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An analysis of the temperature dependence of the microwave loss in SrTiC>3 is presented using the linear 
chain model of a ferroelectric as a basis for discussion. I t is shown that a plausible explanation of the tem­
perature dependence of the microwave loss tangent above liquid air temperature is possible if one considers 
the loss to be due to the damping of a virtual excitation out in the wing of a fundamental lattice absorption. 
The fundamental lattice absorption is associated with a low-frequency "ferroelectric" transverse optical 
mode of the material. The microwave loss tangent can be expressed by tanS= (T— Tcj^iA+BT+DT2). 
The parameter A is a measure of the damping due to the presence of imperfections in the lattice. The parame­
ters B and D are shown to arise from damping due to three- and four-phonon processes whose origin is attrib­
uted to the anharmonic interactions of the lattice. 

I. INTRODUCTION 

RECENTLY Rupprecht and Bell have measured 
the dielectric constant and loss tangent of single-

crystal strontium titanate above liquid air temperature 
and at microwave frequencies.1 Their results are pre­
sented in the preceding paper in this journal. In the 
present paper it will be shown that a plausible ex­
planation of the origin of the temperature dependence 
of the microwave loss tangent is possible, if the para-
electricity of strontium titanate is regarded as origi­
nating from a low-lying temperature-dependent optical-
mode frequency.2 The relationship between this mode 
and the properties of 4:he ferroelectric and paraelectric 
state has been previously discussed by Anderson,3 

Landauer, Juretschke, and Sorokin,4 and Cochran.5 

A transverse microwave radiation field will drive the 
low-lying transverse optical mode of the material in a 
forced vibration. Energy is transferred from the electro­
magnetic field to this lattice mode and is then degraded 
into other vibrational modes of the material. That this 
is the likely origin of the observed microwave loss can 
be shown by the following considerations. A uniform 
density N of viscously damped harmonic oscillators 
has a complex dielectric constant e, given by 

are 

€— 1 = [(Nq2/tn)/a)o2~ co2+iarv]. (i.D 
q is the charge on the oscillator, m is the oscillator mass, 
coo is the resonant frequency, o> is frequency of the 
applied electric field, and y is the damping constant. 
The real and imaginary parts of the dielectric constant 
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2^>CO2, 

(b) ivy/w»i , 
(c) coo 2 - ( r -7c) . 

T is the absolute temperature and Tc a constant to be 
identified with the Curie temperature. The dielectric 
constant and loss tangent are then 

and 
e'~Nq*/mo><?~l/(T-Tc), € ' » 1 , (1.3) 

\zja=-<?'/e'~<w/ut~ury/(T--Tc). (1.4) 

Equations (1.3) and (1.4) describe the observed 
behavior of strontium titanate quite well.1 The di­
electric constant exhibits no relaxation at the highest 
microwave frequencies employed (3SkMc/sec). This is 
believed to result from the appreciable difference 
between the microwave frequency and natural fre­
quency of the oscillator (condition a). The dielectric 
constant is very large when compared with the micro­
wave or dc dielectric constant of other nonparaelectric 
crystalline materials, e.g., the alkali halides. This can 
be explained by an anomalously low natural fre­
quency3"6 (condition b). These considerations show 
that the results of experiment roughly determine an 
upper and lower bound for the low-lying transverse 
optical-mode frequency. It must be sufficiently low 
compared with the frequencies found in nonpara­
electric materials to yield a high dielectric constant; 
however, it must be sufficiently high compared with the 
microwave frequencies involved since no change from 
the dc dielectric constant is observed. The temperature 
dependence of this frequency leads to the Curie-Weiss 
behavior of the dielectric constant4*5 (condition c). 
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FIG. 1. Polarization mode displacements. 

One contribution to the loss tangent of strontium 
titanate obeys a Curie-Weiss law as does the dielectric 
constant, (Figs. 1 and 5 in reference 1). It is seen that 
a temperature-independent damping constant gives a 
result in agreement with this observation. The possible 
origin of this damping will be discussed in Sec. IV. At 
higher temperatures the loss tangent deviates strongly 
from any Curie-Weiss type behavior. At the highest 
temperatures it increases linearly with temperature 
(Fig. 1 in reference 1). This behavior can be understood 
if one assumes that at these higher temperatures, 
lattice anharmonic interactions contribute appreciably 
to the observed loss. Specifically, a fourth-order 
anharmonic interaction treated in lowest-order or a 
third-order anharmonic interaction treated in next-to-
lowest order may be held responsible for the observed 
temperature dependence of the damping constant y. 
These interactions will produce a damping constant 
which is a quadratic function of temperature, 

7~r" , (1.5) 

and therefore [using Eq. (1.4)] 

t a n 5 - a > r 2 / ( r - r c ) . (1.6) 

At temperatures high compared with Tc this gives a 
linear dependence of the loss tangent on temperature 
which is in agreement with observation. It is interesting 
to note that the temperature dependence of the damping 
constant of some alkali halides has been found to be 
proportional to the square of the temperature at high 
temperatures.6 The anharmonic damping in strontium 
titanate will be discussed in greater detail in Sec. V. 

The preceding discussion in the main also applies to 
barium titanate in the paraelectric state. The observed 
loss tangent of barium titanate however is some orders 

6 For an interesting discussion of this point see page 457 of a 
work by A. A. Maradudin and R. F. Wallis, Phys. Rev. 120, 442 
(1960). 

of magnitude larger than the strontium titanate value.7 

Consequently, it is believed that anharmonic damping 
is not observed in a loss tangent vs temperature plot 
for this material since these interactions contribute a 
negligible amount to the loss over the entire tempera­
ture range of measurement. It is possible that the intro­
duction of a chemical catalyst to facilitate a phase 
transformation from the hexagonal to perovskite 
modification is responsible for the large value of the 
loss tangent. Strain is another possibility to be 
considered. 

The origin of conditions (a), (b), and (c) is essentially 
explained by a theory of the ferroelectric behavior of 
barium titanate proposed by Slater.8 Slater assumed 
that only the titanium ion can move and is therefore the 
only ion contributing a lattice part to the polarization 
of the medium. In Slater's theory the large value of the 
dielectric constant results from an almost complete 
cancellation of the short-range restoring forces on the 
titanium ion by the long-range Coulomb dipolar forces. 
This feature together with a slight linear temperature 
dependence of the short-range restoring force on the 
titanium ion leads to a Curie-Weiss behavior of the 
dielectric constant. To help make explicit some of the 
points presented in the preceding discussion, a simpli­
fied model of the perovskite structure will be introduced. 
This will make possible an investigation of certain 
aspects of the origin of the microwave loss. The non-
irreversible properties of the model will be obtained in 
a manner analogous to that of Slater. 

The model to be considered is as follows. The 
titanium and oxygen ions are coupled along chains in 
the [100], [010], and [001] directions of the unit cell. 
The oxygen ions are constrained to move only per­
pendicular to the unit cell face on which they lie. The 
titanium ions are allowed a displacement in an arbitrary 
direction; however, the component of motion along one 
chain is taken to be uncoupled from motions along the 
other chains. In other words, shear forces are neglected. 
The strontium ions are assumed to be fixed in position 
and in the following treatment serve only to space the 
oxygen and titanium ions, and to constrain the motion 
in the manner described. This model will allow the 
motion of the titanium and oxygen ions to be described 
simply by a superposition of the modes of a linear chain. 
The origin of the microwave loss can then be discussed 
in terms of the damping of a linear chain. Figure 1 
shows the k=0 optical mode displacements. This is 
just the mode in which a uniform polarization is 
generated and will subsequently be called the uniform 
or polarization mode. Only external fields applied along 
the [100] direction will be considered. This will limit 
the analysis to the dynamics of one chain. The existence 
of the chains in the three directions will, however, yield 
a theory which is isotropic. The propagation vector K 

7 T . S. Benedict and J. L. Durand, Phys. Rev. 109, 1091 
(1958); E. Stern and A. Lurio, ibid. 123, 117 (1961). 

8 J. C. Slater, Phys. Rev. 78, 748 (1950). 
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of the transverse microwave radiation field is chosen to 
lie in the [001] direction. This field drives the transverse 
optical mode of the system in a forced vibration. The 
driven mode is composed of ionic displacements along 
the [100] direction since this is the direction of the elec­
tric field. The absolute value of the propagation vector 
|K| is sufficiently small to enable one to neglect the 
phase difference between the chains over a domain of 
dimensions large compared with the lattice parameter 
but small compared with the sample size. It is just over 
such domain that periodic boundary conditions are 
imposed on the chains. The investigation of the tem­
perature dependence of the microwave loss tangent 
reduces essentially to an investigation of the damping 
of the k=0 mode of one of the chains.9 In other words, 
the microwave loss in SrTiO3 will be investigated by 
considering the damping of a linear chain. The neces­
sary three-dimensional aspect of the problem (the inclu­
sion of the long-range dipolar interaction) is obtained by 
assuming that all the chains are driven in phase by the 
electric field over a small region of the crystal. The effect 
on the local field by the dephasing of the chains outside 
of this region is zero for a mode of transverse polari­
zation. 

For the very simple model we are to consider, the 
masses of the titanium and oxygen ions are chosen 
equal; the ionic charges of titanium and oxygen are 
taken to be equal in magnitude but opposite in sign; 
an equal electronic polarizability is attributed to each 
ion. 

II. LOCAL FIELD 

A uniform polarization developed along the [100] 
direction will contribute to the local electric field at 
each site. In what follows, contributions to the local 
electric field from oxygen ions not lying on the chains 
in the [100] direction will be neglected. The electronic 
dipole moment of each ion can be written in terms of 
the polarizability a and the local fields: 

Poe=aEloo°, pTie=SEiocTi. (2.1) 

The electronic polarization due to each of the ions is 

Poe=(a/Sd*)Eloo°, PTi^=(a/8^)E,ocTi; (2.2) 

8d3 is the volume of the cubic unit cell, where d is the 
nearest-neighbor distance between oxygen and titanium 
ions. The local field at each of the sites can be written8 

9 To be precise, this mode which is coupled directly to the 
radiation field is not the k — Q mode. I t is a mode for which k^0. 
To distinguish between longitudinal and transverse mode fre­
quencies, one must take into consideration the finite wavelength 
of this mode. Once this distinction is made, however, the mode can 
be treated as the & = 0 mode since its wavelength is very large 
compared with all the other modes of interest. For a more detailed 
discussion of this point see E. W. Kellerman, Phil. Trans. Roy. 
Soc. 238, 513 (1940); T. H. K. Barron, Phys. Rev. 123, 1995 
(1961). 

1 V 
El0C°=E+—Po+—PTi, 

(2.3) 
V I 

Eloc
Ti=E+—P0+—PTh [i'=8.182]. 

3eo 3eo 

E is the macroscopic or average field, €0 is the permit­
tivity of free space, and P is the polarization due to the 
ion designated by the subscript; this includes a lattice 
and an electronic part, 

p=po+pe . (2.4) 

Consistent with the linear chain model, the lattice 
polarization of each sublattice and the local fields at 
the two different sites are equal. Equations (2.3) reduce 
to 

Eloc=E+(a/eo)P, a=(l+b')/6. (2.5) 

Combining Eqs. (2.2), (2.4), and (2.5) the local field 
can be written in terms of the lattice polarization only, 

£ioc= (1/J)DE+ (a/€o)P°], »= ll-2aa/8dhoJ (2.6) 

The constant b characterizes the electronic contribution 
to the local field. 

III. DIELECTRIC CONSTANT 

The energy of a chain lying along the direction in 
which the field is applied is [using Eq. (2.6)] 

+%K Hi {(xi—ui+1)
2+ (xi—Ui-t)2} 

+ (ne/b)ZEei"*+ (aP°/2e0)] £<(*.-«<), (3.1) 

Xi and U{ are the displacements from equilibrium of 
the ith oxygen and titanium ions, respectively; n is 
the number of electronic charges on each ion; E is the 
amplitude of the applied field of frequency co; m is the 
mass of each ion; K is the spring constant coupling for 
nearest neighbors. 

The Hamiltonian is next written in terms of the 
complex normal coordinates qk: 

Xi= (2Nmy-* Hk(qka-qk°) exp(ikX^); 

Ui= (2Nm)-^ T,k(qka+qk°) exp{ikUi°) (3.2) 
-T/2d<k<w/2d. 

Xi° and Ui° are the equilibrium positions of the oxygen 
and titanium ions, respectively. 

Substituting Eq. (3.2) into Eq. (3.1), we obtain 

+h E^o Lpk°P-k°+ («*°) V ^ ° ] 
+K(po°)2+o>T2(qo°)2l- {ne/b)Eei-t{2N/m)^y (3.3) 

with 
0,̂ 2= (o)0oy-l(ne)*a/6otnd3b, (3.4) 

tt*a=(4£/*»)*sfo(JW/2), 

m°= (4iSym)* eos(M/2). ( 3 ' 5 ) 
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pk is the momentum conjugate to q^ Equation (3.5) is 
just the usual dispersion relation for a monotonic chain 
with only nearest-neighbor coupling. The separation 
into acoustical and optical modes is performed merely 
to assist in interpreting the results of this analysis. The 
more familiar Brillouin zone of wave vector interval 
w/d has been folded about the value 7r/2d. Modes of 
wave vector less than w/2d are called acoustical. 
Modes of wave vector greater than r/2d are called 
optical. For a diatomic chain these two branches are 
separated since there is a discontinuity at ir/2d. 

I t is seen that the dipolar field reduces the frequency 
of the ^ = 0 optical mode [Eq. (3.4)]. This is the mode 
in which the two different type ions move 180° out of 
phase and produce a uniform lattice polarization. In 
general the dipolar field will modify the frequencies of 
all the modes. Our treatment does not include this 
feature—only the modification of the ^ = 0 optical mode 
appears. This occurs since the local field has been taken 
to be proportional to the polarization. Only the k=0 
optical mode has a nonzero polarization associated with 
it, since cyclic boundary conditions have been imposed 
on the ionic motion. 

A transition to the ferroelectric state occurs when the 
polarization mode becomes unstable (COT —» 0). This is 
believed due to the cancellation of the short-range 
repulsive forces by the dipolar forces. Cochran has 
discussed this point in detail in a recent article.6 

Using the Hamiltonian [Eq. (3.3)^] one can solve 
for the motion of the system to obtain the polarization 
and in turn the dielectric constant 

2a (nef 1 
€= 1 + + - . (3.6) 

8d*b€Q 4 w ^ 2 € 0 (cor2-w2) 
Only the uniform mode is involved in determining the 
dielectric constant since^all the modes are uncoupled 
in the harmonic approximation. The first two terms 
on the right of Eq. (3.6) are the square of the optical 
index of refraction. The third term is the lattice con­
tribution to the dielectric constant which vanishes at 
infinite frequency. 

To obtain a Curie-Weiss behavior of the dielectric 
constant we make use of an effective temperature-
dependent spring constant, 

4K\ (nef a 
— = Ll+c(T-Tcn (3.7) 
m Uff 4:€timdzb 

This relation is obtained (Appendix II) by including 
the effects of anharmonic interactions on the spring 
constant of the linear theory. The derivation presented 
in Appendix I I follows the work of Slater8 very closely. 
As the temperature is increased the ions experience an 
increased restoring force or stiffer spring. 

From Eqs. (3.4) and (3.7) we obtain 

(nefac 
O>T2= (T-Tc). (3.8) 

4:eomdsb 

This temperature dependence of the polarization mode 
frequency has been proposed previously4-6 and is 
implicit in the work of Slater. A choice of the generalized 
Lorentz factor a enables one to determine b and c from 
experiment. The numerical determination of these 
constants is discussed in Appendix I. The frequency of 
the temperature-dependent polarization mode, written 
in terms of the number of electronic charges per ion, is 

«r=-8.5X 1 0 " » ( r - TC)K (3.9) 

For n=l, the wavelength of the radiation field required 
to excite this mode is recorded for liquid air10 and room 
temperature : 

320M at 7 7 % 

140M at 298°K. 

The optical value of the dielectric constant is small 
compared with the microwave or dc value, essentially 
condition b, Sec. I and, therefore, Eq. (3.6) is written 

(nef 1 
€== . (3.10) 

4tnd*b2eo (a>r
2-co2) 

For all microwave pump frequencies whose square is 
small compared with the square of the polarization 
mode frequency (condition a, Sec. I) the dielectric 
constant obeys a Curie-Weiss law, 

e=C/(T-Tc), C=l/dbc. (3.11) 

This is obtained from Eqs. (3.8) and (3.10). A com­
parison of the two frequencies involved can now be 
made under the least favorable conditions for the veri­
fication of condition a of Sec. I. We write the square of 
the polarization mode frequency at liquid air tempera­
ture (77°K) and the square of the highest microwave 
frequency employed (35 kMc/sec), 

c o ^ X l C P / s e c 2 , 

cor2~5Xl(F/sec2 , 
and therefore 

(f/arfeslOr*. 

So we conclude—if the large value of the dielectric 
constant of SrTi03 is associated with a low-lying optical 
mode frequency it is not surprising that no relaxation 
of the dielectric constant has been observed in the 
microwave range. 

IV. IMPERFECTION DAMPING 

One contribution to the loss tangent of strontium 
titanate obeys a Curie-Weiss law (Figs. 1 and 5 in 
reference 1). I t has been shown in the introduction 
that this behavior can be understood if the damping 
of the polarization mode is assumed to be temperature 

10 Since a phase transformation has been observed at about 
110°K by various investigators one is not certain as to the validity 
of the present treatment below this temperature. For published 
evidence concerning this phase transformation see K. A. Muller. 
Phys. Rev. Letters 2, 341 (1959). 
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independent—the case for which the damping constant 
7 is independent of temperature [Eq. (1.4)]. This 
suggests that the damping is due to the presence of 
imperfections in the lattice, e.g., impurities, dislocations, 
local strains, etc. These imperfections will couple the 
polarization mode to other modes and provide a 
mechanism for the scattering of energy out of the 
driven mode. 

A specific model for the damping will be introduced 
to illustrate in greater detail the general features of 
the loss mechanism which lead to a temperature 
independent damping constant. By no means do we 
suggest that the actual mechanism responsible for the 
observed loss is understood. The results of the analysis 
to be presented will show however, the possibility of 
explaining the order of magnitude of the observed loss 
tangent even though the measurements are performed 
at a frequency for which the dielectric constant exhibits 
no relaxation. 

Let us assume that a number of springs along a 
chain have modified spring constants K\ due to the 
presence of interstitials or local strain. These modified 
springs are located randomly along a chain. The change 
in the Hamiltonian due to the presence of these springs 
is 

i.imp /.imp 

K'^KT-K. (4.1) 

Only the first term on the right in Eq. (4.1) will be 
considered since both terms will damp the uniform mode 
independently. The calculation presented here and in 
Sec. V is similar in procedure to that of Blackman11 

who treated the damping of a diatomic chain by lattice 
anharmonic interactions. Equation (4.1) is written in 
terms of the complex normal modes [Eq. (3.2)] where 
only terms contributing to the damping of the polari­
zation mode in lowest order are retained: 

K' 
#imP= E D(k)qk°qo°, 

Nm k 
(4.2) 

D(k)= E expiikXfHl-e"*). 
i,imp 

The total Hamiltonian is 

H=H0+HiTap, (4.3) 
where H0 is given by Eq. (3.3). The Hamiltonian is 
next written in terms of the creation-destruction 
operators akj and then transformed to the interaction 
representation (see Appendix III), 

ne /2AM 
H=K(Po0)2+"T2(qo°)2l EeH —) q0° 

b \m J 
K' 

E D(k)akj
a exp(ia>kj

at)qQ°. (4.4) 
Nm k,j 

" M. Blackman, Z. Physik 86, 421. (1933). 

The equations of motion for the system are 

<zo°=M 

ne /2AM 
Po°= -corVH—EeH — ) 

b \m J 

K' (4.5) 
H E D(k)akj

a exp(ico*ya0, 
Nm k,j 

Kf D(-k)qQ° 
dkj

a= —i exp(itt_jfe_/a/). 
2Nm o)ktf 

If we let qo°=q0
0(0)ei(at, the set of Eqs. (4.5) can be 

combined simply to yield the equation of motion for 
a damped driven oscillator, 

go°+ (cor2+;r)g0°= (ne/b)Ee*»*(2N/m)\ (4.6) 
with 

1 / K' \ 2 D(k)D(-k) sm[(«+«L.*_/»)*] 
r = - ( — ) E — . (4.7) 

2\Nm/ *./ o)kj
a (co+co-k-f) 

(Note that T = uy; where y has been defined in Sec. I.) 
The damping constant T can be evaluated by going 

to the limit of a chain of infinite length. The damping 
constant is found to be 

r = (4Z7m)2(V2Ar)Cco/(coo0)3], (4.8) 

(n/2N) is the line density of modified springs. The 
damping arises since phonons of microwave pump 
frequency virtually excited in the polarization mode 
are scattered into an acoustic mode whose frequency 
is equal to the microwave pump frequency.12 Crystalline 
momentum is not conserved in the process. In general 
the polarization mode phonon is scattered into any 
mode whose frequency is equal to the microwave 
frequency. 

From Eqs. (4.6) and (4.8) the loss tangent may be 
written 

tan6=r/(a) r
2-a J

2)«r/cor2-co/(r-Z ,c). (4.9) 

Use has been made of conditions (a), (b), and (c) of 
Sec. I. Part of the observed loss tangent of strontium 
titanate is in agreement with Eq. (4.9) (Figs. 1 and 5 
in reference 1). The temperature dependence of the 
loss tangent is a reflection of the temperature depend­
ence of the frequency of the transverse polarization 
mode. This temperature dependence will be the same 
for any temperature independent damping process. 
High-loss polycrystalline samples of barium-strontium 

12 This is not quite true. Since the damping constant y is of the 
order of the microwave pump frequency, polarization mode 
phonons are virtually excited in a band of width comparable to 
the microwave frequency. These phonons are therefore scattered 
into a band of acoustic frequencies. The treatment of the damping 
in this section is still well denned since the width of the band is 
small compared with the range of frequencies of the acoustic 
branch. These considerations also apply to Sec. V. 
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titanate mixtures13 and single-crystalline samples of 
barium titanate7 exhibit loss tangents that are de­
scribed quite well by Eq. (4.9). The loss tangent of 
crystalline SrTi03 increases linearly with temperature 
at the higher temperatures (Fig. 1 in reference 1). It 
will be shown in the next section that the damping of 
microwaves due to lattice anharmonic interactions may 
be held responsible for this behavior. 

An interesting question to consider is the following 
one. Is the order of magnitude of the SrTi03 loss 
tangent reasonable for pump frequencies at which no 
relaxation of the dielectric constant is observed? We 
will show that the order of magnitude of the loss tangent 
can be obtained with reasonable values for the parame­
ters of the preceding analysis. Using Eqs. (4.8) and 
(4.9) one can write 

tan5«(4i^7w)2(V2iV)[a)/(coo0)3a;r
2]. (4.10) 

Let us assume that the change in the spring constant 
Kf is of the same order as the spring constant K. 

Since (o)o°)2=4:K/m [Eq. (3.5)], one can write 

tan5~ (V2iV)[a?ajo%r2]. (4.11) 

Since tan5, co, aj0°, and wr are either known or can be 
estimated, one can obtain an order-of-magnitude esti­
mate for (n/2N): 

n/2N~l0r*. 

A three-dimensional treatment of the damping would 
lead one to interpret (n/2N) as the volume density 
of modified springs. This result shows that it is not 
unreasonable to attribute the observed microwave loss 
to some type of imperfection damping of the polari­
zation mode. It is emphasized once more that the actual 
detailed origin of the damping is still to be determined. 

A word should be said about the frequency depend­
ence of the loss tangent. The frequency dependence of 
the loss tangent for all the samples studied to date is 
linear.1 The damping mechanism considered in this 
section was chosen specifically for this reason. Had we 
chosen pairs of modified springs (symmetric about a 
given ion) distributed randomly, the loss tangent would 
have been proportional to the cube of the pump fre­
quency. It can be argued that any damping mechanism 
which gives rise to a loss tangent with a stronger than 
linear dependence on frequency would not be observed. 
Any extra power of co in the numerator of Eq. (4.10) 
would of necessity introduce a factor of co0° in the 
denominator of this expression (for dimensional 
reasons). Since co/co0°« 10-3 at K band, it seems unlikely 
that any nonlinear dependence of the loss tangent on 
frequency would be observed. 

13 L. Davis, Jr., and L. G. Rubin, J. Appl. Phys. 24, 1194 
(1953); A. von Hippel, Revs. Modern Phys. 22, 221 (1950); 
J. G. Powles and W. Jackson, Proc. Inst. Elec. Engr. Ill, 96, 383 
(1949). 

V. ANHARMONIC DAMPING 

The loss tangent of a single crystal of SrTi03 in­
creases linearly with temperature at the highest tem­
peratures (Fig. 1 in reference 1). This increase in loss 
is not believed due to bulk electronic semiconduction 
for several reasons.1 The measured value of the con­
ductivity is too small to account for the observed loss. 
The frequency dependence of the loss tangent is linear. 
One would expect a reciprocal dependence on frequency 
if the loss was due to electronic conduction. The 
temperature dependence of the loss does not appear to 
be exponential. In this section it will be shown that a 
third- or fourth-order anharmonic interaction may be 
held responsible for the observed behavior of the loss 
tangent. 

First we consider the damping of microwaves due 
to third-order anharmonic interactions. Many years 
ago Pauli14 calculated the effect of a third-order an­
harmonic interaction on the damping of a linear chain 
of equal masses. The calculation described here is 
similar to the calculation of Pauli except for one 
feature—that is the temperature dependence of the 
polarization mode frequency. The notation and treat­
ment to be presented is similar to a calculation of 
Blackman11 concerning the damping of a linear diatomic 
chain. 

The third-order anharmonic energy of a chain is 

#anh=ia: Y,i [(%i—Ui-i)z— (%i—«*+i)8l (5.1) 

where a is the third-order coupling coefficient. The 
total Hamiltonian of the system is 

# = #0+#anh, (5.2) 

where Ho is given by Eq. (3.3). The Hamiltonian 
[Eq. (5.2)] is then written in terms of the creation-
destruction operators and transformed to the inter­
action representation15 (see Appendix III). 

# = ![(V)2+cor
2(2o0)2]-- (ne/b)Ee*'(2N/m)*qo° 

1 
+ — Z F{k,kf)q^a^akf^ 

N* *.*' (5.3) 

Xexpp(co^°+ajw
a)/]A(A4-^), 

i ? ( W = [ V ( 2 ^ ) J I ( l + r w ) ( l - r ^ ) + c . c . ] , 

and 
A(JH-*')=0 for &+&V0, 

= 1 for k+k'=0. 
14 W. Pauli, Verhandl. deut. physik. Ges. 6, 10 (1925). 
16 We use the langauge of quantum mechanics to describe 

essentially a classical calculation. Quantum-mechanical results 
can be obtained simply by keeping track of the commutation 
relations and by assuming the initial oscillator states to be 
populated in accord with Bose-Einstein statistics. This is not 
necessary at temperatures sufficiently high so that a significant 
number of the states involved in the scattering are populated in 
accordance with classical statistics* 
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Only terms contributing to the damping of the polari­
zation mode in lowest order have been retained. The 
equation of motion for the polarization mode coordinate 
is 

q<?+ (wr2+ir)^0°= {ne/b)Ee^{2N/m)\ (5.4) 
where 

kT \F(k,-k)\2 

r = — E -(o>k°-a>k°) 4N k (a>koy(a>k«)* 

x-
sm[(a)-Q)k

0+ma)f\ (5.S) 

(a>-wk
0+cok

a) 

r = [64(2) V£r/m3(co0°)5]a>, 

and 
t a n 6 = r / o j ^ - C r / ( T - T c ) > . (5.6) 

For TS>Tc this will contribute a temperature-inde­
pendent part to the loss tangent. The third-order 
damping Essentially arises since a polarization mode 
phonon virtually excited by the electromagnetic field 
is destroyed with the simultaneous destruction of an 
acoustic phonon and the creation of an optical phonon. 
The linear temperature dependence of the damping 
constant results from the assumption that the acoustical 
and optical modes are populated in accordance with 
classical statistics. The anharmonic damping of micro­
waves presented here is somewhat artificial since the 
small microwave energy separation required between 
the acoustical and optical branches is achieved solely 
due to the choice of the spectrum of a monotonic chain. 
This small separation occurs near the edge of the zone. 
No anharmonic damping of the type described would 
result from the treatment of a diatomic chain since the 
separation between the acoustical and optical branches 
of the frequency spectrum would be of the order of 
optical frequencies. The work of Cochran,5 however, 
suggests that the low-lying transverse optical branch 
crosses the longitudinal acoustic branch at some point 
within the Brillouin zone. If the modes are populated 
in accordance with classical statistics near the cross­
over, one might expect some anharmonic damping of 
the type described. In the real crystal, other third-order 
damping processes are possible. A polarization mode 
phonon can decay into two acoustic phonons. The decay 
can also occur with the scattering of phonons between 
different acoustic branches. It is difficult to estimate 
the relative importance of the various processes until 
a more realistic picture of the lattice vibrational 
spectrum of SrTiC>3 is available. With similar reser­
vations we proceed to calculate the microwave loss 
tangent due to fourth-order anharmonic interactions. 

The fourth-order anharmonic energy of a chain is 

#anh=!0 £ ; [ ( ^ ~ ^ - _ i ) 4 + ( ^ - ^ + l ) 4 ] . (5.7) 

The total Hamiltonian of the system, 

is written in terms of the creation-destruction operators 
akj and then transformed to the interaction repre­
sentation 

Z=K(Po°)2+a>T2(qo°n 

- (ne/b)Eei(at(2N/m^q0° 

1 

Nk,kf,k" 
(5 9) 

Xexpp-(«jb ty
0+Wft'fy

a+«jb«,^a)/] 

X A (&-}-*;'+&>'), 

F(k,k',k") = § (j3/m%(l+e~ikd) (1 - *-»'«*) 

X(l-^*"<*)+c.c.] . 

The equations of motion for the system are 

#>°=M x (5.10) 
ne / 2 A M v ' 

p o ° = - « r V + — E e ^ ' l — ) 
b \ m ) 

1 
E F(k,k',k")akj0ak>j'aak»j»a 

N k,k',k" 

Xexp^co^Z+co^^+^-y-^/A^+^^o, (5.11) 

i F{-k,k\k") 
dk/=— E qo°ak>j>

aak»j»* 
2Nh'.w o>*/° 

Xexp[i(u-k-j
0+ak,j,*+uk,,j,,°)q 

y XA^fc+jfc'+jb'/), (5.12) 
i F(k,-k',k") 

dk>j>a=— E -qo0akj
0ak»j>> 

N k,k" «*>y>« 

X e x p p (co ib/H-to-.*-/' a+a)k»j» a)t] 

XA(&_jfe/+&»). (5.13) 

These equations are solved by assuming 

akj(t) = bkj+ckj(t), (5.14) 

where the bkj are diagonal in the noninteracting phonon 
representation and the ckJ(t) are considered to be small 
compared with the bkj. If we assume an harmonic time 
variation of the polarization mode coordinate, 

qo°=qo°(0)ei<at, 

Eqs. (5.12) and (5.13) can be integrated. 

Ckj 
.0 = . 

*'(-*,*',*") 
2N k>,h» «*u V(b)M*»i» f 

x 
(5.8) 

{exp[iX«+«-*-.y°+«*v' a+«*' 'y ' ' a)^—l} 

XA(_kf&'-Hfc")> (5.15) 
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i F ( f c , - * ' , * " ) 

{exp[i(«+wjfcy°+«-*'-ya+«jb"y"a)0—1) 
X — — — 

i(oo+ookj
0+a)-k'-j>a+o)k"j"a) 

XA (5.16) 

Using Eqs. (5.10) to (5.16) and the relation 

\bk\2^kT/2cok
2, (equipartition law), (5.17) 

the equation of motion for the polarization mode co­
ordinate #o° is 

qo°+ («i*+*T){o°= (ne/b)Ee<»*(2N/m)\ (5.18) 

where 

(kT)2 \F(k,k'-k-k')\2 

r= z 
4N2 *.*' (co,°)2(co^tt)2(cofc+fc^)2 

X(cofc0-cofc^~cofc-f^
a) 

sm[(«—w*0+«*'o+aj4-fc'a)*] 
X — — , (5.19) 

(w—a>fc°+co^a+cofc+fc'a) 
and 

r T2 

tmd=— -co. (5.20) 
cor2 T— Tc 

The fourth-order damping described here is essentially 
due to the decay of a polarization mode phonon with 
the simultaneous destruction of two acoustic phonons 
and the creation of an optical phonon. At temperatures 
high compared with Tc, the loss tangent [Eq. (5.20)] 
increases linearly with temperature. This is in agree­
ment with the experimental results (Fig. 1 in reference 
1). The linear frequency dependence of Eq. (5.20) is 
also in agreement with observation. The quadratic 
temperature dependence of the damping constant can 
also result from two successive third order anharmonic 
scatterings. The first scattering could destroy the 
polarization mode phonon along with an acoustic 
phonon and create an optical phonon. Except for con­
servation of energy, this is similar to the third order 
process treated in the beginning of this section. The 
second scattering would destroy another acoustic 
phonon along with the optical phonon previously 
created and then create yet another optical phonon. 
These successive three-phonon processes are equivalent 
to the four-phonon process discussed previously. An­
other four-phonon process contributing to the damping 
of the linear chain is one which involves two optical 
phonons and one acoustic phonon. This has not been 
considered explicitly but can be treated by the same 
procedure described in this section. The contribution 
to the loss tangent from this process is of the same form 
as Eq. (5.20). Damping due to one four-phonon process 
or to two successive three-phonon processes does not 

require a close approach (to within the order of micro­
wave frequencies) or crossover of the optical and 
acoustical branches as does the damping due to a three-
phonon process. A significant fraction of the modes 
involved, however, must be populated in accordance 
with classical statistics. In the real crystal other four-
phonon processses are possible. The polarization mode 
phonon can decay into three acoustic phonons. The 
decay can also occur with the scattering of phonons 
between different acoustic branches. These processes 
will also contribute loss tangents with a temperature 
dependence given by Eq. (5.20). 

VI. CONCLUSION 

Figure 5 in the preceding paper shows a plot of 
(T— Tc) tan5 vs temperature for crystalline SrTi03 

doped with Gd3+ and Fe3+. The solid curve has been 
fitted to the data by using the following expression: 

(T-Tc)taiti=ZA+BT+DT*]* (6.1) 

The fitted curve agrees with the data over the measured 
temperature range above 110°K to within the experi­
mental accuracy.10 The work of Rupprecht and Bell 
indicates that the parameters B and D are intrinsic 
properties of the sample unaffected by the quantity of 
Fe3+ or Gd3+ added to the lattice. They also conclude 
that the parameter A is dependent on the impurity 
content of the material. Figure 1 in the preceding paper 
indicates that above the transition temperature, the 
sample of pure crystalline SrTi03 has a negligible 
contribution to its loss tangent from imperfection 
scattering. The parameters B and D, however, have 
the same values as the doped material. These experi­
mental results are in agreement with the explanation 
proposed in this paper and elsewhere.2 

APPENDIX I 

Identifying the square of the optical index of re­
fraction, n, with the first two terms in Eq. (3.6), we 
write 

b=2a/Sdh0(n
2-l) ( A l l ) 

Using ( A l l ) and the definition of b [Eq. (2.6)] we find 

2a/eo=8d*/Zl/(n2-l)+<f\. (AI.2) 
Since n2 and d are known from experiment, a choice of 
the constant a will determine the average electronic 
polarizability a and the constant b. a is determined in 
Sec. I I . 

<x=(l+8.182)/6=1.53. 

This value is slightly large since we have neglected 
contributions to the local field from the strontium ions 
and oxygen ions not lying on a chain. For simplicity 
we chose-0=1. This determines an enhancement factor 

3a /6=15, 

which is in rough agreement with Slater's8 enhancement 
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factor of 16. Using a = l , 8d3=S9.6Xl(>-30 m3, and 
n2— 1 = 3.961, one obtains 

6 = 0.202, a /c 0 =23.8X10- 3 0 m. (AI.3) 

Next the frequency of the transverse polarization mode 
is determined. We had []Eqs. (3.8) and (3.11)] 

(ne)2ac 
Q)T <T-Tc), 

(AI.4) 4€omd8b 

e=C/(T-Tc), C=l/abc. 

A knowledge of the Curie constant C determines c 

C=8.25X10 4 °K, ^ ^ O O X I O - ^ K - 1 . 

We will also use 

w=2w0WTi/(wo+WTi) = 4.03X10~-26 kg. 

Substituting these values in (AI.4) results in 

co r=8.45X 1 0 % ( T - TC)K (AI.S) 

To determine the second- and fourth-order coupling 
constants, we write [Eqs. (AIL 12) and (AII.13)] 

4K/m= {ne)2a/^md% (AI.6) 

48/3Vw2(wo0)2= (ne¥ac/4te0?nd% (AI.7) 

where k is Boltzmann's constant. 
Dividing (AI.7) by (AI.6), we obtain 

48pk/m>(a>ooy=c. (AI.8) 

Using (AI.6), the spring constant is found to be 

K= 1.2X 10%2 joule/m2. (AL9) 

(AI.8) determines the fourth-order coupling constant 

i8=2.1X1022w4 joule/m4. (ALIO) 

When one of the ions is moved a lattice distance, the 
lattice energy expansion in powers of the displacement 
should diverge, contributions from each order roughly 
becoming equal.8 Setting the harmonic contribution to 
the energy equal to the fourth-order contribution, 

Kd2~(l3/2)d*, 

the number of electronic charges per ion is found to be 
w«0.5. 

APPENDIX II 

The free energy of a chain will be calculated to first 
order in the fourth-order anharmonic coupling constant 
0. The free energy F is written 

Z 0 = — f e-H^^'kTdpdq, 
J phase space 

Zi= [e-H°^"°THmh(p,q)dpdq, 
(kT)h™ J 

(AII.2) 

flo=§ Ek \jkaP-ka+(mayqkaq-kal 

+i £ * |>0A-*0+(«*0)V<Z-*c] 

- w E o W w O V , (AH.3) 

3/3 
Httnh= £ \l-eikd\*(qh°q-.k<'+qk<>q-h<>)(q<P)\ (AHA) 

Nm* k 

To eliminate the term bilinear in the applied field and 
polarization mode coordinate we perform the following 
transformation. 

q<? -> go°+|>Eo/(<oo0)2] W w ) * . (AH.5) 

Next, the real coordinates, ak
a and a*0 are introduced: 

a*«=[l/(2)*](g4<H-?_*°), 

a_*°=[lA(2)*](?*°-<Z-*0), 
«- ,°=ClA(2)i](3,<'-g_4

0) , 

(AII.6) 

(note: a* and a-k are independent of each other). 
After the transformation (AII.5) and (AII.6) the 
Hamiltonian is 

H=hY.ki(*kay+(m°y(«ka)2i 

+ 5 l * [ W + W ) ! W ) ! ] 

6/3 («e)W 

m3 (a>o0)4 * 

(neyEoW 
+ E | l + ^ | 2 ( c * * 0 ) 2 } . (AII.7) 

* m((oo0)2 

The free energy can be obtained to first order in the 
fourth-order anharmonic coupling constant by using 
(AII. l) , (AII.2), (AII.7). Integrations are performed 
over the phase space of real coordinates. One obtains 

(we)WiV ikT 
F=— 2NkT 

m(co0
0)2 \hu/ 

48/3&r (nefEoN 

m* (coo0)6 
, (AII.8) 

-F/*r=uiZo-(Z1/Zo) ) (AII.1) 
« is the geometrical mean of all the frequencies (neg­
lecting of course the k=0 acoustical frequency). The 
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line polarization of a chain is 

dF 2(ne)2E0N 960 (ne)2E0N 
i>ch= = kT-

dE0 m(w0
0)2 

which may be written as 

m° (coo0)6 
(AII.9) 

Peh=-

with 

2(ne)2E0N 

m(4JC/m)ett 

/4K\ 4:K 48&T/3 

\ m /eff m m2(o)o0)2 

We had assumed pEq. (3.8)li that 

/4K 

/eff 

(^)2a(l—^Tc) {nefac 
i = + 

\ w /eff 2etfndzb 2eomdzb 

(AII.10) 

T. (All. 11) 

Identifying the terms of (AII.10) and (All. 11), we 
obtain the following two relations : 

\K (ne)2a(l-cTc) 

m 2eomdsb 

4813k (ne)2ac 

m2(o?o0)2 2€0mdzb 

(AII.12) 

(AIL 13) 

Equation (AII.12) determines the spring constant K, 
and states essentially that the long-range dipolar 
interaction cancels the effect of the short-range re­
pulsion to roughly one part in a thousand. Equation 
(AIL 13) relates the fourth-order coupling constant to 
the Curie constant. 

APPENDIX III 

The complex normal coordinates and momenta are 
related to the creation-destruction operators by the 
following expressions: 

?*a=0*.ia+0*.-ia=L/ akja, 

qk0=aktl
0+ak,-.i

0=T,j <**,/, 

pka=io)k,ia(a-k,ia—a-k,ia), 

pk°=io>k,i0(a-k,i0-a-k-i0); 

where / = ± 1 and 

The harmonic part of the Hamiltonian is 

So=Z E (o>kf)2akj"a^f+Z E (o>kj»)2ak«a^» 
3 k i k?*Q 

+§l(pooy+o>T2(qo0)2]-(ne/b)Eei<°t(2N/m)ko°. 

In the interaction representation this becomes 

Hint = exp (iH0't/h)H0 exp ( - iHo't/h) - B„' 

= IC(K)2+«^(?o0)2]-W&)£e- '(2iV/w)V, 

where 

3 k 3 k^O 
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