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A self-consistent, semiclassical treatment is given for the attenuation of a sound wave in a nondegenerate
impurity semiconductor with spherical energy bands, using the formalism developed by Cohen, Harrison,
and Harrison. A treatment is given for propagation both parallel and perpendicular to the magnetic field
and the behavior of the attenuation is examined for a wide range of frequencies, magnetic fields, and mean
free paths. The phenomena studied include saturation with frequency in longitudinal magnetic fields, and
cyclotron resonance and magnetoplasma effects in transverse magnetic fields. A magnetoplasma resonance
for the transverse polarized waves in a longitudinal magnetic field has been discovered and has been identified
with a resonance calculated by Cohen, Harrison, and Harrison. A qualitative physical interpretation of the
various effects found in the detailed calculations is also presented.

I. INTRODUCTION

N the past few years, much work, both theoretical'~®

and experimental ®2 has been done on the elec-
tronic contribution to the ultrasonic attenuation in
metals. In contrast, little has been done in semi-
conductors, and the work that has been done is mainly
concerned with the acoustoelectric effect.’*~15 Wein-
reich!®'” has treated the acoustoelectric effect in semi-
conductors using a phenomenological approach and
has derived!® a relation between the acoustoelectric
effect and the ultrasonic absorption which is valid in
the presence of carriers of only one sign and in the
absence of a magnetic field. Mikoshiba has rederived
the same relations,®® using a Boltzmann equation
treatment and has shown that they also hold outside
the region of validity of the phenomenological approach.
Mikoshiba has also treated the caes of the ultrasonic
attenuation in a degenerate semiconductor in zero
magnetic field” and in the case of propagation parallel
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to the magnetic field, our results agree with his when-
ever the calculations overlap: Elsewhere, we find that
Pokatilov?® has calculated the acoustic absorption in
transverse magnetic fields for nondegenerate semicon-
ductors, but his treatment is incomplete in that he has
neglected both screening effects due to the self-con-
sistent electromagnetic fields and the nonuniform distri-
bution of carriers due to the presence of the sound wave.

We present here a self-consistent semiclassical treat-
ment of a free-electron gas, obeying nondegenerate or
Boltzmann statistics, in a partially-ionized background
supporting a sound wave. This model is a simple
approximation to an #n-type, impurity semiconductor.
We follow the general approach of Cohen, Harrison,
and Harrison® apart from the kind of statistics our
free-electron gas obeys.

In Sec. IT we present the general formulation of the
theory of the attenuation. Starting from the Boltzmann
equation, we develop a constitutive equation giving
the response of the electron gas to the electric field, the
collision drag, and the electron density gradient that
accompany the sound wave. Using the constitutive
equation together with Maxwell’s equations, we derive
a general formula for the attenuation. The conductivity
tensor, which plays an important role in our formu-
lation, is evaluated in Sec. ITI. In Sec. IV, we specialize
to the case of propagation parallel to the magnetic field
and we treat the long- and short-wavelength limits of
the attenuation. In Sec. V we treat the case where the
magnetic field is transverse to the direction of propa-
gation and we examine in detail the high- and low-field
limits as well as the cyclotron resonances found theo-
retically. The concluding section, Sec. VI, contains a
qualitative physical interpretation of the various effects
found in our detailed calculations and an estimate of
which of the examined situations are physically real-
izable in the foreseeable future.

II. THEORY OF THE ATTENUATION

As our model of an impurity semiconductor we con-
sider a gas of NV electrons per unit volume moving

2 E. P, Pokatilov, ]J. Exptl. Theoret. Phys. (USSR) 36, 1461
(1959) [translation: Soviet Phys.—JETP 9, 1037 (1959)7].
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through a uniform background of positive charge of
the same density. A sound wave of wave vector q and
frequency o shows itself as a velocity field wu(r,z)
« exp[4(q-r—wt)] in the background. The interactions
between the particles are replaced in part by the inter-
actions of the individual particles with a self-consistent
electromagnetic field and in part by the modulation of
the energies of the conduction electrons via the de-
formation potential. The relation between the self-
consistent electromagnetic field, &, as derived from
Maxwell’s equations and the total current density j
accompanying the sound wave can be written as

j=—aB-&. (2.1)

In (2.1), B is a diagonal matrix with elements
Byi=—1y and Bs;=Bj;=18 relative to the axes
defined by q and two transverse directions and

B=(v/e)(c/v.)’,

where w,= (4wNoe?*/me)? is the plasma frequency of the
electrons, m is their mass, e is the dielectric constant
of the background, and v, is the sound velocity. The
energy of a conduction electron in the presence of the
sound wave becomes, according to Harrison,?

E.=E—q-(V/w)-u, (2.3)

where E2 is the energy of the conduction electron in
the absence of the sound wave, and V is the deformation
potential tensor.

The problem of finding the electronic current can
now be solved by using the formalism originally de-
veloped by Cohen, Harrison, and Harrison® for the
case of a free-electron gas. The Boltzmann equation is
solved by using the path integral method of Chambers
with the force being given as the sum of the Lorentz
force and the deformation forces,

F=—e(84+v/cXH)—q(q-V/iw)-u. (2.4)

The unperturbed distribution function, for a non-
degenerate semiconductor, is the Maxwell-Boltzmann
distribution,

(2.2)

r=ofag,

No

fo(v)= exp[— (v/20)], (2.5)

W%Doa
where vo= (2kT/m)? is the most probable speed of the
conduction electrons, T is their mean temperature, and
k is Boltzmann’s constant. The number of conduction
electrons Ny is also a function of temperature in the
extrinsic range except at temperatures of the exhaustion
range.

The constitutive equation now can be written in the
form

\/
Jo=000 (8+qq~f-u—mu/er), (2.6)
eiw

23 M. J. Harrison (private communication).
24 R. G. Chambers, Proc. Phys. Soc. (London) A65, 458 (1952);
A238, 344 (1957).
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where o' is an effective conductivity tensor defined by
the relation

o =[1-R]! 0/aq, (2.7)
and the tensor R has components
R;j=Rby;. (2.8)

Using a general relation derived in reference 5, we find
the following relation between ¢ and R:

io-q=— 200ws/10%) (1 —iwr)R, (2.9)
where
—2e¢
o=— /d% vI (V) fo, (2.10a)
‘}‘Wl)o2
R= /dav vK (v) fo, (2.10b)
No?)s’r

and the function J(v) and K(v) have been previously
defined.’ Using (2.9) we can write the nonvanishing
components of R as

—’qu V0
=——————0y=—A0ci1
200(1—iw7) v,

(2.11)

71

In this equation oo=Ne?r/m is the dc conductivity of
the electrons and /=1v,7 is their mean free path.

It is possible to show?7 that the net power dissipated
per unit volume is

0=1 Re[ie*-<8+qq-—\_—I—-u)—u*Nom((v>—u):l, (2.12)

[426] T

where the second term is related to the collision drag
effect discussed by Holstein.?5 We can obtain an expres-
sion for the self-consistent electric field in terms of the
velocity u of the background by combining (2.1), (2.6),
and the expression for the total current and we get as
the result
\" mu
&= —[o’—l—B]‘l-I:o’-qq~_—~+(l-—o’):|-——.
imew

er

(2.13)

Using (2.1) and (2.13) we can transform expression
(2.12) for Q to

Q=%(Nym/7)|ul?a-S-4 (2.14a)

where

S=Re[l+(l—-.—v—-qq-r)-B:|- { [o'+B1!

1MW

-[H—B- (l—rqq-;Z—;)]—(l—rqq-;—[W:) }, (2.14Db)

and 4 is a unit vector in the direction of polarization.
We choose %; to lie in the direction of q so that the three

25 T, Holstein, Phys. Rev. 113, 479 (1959).
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independent directions of polarization form the co-
ordinate system in which B has been expressed.

The quantity of direct experimental interest is the
absorption or attenuation coefficient «, which gives
the exponential decay of the sound wave with distance.
The absorption coefficient a is defined as the power
dissipated per unit volume per unit incident energy
flux, or

a=Q/ (Go|ul*,),

where p is the mass density of the semiconductor being
represented by our simple model. For a particular
polarization we have for o

;= (Nomvo/pva) (Su/l)

Since @, by its nature, is the reciprocal of the mean
free path L of the sound wave, we have

L= (p'l)s/Nom‘Uo) (l/S”)

(2.15)

(2.16)

(2.17)

v, =vgw cos[w, (¢’ —t)+6],
vy =vqw sin[w. (' —£)+6],

v, = vgu,
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For ease of measurement, we would need L to be
smaller than approximately one centimeter. In ger-
manium, for example, we have at temperatures of
10°K, a 7 of 101 sec from cyclotron resonance experi-
ments,?® and an N of 108 cm™ is obtainable.?” There-
fore, with p=~3 g/cm?, y=10° cm/sec, and v,=10°
cm/sec, we find that L~108/S;;. This implies that we
must have S;;>10® for the attenuation to be readily
observable in a typical nondegenerate semiconductor.

III. CONDUCTIVITY TENSOR

The magnetic-field dependence of the conductivity
tensor is implicit in the integral expressions (2.10a)
and (2.10b). The present task is to obtain this depend-
ence explicitly by evaluation of the integrals. We choose
a coordinate system having the z axis in the direction
of H and the x direction in the plane containing H and
q. In this coordinate system, the relation between
(r,v) and (r',v') is

%' = x4+ (vow/w){sinw, (¢’ —t)+6]—sind},
y' =y~ (vow/w){cos[w(t' —1)4-]—cosb},
2 =g4vu(t'—1),

(3.1)

where w.=¢H/mc is the cyclotron frequency, 6 is the polar angle, and w and # are the velocities in units of 7o in
the plane perpendicular to H and parallel to H, respectively.
The expression for J(v) has been evaluated previously® in this coordinate system and is

n/X
o Jn(Xw) exp (16)
J(v)=—elexp[—iXwsind] > |—id/dX , 3.2)
n=—c0 14+i(nw,—w+q.vou) 7
%
where X =q,v0/w.. Using (3.2) for J(v), expression (2.14a) for ¢ becomes
20,0 © 0 0 2
= 3 dwwexp(—w?) [ du exp(—uz)/- do
7l" n=—x /o —o0 0
(¢/X)d/do n/X
J 2 (Xw) exp(inf)
X id/dX | exp[—iXwsind] || | —id/dX . (3.3)
141 (nw,—w+q.v00) 7
% u

The integral over the variable 8 is easily performed using the periodicity of the limits of integration and the

familiar relation2®

exp(izsinf)= Y. Ja(2)e™,

Performing this evaluation, we find that

40.0 o 0 L

o=— ¥

du exp(—u?) I_

(3.4)

( n/X ) r n/X

dw w exp(—w?)
7r} n=—00 [

- 1+i(nw,—w+q,-vou)r|_

—id/dX J.(Xw) ;id/dX T.(Xw) |. (3.5)

.

% J

26 B, Lax é.nd J. G. Mavroides, Solid-State Physics, edited by F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1961),

Vol. 11, p. 261.
27 H. Fritzsche, J. Phys. Chem. Solids 6, 69 (1958).

28 P, M. Morse and H. Feshbach, Methods of Theoretical Physics (McGraw-Hill Book Company, Inc., New York, 1953), Vol. I.

p. 620.
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The kinds of integrals that appear in the integrations over the variables » and w are evaluated in the Appendix.
Using the results of the Appendix, we find the following expressions for the components of the conductivity tensor:

27day © n\? 141 (nw,—w)7
o exp(—3xY) ¥ <32> u(%Xz)F(—————————),

q: n qzl
o w O ALGXY)  ELGX)\ /14 (we—w)T
o) £ (x-S )
2q.1 P d(:X?) dGX?) a.!
2riog ® 1+i(nw,—w)r )
== ( l); exp(—31X?) ¥ [1—}-1’(nwc—w)T]I,,(%Xz)l:[l+i(nwc—w)r]F<—————-—————l )—-——1],
Q- n=—o0 q- T2
(3.6)
oy (—1x9) i . (d[,,(%)@) , (le))F<1+i(nwc—w)-r)
Cay=—0ys= exp(—% in| ——————I.(: el I
v v 0l P{—2 . (X7 2 o
2iogrt w 1+i(nw,—w)7T\ q.l
Oz 02— — CXP("%XZ) Z ”I'ﬂ(%Xz)[:F( )__:I
(q:l)2X L qzl 7|'%
togrt 1) i (dI,.(%X2) s (1X2))|:F<1+i(muc—-w)r> zl:l
Oye=—0,y= exp(—3 —I.(} e e
T e T = gy y -
Here I,(z) is the hyperbolic Bessel function of order #, and®
2 0
F(x)=exp(x?) erfc(x); erfc(x)z—% / exp(—)dt. 3.7
™ z

We shall now treat separately the cases of propagation parallel and transverse to the external magnetic field.

IV. LONGITUDINAL MAGNETIC FIELD

In the case where the direction of propagation is along the direction of the magnetic field, X vanishes and the
components of the conductivity tensor reduce to

N 27%00%[(1—im)ﬁ<1—m) —g]

4.1)
mioy f1—i(wtw,)T
oL =09tion=—"-: (————-——)
ql ql

In this case we let the 1 direction coincide with the z axis, and we let the transverse currents and fields be circularly
polarized in the x-y plane. The components of the conductivity tensor, other than the ones appearing in (4.1), are
equal to zero.

We may now write the relevant components of the tensor S (2.14b) (in forms correct for all the cases of in-
terest discussed below) in terms of ¢1;” and ¢/, the nonvanishing components of the effective conductivity tensor

!
L4 b

—1 0’11/ ()2 wwp2 0, 32 11, 02
511=Rel[1 il (vo/vs) Vro1s'/mv ],[H.-( /@) (v0/05)*V 11/ M2 }_1 (4.22)
o1 — vy
i8)?  (w/w,)t o) 2\2
i=Rel(1+u@) { (00/0p)*(v0/v)*(V 1/ me?) ' (4.2b)
oy +iB on'—dy

2 E. T. Whittaker and G. N. Watson, 4 Course of Modern Analysis (Cambridge University Press, New York, 1950), 4th ed., p.
372 for definition of the hyperbolic Bessel function; p. 341 for definition of error function erfc(x).
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We need now only calculate the tensor and substitute into the above expression. Using (2.7) and (4.1), we find

___(1_m)[(l_m)zv(l—iwv*_q_l]

1
bk

ql

2rt
(¢)?
o1l =
i’ll" ] Yo
mt f1—i(wtw)r
g
9l ql

()]

b

(4.3)

)

Since at the present time, acoustic frequencies up to 10* Mc/sec are available experimentally,® we must consider
both the short-wavelength case ¢Z>>1, and the long-wavelength case of ¢l<1.

A. Short-Wavelength Case

When ¢I>>1, the conductivity component o1, has the
limiting behavior:

24, w3 Vs
0‘11/=— [1—*—_"1.77'%—‘:]
voql

(4.4)

for all values of the magnetic field. This can readily be
seen from the behavior of the error function erfc(x) for
small values of x:

x<1.
Substitution of (4.4) into (4.2a) yields the result

erfc(x) =1, (4.5)

1+ ("-’/“’p)2 (7’0/’1’3)21711/7"'1)02 2
Su=3%nql . (4.6
! [ 15 (o op)* (20/5)" ] (40

For relevant values of the parameters, (4.6) yields
three regions of interest. The first region is defined by
frequencies less than the frequency wo, where

‘*’0/‘*’112 ('Us/‘vo) (mz’oz/Vn)%.
In this region S11 becomes
(4.7)

The attenuation is unobservable in this region, depends
linearly on the frequency, and is independent of the
mean free path. The second frequency range is defined
by frequencies such that wy <w<wi, where w/w,=1v:/v.
Here

S11= 77r%ql.

Su=%r%ql(vo/v‘,)‘*(w/wp)“(Vu/mv(?)z. (48)

In this region there is a dramatic rise in the absorption
with frequency. Over a narrow range of frequency, the
absorption rises from an unobservable value to a fairly
substantial value. The absorption varies as «® in this
frequency region.

Finally, in the third frequency region where w>w;,

® K. N. Baranskii, Doklady Akad. Nauk S.S.S.R. 114, 517
(1957) [translation: Soviet Phys.—Doklady 2, 237 (1957)]. H. E.
Bommel and K. Dransfeld, Phys. Rev. Letters 1, 234 (1958); 2,
298 (1959); 3, 83 (1959). E. H. Jacobsen, sbid. 2, 249 (1959). N.
S. Shiren, ibid. 6, 168 (1961).

we have

Sl1= ZT%QZ(VH/M‘UOQ)Q, (49)

and the absorption again increases linearly with the
frequency.

Our results (4.8) and (4.9) agree with those of
Mikoshiba? for a longitudinally polarized wave in zero
magnetic field within a numerical factor, which arises
from our using different statistics. For ¢/>>1, we find
that the attenuation @ becomes independent of the
relaxation time. Mikoshiba did not calculate the absorp-
tion on the first frequency range w <wp.

For an estimate of the order of magnitude of S1;, we
take note that in germanium the deformation potential
V11 is of the order of 20 ev,! while the mean energy of
the conduction electrons is mv~102 ev at T=10°K.
Therefore the parameter Vii/mue? is of the order of
magnitude of 10% Also v,/%, is of the order 10, while in
the third frequency range Si is of order 10° when ¢g/>>1.
Thus the absorption increases by a factor of 10® or
greater between w/w,=10"% and w/w,=10"". This be-
havior of the electronic contribution to the absorption
as a function of frequency is shown in Fig. 1.

For the circularly-polarized transverse waves, we
need the condition w,<guve in addition to ¢/>>1 to use
the approximation for erfc(x) [Eq. (4.5)]. In this
short-wavelength, low-field limit we have

(4.10)

For all frequencies beyond a few cps, 8>>1 because of
the low concentration of carriers that occur in semi-
conductors. Therefore when we substitute (4.4) and
(4.10) into (4.2b), we drop terms of order 1/8 com-
pared to terms of order unity. Thus we obtain

(/wp)*(v0/v:)*(V &/ mvoz)Q]z. @11)
143 (w/wp)* (v0/v:)?

When the values of the deformation potential for
transverse circularly-polarized waves are of the same
order of magnitude as the deformation potential for

or=7t/2ql.

t
S:i:: 1"—“}_%71'%(#[
ql

3t H. Fritzsche, Phys. Rev. 115, 336 (1959).
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(90/90)2511/(xl)

Fic. 1. The attenuation of longitudinal waves in a longitudinal
magnetic field versus frequency is shown in the short-wavelength
limit. The curves are plotted for the case when wo/w,=10"3 and
wi/wp=10"1, The abscissa is the ratio of the sound frequency
to the plasma frequency.

longitudinally polarized waves, the first two terms are
completely negligible compared to the third term. The
behavior of the absorption with frequency is the same as
it was in the case of longitudinal waves with the excep-
tion that the first region of unobservable attenuation is
missing. This results because of the strong coupling, in
the presence of strong deformation potential forces, of
transverse polarized waves to longitudinal forces as will
be discussed later. This behavior of the transverse waves
is shown in Fig. 2.

B. Long Wavelength Case

When ¢l<«1, we must use the asymptotic form of the
error function erfc(x) to obtain the limiting forms of
o1’ and o', For large X,®

erfc(x)= (exp(—X?)/mX)[1—1/2X?]. (4.12)

1885

(20/2:)2S 1/ (x¥ql)

Wz
F1c. 2. The attenuation of transverse waves in a longitudinal
magnetic field vs frequency is shown in the short-wavelength
limit and for wr>1. The curves are for the case of strong de-
formation forces, i.e., Viy/mo®>1.

Then for all values of the magnetic field we obtain

1—iwr
oy=—— (4.13a)
143w (v0/v5)?
! ! (4.13b)
o= .
* 1—i(wtw)r

Relation (4.13b) also holds for ¢>>1 and w,>que; the

_question of whether the long-wavelength limit holds is

thus a matter of either the wavelength being long com-

pared to the mean free path or the most probable

Larmor radius for the case of transverse waves.
Substituting (4.13a) into (4.2a), we obtain

[1+3(g)* 01+ (w/wp)* (v0/00)*V 11/ mu®

11

The absorption as a function of frequency again falls
into three regions of interest. In the first region,
w<wo,

Su=13(q))* (4.15)

so the attenuation is negligible, going to zero linearly
with 7. In the second region where wo<w<wi, Su
becomes

Su= (w/wp)*(v0/v:)*(V 1/ mu0)?, (4.16)
and is a rapidly increasing function of frequency, the

3 Reference 29, p. 342.

L1 (00/00) (/o) P+ (r L1 — 1/ (wpr)

(4.14)

absorption varying as (w/w,)% In the third region of
interest, w>w, the attenuation saturates at a value of
S1u=4(V11/mve?)? provided that gl>2v,/v,. If, however,
ql<2v3/vo, then S1;1= (wT)z(vo/vs)4(V11/mvo)2 and the at-
tenuation increases with the square of the frequency
and goes to zero linearly with 7. The magnitude of the
saturation value of S1; when ¢/>2v,/v is of the order
108, The behavior of Sy as a function of frequency for
gl1 is shown in Fig. 3.

The attenuation for the transverse waves can be
obtained by substituting (4.13a) and (4.13b) into
(4.2b). As in the case when ¢/>>1, the term containing
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the deformation potential dominates the whole frequency range when there are strong deformation forces. We
then have

S, = (w/wp) (vo/vs) (V o/ mup?)?
: (143 (v0/v) 2 (w/wp)?* PP+ (wr)[1—1/ (wp'r)'l]z'

In both (4.11) and (4.17), the dominating term is independent of the magnetic field so that we can say that (4.11)
holds for ¢/>>1 and (4.17) holds for ¢/« for all values of the magnetic field for which a semiclassical treatment is
valid.

(4.17)

V. TRANSVERSE MAGNETIC FIELD
When the direction of propagation of the sound wave is transverse to the magnetic field, ¢.=0 and we can use
a coordinate system in which x <> 1, y <> 2, and z <> 3. We then obtain for the components of the conductivity
tensor
209(1—dwr) o (1—iwr)l,(3X?)

o= exp(— ) 3 A
@y [1 ep(—3) 2. I-I-i(moc—w)r]

_UO 1 had . —1 2 1vy2 \dln(%Xz)_L 2d2I7L(%X2)

cn= op(=3X) 2, [tilec—a)r] [an(iX)+2(1_X2 Taax T agxy ]
w o (5.1)

= —le 14 i(nw—w)r

os3=00 exp(—3 ),,f?'_w 144 (nw,—w) 7
w  dl.(XD/d3X)—I.(:X?)

> - ’
“. 1+i(no—w)r

oo
013= —091= (l—iwr)—l exp(—3X?)

o13=031=023=032=0.

The expressions for 11 and o1 have been rewritten from the form

200 o wI.(GX?)
ou=—exp(—3X?) Y ————,
X e 1 (g— ) 7 52
o #[dI.(3X7)/d(GX?)—1.(3X?)]
o12=109 exp(—3X?) ,
n=—s0 141 (mw,—w)r

which is obtained directly from (3.6). This is done by noting that 3. * I,(z)=¢* which follows from the rela-
tions o™ JA2(2)=1 and (A2) in the Appendix, and also that I,(z)=1_,(z).%
As in Sec. IV, we may proceed to write down the diagonal components of the tensor S:

Su=Re [1+ (w/wp)?(v0/v6)*V 11/ mvoﬂli[l._ iql(vo/ve) (V 11/ mue®)o1’] l ’ (5.32)
o1 VY
8)2(o1y' — 7 w/wp)*(v0/v:)* (V13 o)?

Su—Re (1+8)%( iy) +( /wp)*(20/v:)* (V 12/ m0o?) }’ (5.3b)
(01t —127) (029’ +1B)+-012" o'~y
14Hi8)2  (co/cop)*(vo/va)A(V 1/ mug?)?

Si—Re (1+148) IL( /wp)* (vo/vs)* (V 13/ mve%) l (5.3¢)
0'33/+'i;3 Ulll—i’Y

We need now only evaluate the components of .the conductivity tensor ¢’ for the cases of interest and
substitute them into (5.3a-c).

3 Reference 28, Vol. II, p. 1323.
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Fi1G. 3. The attenuation of longitudinal waves when the mag-
netic field is also in the longitudinal direction is plotted in the
long-wavelength limit ¢/<1.

A. Cyclotron Resonance and the
Low-Field Limit

We expect cyclotron resonance effects when the
sound-wave frequency is of the order of the cyclotron
frequency, ie., w~w. In this case the frequency
denominators in the conductivity components (5.1)
can become small, and the possibility of oscillatory
behavior arises. Under this condition, X will become
much greater than unity since X=guvo/w.= (w/we)
X (vo/vs). Thus we can use the asymptotic form of the
hyperbolic Bessel function3:

1.(a)=e¢/(2ma)?. (5.4)

This expression is only valid for a=%X?>n; when
exceeds @, the hyperbolic Bessel functions become
small. Hence, if we take the asymptotic form of I,(a),
(5.4), in evaluating (5.1), we make an error of the form
of the final term in the following equation:

® I.(3X?)
n=—w0 141 (1w, —w)r
exp(3X?) [ = 1
T mx {

n=—w0 141 (nw,;—w)7

[ 2(1-—’le)
— - . (5.5
O[n};‘x’ (1_’1:607)2"-%2(0)07)2]} 5.5)

Su=3migl[ 14 (w/wp)?(vo/vs)2(V 11/ me?) L1435 (w/ ) (v0/:)* ]2 ,
Sii=3mql (vo/ve)* (w/wp)*(V 1j/mv?)?[ - - - T - - -
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The last term may be estimated by replacing the
summation by an integration over » and the term is
found to be of the order of 1/X(¢l)? whereas the first
term is of order 1/¢gl. We are interested in the case wr
large; therefore we may take ¢/ to be very large and
retain only the first term which may be evaluated
directly, noting that?*

0 1 ®
| —428 —_}
v ”[bw U y—

=7 coth(br). (5.6)

Using (5.5) and (5.6), we obtain the following for the
components of ¢:

20 m(1—iwr) (1—twr)T
0'11=———(1—iw'r)[1— coth: ],
(@) o weT
oo (1—dwr)m
0'22=o'33=—1r’3 COth——‘—, (57)
ql WeT
oort (1—iwr)T
12=—021=— coth
(glX)? WeT

As the field goes to zero, coth[ (1—iwr)m/w.r] ap-
proaches unity, and taking this fact into account we
obtain

210,
ov'= === (1= (1—ior)/gl] coth[(1—iwr)r/wr ),

9o
i (1—iwr)T
0'22’=0'33’=_ COth___"—, (5.8)
2ql WeT
ir? v, coth[ (1—iwr)r/wer |
o1 =—0on'=—-— .
qIX? v 1—iwr

The terms in o1’ are negligible compared to those in
a11’, 722, and therefore, in this limit, the expressions for
the two transverse waves become identical. Accordingly,
we have, for wr>1,

tanh (r/w.r) sec?(wmr/w.)

(5.92)
tanh?(7/w.r)+tan?(wr/w.)

Lo (5.9b)

3 Reference 29, p. 136.
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F1c. 4. The attenuation of longitudinal waves in a transverse
magnetic field is shown as a function of the ratio of sound fre-
quency to cyclotron frequency. The product of the sound fre-
quency and the electron scattering time wr is taken equal to ten
and we also have taken the sound wavelength to be smaller than
the Debye wavelength, A <Ap.

where Vy;, =2, 3, is the deformation potential in the
direction transverse to q. As was the case in Sec. 1V,
the terms other than those containing the deformation
potential have been neglected in calculating the ex-
pressions for the absorption of transverse waves (5.9b).
When w.r>1 we will observe cyclotron resonance,
while when w.r<1, the resonances will be damped out.
The resonances occur whenever w/w.=#, i.e., at the
harmonics of the cyclotron frequency. In Fig. 4, (5.92)
is plotted against w/w. with wr=10. A somewhat
similar behavior can be expected for the transverse
waves (5.9b).

In the low-field limit where w. goes to zero, the
conductivity components (5.8) reduce to those derived
in Sec. IV for ¢Z>>1. Thus, for zero magnetic field, (5.8)

HAROLD N. SPECTOR

agrees with the expressions for the longitudinal field
case when ¢I>>1.
B. High-Field Limit

In the limit of high magnetic fields, w.>gvo, the
conductivity components have the behavior:

1—iwr
011= 00 y
(wer)?
X2
O22=00 y
1—iwr (5.10)
o0
op=—,
(1—iwr)
012= —021= '"cTo/ql,
which leads to the expressions
(1—4wr)
o=,
(wer)2+3iqlvo/vs
X2 1 (v0/vs) (wer)?
T i) @G b0 J(1— i)
1—iwr) QI (wer)*43iqlve/vs J(1—twr
s (5.11)
1
033l= D)
(1—iwr1)
(wer)?

T L @or)+ igho/v,]

Using (5.11) to evaluate the component of S appro-
priate for longitudinal waves, we find that

(wc7)2[1+ (w/wp)z(vo/va)zVu/mvo2]2

(5.12)

11

As in the case of a longitudinally polarized wave in
a longitudinal magnetic field, we find three regions of
frequency behavior characterized by the frequencies
wo and w;, which were defined in Sec. IV. However, in
addition, we find a distinct magnetic field dependence,
which includes a high field peak in the first two fre-
quency ranges. We obtain by differentiation the value
of the magnetic field at which (5.12) has a maximum:

(e (T,

When w7>>1, we obtain a high-field peak at

(5.14)

We=Wp;

" (13 (@) @0/ 2 P+ (wr L1 (wo/ap

while, when wr<«1, the value of the peak occurs at

e [1+.;—(%/v3)2(w/w,,)2]f (5.15)

Wp wT

We can see that there will not be any high-field peak
in the third frequency region w>w;, when wr>1,
because (5.14) cannot be satisfied for w,> (vo/v,)w
when w is in this region. The condition (5.15), however,
is consistent with w,> (vo/vs)w for small values of w7,
and in this case, a high field peak could be observed
in the third frequency region. The peak value of Sii,
when wr>>1, is

1 Wp 2 w\?2 Vo 2 V11 2
4\ o wp/ \vs/ mug?
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Thus, the frequency dependence at the high field peak
depends upon whether w<wg or w>we. For w<w,, the
frequency dependence goes as (wp/w)?, while for w> wy,
the dependence goes as (w/w,)? In Figs. 5 and 6, S
is plotted against the magnetic field for wr>1 and
w7 <1, respectively.

1889

For the absorption of the transverse waves, we find,
as previously, that we can neglect the terms not con-
taining the deformation potential for strong de-
formation forces. We therefore obtain for the trans-
verse waves

(wer)2(w/wp)*(vo/vs)*( V1ij/mue?)?

35

where j=2, 3. The behavior of the absorption with
magnetic field is the same as (5.12) except that the
lowest of the three frequency ranges is missing.

VI. DISCUSSION

In this section, an effort will be made to present a
physical picture in terms of which the various phe-
nomena discussed can be understood. We also attempt
to estimate which phenomena can be observed at the
present time.

The rapid rise in attenuation over a limited frequency
range in the case of propagation parallel to the mag-
netic field can be understood in terms of the breakdown
in screening of the longitudinal currents. In the first
frequency region, defined in Sec. IV by the condition
w<wy, the deformation potential forces are well
screened and the attenuation takes on a very low value.
In metals there is still considerable absorption when
there is screening but this is no longer the case in semi-
conductors, because of the small number of carriers
involved. As the frequency increases beyond wo, the
screening of the longitudinal currents breaks down and
the attenuation begins to rise quite rapidly, approxi-
mately as w°. When we reach the critical frequency wy,
the absorption begins to increase more slowly, increasing
only linearly with w, as the electrostatic potential due
to the variation in electron charge density can be ignored

107 | ST SRR NN WO USRS TN SRS TUNUN NN SN NN SO |

we

V2wp

F16. 5. The attenuation of longitudinal waves in transverse
magnetic fields is shown as a function of the ratio of the cyclotron
frequency to the plasma frequency in the high-field limit,
w.>wvo/vs and with wr>1. The position of the peak at
we=wp 1S clearly evident.

" L103 (/ o) (000 T+ r L1+ (0 eop) T

(5.17)

and the electric fields vanish. This can be better under-
stood if we rewrite the condition w>w; in the form

)\<)\D, >\D=‘Z)o/wp, (61)

where \ is the sound wavelength and Ap is the Debye
length. Here, Ap has the physical meaning of the dis-
tance within which the charge density variation of the
electrons is small in magnitude. Therefore, in this
region, collective effects can be ignored, i.e., the break-
down of the screening is complete, and the attenuation
arises only from the unscreened deformation forces.

In the case of the transverse waves in a longitudinal
field, we find the attenuation follows the same kind of
behavior when there are strong deformation forces
because the deformation forces are longitudinal in
character even when generated by transverse waves.
Thus, the deformation potential couples the transverse
polarized waves only to the longitudinal currents. There-
fore we find that the frequency region w<w,, which is
due to the screening of the currents arising from defor-
mation forces by the currents due to electromagnetic
forces, is missing from the transverse waves.

We now wish to examine the regions in which the
formulas developed in Sec. IV for the long- and short-
wavelength cases are applicable. From cyclotron reso-
nance?® and mobility?” data at low temperatures, we

e
@p
F16. 6. The attenuation of longitudinal waves in transverse

magnetic fields is shown in the high-field limit when wr <1, The
peak in the absorption is now a function of wr.
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find that values of 7 as long as 107 sec are now
available. Therefore the boundary between the cases
¢!<1 and ¢/>1 lies at a frequency w=10° cps which
lies near the microwave range. With present day tech-
niques for production of acoustic waves in semicon-
ductors, frequencies lying on both sides of this boundary
are available and both regions can be investigated
experimentally. It is, in fact, possible to reach fre-
quencies such that wr>1 (ie, w>10° cps) with
present-day apparatus. Taking germanium with a
deformation potential of 20 ev, an effective mass of
m*/m=0.1, a dielectric constant of 16, and a carrier
concentration of 108 cm™3 at 10°K, we find that
wo=107 cps and w;=10° cps. Thus only the long-wave-
length limit ¢/<1 holds for w<w,, while the other
two frequency regions can be reached either in the
long-wavelength limit g/<<1 or in the short wavelength
limit ¢/>>1. In both cases, the attenuation will be
observable only when w>w, as the discussion in Sec.
IV demonstrates.

Our results agree with those derived by Mikoshiba?
for longitudinally polarized waves in zero magnetic field
as the presence of the magnetic field does not affect the
waves which are polarized and propagating in the direc-
tion of the magnetic field. Our results for the transverse
polarized waves, would differ from his, even in the limit
of zero magnetic field, as he did not consider the case of
the coupling of transverse polarized waves to longi-
tudinal currents via a strong transverse deformation
potential.

It is noted in passing that the results obtained using
Weinreich’s phenomenological approach'® agree with
our expressions for the absorption when ¢/<<1 and
wo<w<w;. This is because his approach ignores the
screening effects compared to effects arising from the
deformation potential and is only valid for wavelengths
longer than the mean free path.

The background absorption from effects other than
the electronic contribution to the attenuation decreases
to a very low level at low temperatures. In quartz, in
which the order of magnitude of the absorption is about
the same as the background in semiconductors, the
attenuation at 20°K falls to less than 10! db/cm.®
Thus the electronic contribution to the absorption
should be observable for w>wo.

When the magnetic field is transverse to the direction
of propagation, we have found that there are cyclotron
resonances when the sound frequency is equal to an
integral multiple of the cyclotron frequency. For the
resonances to occur, we must also require w.7>1. If
this condition is not satisfied, the cyclotron resonances
will be damped out. The condition w.7>1 requires an
w.>10 cps, i.e., a magnetic field greater than 300
gauss using the previously quoted values of the effective
mass and the relaxation time for germanium. Since
sound waves of this frequency have already been pro-
duced,® we could obtain the first few harmonics of the
cyclotron frequency.
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In the region in which cyclotron resonances can be
experimentally obtained, i.e., w,r>1, w>w;, we have
Su~10" for the peak at w=w, and S~10Y for the
valley at w=3%w,.. Therefore in this region, the attenu-
ation has a high value and both the peaks and
valleys of the cyclotron resonances should be clearly
observable.

In the high-field limit w,>gvo=wve/v,, we find a
peak in the attenuation as a function of magnetic field.
The position of the peak depends upon whether wr is
greater than or less than unity. When wr>1, the high-
field peak occurs at magnetic fields such that w./w,=1.
Thus when wr>1, the determination of the position
of the peak permits a determination of carrier concen-
tration independent of relaxation processes. On the
other hand, when wr<1, we still obtain a high-field
peak, but the position of this peak depends upon wr.

To satisfy the requirement wr>1, we must work at
frequencies w>10" cps and magnetic fields greater
than 30 000 gauss (i.e., w,>10"2 cps) and therefore we
would require a greater concentration of carriers so
that w,>102 cps.28 It is possible to obtain such con-
centrations at low temperatures by exciting electrons
from donor states by light. The relaxation aspect of
the high-field peak can be observed at lower concen-
trations of carriers, field strengths, and frequencies.

At frequencies, field strengths, and carrier concen-
trations such that the high-field peak can be observed
without relaxation effects, S1; has the value 10 at the
peak and falls to the value S1~5X10° at w.=2w,,
so that the peak is still quite broad. In the relaxation
region, wr<1, the attenuation is not observable for
w<wo (e, S1;~10%) but in the frequency range
wi<w<w;, S11=10° at the peak, and the attenuation
has a very high value. For cyclotron frequencies greater
than the plasma frequency, the attenuation varies with
frequency and magnetic field as (w/w.)? and has the
maximum value S1;~10° when wr>1.

The high-field peak arises from the same sort of
collective behavior discussed by Harrison in the case
of semimetals” and semiconductors.?® We can obtain a
physical insight into the problem by a Drude-Lorentz
treatment since when (5.14) holds, relaxation effects
can be ignored. For the equation of motion of the
electrons we have

dv/di=—e(&+ (v/c) X H) —ig? (vo/w)v.%,

where & arises solely from the electronic current via
(2.1); q is the wave number of a density fluctuation
and is in the & direction; H is in the z direction; and the
last term represents the diffusion of electrons. The
natural frequency of (6.2) for a longitudinally polarized
wave is

(6.2)

We

- 1+ (wp/cq)?
8 M. J. Harrison (unpublished work).

wl=w,’+(quo)*+ (6.3)
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This resonance cannot be reached by sound waves since
19>, and there is no intersection between the dispersion
curves for the magnetoplasma mode (6.3) and the sound
wave w=qu,. However, some manifestation of this
collective motion of the electron gas must occur when
the magnetic field is such that the cyclotron frequency
is of the order of magnitude of the plasma frequency.
We note that the high-field peak found in our calcu-
lations is just such a manifestation of the collective
behavior. Unlike the case in metals and semimetals,
the peak is not a relaxation effect since it requires only
the condition wr>1 which can be obtained at present
in semiconductors.

The results derived by Pokatilov®? for transverse
magnetic fields agree with our results when v> |o1/’|.
In this case, all the effects due to screening and to the
electron density gradient can be neglected and the
carriers respond just to the unscreened deformation
forces. :

It may be of interest to indicate why our calculations
do not show any direct magnetoplasma resonances
even though, for semiconductors, sound waves are
available with frequencies equal to the plasma fre-
quency. A Drude-Lorentz treatment, such as was given
earlier in connection with the high-field peak, is
indicated. We treat the case of density fluctuations
with wave number q parallel to H, where H lies in the
z direction. Our equation of motion now is

av/di= —e(&+ (v/c) X H) —ig? (ve?/w)v,2,

where the terms have the same meaning as in (6.2).
For a wave polarized in the direction of propagation
we obtain for the natural frequency of (6.4),

wl= w2+ (quo)*

As was the case with (6.3), the dispersion curves for
the sound wave and the plasma mode do not intersect
because v,>v,. If, on the other hand, we assume a
transverse polarized wave, we obtain for the natural
frequency

(6.4)

(6.5)

wr=w./[ 14 (wp/cq)*].

Therefore, for transverse polarized waves in a longi-
tudinal magnetic field, it is possible to excite a magneto-
plasma oscillation using sound waves. Unfortunately,
in our case the coupling to the longitudinal currents
via the deformation potential is so strong that we lose
our magnetoplasma resonance everywhere where the
attenuation is observable. However, in the case of
metals, where the deformation forces are not so strong
compared to the electromagnetic forces, this magneto-
plasma resonance can be found at attainable fields and
frequencies. A peak corresponding to this resonance in
fact appears in the calculation of Cohen, Harrison, and
Harrison® for a metal, although the identification with
the above magnetoplasma resonance was not made by
them.

(6.6)
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APPENDIX
In Sec. ITI, we found it necessary to evaluate the
following types of integrals:

U1=f dw w exp(—w?)J 2 (Xw), (Ala)
0

U2=/ dw w? exp(—w?)J 2(Xw), (A1b)
0

U3= (d/dX)Ul, (AlC)
®  du u™ exp(—u?
o 11 (nwe—w+q.v00) 7

m=0, 1, 2.

The integrals U;, Us, and Us can be evaluated directly
by using the relation3®

/“ dw w exp(—w?)J n(aw)J . (bw)
' =} exp[— (*+8)/417.(ab/2),

where I, is the hyperbolic Bessel function. We then
obtain

(A2)

Ui=3 exp(—3X)1.(3X?), (A3a)
& a?+b? ab
Us=3% lim [exp(— >I,,<—):|
=X dadb 4 2
— 4 exp(— 43 XL,
A,GXY)  PLEX
+21—-x)—" Ly "2 )], (A3b)
d(3X?) d(3X*)?
U 21X exn( 132 dI.(3X?) L
s=3X exp(—3X?) M_In(ixz)} (A3¢)

To evaluate integrals of the type V, we must first
rewrite them in the form

1 0 0
V,,.=—/ ay | duumexp(—ud)
TJO —
Xexp{ — [ (nw,—w+q.vom)+ /73, (A4)

3‘? G. N. Watson, Theory of Bessel Functions (Cambridge
University Press, New York, 1958), 2nd ed., p. 395.
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and introduce a change in variables, Q=u-+}3ig,o0.
Using this change, (A4) becomes

1
Vm=—/
TJo

+ (qz)o) \02] }/ aQ(Q— %iqzvm[/) m exP(_ ).

0

i exp { - [(1 (nwc-w)-}-;)‘ﬁ

(AS)

By using the evaluation of integrals of the type®

1X3X- - (2m—1)

/ aQ Qm eXp(—Q“’) = ) e,

(A6a)

/ 42 @+ exp(— Q) =0, (A6b)

37 Handbook of Chemistry and Physics, edited by C. D, Hodgman
(Chemical Rubber Publishing Company, Cleveland, Ohio, 1955),
37th ed., p. 275.
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we can bring the integrals V,, m=0, 1, 2 into the
following form:

=1 (1+i(nwc-—w)f) (A7a)

0 o ————-————qzl , a
i 1+i(nw,—w)r
V= — (e o) r P T
. (qzl)z[[l—i-z(n )]F( - )

¢
—W%], (Ab)
Vam— [ +i(nw—a)r ] -], (A7c)
(qzl)a

where the function F(x) was defined in (3.7). Using the
above relations, (A3) and (A7), we can now obtain
expressions (3.6) from the expression (3.5).



