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T-K coupled solutions are applied to evaluate the relative contributions of 2K and 2ir intermediate states 
to the isovector part of the nucleon's electromagnetic form factor. Spin and unphysical branch cuts on the 
left are neglected. It is assumed that the K and nucleon iV" are coupled indirectly through the K-ir and w-N 
couplings only. Approximate integrations are carried out for different limiting cases. Except in the case 
when 7r-7r self-coupling and TT-K coupling are both weak and the results do not show a definite trend, all 
other cases show that the 2i£-state contribution to the nucleon vector form factor is small. Maximum cross 
sections and resonance energies for the processes TTTT —> TIT and irir —> KK are also evaluated. 

I. INTRODUCTION 

TH E assumption of a resonance in the ir-ir scattering 
channel in which angular momentum and 

isospin are equal to unity enhances the pion form 
factor and makes it possible to bring the theoretical 
dispersion calculation of the isovector part of the 
nucleon's magnetic form factor into agreement with 
experiment.1 The detailed calculations so far have 
taken only the lowest mass 2ir intermediate state into 
account in evaluating the absorptive amplitude. I t is 
of interest to study how important the corrections are 
to such an analysis when heavier mass intermediate 
states are included in the calculation of the absorptive 
amplitude. In particular, we may ask how their 
presence affects the parameters assigned to the 7r-7r 
resonance in order to bring the calculated nucleon 
form factor into agreement with experiment. 

Owing to the enormous difficulties in calculating 
many-particle intermediate states,2 we confine our 
discussion to two-particle states, and in particular to 
the KK state.3 In this paper we study the relative 
contributions of the 2K to 2ir intermediate states in 
the vector form factor under various assumptions 
about the w-K interaction. Because of mutual inter­
action between T, K, and N, this is indeed a three-
channel coupled problem. A general form of solution 
for the coupled-channel problem which satisfies 
unitarity and analyticity requirements in the physical 
region, but ignores crossing symmetry and the intrinsic 
spin of the particles, has been obtained by Bjorken.4 
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We make an approximation in applying his results in 
such a way that the K-N scattering amplitude 
(-OT|iViV) exists only through a ir-N coupling 
(TW\NN). This is shown graphically in Fig. 1. 

The related problem of two coupled channels was 
studied recently by Baker and Zachariasen,5 who 
included the two intermediate T-W and NN channels 
in computing the nucleon structure. With certain 
simplifying assumptions in the two-particle scattering 
amplitudes they obtained an exact solution which 
showed the contribution of the heavier NN intermediate 
state to be small compared with that of the 27r state. 
A similar result is obtained here for the three-channel 
coupled problem using the Bjorken solution for more 
general scattering amplitudes. Except in the case 
when x-7T self-coupling and w-K coupling are both 
weak and the results do not show a definite trend, all 
cases show that the 2i£-state contribution to the 
nucleon vector form factor is small. Maximum cross 
sections and resonance energies for the processes 
7T7T—-»7nr and TTT—^KK are also evaluated. In order 
to simplify the calculations as much as possible, we 
suppress nucleon spin throughout and perform approxi­
mate integrations for various limiting cases. 

II. CALCULATIONS 

We define the partial wave amplitude 2V°(co) in 
the center-of-mass system for spinless particles by 

Sij=8i3-\-4tiri ( 2 T T M ^ - , P / ) 

XZK2/+l)r , /^(co)Pz(cos^) , (1) 

where co is the center-of-mass energy, Pi and Pj are 
t h e to ta l final a n d init ial four -momenta , qi a n d qj a re 
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FIG. 1. (KK\NN) amplitude through 2ir intermediate state. 
5 M. Baker and F. Zachariasen, Phys. Rev. 119, 438 (1960). 
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FIG. 2. One-photon process of TV 

the magnitudes of three-momenta in the center-of-mass 
system, 6 is the scattering angle, and pitj=q%//^t{(a) is 
a phase-space factor [12 (a>) arbitrary] which vanishes 
below the relevant threshold. We normalize to one 
particle per unit volume. The unitarity condition gives 

imr</«>(w)=EtpJbr«w*(w)rww(a)). (2) 

Tij is a general matrix element. For our application we 
consider that the initial state j consists of two identical 
particles of the jth kind, and the final state i consists 
of two identical particles of the ith kind. By considering 
the i particles to be structureless with unit form 
factors, and the j and k particles to have form factors 
Fj(c»)) and F*(co),-respectively, as shown in Fig. 2, 
Eq. (2) gives 

ImFy(a)) = E*P^**(«)2 , iy(«) . (3) 

The solution of the coupled Eqs. (2) and (3) has been 
found by Bjorken: 

where 

Tij= Tjt=J^k rzfc(o))Djk/D, 

F3ia>) = ZkfkD3-k/D, 
(4) 

D=detdi< 

Q>ij Oij ' I 

^ / 2 p,V> t >' 2 ) 

-U) 

qi2=o)2—Mi2
y 

Djk being the minor: 8ikD=J2j dijDjk. mi is the rest 
mass of the i particle, a> is the center-of-mass energy of 
one particle, r#(w) are arbitrary analytic functions, 
and fk are constants. The functions dij as expressed 
above are slightly different from those of reference 4 
since we represent them here in the complex co2 plane 
and make a subtraction so that the integrals are more 
convergent for large to2. 

As we are interested in the effect of ir-K interaction, 
we apply the solution expressed in Eq. (4) to the ir-K 
channels only. The calculation of the nucleon form 
factor proceeds as follows: We denote the ir, K, N 
channels by indices 1, 2, 3, respectively, and the rest 
mass of the ith particle by mi. The nucleon form 
factor Fz is given by the dispersion integral, 

1 f 
Fz(a>2) = - / 

TT J n 

ImF3(o/2) 
da>'2. 

Equation (2) gives ImFz: 

TmFt=piFi*Tu+p2Fi*Tn, 

(5) 

(6) 

in which Fi and F2 are the solutions of Eq. (4). To 
find Tu and r2 3 , we write JH23 from Eq. (2) 

1mTn=p1T2i*Tlh for a>>tnh (7) 

where we have retained only the 2-K intermediate state 
in the sum. Below the 2K threshold this is the only 
term present in the approximation made here which 
neglects states with more than two particles. Since 
I m r 2 3 is real, r 2 1 and Tu must have the same phase: 

Tu(u) = r)(a))T2i(o)), (8) 

where 77(0?) is real between the 2w and 2K thresholds. 
In the range considered, we approximate 77 (co) by an 
effective real constant 77. This would imply that the 
ratio Tu/Fi is constant when TT-K coupling is very 
small. Incidentally, this result agrees with that of 
Bowcock, Cottingham, and Lurie.6 In our approxi­
mation, the left unphysical branch cut of T^w 2 ) will 
be neglected. As we consider K-N being coupled 
through K-w and w-N, the right-hand branch cut 
extends from the 2?r threshold to infinity: 

r2,(co2)=-
Imr23(y

2)</a/2 

a)'2—oo2—ie 
(9) 

Equations (5)-(9) give the nucleon form factors in 
terms of the w-K coupled solution (4) for which we 
shall obtain an explicit expression by a proper choice 
of the functions r#(w) and i2(w). I t is known in potential 
scattering or, in our case, the T-W scattering without 
w-K interaction, the phase shift Si of the Ith partial 
wave is proportional to (fl+1 (l> 1) for small q. In our 
case, the TT-TT scattering is p wave, so 5^<f. I t is seen 
from Eq. (4) that in the absence of a w-K interaction, 
^12=^21=0, the phase shift is just the phase angle of 
the complex conjugate of dn. For small q, then 

$ = pifii=[gVO(co)]rn(co). 

Hence the phase condition is automatically satisfied 
if fn/O approaches a finite constant as qi —> 0. To 
find the form of O(co), we arbitrarily confine ourselves 
so that in the absence of w-K interaction, our pion 
form factor is equivalent to that of Frazer and Fulco, 
though the results of Bowcock et al. might be more 
favorable experimentally. We shall see that the simple 
choice, 

0(w) = «, (10) 

is sufficient. The functions r«y(co) remain undetermined 
except for their analytical behavior in the solution of 
Bjorken. We shall approximate them by constants 
within the range significant to the dispersion integrals: 

rij(a))=-\ij/tni2, (11) 

X# being dimensionless constants. For simplicity we 

6 J. Bowcock, W. N. Cottingham, and D. Lurie, Nuovo cimento 
16, 918 (1960); Phys. Rev. Letters 5, 386 (1960). 
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take X22=0. ru as proportional to the phase shift of 
the cross section an when ru is small and the coupling 
to other particles is neglected. Therefore, r22—0 cor­
responds to neglect of the direct K-K interaction, 
and the KK —» KK cross section is the indirect result 
of the TT-K interaction. With the choice of Eqs. (10) 
and (11), the integral for in is logarithmically divergent 
and we must introduce a second parameter, cutting 
off the oo upper limit in Eq. (4) at A2. This replaces 
the neglected contributions to the distant part of the 
branch cut from the heavy-mass states. 

I t is convenient to transform the variable co2 to 
dimensionless form by introducing variables Xi—oP/nt?, 
i = l , 2. With Eqs. (10) and (11) and a cutoff A, we 
then find from Eq. (4) 

(Xi—l)Ii(Xi), 

Ii(xi) = gi(xi)+i(l — l/xi)* for Xi>l (12) 
— gi(%i) for 0<Xi<l, 

where g%(xi) is real, and is given by 

2 2A 1 / 1 \* 1 + il-xr1)* 
gi(xi) = -ln- f 1 J I n — — , 

7T fJti 7T\ XiJ 1 ~ ( 1 — Xiy)% 

Xi>\ 
2 2A 2 

= - l n (xci-tycot-iixr1-!)*, 
IT Mi IT 

0 < x t < l . (13) 

Tij is also found from Eq. (4), by making use of the 
symmetry of Ty (Tu = 2#),4 

Tu= [Xi+ A 2 (* 2 - i)h(x*)ymi*D, 

T22=A2(xl-l)I1(xl)/m2
2D, 

Ti2=T2i=A/m1m2D, (14) 

D= 1 - ( * i - l ) / i (* i ) [> i+A 2 ( x 2 - l)I2(x2)l 

Xi=Xn, A2=Xi2X2i, Xi2/mi2=X2i/m2
2. 

The two constants /& in Eq. (4) of the form factors 
Fk(co) are uniquely determined from the two equations 
of the normalization condition Ffc(0) = 1. We find 

/ i = l + X i / i ( 0 ) + X , i / 2 ( 0 ) , ' 

/ 2 = l + X i 2 / i ( 0 ) , 

Fi(xi) = Ni(xi)/D, 
and 

where 

^ i = l + X i + r A A 2 - ( r A + A 2 A 1 ) ( l - x 2 ) / 2 ( o : 2 ) , 

N2= l+AA1/r+ (A/r+A2A2-Xx) (* x - l ) / i (* i ) , 

r ^ m 2 / w i = 3 . 5 4 , 

A i s ( 2 A ) ( l n 2 A / # » i - l ) . 

(15) 

D is the same as in Eq. (14). 
The case rn=Xn //(w2+coo2), Xi2 = X21=X22 = 0 cor­

responds to the pion form factor of Frazei; and Fulco. 

Their best choice T = 0.4, vr==l.S corresponds to 
Xii/==167, coo2 = 62Swi2. However, if we choose r u 
= Xii / /W = 0.267/w2, and a cutoff A = 25wi, we find 
that the pion form factor is the same except for a 
factor (625+w 2 /wi 2) / (625-1) . This factor is essentially 
unity for the range of a?2 of interest in the physical 
region. 

The dispersion integral for the nucleon form factors 
Eqs. (5) to (9) cannot be integrated explicitly in 
terms of elementary functions of the parameters X# 
and the cutoff A. Approximate integration in three 
limiting cases is carried out according to (I) A2/Xi^>l, 
(II) A 2 /Xi«l , and (III) A 2 /Xi«l . Consistent with the 
results of references 1 and 4, we assume that the 
parameters Xi, A, and A are such that there is a strong 
-ir-ir resonance between the 2w and 2K thresholds 
originating from the vanishing of the real part of D. 
The functions \1/D\2 and (qt*/a)\l/D\* are then 
represented by 8 functions in approximate integrations. 
This approximation will be good if the resonance is 
very strong or the rest of the integrand is sufficiently 
smooth. 

The resonance condition is ReZ)=0, or 

l - ( x 1 - l ) g i ( ^ 1 ) [ X 1 - A 2 ( l - x 2 ) ^ 2 ( a : 2 ) ] = 0. 

If the resonance is to occur below the 2K threshold as 
we have assumed, # 2 < 1 , and gi and g2 are positive. 
Xi should always be positive irrespective of the sign 
of A in order that the above equation be satisfied. 
Indeed, Xi must satisfy 

\l>A2(l — X2r)g2(x2r), (16) 

where x2r is the resonance position. Positive Xi indicates 
that 7r-7r interaction potential is attractive. g\(x\) and 
g2(x2) are slowly varying functions of x\ and x2. For 
A = 2 S T » I , g\ decreases from 2.5 at # i = 0 to 0 at cutoff; 
g2 increases from 1 at # 2 = 0 to 1.7 at x2—l and then 
decreases to 0 at cutoff. They are nearly constant 
within the significant interval of integration. This is 
helpful in approximate integration, gi, g2, Ai, and A2 

contain A as logarithmic functions, and are insensitive 
to the cutoff. However, the magnitude of the resonance 
peak, which is proportional to 11/D(xxr) \, is sensitive 
to A (xu is the resonance position). This occurs because 
at resonance 

1 

D{XU) 

2 1 

ImD(xi r) 
= 

Re/i(^i r) 

ImJi(a l r ) 

glOlr) 
. (17) 

For xir values not too close to the 2w threshold a large 
enhancement requires a large gi(x\r), which can be 
achieved only for large A2. In the following calculation, 
the cutoff is taken to be 25nti when the result is not 
sensitive to A but some numerical value is needed; 
otherwise A is arbitrary, 
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III. 2K AND 2 * CONTRIBUTIONS TO 
NUCLEON FORM FACTORS 

A. A 2 A i » l 

T h e 7T-K coupling is m u c h larger t h a n TT-TT coupling. 
F r o m E q s . (5) and (6) i t is seen t h a t Fz consists of two 
t e rms . T h e y a re t he con t r ibu t ions from the 2w and 2K 
i n t e rmed ia t e s ta tes , respect ively, a n d will be deno ted 
b y Fzi and F 3 2 . P u t t i n g E q . (8) and the first t e rm of 
E q . (6) in to (5), we get 

Fn(xi) = — / — - , * i < 0 . 
irrj! xS-xS xx' J |Z>(*i ')!2 

T h e peak posi t ion of 11/D | 2 is sl ightly below the 2K 
threshold , a n d will be app rox ima ted b y t h e 8 funct ion 

X i - ( 2 f » f 1 ) - 1 

5 I X 2 - H 
|Z>(x2) |2 ^3rWglg2\ A2g2 

-6 X 2 - 1 + 
• > 

(18) 

gi a n d g2 t a k e t h e va lue a t #2= 1 in t h e above expression-
W e t h e n get 

rjrNi 
Fn(x*) = \l~x} MAgigi\ 

where N\ is to be t a k e n a t 

X 1 - ( 2 ^ 1 ) - 1 

x2<0, (19) 

X2=l~ 
A2g2 

T o calculate ^32, we first calculate T23 from E q s . (7) 
a n d (9). B y the s ame 8 funct ion (18), we find t h e real 
p a r t of r 2 3 [ w e n e e d n o t know T2z{x2) for x 2 < l ] : 

R e r 2 3 ( x 2 ) 

v3m2
2

; 2*glg2 

1 

, 2 = 1 l - [ X 1 - ( 2 ^ 1 ) - 1 ] / A ^ 2 - x 2 

x2^l. (20) 

B y subs t i tu t ing the second t e rm of E q . (6) in to E q . (5), 

F32(x2) 

= — / • )Ff(x*')TM)y 
7T J1 X2—X2\ X2 / 

x2<0. (21) 

W h e n T2z ( = R e r 2 3 + i I m r 2 3 ) is p u t in to t he above 
expression, we find t h a t F 3 2 fails to be real for # 2 < 0 . 
JP31 also has complex quan t i t i e s or iginat ing from t h e 
in tegra t ion above the 2K threshold in t he dispersion 
integral . 

Fo r a n exact theory t h e imag ina ry p a r t s of F32 a n d 
Fzi should cancel each o the r so t h a t t he to t a l form 
factor Fz ( = Fzi+Fz2) is still real for # i < 0 . I n our 
calculat ion Fzi+Fz2 fails to be real . Th i s arises from 

our approximat ion , in t h a t we h a v e n o t applied t he 
complete three-channel TT-K, K-N, AT-ir coupled 
solution. Owing to t he large resonance below 2K 
threshold, t h e in tegra t ion above 2K threshold which 
gives rise to t h e imag ina ry p a r t of Fzi is small . T h e r e ­
fore, in our approx ima t ion only t h e real p a r t s of Fzi 
and Fz2 a re to be considered. T h e phase of F2(x2) in t h e 
in tegral (21) is a b o u t 180° wi th in t he significant region 
of in tegra t ion , a n d we app rox ima te F2*{x2) b y 
~ IF2(x2) | . As we are in tegra t ing from above t h e 2K 
threshold, 1/( |Z>|2) canno t be approx ima ted b y the 8 
funct ion (18) which peaks below the 2K threshold. 
So we approx ima te 

A s s s X i - 1 / Z i V , A ' 2 ^A 2 £ 2 , ^ = ( 1 + ^ ) * . 
(22) 

A te rm (x2—\)z/x2 is neglected compared wi th (x2— l ) 2 

since the mos t i m p o r t a n t cont r ibut ions come from x2 

values near 1. E q u a t i o n (20) can also be expressed as 

so 

Fz2~ 

Rer2; 

77 A 2 

r)A2 

^>m<?> 2T1 

X\Li 
-, x2>l, 

^wr2
gl 

X 
/ 

w « > 2 dxt' \Nt\ ( * f ' - l ) » 

x2'-x2 LiXt'* [ A + A ' 2 ( x 2 - l ) ] 2 

As before, we represent t he las t factor b y a 5 funct ion 
a n d find 

2r, 

4\m2/\ 

N2 1 

£ 2 = 1 v3?rr2A4 \m2J \gig2
2Lx 

Combined wi th (19), this gives 

F 3 2 2v2 I / A \ 1 A 

Fzi 7Tg2£l I x2= 1 W 2 / A2 TM2A
2 

1 — ^2 
(23) 

(24) 

where we h a v e subs t i tu t ed | N2/N\ \ X2^i^.y/2rA for large 
A. Therefore , in our finite cutoff theory , A/m2—7, for 
ins tance , t he 2K con t r ibu t ion is negligible for large A2. 

B . A 2 A i « l 

T h e TT-K coupling is m u c h smaller t h a n the x - x 
coupling. T h e resonance posi t ion is p r imar i ly de ter ­
mined b y Xi, and can be a t a n y posi t ion be tween 2x 
a n d 2K thresholds . T h e calculat ion is t h e same as 
before; we wr i te down only t h e r e su l t s : 

j yAf t+XiAiMi ' 1 
# 1 < 0 , 

7!T vV J 7* Ji ]_ 
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where A\ and %\x are the parameters in ^-function 
representation: 

'8(Xi—Xir). 

(25) 

A i is primarily determined by Xi, and is finite for 
vanishing A. Therefore, the above ratio is small for 
small A. This is also obvious from physical consider­
ations because we have assumed that K-N coupling is 
through K-7T coupling only. 

C. A 2 A i « l 

The TT-K and TT-TT coupling are nearly equal. The 
calculations are the same as before. By approximating 

(26) 

we find 

77 r^/ 

%J l + ( > 2 - l ) g 2 

T J A ^ I A ^ I O I , ) 
x i < 0 

7IT X\r—X\ 

^ 1 ^ 2 \N2(x2r)\ 1 

(irLir)2 r2X2r~Xir X2r—X2 

(27) 

x2<0. 

A 2 and x2r are found to be approximately 2.5 and 2.2, 
respectively. However, x\r depends on Xi and is found 
for five numerical cases. These values are tabulated 
below, together with the ratio F$2/Fu­

ll 0.06 0.2 10 

Xir 12.6 6.7 3.5 1.6 

^32(^1) 12.6—xi 6.7 —#1 3.5 — xi 1.6—#1 
0.53 0.6 0.35 0.15 0 

Fsi(xi) 28-tfi 2 8 - a i 28 — *! 28-*i 

The case Xi= 1/17 represents the smallest possible 
value of Xi for a resonance below the 2K threshold. 
In the case Xi= °o 7 we have taken A higher than 25mi, 
so that A2—1 is positive and appreciably different 
from zero. Within the range of experiment, 0 > x\ > —10, 
the ratio FM/FZI varies between 0 and 0.31 for 
different cases. 

IV. T.K -* KK AND fin -> 9696 TOTAL CROSS SECTIONS 

The total ^-wave cross section cr# of two i particles 
produced from twoj particles is obtained from Eq. (1): 

(Tij=12ir(qt*qj/aP)\Tij\2. 

The evaluation of (o-*y)max and its peak position is 
straightforward, and is carried out approximately for 
the three limiting cases discussed above. 

A. A 2 A i » l 

(<r2i)max^27/A(X1-0.04)^mb 

(* 2 )m«^l+1 .7(Xi -0 .04)yA' , 

(>ii)max^60mb at (^ 2)max^l-(Xi-0.04)Vl.7A 2 . 

at 

o"ii drops to zero for x2 slightly smaller than (x2) max 

and remains constant at 30 mb up to the 2w threshold. 

B. A 2 A i « l 

(o-2l)max^4.5(A/Xi)2 m b a t 0 2 ) m a x ^ 2 . 5 , 

(o-n)max^750Xi mb at ( x i ) m a x ~ l + (l/2Xi). 

C. A 2 A i ~ l 

Numerical evaluation for three different Xi gives the 
following results: 

Xi 0.2 1 10 

(<r2i)max(mb) 
max 

(<rn)max(mb) 
max 

0.47 
1.4 

120.0 
7.0 

0.084 
1.5 

430.0 
4.0 

0.0082 
1.55 

300.0 
2.5 

V. CONCLUSIONS AND DISCUSSION 

We have seen that for either a very large or a small 
TT-K coupling parameter A, the 2i£-state contribution 
to the nucleon form factor is small compared with 
that of the 2TT state. When Xi and A2 are nearly equal 
the 2K contribution is still small for large Xi. As Xi 
decreases F& becomes appreciable, especially at high 
momentum transfer (large | # i | ) . The highest ratio 
we obtained for small Xi and xi= —10 was F^/Fn 
= 0.31. This is unfortunately neither large enough nor 
small enough to show a definite trend. An accurate 
numerical integration might shift the number in either 
direction. The TTTT —> KK total cross section is small, 
of the order 1/2 mb or less, in all cases. 

ACKNOWLEDGMENTS 

The author is indebted to Professor S. D. Drell for 
suggesting the problem and for his constant guidance 
during the preparation of this work. Some preliminary 
calculations on the TT-K coupled solutions by Professor 
Drell and Professor J. D. Bjorken were of aid here. 


