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The static-source model is generalized to allow for the recoils and the mutual degrees of freedom of the 
"source" particles. This is done by adding to the Hamiltonian corresponding to the field and its sources the 
nonrelativistic Hamiltonian for the motion of the heavier particles. The resulting system can be quantized 
in a familiar way. The scattering of mesons by nucleons and deuterons is calculated in this picture with the 
interaction of the pair theory in first approximation. The description of the deuteron is effected by a system 
of functions containing one bound state only. 

1. INTRODUCTION 

THE well-known static-source model is conveniently 
used for the description of systems consisting of 

particles of different mass. Representing the light par­
ticles by the corresponding free-field Hamiltonian, the 
heavier ones are considered as stationary potential dis­
tributions of finite extension acting as the sources of the 
field. This treatment is unsatisfactory in two respects: 
It does not allow for (1) the recoils of the heavy particles 
and (2) any forces acting between them. Neglecting 
creation and annihilation processes for the heavy par­
ticles seems a restriction far less important, especially 
at medium or low kinetic energies. It should therefore 
be possible to describe their motion by a nonrelativistic 
operator added to the Hamiltonian of the static-source 
model. 

2. QUANTIZATION OF THE RECOIL MODEL 

The system under consideration shall consist of two 
parts: an indefinite number of light particles—say, for 
example, mesons—and a definite number N of relatively 
heavy particles, e.g., nucleons. Suppressing any inter­
actions for the moment, we apply the Hamiltonian 

H=HF+H. N, 

where 

- / • 

HF= / dr:W(r)+{y^(r)J+mW(r): (1) 

is the energy of the free field and 

HN=1£pj
2/2mj (2) 

is the nonrelativistic energy of the nucleons in Cartesian 
coordinates. The symbol : : has no meaning when ap­
plied to c numbers as above, but indicates the normal 
product whenever operators are involved, to cancel the 
vacuum energy. The quantization can be carried out, 
representing the canonically conjugate variables by 
operators and postulating the usual commutators, 

[*( r ) ,n (0] = « ( r - r ' ) . 

The states of the system form a Hilbert space in which 
the operators are acting. In the usual representation, 

Py=-;Vy, 

$(r) = Lk (2Vm)-K^+a^)e^f (3) 

with the corresponding expression for II (r), we have 

The eigenstates | E) are obtained from the equation 

H\E) = E\E), (4) 

where E characterizes completely the quantum states 
of both mesons and nucleons. Since there is no inter­
action, the solutions of (4) can be built up from the 
momentum eigenfunctions of the nucleons in configura­
tion space and the eigenfunctions of HF in the many-
particle representation: 

|£)=^(r y ) |n p >=7- w V<W' r i +-+^- r ^ |»p>, (5) 

HF | % ) = L P «P»P | n9). (6) 

The most general-state vectors in the Schrodinger 
picture are obtained by superposition : 

\As,t)=ZECE(t)\E); (7) 

they are solutions of the equation 

i(d/dt)\Aa,t) = H\A.9t). (8) 

The expectation value of any operator 0 is 

o=(A.\0\A,), 

where integration over dri • • • drN is implied and 

(A.\A.)=1. 

All operators can be built up from the corresponding 
operators for the nucleons and for the meson field. For 
example, 

P = - E * v y + £ k a k t * k 
;=1 k 

is the operator for the total momentum of the system. 
We are now going to consider interactions. Let 

Vji=V(rj—ri) be the potential of the forces between 
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the nucleons j and / and W(t3) the interaction between 
the nucleon j and the meson field. The total Hamil-
tonian of the system is now 

H=HF+HN+i £ Vji+Z W(rj) = Ho+H\ (9) 

where 
H' = ZjW(rj). (10) 

The quantization can be carried out in the same way as 
for the free particles, postulating commutators for 
canonically conjugate variables. However, the spectrum 
of eigenfunctions will be changed by the interaction, 
their exact evaluation being impossible in general. 

Defining W in the above way, including the inter­
action between the nucleons and the field only, should 
be advantageous for the following reasons: The eigen­
functions of HQ can again be separated with 

| JEo>=^o(ri • • •- ri>r) \np), (11) 

where the second factor on the right is known and we are 
left only with the calculation of the eigenfunctions ^ 0 of 
#i\r+i S Vji to any approximation. This problem being 
solved, Hr may be dealt with by perturbation theory. 
This procedure can be justified since, on account of the 
mass difference, the nucleons and the corresponding 
functions ^o should not be disturbed by the interaction 
as much as the mesons. Therefore, the ^o, being evalu­
ated only approximately, cannot be too much disturbed 
by H\ the total error being less than when starting from 
the functions (5) known exactly. The calculation of 
scattering cross sections will be carried out in the inter­
action picture. The transition from the Schrodinger 
picture can be effected by the unitary transformation 

\Aht)^e^* \A.,t) 

for the state vectors. Defining the scattering operator 
5 by1 

| i l z , + o o > = 5 | 4 i , - o o ) , 

we have the matrix element 

Ma.a> = (Ea>\S\Ea) (12) 

for the transition from the initial state \Ea) to the final 
state |£0 ' ) . The scattering operator is 

s«=x;s(,) 

H'(dc °o ) = 0 and H=H0, and the initial and final states 
can be composed of eigenstates of /70, e.g., 

\Ai, +<*>) = T,E0CE0\E0). 

To get the scattering probability, the initial state must 
be chosen appropriately. All possible final states of the 
nucleons and the corresponding meson states should 
then be summed over. In our calculations, however, we 
shall suppress for simplicity states with more than one 
outgoing meson. Denoting outgoing states by the prime, 
we have pj and p / for the momenta of the nucleon j and 
p, p' for the meson, respectively. Remembering that 

X=(2T)-*v[dVi, 

we get the scattering probability, 

W= VN^(2T)-*N-* / dpS- • 'dpN'dp'\Mata'\2/ J dtdt 

and the cross section, 

d(r/dti=WV2<tip/pdto. (14) 

3. SCATTERING OF MESONS BY NUCLEONS 

In the following, mesons and nucleons shall always 
interact according to the pair theory, 

JT(ry) = - Idtdx' Uj(T)Uj(t
f) :$(r)$(r') :. (15) 

Considering the static-source model, we have 

The field equation, 

(—- A+w 2 V(r ,0= -gU(t) idx' [ / ( r>(rV), (16) 

with the boundary condition 

$ —> ei(*'T-uPt)+r-1eiprf($,t), 

to the nth approximation, where 

5(n) = 

and 

{-i)n r« 

can be solved exactly to give2 

U(-V) 
dtvdtNT{H'(h)---H'(tn)}, (13) *(r,0 = «-<"»»(e*-r+f 

1+gi 

H'{t) = e-^eiH"tH,e-iH"t. X 
T means the time-ordered product. As t is always con­
sidered to be vanishingly small, we have, f or / —+ ± oo, 

1 B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 

( 
dkeik'U(k) 

J (2T)»[(#+ie)*-**]. -mr (17) 

2 E. Henley and W. Thirring, Elementary Quantum Field Theory 
[McGraw-Hill Book Company, Inc., New York (to be pub­
lished)], p. 139. 
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where U is the Fourier transform, oop= (w2+^2)% In the recoil model, the Hamiltonian 

H^Hp-A/lnn+WirJ+m, 

*=&)-* dku{-k)U{k)Lv-(p+ieyy\ (is) 
y shall be applied. Using 

and lim e —> 0 is to be understood. Denning a vector p' |£o)= V~2e~m'Tl\ p) 
of magnitude /> pointing in the direction of the scattered and 
particle, we get e

iHot | E0) = eiEt \ E0), 

, , f , - , „ , _ x' we have the first approximation of the matrix element 
lim (2TT)-3 / dk U(k)eik-<[k2- (p+ie)2^1 

J _ - i f 
= E/(p> i* r /4*r, ME,E>a) = (Eo'\SV\E0) = ~ / rfrie^^'^i 

and the scattering cross section is3 

da 

dtt 

gU(-vW(i>') 

4 T T ( 1 + ^ ) 

X / dt H tieW-^'tp' I JF(n) I/>>. 
(19) J 

Since 

Clearly, for a potential with central symmetry U(r), the / /1 p^ / r ) I p \ = (2V)~1(o) roi )~* 
scattering cross section has central symmetry too, since _ _ 
the Fourier transform of the potential does. With XgU(-p)U(p')e^-^^, (23) 
respect to and 

dre~ikTU(r-rl) = e~ik'Tl dre-ik-rU(r), J-
J J we have 

dte-^eixi=2Trb{x)y 
J —00 

we have 

a displacement ry of the nucleon from the origin of ~igU(—p)U(p') 
coordinates results in a mere phase factor, e~ik'T}\ and is ME,E> (1) = — — — —— 
meaningless for the angular distribution of scattering. *** {uPa)p>)2 

At this point, unsymmetric potentials corresponding to X(27r)45(p +p—p '—•o')8(E'—E) 
a deformation of the nucleon during the collision shall 
be considered briefly. Let the potential be stretched or In the laboratory system, the nucleon is initially at rest. 
compressed continuously in the direction of the in- Remembering that 
coming particles, r 

U(r,n) = nU((x*+y*+nWn ! > * ( * ) ? = 2x«(*) J dx\ 

giving 

U(k,n) = n I dx U((x2+y2+n2z2)*)e-
ik'r= U(k*) (20) 

we get the scattering probability 

V2 f \ME,E>\2 

W™ = dp^dp'-

I dtdt 
for the Fourier transform, where (2T) 

k*= (klyk2,h/n). (21) 

I t is easily seen that # is still a constant with respect to / £ \ 2 f £/4 

the scattering angle #, though its value might depend = ( J / dp' 8(Ef—E) 
on n. Remembering that \4TTV/ J w«av 

P 1 '=p- P ' . 
Now 

da/da~\U(p*')\\ 
and dp> = p'HpfdSl, 

p*' = ^(sin# cos<p, sintf sin<p, costf/"), (22) t h e integration running over positive values of p! only. 

we learn that the scattering cross section is no longer a T h e e n e r § y d e l t a function can then be transformed: 
constant. There is no £ , / , • • ^scattering, however, since £ / _ E = = / 2 . ^M . tm% . v 2 u _ W l _ (mi . ^ u /24) 
by (20) the absolute value of U(k*) must be independent ^ ^ V»i-fpi ) T-W-fp ) *n K™>^p) \L±) 
of the sign of n, that is, by (21) and (22) independent has the positive zero 
of uneven exponentials of cos??. For n larger (smaller) 
than unity, the scattering cross section has a minimum [M2+M1{<m2+p2)*~] c o s # + E ( m ? - m 2 sin2#)* 
(maximum) at # = 90°. P"=P „. , . . ^ & 
j E2— £2 cos2# 

3 J. M. Blatt, Phys. Rev. 72, 470 (1947). (25) 
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FIG. 1. Differential cross 
section da^/dti in first ap­
proximation. Scattering of 
mesons by nucleons for vari­
ous meson kinetic energies. 
7 is the coupling constant. 

and we get with 

b{E'-E) = h(pf-pn)/f{pn), (26) 

f(pn)=pn(?n2+pn2)-*+(pn-pCOS#) 

X (rni2+p2+pn2-2ppn costf)-*>0, (27) 

the scattering cross section in the lab system in first 
approximation 

d*™ U2{-v)U2{X>n)pn 

dtt 167r2p(m"+pn^f(pn) 

Letting mi go to infinity, £w —> p and we get 

d*™ 

(28) 

dtt \4TT / 

which turns out to be just the first approximation of 
(19). The same is always true for # = 0°. For the scatter­
ing of slow mesons, p<Km, 

dtr<M g2U*/7+cos#\2 

<«2 ~16 iA 8 / 

while for high-energy mesons, p^>>mh 

da™ g2U* wi 

(!Kl 16TT2 p 
for #=90° , 

can be separated with 

to 

where 
[ A ( x ) - w i F ( x ) + m 1 E / ] ^ ( x ) = 0, (31) 

Ef+2tni=E— (p i+p 2 ) 2 /4wi—£ p <apnp 

is the relativistic energy of the nucleons in the c m . 
system. 

We are now going to consider Eq. (16) no longer as an 
equation for the field operators, but for the wave func­
tion (p(x) of the deuteron in relative coordinates, g-*G 

(q2+A)<p(x) = GU(x) / dx U{x)<p(r). (32) 

Whether this "ansatz" is permissible or not shall not 
be discussed, since the determination of deuteron eigen-
functions is not the main purpose of this treatise. 
Nevertheless, (32) possesses a complete system of exact 
solutions, containing at most one bound state4 and re­
maining everywhere steady. For a Yukawa distribution, 

£/(r) = a2erar/47rr, 

<pa(x)^e*'x--K(eiqx--€-ax)/x, (33) 

Ga" 

we have 

K 
Ga4 / Ua* \~L 

= +1) , 
Ga* \~1 

1 (34) 

and four times less for & = 180°. The scattering cross sec­
tion has been calculated with U= 1, mi—939 Mev, and 
m=135 Mev for different kinetic energies EK=o)p—m, 
the results being compounded in Fig. 1. 

4. MESON-DEUTERON SCATTERING 

The Hamiltonian is (^1=^2) 

H= - ( A 1 + A 2 ) / 2 m i + F ( r 1 - r 2 ) + 2 m 1 

+HF+W(ii)+W(r2). (29) 

Passing to relative coordinates in the deuteron subspace, 

x = r i - r 2 , y = ( r i + r 2 ) / 2 , 
we have 

# 0 = - A(x)/mx- A(y)/4mi+V(x)+2mi+HFi (30) 

and the equation 

Ho\Eo) = E\E0) 

for the scattering states, according to (17). For the 
bound state, the kinetic energy E' = q2/mi is negative, 
and q=(miE')i = ic, where c is real, and we have 
from (33) 

<pb(x)~ (e~cx~e-ax)/x. (35) 

Inserting this result into (32) gives 

G=-STr(c+a)2a~\ 

Since the binding energy of the deuteron is B — Ef 

= —2.23 Mev, we get c=45.5 Mev. Further, we put 
a— 7c.5 Equating 

gt(pl-ri+P2-r2) — giq-XgiP-y 

with P = p i+p 2 gives q = (pi—P2V2 and we get finally 
for the eigenfunctions of Ho 

ac(a+c) \^e-
cx~e~ax 

and 

\Eb)=[ ) 
\2w(a-c)wJ 

-eiP'y\p) (36) 

\E.) 

respectively. 

1 / giix—g—ax\ 

= __( e iq x_ i r_ W | P > , (37; 
V\ x J 

4 E. Henley and W. Thirring, reference 2, p. 144. 
5 S. Fernbach, T. A. Green, and K. M. Watson, Phys. Rev. 84, 

1084 (1951). 
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Considering elastic collisions, we get where 

Mb,b*<» = (Eb'\S™\Eb) 

"IN C /e~c\r\—T-2\ — e— a\x\— r2 | \2 

1 / U 
2 ^ - f t a n - 1 - -

u\ 2c 

dridr2( ) 
V J \ r x - r 2 / 

+ t a n _ 1 2 t a n -

2a c+ 

u = ( p - p ' ) / 2 . 

u \ 
1 — J ' 
c+a/ m 

v J \ in 
X^(pi+P2-pi'-p2').(n+r2)/2^p/| W{X1) + W{X2) | P ) 

As the deuteron shall not be split up during the collision, 
its initial and final states are differing only with respect 
to the motion of its center of mass. We may as well treat 

/

the deuteron like one particle of mass 2m\ being initially 
dt e-<\t\eiW-Eh)t^ a t ^ ^ p = 0 j a n d g e t 

N=ac{a+c)/2ir{a-c)\ 

which can be integrated to give with (23) 

-2igNU{-V)U{v') 

WM=V*(2Ty*j(dB'dv'\Mb,vM\1/ ldtdx\. 

As 

Mh;V™ = - - ( 2 T ) « 

X « ( £ & — £ 4 ) « ( P + p - P ' - p ' ) S , b y 2 « i , 

Ev-Eb= (4wi2+P'2)^+(w2+j!)'2)i 

+B-2mi- (m^+p^-B 

is analogous to (24), we have finally, replacing « i 

[w 2+2wi(w 2+^ 2 )*] cos#+[2m1+(m2+j!>2)*](4mi2-w2 sinV)' 

[ 2 w i + (mt+f)ij-p2 cos2?? 
(39) 

and the scattering cross section for elastic collisions in momentum exchange and the scattering cross section is 
determined by the "internal strueture-term'' 2 of the 
deuteron. The deuteron will probably be split up, and 
the elastic scattering vanishes. 

the lab system is 

dQ Pifn' + pn^fipn) 

For the scattering of slow mesons, 

£ « £ , */«c, 2~20=(a-c)2/2ac(a+c), 

(40) 

and 

with 
daei™/da~ (2gU(-p)U(pf)Q/±Ty 

/14+cos# \ 2 

Hrt + PnWiPn) 

The calculated data are available from Fig. 2. 
Considering inelastic scattering, the deuteron will be 

split up into its components after the collision. In the 
lab system, 

-igN*U(-p)U(p') 
Mb,.™ = (Ea\S™\Eb) = - — ; (2TY 

(vhuvuv>y* 

.X6(E.-Eb)d(p-?'-p')T, 

1 1 1 1 

+ 
while in the static-source model or for # = 0° always 
pn=p, u=0j 2J = So, and Q=l. For high-energy scatter­
ing (p^>c), u is increasing, 2J and the scattering cross 
section decreasing very rapidly with #. This behavior is 
obvious: For small momenta being interchanged, the 
deuteron is acting like a single nucleon of mass 2wi, the 
scattering being determined by the factor Q. For fast 
mesons, even a small deflection causes considerable 

FIG. 2. Differential cross 
section for the elastic scat­
tering of mesons by deuter-
ons. EK is the incident 
meson energy in the lab 
system. 

c2-\-v2 c2-\-w2 a2Jrv2 a2-\-w2 

2K*/ u u 
— ——f tan - 1 t an - 1 — 

u \ c+iq' a+iq' 

(41) 

-tan~ 

20 

15 

10 

5 
\iooo 

^•^E^IHeV 

^^^^^J0__ 

^ - ^ _ 5 £ _ _ 

^-^jgg_ 

c+a 

v=u—q', w = u + q ' . 

As dpidp2 = d¥dq, we have 

+tan~~ 
u\ 

l2a)' 

WU>=F*(2x)-» / d¥'dq'd9'\Mb,sv\2 / / dtdx. 

With 

tS' so' w w P i , 2 ' = ( p - p ' ) / 2 ± q ' , 

file:///iooo
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FIG. 3. Differential cross 
section for inelastic (a) and 
for both elastic and inelastic 
(b) scattering of 50-Mev 
mesons (lab) by deuterons 
(first approximation). 

we have 

ftfso 
25 

20 

15 

10 • 

5 

\ k 

5"^"^^ 

FIG. 4. Differential cross 
section for inelastic scatter­
ing of 2.5-Mev mesons (lab) 
by deuterons in first ap­
proximation. 

45° 30° 135' 180° 

H5° 90' 135 180* 

(43) 

+ 
+ (m2+pf2)^~ (m2+p2)^-~B~2m1. (42) 

Then we have 

Qn=— ( J , 
2\F2-4u2cos2a/ 

f'(Qn)= (qn+u cosa)(tni2+ui+qn
2+2uqn cosa)"* 

+ (qn~u cosa)(m1
2+M2+qr?—2uqn cosa)~% 

with 
F = (m2+p2)^+2mi+B- (tn2+p'2)K 

Furthermore, (42) tells us that F>2u and the de-
Since p' is present in the first three terms and q' only nominator in (43) is always positive. Thus, for real qn, 
twice, we take the condition , 

i?2-4mi2-4^2>0 (44) 
KEs-Eh) = b{qf-qn)/f{qn\ ~ 

\ must be satisfied. This condition, resulting from energy 
remembering that the integration runs over positive rea a n d m o m e r i tum conservation only, can be used to 

evaluate the minimum kinetic energy for inelastic 
scattering, 

2m\-\rm 
EM=—• | jB |=2.39Mev>|5 | , 

2mi 

and the boundaries for the integration over p\ The 
zeros of (44) are 

values of qf only, 

/ dq ' = / q'*dq' / s ina^aX27r, 

where a is defined b y 

( u ± q ' ) 2 = w 2 + 2 / 2 ± 2 ^ ' cosa. 

Pl,2? 
p cos^(2m1o)p+m2)±lp2 co sW(2wi« p +w0 2 +(4wiy+8w^ sin2#)]* 

4wi2+4wicop+^2 sin2?? 

where pi gives the upper limit, the lower boundary 
being p2 as long as it is positive, which proves right for 
very small kinetic energies only, otherwise being zero. 
Finally, we have 

^ i n e i ( 1 ) g2N2 

dtt Air2p Jo Jo 

Pl sinada p'Hp' 

(»*+W(ff„) 

where the last integrations cannot be done. 
The scattering cross section has been calculated 

numerically for mesons of 2.5 and 50 Mev kinetic energy 
by Simpson's formula. Figure 3 shows the angular dis­
tribution of the scattered particles which is determined 
by | r |2, thus depending mainly on the internal struc­

ture of the deuteron. Figure 3 also gives the total cross 
section for both elastic and inelastic scattering. 

Figure 4 shows data for the 2.5-Mev mesons. 

5. CONCLUSIONS 

The recoil model allows for the recoils of all particles 
involved, while creation and annihilation processes are 
restricted to the lightweight components only. So this 
picture should be useful for the description of systems 
where the total kinetic energy does not much surpass the 
rest energy of the heavy particles. 
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