system determinant similar in character to (16) which
also decouples into four independent determinants but
with 4X4 basic blocks.

The solutions for Ge are obtained by solving deter-
minants of the order of #n-4-4 if the first # energy eigen-
values are required. The eigenvalues for Ge thus com-
puted were compared to the ‘“correct” ones given in
Sec. III at H=20 kgauss. The deviations ranged from
0.05% to 3.8%, and increased with the energy of the
eigenvalue. However, for the levels considered, the
errors introduced by decoupling the 4X4 and the 2X2
matrices seem to be sufficiently small to make the
approximation an excellent one. The wave function ex-
pansion coefficients have also been computed in this
case'’” and were found to agree quite closely with the
values obtained by methods of Sec. ITI.

Calculations were also performed using Goodman’s
parameters. The results were found to agree very well
(within 19, or better) with Goodman’s results even
though he used the first-order perturbation theory to
introduce the § terms. The only levels to show marked
disagreement (~109,) with Goodman’s values were the
e+( 0) and the e+( 0) levels. This may be due to the

(18)
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fact that the low-lying levels couple rather strongly to
the other levels, making the perturbation treatment
inadequate.

Similar calculations have been performed for Si.
Here the deviations from the eigenvalues given in Sec.
III range from ~0.159%, to ~3.09, at 10 kgauss and
from ~1.29, to ~159, at 50 kgauss. The eigenfunc-
tions were found to be quite appreciably in error com-
pared with the correct ones at 50 kgauss, but were not
as bad when compared to the 5 kgauss eigenfunctions.
The decoupling approximation may therefore be as-
sumed to be satisfactory for low magnetic fields (below
~10 kgauss). For purposes of the present computation
it is especially well justified, since the I, p, », and «
parameters for Si are not very accurately known at the
present time. However, a more accurate calculation for
Si involving careful quantitative comparisons with ex-
periments should probably use the 6X6 matrix operator
given by (13).

B. Landau Levels as Function of ky in the
Valence Band of Ge

To illustrate the general behavior of the Landau
levels the solutions of one of the four determinants dis-
cussed above are plotted in Fig. 4. The following im-
portant features should be observed. The heavy hole
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F1G. 6. Energy sub-bands belonging to the ¢~ ladder in Ge
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levels seem to occur in pairs consisting of an -
(n, n+2) level and an e~ (n+1, n+3) level. The sepa-
ration between these levels at d=0 decreases as # in-
creases. One of the levels, the ¢ - level, has a curvature
corresponding to negative mass in the ky direction
near d=0, reaches a minimum at some finite value of d,
and soon acquires the same curvature as the e;- mem-
ber of the pair. The higher pairs seem to have smaller
average curvatures than the lower ones and thus cross-
ing of the levels occurs. Beyond the crossover, the
cyclotron resonance effective mass is ‘“negative.” The
crossing over, however, is very gradual and occurs at
relatively high values of d (see Fig. 5). Duncan and
Rosenblum? deduced from semiclassical arguments the
possible existence of such ““crossing over’”” while attempt-
ing to explain the experimental results of Dousmanis
et al

The presence of the 6 terms causes appreciable inter-
action between the levels in some cases as is illustrated
by the e;+( 0) and the €;,-(1,3) levels in Fig. 4. In general,
coupling between the heavy and the light hole levels

# R. C. Duncan, Jr. and B. Rosenblum, Bull. Am. Phys. Soc.
5, 177 (1960). B. Rosenblum and R. C. Duncan, Jr., in the Pro-
ceedings of the Prague International Conference on Semiconduc-
tm; Physics (Czechoslovakian Academy of Science, Prague, 1961).

* G. C. Dousmanis, R. C. Duncan, Jr., J. J. Thomas, and R. C.
Williams, Phys. Rev. Letters 1, 404 (1958).
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seems to decrease as d increases and as the quantu
numbers associated with them increase. '

The character of the energy levels changes as d in-
creases. The main change is in the leading coefficients
in the eigenfunction expansions according to the follow-
ing rule:

Leading coefficients

d=0 d large
e levels a; bive a; Cit1
€2 levels Ci 8i+2 b1'+1 giy2

It should be noted that mixing occurs rather rapidly
as a function of d.

Although when d#0 transitions can occur between
all four ladders with relatively high dgree of probability
in some cases, it is still convenient to classify the various
levels and plot them according to the ladders. This has
been done for the heavy holes in Figs. 6 and 7. In
general, it can be said that the first-order transitions
take place between the adjoining levels.

It should be noted that, judging by the curvatures
of the e;*( 0) and the e;+( 0) levels, their effective mass
is much larger than that of the light holes, although
they are assigned to the light hole ladders by Luttinger.2

C. Landau Levels as Functions of % in the
Valence Band of Si

Qualitatively, the behavior of the Landau levels in
the valence band of Si is similar to that in Ge. However,
the couplings between levels are much stronger and
therefore the levels are so strongly mixed—especially
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F1c. 8. Energy sub-bands belonging to the ;- ladder in
Si for H in the [001] direction.
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at low values of 4 and low quantum numbers, that the
general pattern discussed in the preceding section is not
always easily recognizable. This accounts for the rather
confused appearance of the heavy hole ladder plots in
Figs. 8 and 9. Here the levels at finite values of d were
identified as belonging to a certain ladder defined by
the levels of (d=0) by inspecting the coefficients in the
eigenfunction expansions. As is evident from the plots,
the levels assumé a more or less “normal” character as
d increases.

Characteristic determinants for the case of magnetic
field in the [1017] and the [111] directions have also
been derived.!” They were found to have the same gen-
eral nature as the determinants already considered
although the coupling terms were found to depend on
d, the normalized momentum in the direction of the
magnetic field. For the [1117] case the nature of the
determinant indicated allowed transition between levels
in all four “ladders” even at d=0.

V. SUMMARY

The following are considered to be some of the most
important results of the present calculations:

(1) The hole effective mass is found to increase with
the magnetic field. Although this effect is fairly small
in Ge, it is quite considerable in Si. It must be noted
that the change in the eigenfunctions and the level
spacings are not the same for all levels and thus a
variation in the magnetic field will not only shift the
spectrum but may alter it considerably.

(2) Mixing between the Landau levels even at
k=0 is considerable, especially in Si. This leads to a
prediction of new transitions among them some of
“negative mass” type.

(3) &~ levels in both Si and Ge are found to have
negative curvatures near kgy=0.

(4) The character of the eigenfunctions correspond-
ing to various levels changes as kg increases.

(5) At relatively high ky gradual “crossing” or re-
ordering of the heavy hole Landau levels takes place.
The transitions past the “crossing” point have “nega-
tive mass” character.
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Several of these results are pertinent to some of the
proposals made in recent years?:?5 for practical utiliza-
tion of the Landau levels in semiconductors.'”
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