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This paper gives the classical relativistic equations of motion for a particle with intrinsic angular mo­
mentum in an external electromagnetic field, including the effects of first-order field gradients. The system 
considered especially is a nucleus in its ground state. The preferred value of the electric quadrupole moment 
Q is found to be — (21— l)n(h/mc), where / is the spin and fx the magnetic moment of the particle. 

I. INTRODUCTION 

CLASSICAL relativistic equations of motion for a 
particle with intrinsic angular momentum have 

been given by Frenkel1 and by Kramers2 using a 
Lorentz six-vector to describe the polarization. Barg-
mann, Michel, and Telegdi3 recently found equations 
of motion using a Lorentz four-vector for the polari­
zation. The two approaches are equivalent, as has been 
shown in detail by Ford and Hirt.4 All these authors 
consider the situation where derivatives of the external 
electromagnetic fields are negligible, in which case the 
charge and magnetic moment are sufficient to distin­
guish the classical particle. The purpose of the present 
paper is to extend the argument to include the effects 
of first-order field gradients, in which case the electric 
quadrupole moment is also needed to describe the 
particle. The four-vector description of the polarization 
is used since it seems to be simpler. 

In order to find the equations of motion, a system of 
nucleons, interacting with each other and with the 
external fields, is considered. The internal variables are 
eliminated in such a way that coupled differential 
equations for the position and polarization of the 
particle are obtained. 

Some new considerations come in when a composite 
particle is treated. The system considered especially 
here is that of a nucleus in its ground state. First of all, 
quantum-mechanical nonrelativistic equations of mo­
tion for the position and polarization are found under 
the following main assumptions: (1) The internal 
motions of the nucleons are nonrelativistic. (2) All 
effects of the higher energy states may be disregarded 
(3) Terms of second degree in the external fields are 
negligible. Secondly, the classical nonrelativistic equa­
tions of motion are written down. Finally, the relativ­
istic equations of motion are inferred using an argument 
essentially the same as that of Bargmann, Michel, and 
Telegdi. 
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II. NONRELATIVISTIC EQUATIONS OF MOTION 

The Hamiltonian for the system is 

^==La(2wa)~1[p«-eac-1A(x«)]-[pa-eac-1A(xa)] 

where a is the serial number of the individual nucleons 
in the nucleus. Here ep and mp are the charge and mass 
of the proton and sa is ih<ra. The symbols A, 0, B are 
for the externally applied fields, possibly time de­
pendent. The h term is for the internal electromagnetic 
and nuclear-force effects. It is supposed that h depends 
on the spins and relative coordinates only. 

The center-of-mass coordinate is defined by 

X0=E«^«Xa/ra, 

where m=Yi/M>* is the total mass of the nucleus. The 
internal coordinates are denned by 

X a = X a X(). 

They are not all independent, since 

The total canonical momentum is 

po=E p« 

and internal canonical momenta are denned by 

They also are not all independent: 

L P«'=O. 
The external variables Xo, po are conjugate to each other, 
and they commute with all the variables xa', p«', s«. 
The only nonzero commutators among the primed 
variables are given by 

The operator 
J = E«(XaXpa+Sa) 

(2) 

is the total angular displacement operator in the sense 
that 

[Ji,Vj~]=:ifieijkVk> 
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where v is any vector formed from xa, pp, and s7. It 
may be written as 

J=x0Xpo+J' , 
where 

J' = E«(x«,Xp«,+^«). 
Since x0 and po commute with the internal variables it 
is clear that J' is the angular displacement operator 
for the variables xa\ p / , s7. Therefore one may apply 
all the theorems that follow from angular momentum 
algebra to J' and these variables. 

In the absence of external fields the Hamiltonian 
reduces to 

ff = (2m)-1p0 • Po+Z (2ma)~^J • Va'+h(x',s). 

Assuming that h is reflection and rotation invariant, 
one considers then a set of functions ^m(xa') with the 
properties 

[E (2w a ) - 1 p a
, -p a

/ +^m = £ ^ 

^m( —X«')=Wm(x«'), 

where E, 7, and X are the energy, spin, and parity of 
the ground state of the nucleus. It is assumed below 
that these functions, perhaps perturbed by the external 
fields, form a complete set for describing the internal 
nuclear effects. 

The Hamiltonian of Eq. (1) implies these equations 
of motion in the Heisenberg picture: 

mdxo/dt = po—Yi eac~lk (x«), 
<md2x0/dP=YteaE (x«)+£ (ea/2mac) [p«—e<jrlk (x«) ] 

XH(xa)-Z(ea/2tnac)Tb(xa) 
X\_Va-eac-lA{xa)~] 

+H(gaeP/2mpc)Va(sa'B). 

Here the second-degree terms in the fields are to be 
disregarded and an expansion of the fields is to be made, 

E(x„) = E0+ (x«' • V0)Eo, B(xa) = B0+ (x«' • V0)B0, 

where E0 denotes E(x0). Also only the blocks of these 
operators which are effective between the states \[/m 

need be retained. Many of the terms drop out because 
of the parity consideration and the acceleration equa­
tion simplifies to 

md2Xoi/df=eEoi+ (e/2mc)eijk(Bokpoj+pojBok) 
+2Z (ea/2mac)6ijk{xjpaj+pajxai) (dBQk/dxoi) 

+H (gaeP/2tnpc)saj(dB0j/dxQi), (4) 

where e—Y e* *s the total charge on the nucleus. From 
Eq. (2) one finds that 

pctjXal+Xajpotl 

= imjrl[j^ (2f»/8)""
1P/8/ • P/s'+A, #«/*«/], 

and so, as a consequence of Eq. (3), this quantity is 

zero in the block being considered. The last two terms 
in Eq. (4) now may be combined together in terms of 
the total g factor for the nucleus. For the states under 
consideration, as an application of the Wigner-Eckart 
theorem, the g factor is defined by 

YL(ea/2mac)xa
fX p«'+ (gaep/2?npc)sa] 

= (gep/2mpc) J'. (5) 
The result is 

md2x0/dt2 = eE0+ (e/2c)[(dx0/dt) X B0 

- B0X (dx0/«)]+ (gep/2mpc) V0( J' • B0), (6) 

for the acceleration equation. 
This process leads to these equations of motion for 

J' in the Coulomb gauge: 

dJ//dt= ~Y(^a//fnc)eikmxam
fxaipoj(d2AQj/dxokdx0i) 

ikmXam Xa i(d2cj)o/dxQkdxoi) 

+ Cijk (gep/2mpc)J/B0k. 

It is clear that J' is not an appropriate variable to 
describe the internal effects because it depends on the 
gauge. A better choice is the physical internal angular 
momentum, defined by 

~Ji 2w ^«^ ZijkXaj A k\Xa). 

The time derivative of this extra term can be evaluated 
by the same methods, and then one finds 

d$i/dt=Y(ea/2fnc)xar/xai
J[poi(dBor/dxoi) 

+ (dBor/d%oi)poi—por(dBoi/dxoi)—(dBoi/dxoi)por'] 
—Z) e«UkmXamXai'(dEok/dxoi)+eijk(gep/2nipc)J/Bok. 

The quadrupole moment q for the states in question 
may be defined by 

2s &a\Xcci Xaj %OijXa J 

^lJ/J/+J/J/--^ijh
2I(I+l)-](q/2m. (7) 

The connection between this notation and Blatt and 
Weisskopf s6 is 

q=Q/h(2I-l). 

Now the internal coordinates can be eliminated in favor 
of q and the charge radius r, 

so that the equation of motion becomes 

d3//dt=(q/4tncM)(JrfJi' 
+ Jl'Jr%pOi(dBor/dXoi)+-'~] 

- (q/2Ih)eikm(Jrr!Ji+JiJmf) (dEok/dxoi) 
+Ujk (gep/2mpc)J/B0k 

-(l/3c)\:er2-h(I+l)q2{(2m)-'\joi(dBoi/dxoi) 
+ (dB0i/dxoi)poi]+dBoi/dt}, 

5 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 28. 
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where the homogeneous Maxwell equations, 

V0-Bo=0, V o X E o + c - ^ B o / ^ - O , 

have been used. This result suggests that one should 
define the polarization operator 0 for the nucleus to be 

Oi= {&'+ ( l / 3 c ) [ > » - ft ( / + l ) ^ 0 z } / / f t , (8) 

since it has equations of motion independent of the 
charge radius: 

R . H . G O O D , J R . 

with the requirements 

dOi q /dxoi dBor dBor dxoi 
— ^ - ( O r O i + O i O M + 
dt 4:C \ dt dxoi dxoi dt 

dBoi dxor 

dxoi dt 
)+i q€imk(OmOi+OiOmy 

dxor dBoi 

dt dxoi 

dEok 

dxo 

8eP 
+ Ujk —OjBok, 

2mpc 
(9) 

where again second-degree terms in the fields have been 
disregarded. Equation (6), with J ' replaced by IhO on 
the right, and Eq. (9) form a set of coupled differential 
equations for x0 and 0 of the desired type. 

The corresponding classical equations are found 
simply by disregarding commutators. The results are 

md2Xo e dx0 
= * E 0 + X B 0 + M V O ( 0 - B O ) , 

dt2 c dt 
(10) 

dO v 
dt in 

OX Bo 

+2(O.Vo)f()xfEo+--^-XB0)T (11) 

where ju= (gepIh/2mpc) is the magnetic moment. 

III. RELATIVISTIC EQUATIONS OF MOTION 

In making the relativistic generalization of Eqs. (10) 
and (11) it is convenient to use as dependent variables 
the dimensionless velocity ua and the polarization Ta. 
The velocity is defined by 

where 
= cHxJdr=c~lydxa/dt, 

7 = ( 1 - ^ ) - * , 

r is the proper time, and v is dx/cdt. (In this section 
the zero subscripts are left off and the Greek indices 
run from 1 to 4, x* being id.) The polarization is 
defined to be a Lorentz four-vector with components 
(O,0) in the instantaneous rest system of the particle. 
This means that Ta and 0 are related by 

T ^ O + Y ^ Y + i y - ' O - v v , ZV=*yO-v. (12) 

The problem is to find covariant equations of motion 
which reduce to Eqs. (10) and (11) when terms propor­
tional to c~2 are disregarded and which are compatible 

UVUV'=- — 1, 

UpTv—0. 

(13) 

(14) 

These last two equations are implied by the definitions 
of u and T. 

I t is easily seen that the equations 

mc—= eFvpup-\-fjL 
dr 

dTv ix / n 
— = — F „ T M — 
dr III \I% 

/ db\» dFa» \ 
( Ua Tp+UpUrUv Tp J, 
\ dxv dxT / 

)UV1A 

(15) 

e 

mc/ 
fpF ficrJ- a 

+qTT- TMq+— )uvu,Tr T„ (16) 
dxT \ mc/ dxT 

do have the correct nonrelativistic limit. Here F and 
FD are the electromagnetic field tensor and its dual, 

Fij— €{jkBk, Fu = —Fu = — iEi, Fu=0, 

Fif^eakEk, Fi4D=-F4i
D=iBij FU

D = 0. 

Also Eq.f (15) implies that 

d dFcp
D 

\mc—{uvuv) — (1 -\-uvuv)ixuTu(T TD, 
dr dxT 

so if Eq. (13) applies at the start it is valid forever. 
I t is consistent therefore to postulate that Eqs. (13), 
(IS), and (16) all apply. Then one finds that d(uvTv)/dr 
is a factor times uvTv so that Eq. (14) is also consistent. 
Equations (13) to (16) therefore all together give the 
solution of the problem. I t is seen that 

d(T,T,)/dr=0, 

so that the size of the polarization vector 0 is an 
integral of motion. 

I t is clear that the auxiliary conditions make the 
equations of motion redundant and that actually only 
three orbit equations and three polarization equations 
are needed. If v and 0 are used as dependent variables, 
the equations of motion are 

mcd(yy)/dt=eE+eyXB+fiy£V+\X (vX V) 

+ v ( d A d 0 ] O - ( M + 7 ' N ) , (17) 

dO M 1 e 
— = — - O X ( M + T N ) - — O X N 
dt Ifiy mc 

1 

mc ( 7 + I ) 

+00. [V 

O X ( v X V ) 0 - ( M + 7 N ) 

7 d 1 
v X ( v X V ) + v — O 

cdU 7 + 1 

X ( E + 7 v X M ) , (18) 
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where 
M = B + 7 ( 7 + l ) - 1 E X v ? (19) 

N = T ( 7 + 1 ) - 1 ( E + V X B ) X V . (20) 

Here the partial derivatives V, d/dt operate on the 
fields E, B as functions of space and time. 

IV. DISCUSSION 

Althou|h a nuclear system was considered especially 
in Sec. II , it is clear that the same arguments apply to 
an atomic system as long as the assumptions listed in 
the Introduction are valid. Also Eqs. (10) and (11) 
hold for an electron or nucleon if q is set equal to zero 
and 0 replaced by or; the results of Sec. I l l can therefore 
be applied for those cases also. 

I t is already known3 that in the classical treatment 
of polarization there is a special magnetic moment for 
which the second term on the right in Eq. (16) is zero. 
This moment is 

fjL = ehI/mc. (21) 

Actual nuclear moments are about this size or smaller. 
Analogously, there is a special value of the quadrupole 
moment for which the last term in Eq. (16) is zero. 
One finds 

Q=-(2I-l)ii(h/mc). (22) 

Actual nuclear moments are usually large compared 
to this value. 

There is a limitation on the usefulness of a classical 
approximation carried out to include field-gradient 
terms this way. Considering Eq. (10) for example, one 
sees that, in treating the second term on the right 
classically, the commutator between the terms ec~lBoi 

and dxoj/dt is disregarded. This commutator amounts to 
(eh/mc)dBoi/dxoj. However, the third term on the right 
amounts to (gepIh/2mpc)dB0i/dxoj. Therefore the 
quantum-mechanical effect of the distortion of the 
wave packet by the external fields is of the same order 
as the effect of field gradients on the average position 
of the packet. This is exemplified by Niels Bohr's 
argument, quoted by Mott,6 against the possibility of 
observing a Stern-Gerlach effect for electrons. If the 
charge or the magnetic field gradient is zero, this 

6 N. F. Mott, Proc. Roy. Soc. (London) A124, 425 (1929). 

limitation is not there and, in any case, it is felt that 
these equations will be useful in estimating and visual­
izing the effects of field gradients. 

One may ask when it is sensible to disregard the 
second-degree field terms, especially since it is the fields 
in the rest system of the particle that are pertinent. 
To discuss this, it is convenient to use units such that 
tripi &PJ c are 1. Nuclear angular momenta and magnetic 
moments are of the order of &=137. The unit of 
distance is (^2/w:pc2) = 1.5X10"~16 cm so nuclear dis­
tances are 103 or 104. However, the unit of electric or 
magnetic field is (wp

2c4/ep
3) = 2Xi02 2 gauss. Thus 

laboratory fields are much smaller than can ever be 
compensated for by factors depending on the nuclear 
structure and it is sufficient to keep only linear terms 
in such fields. On the other hand, the electric field of a 
nucleus near the surface is about 10 - 6 and, for phe­
nomena depending on such fields, the higher degree 
terms may not be neglected. 

Classical equations of motion for particles with 
intrinsic quadrupole (and higher order) moments have 
been found by Havas,7 using an entirely classical 
approach. The problem he considered is somewhat 
different than the one treated here and his equations 
of motion differ from those given in Sec. I l l mainly in 
two respects: (1) He obtains quadrupole contributions 
in both the translational and rotational equations 
whereas here, since only first-order field gradients are 
retained, there is a quadrupole contribution only in 
the rotational equation. (2) Here, elementary particles 
without quadrupole moments are considered and the 
quadrupole moment of the composite particle is an 
aspect of the charge distribution of the system. On 
the other hand, Havas allows for particles possessing 
intrinsic quadrupole moments of different types, not 
necessarily limits of distributions such as those con­
sidered here, and thus he is led to several alternative 
sets of equations of motion. 
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