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The static-source model is generalized to allow for the recoils and the mutual degrees of freedom of the
“source” particles. This is done by adding to the Hamiltonian corresponding to the field and its sources the
nonrelativistic Hamiltonian for the motion of the heavier particles. The resulting system can be quantized
in a familiar way. The scattering of mesons by nucleons and deuterons is calculated in this picture with the
interaction of the pair theory in first approximation. The description of the deuteron is effected by a system

of functions containing one bound state only.

1. INTRODUCTION

HE well-known static-source model is conveniently
used for the description of systems consisting of
particles of different mass. Representing the light par-
ticles by the corresponding free-field Hamiltonian, the
heavier ones are considered as stationary potential dis-
tributions of finite extension acting as the sources of the
field. This treatment is unsatisfactory in two respects:
It does not allow for (1) the recoils of the heavy particles
and (2) any forces acting between them., Neglecting
creation and annihilation processes for the heavy par-
ticles seems a restriction far less important, especially
at medium or low kinetic energies. It should therefore
be possible to describe their motion by a nonrelativistic
operator added to the Hamiltonian of the static-source
model.

2. QUANTIZATION OF THE RECOIL MODEL

The system under consideration shall consist of two
parts: an indefinite number of light particles—say, for
example, mesons—and a definite number N of relatively
heavy particles, e.g., nucleons. Suppressing any inter-
actions for the moment, we apply the Hamiltonian

H=HF+HN;
where

Hp=/dr A2 (0) [V (r) P4-m?d(x) (1)
is the energy of the free field and

Hy= EN: P’/ 2m; (2

i=1

is the nonrelativistic energy of the nucleons in Cartesian
coordinates. The symbol : : has no meaning when ap-
plied to ¢ numbers as above, but indicates the normal
product whenever operators are involved, to cancel the
vacuum energy. The quantization can be carried out,
representing the canonically conjugate variables by
operators and postulating the usual commutators,

I:ql7p3]=7:6t,s, t, s=1-- 'SN,
[@(n),1I(r')]=18(r—1").

The states of the system form a Hilbert space in which
the operators are acting. In the usual representation,

pj=—1V;
®(r)=2x 2Ver)H(axta_xe™r, (3)
[ax,a1t]=bx,1,
with the corresponding expression for II(r), we have
H=—3; Aj/2m;+ 3 x wraxla.
The eigenstates | E) are obtained from the equation
H |E)=E |E), 4

where E characterizes completely the quantum states
of both mesons and nucleons. Since there is no inter-
action, the solutions of (4) can be built up from the
momentum eigenfunctions of the nucleons in configura-
tion space and the eigenfunctions of Hp in the many-
particle representation:

|EY= () ng) = V-Pgiounsetaen [y, (5)
Hp |”p>=Zp Wpllp ‘”p>- (6)

The most general-state vectors in the Schrédinger
picture are obtained by superposition :

|448)=2£Cx() |E); )
they are solutions of the equation
i(8/3t)| Ao ty=H| A,t). (8)
The expectation value of any operator O is
0=(4,|0]4.),
where integration over dr,- - -dry is implied and
(4:]4:)=1.

All operators can be built up from the corresponding
operators for the nucleons and for the meson field. For
example,

N
P=-— Z 1,V]+Z kdkfdk

=1 k

is the operator for the total momentum of the system.
We are now going to consider interactions. Let
V=V (rj—r;) be the potential of the forces between

2130



RECOIL MODEL IN

the nucleons 7 and / and W (r;) the interaction between
the nucleon j and the meson field. The total Hamil-
tonian of the system is now

H=Hp+Hy+35 2 Vat+2 Wky)=Ho+H', (9)
7#l 7
where
H'=%; W(rj). (10)

The quantization can be carried out in the same way as
for the free particles, postulating commutators for
canonically conjugate variables. However, the spectrum
of eigenfunctions will be changed by the interaction,
their exact evaluation being impossible in general.

Defining H’ in the above way, including the inter-
action between the nucleons and the field only, should
be advantageous for the following reasons: The eigen-
functions of H, can again be separated with

[ Eo)=Wo(r1- - 1x) |ny), 11)

where the second factor on the right is known and we are
left only with the calculation of the eigenfunctions ¥, of
Hy+31 3" Vjito any approximation. This problem being
solved, H' may be dealt with by perturbation theory.
This procedure can be justified since, on account of the
mass difference, the nucleons and the corresponding
functions ¥, should not be disturbed by the interaction
as much as the mesons. Therefore, the ¥, being evalu-
ated only approximately, cannot be too much disturbed
by H’, the total error being less than when starting from
the functions (5) known exactly. The calculation of
scattering cross sections will be carried out in the inter-
action picture. The transition from the Schrédinger
picture can be effected by the unitary transformation

I 4 Ist> = ¢iHot l 4 87t>

for the state vectors. Defining the scattering operator
S by*
|AI: + °°>=S lAfr - °°>?

we have the matrix element
M,.o={Es|S|E.) (12)
for the transition from the initial state | E,) to the final
state | Eq). The scattering operator is
S,= i Sm
=0
to the nth approximation, where

(="

S = ’ /dtl--‘dtNT{H’(tl)'--H’(tn)}, (13)
n! —o
and

H’ (t) — e—el ‘[eiHOfH'g"iHDt'
T means the time-ordered product. As e is always con-
sidered to be vanishingly small, we have, for {— 4o,
1B, A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950).
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H'(+»)=0and H=H,, and the initial and final states
can be composed of eigenstates of H,, e.g.,

IAI: +°°>=ZE0 CEO‘E0>‘

To get the scattering probability, the initial state must
be chosen appropriately. All possible final states of the
nucleons and the corresponding meson states should
then be summed over. In our calculations, however, we
shall suppress for simplicity states with more than one
outgoing meson. Denoting outgoing states by the prime,
we have p; and p;’ for the momenta of the nucleon j and
p, p’ for the meson, respectively. Remembering that

=0 [a,
Pi
we get the scattering probability,

W= VN+1(27‘.)—~3N——3/dp1’. . 'de’dp’|Mu,af]2//dl‘dr

and the cross section,

do /dQ=WV?w,/ pdQ. (14)

3. SCATTERING OF MESONS BY NUCLEONS

In the following, mesons and nucleons shall always
interact according to the pair theory,

. ;
W(rj)=5 /drdr’ U,)U;(x') @(r)®('):. (15)
Considering the static-source model, we have
H=Hp+ W(n).
The field equation,
62
(C-atm o= —gv) [ar vrewn, (o
ot
with the boundary condition
d— ei(p-r—wpt)_*_r—-leiprf(,&’t)’
can be solved exactly to give?
U(—p)
<I>(r,t) — e—iwpt(eip-r__l_g
1+g9
dk eix*U (k)
X [ - ), 17)
s Qm)L(ptie—F]

2 E. Henley and W. Thirring, Elementary Quantum Field T heory
[McGraw-Hill Book Company, Inc., New York (to be pub-
lished)], p. 139.
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where U is the Fourier transform, w,= (m2-+ p?)?,

9= (2n)= | dk U(—K)U (k)[k*— (p+ie) ], (18)

and lim € — 0 is to be understood. Defining a vector p’
of magnitude p pointing in the direction of the scattered
particle, we get

lim (27)~% | dk U (k) k2— (p+ie)2 ]!

=U(p)ei*"/4r,
and the scattering cross section is?
do  (gU(—p)U @)
= ‘g__._____ (19)
aQ 4r(1+4g9)

Clearly, for a potential with central symmetry U (r), the
scattering cross section has central symmetry too, since
the Fourier transform of the potential does. With
respect to

/dr e‘“"U(r—rl)=e‘“"”/dr ekt (x),

a displacement r; of the nucleon from the origin of
coordinates results in a mere phase factor, e~**% and is
meaningless for the angular distribution of scattering.
At this point, unsymmetric potentials corresponding to
a deformation of the nucleon during the collision shall
be considered briefly. Let the potential be stretched or
compressed continuously in the direction of the in-
coming particles, :

U(rn) =nU((x*+y*+n*s)}),
giving

0 (k) =n / dr UGyt nest) e er= T (k%) (20)

for the Fourier transform, where
k*= (k],kz,ka/ﬂ). (21)

It is easily seen that d is still a constant with respect to
the scattering angle ¢, though its value might depend
on n. Remembering that

do/d2~|U(p*)|?,
and

p* = p(sind cos g, sind sing, cosd/x), (22)

we learn that the scattering cross section is no longer a
constant. There is no p, f, - - - scattering, however, since
by (20) the absolute value of U (k*) must be independent
of the sign of #, that is, by (21) and (22) independent
of uneven exponentials of cosd#. For # larger (smaller)
than unity, the scattering cross section has a minimum
(maximum) at ¢#=90°,

3 J. M. Blatt, Phys. Rev. 72, 470 (1947).
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In the recoil model, the Hamiltonian
H=HF’—A/27I’L1+ W(l'])"l‘m;
shall be applied. Using

| Eoy=Vie=non|p)
and
eiH°'IE0>=eiE‘|E0>,

we have the first approximation of the matrix element

—1
My o®=(E/|SD|Ey)=— /dn eierm’) n
|4

X/ dt e<11ei =B g | W (1) p).
Since

@[ W(r)[p)= (2V) 7 (wp'wp)

XgU(—p)U(p))ei@2m,  (23)
and
/ di e~eltleizt= 21§ (x),
we have -
My p®= —1gU(M

212y
X (27r) ) (p1+p— pl’— p')6 (E/— E)

In the laboratory system, the nucleon is initially at rest.
Remembering that

[278(x) J2=2m6(x) / dx’,

we get the scattering probability

| & |ME'EI [ 2
W= / dpy'dp———
(2m)8
/ didr
g\ v
=|— dy’ (E'—E)
4wV WpWp’ p1/=p—p’
Now

dp’ = p"*dp'dQ,

the integration running over positive values of " only.
The energy delta function can then be transformed:

E'—E= (m+ 1) (m*+p' )t —mi— (m>+p°)* (24)
has the positive zero
[m?~+my (w24 p2)¥] cosd+ E (m2—m? sin9)}
E*— $? cos*}

Pn=p

<,
(25)
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R can be separated with
r‘lﬂ-é
Fi1c. 1. Differential cross 5 Eo)=V-ieilertr) -y (x
section doe™/dQ in first ap- ' Ex= to | Eo) (1),
proximation. Scattering of 1 ,
mesons by nucleons for vari- 3 %0 [AX)—mV (x)+m.E ] (x)=0, (31)
ous meson kinetic energies. 2 200 where
7 is the coupling constant. ' m , .
Mev E'+2my=E— (P1+P2)2/4m1‘2p Wphp

L4 45° s0° 135°  180°

and we get with

S(E'—E)=8(p'—pn)/ f'(pn), (26)
f, (Pn) =Pn (mz'*'Pnz)—%'}“ (P"-P COSﬁ‘)
X (M2 p24 P2 —2ppn cosd)~t>0, (27)

the scattering cross section in the lab system in first
approximation

do® U2(—p)U%(pa)pa
aQ —¢ 16m2p(m2+p. 24 (pa)

Letting m, go to infinity, p, — p and we get

(28)

do® ¢ . ) 2
o (*U<——p>U<p'>) ,
s T

which turns out to be just the first approximation of
(19). The same is always true for =0°. For the scatter-
ing of slow mesons, p<<m,

aQ  167?

do®  gU* /74 cosd\?

~ ( 8 )

while for high-energy mesons, p>m;,
do® 2075 my

= —  for
aQ  16n? p

$=90°,

and four times less for ¢ =180°. The scattering cross sec-
tion has been calculated with U=1, m;=939 Mev, and
m=135 Mev for different kinetic energies Ex=w,—m,
the results being compounded in Fig. 1.

4. MESON-DEUTERON' SCATTERING
The Hamiltonian is (#:=my)

H= - (A1+A2)/2m1+ V(rl_r2)+2m1
+HF'+W(11)+W(I‘2)-

Passing to relative coordinates in the deuteron subspace,

y=(ri+rz)/2,

(29)

X=TI1—1Tg,
we have

Ho= —-A(x)/ml——A(y)/4m1+ V(X>+2m1+Hp,

and the equation

(30)

Ho |E0>=E IE0>

is the relativistic energy of the nucleons in the c.m.
system.

We are now going to consider Eq. (16) no longer as an
equation for the field operators, but for the wave func-
tion ¢(x) of the deuteron in relative coordinates, g— G

(@+8) ¢ () =GUX) / FUME).  (32)

Whether this “ansatz” is permissible or not shall not
be discussed, since the determination of deuteron eigen-
functions is not the main purpose of this treatise.
Nevertheless, (32) possesses a complete system of exact
solutions, containing at most one bound state? and re-
maining everywhere steady. For a Yukawa distribution,

U(r)=a?%"/4ar,

we have
@s(X)~eltx— K (elm—eme) /i, (33)
Gat / Ga? -1
K- +1) N
4 (@2 +¢2)2 \8 (a—ig)?

for the scattering states, according to (17). For the
bound state, the kinetic energy E’=g¢?/m; is negative,
and ¢= (mE')¥=ic, where ¢ is real, and we have
from (33)

es(X)~ (e*—e ") /x. (35)

Inserting this result into (32) gives
G=—8r(c+a)2a2

Since the binding energy of the deuteron is B=FE’
=—2.23 Mev, we get ¢=45.5 Mev. Further, we put
a=7c.5 Equating

et(P1-114+p2-12) — iq-XpiP-y

with P=p;+p, gives = (p1—p:2)/2 and we get finally
for the eigenfunctions of Hy

ac(atc) \teF—eo®
= ( ) o) (30
2r(a—c)2V x
and
1 eiqx_e~ar
1ES>=_(eiqx_K____,)eiP-y|p>’ (37)
|4 x
respectively.

¢ E. Henley and W. Thirring, reference 2, p. 144.
5S. Fernbach, T. A. Green, and K. M. Watson, Phys. Rev. 84,
1084 (1951).
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Considering elastic collisions, we get

Moy ®=(Ey|S©V|Ey)

—iN e—elri—ra| _ p—alri—ra|\ 2
= fdl’ﬂil’z( )
V I I1—rg [

X gt (pripe—pi'=p2’) - (ri+r2) /2 (p/ l W (t1)+W(rs) | p)

- i(Ey'—E
X/dle ltlgi(Ey—Eb)t

N=ac(a+c)/2w(a—c)?,
which can be integrated to give with (23)
~2igNU (=p)U (p)
V2 (wpp)}

X&(Ebf—Eb)é(P+p—P'—P/)E;

Mb,b'(“= (27)5
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where

1 % u u
Z= —(tan“-+tan“‘~—— 2tan™t ),
u 2c 2a ct+a (38)

u=(p—p’)/2.

As the deuteron shall not be split up during the collision,
its initial and final states are differing only with respect
to the motion of its center of mass. We may as well treat
the deuteron like one particle of mass 2, being initially
at rest, P=0, and get

W= VZ(ZW)_G/<JP'dP/|Mb,b'm|2//d’dr)’

As
Ey—Ep= (4m2 4 P24 (m2+p'2)}
+B—2mi— (m*+p?)}— B

is analogous to (24), we have finally, replacing m,
by 2m;,

[m2+2my (m2+ p2)¥] cosd—+[ 2my+ (m2+p?) ¥ ] (dm,>—m? sin9)}

n

, (39)

[2my+ (m2 4 p2) P~ p? cos™

and the scattering cross section for elastic collisions in
the lab system is

(16(31(1) [280(“p)U(P71)P714\YE]2
a0 pim+p2 (b))

For the scattering of slow mesons,

(40)

p<Le, uke, Z=Zy=(a—c)*/2ac(a+tc),
and )
doa™/d= (2gU (—p)U (p")Q/4x)?,
with
Pn’ , (14+cosﬂ>‘~’
P+ p.2) ' (pa) 15 /7

while in the static-source model or for 9=0° always
pa=p, =0, Z=Z, and Q=1. For high-energy scatter-
ing (p>>c), u is increasing, T and the scattering cross
section decreasing very rapidly with & This behavior is
obvious: For small momenta being interchanged, the
deuteron is acting like a single nucleon of mass 2m,, the
scattering being determined by the factor Q. For fast
mesons, even a small deflection causes considerable

125

20 Ex=1Mev

F1c. 2. Differential cross
section for the elastic scat-
tering of mesons by deuter-
ons. FEx is the incident
meson energy in the lab
system.

%

10

0* 45°  go° 136°  140°

momentum exchange and the scattering cross section is
determined by the “internal structure-term” 2 of the
deuteron. The deuteron will probably be split up, and
the elastic scattering vanishes.

The calculated data are available from Fig. 2.

Considering inelastic scattering, the deuteron will be
split up into its components after the collision. In the
lab system,

—igNV'U(=p)U @)

Mb,s(1)=<Es{S(l)lEb>: (277)5
(Vewpwy)?
X8(E:—Ep)s(p—P'—p')r,
1 1 1 1
T= + - -
62 + 'U? 62 + w? a2 + .1)2 a? +7.U2
(41)
2K* % u
- —(tan"——~~~-— tan~—
u ctig a+iq’
u %
—tan™t + tan—l——) ,
ct+a 2a
v=u—q/, w=utq’.

As dpidp.=dPdq, we have-

W® = V3(2r)~ / dP'dq'dp’ | M, @ |* / / dtdr.
With
P12’ = (p—p)/2+q,
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25 b

F1c. 3. Differential cross

section for inelastic (a) and 20
for both elastic and inelastic
(b) scattering of 50-Mev 5 «
mesons (lab) by deuterons »
(first approximation).
5

0° 95°  90° 135 180°

we have
1

f(q)=Eo—Ey= [m12+ (p—;’#q’)z]g
et () ]

+ ()~ (m24-$)1— B—2my.

Since p’ is present in the first three terms and ¢’ only
twice, we take

8(Ee—Eb)=08(¢'—gqn)/ 1 (gn),

remembering that the integration runs over positive rea1
values of ¢’ only,

/dq’=/ q’2dq'j sinada X 27,
0 0

where « is defined by

(42)

(uz=q")?=u?-+¢"?42uq’ cosa.

IN QUANTUM FIELD THEORY
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Fic. 4. Differential cross 2
section for inelastic scatter-
ing of 2.5-Mev mesons (lab)

by deuterons in first ap- 1

proximation.

0° 45°  90° 135°  180°

Then we have

F [P~ dm2—du

0 )
1 (gn)= (gn+u cosa) (m2+u*+q.2+2uq, cose)™
~+ (gn—u cosa) (m2+ut~+q.2—

dm2—
(43)

2uqn, cosa)t,
with
F= (m*+*)+2mi+ B— (m+p')}.

Furthermore, (42) tells us that F>2u and the de-
nominator in (43) is always positive. Thus, for real ga,
the condition ,

Fo—dmp2— (44)

must be satisfied. This condition, resulting from energy
and momentum conservation only, can be used to
evaluate the minimum Kkinetic energy for inelastic
scattering,

4u2>0

2mi+m
Ey=—
Zml

|B|=2.39 Mev> |B]|,

and the boundaries for the integration over p'. The
zeros of (44) are

P cost (2mywp~+m2) [ p? costd (2mw,~+m2)2+ (dam2p2~+8m 2 Bwy+4mi Bm?) (dmd+4miw,+ p? sin®$) ]}

P12~

b

dm +4miw,+ p? sin®d

where P gives the upper limit, the lower boundary
being P as long as it is positive, which proves right for
very small kinetic energies only, otherwise being zero.
Finally, we have

doina®  g2N? sinado ﬁ""d;{)
47’1’/ [, ()M (g2)

X U2(—p)U(p)g.2| 2,

where the last integrations cannot be done.

The scattering cross section has been calculated
numerically for mesons of 2.5 and 50 Mev kinetic energy
by Simpson’s formula. Figure 3 shows the angular dis-
tribution of the scattered particles which is determined
by |7|? thus depending mainly on the internal struc-

ture of the deuteron. Figure 3 also gives the total cross
section for both elastic and inelastic scattering.
Figure 4 shows data for the 2.5-Mev mesons.

5. CONCLUSIONS

The recoil model allows for the recoils of all particles
involved, while creation and annihilation processes are
restricted to the lightweight components only. So this
picture should be useful for the description of systems
where the total kinetic energy does not much surpass the
rest energy of the heavy particles.
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