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The method of Einstein, Infeld, and Hoffmann is generalized to five space. It is shown that the equations 
of motion that emerge in the Newtonian approximation are partial differential equations and that certain 
entities appearing may be interpreted as mass and charge. In addition to the equations of motion there 
appear two additional linear partial differential equations for each particle involving a third parameter as 
well as the mass and charge. Even for an isolated "particle" or systems of "particles" far removed from one 
another partial differential equations of motion persist. Application to an electron indicates that the three 
coordinates satisfy an equation in the space characterized by the additional dimension and time which 
implies the propagation of a wave with the velocity of the order of 1021 times the velocity of light in this space. 

1. INTRODUCTION 

MANY models for the description of the gravita­
tional and electromagnetic field exist. I t seems 

that the most successful formalism developed is stilt 
that of Kaluza,1 with considerable and notable im­
provements by Bergmann2 since it reproduces exactly 
the classic equations of the electromagnetic field with 
gravity. In spite of this success there still remain the 
well known difficulties associated with the classic treat­
ment. This has led to generalizations which lead to 
substantially different equations and were made in the 
hope that there could be included within the new 
frameworks an adequate theory encompassing quantum-
phenomena as well. I t appears that these hopes have not 
been realized. However, it is most difficult to relinquish 
a theory which in the large has been subject to confir­
mation—quite strikingly in recent times using tech­
niques based upon the Mossbauer effect.3 In addition to 
numerous verifications of the original version of the 
theory of relativity, Einstein, Infeld, and Hoffmann4 

have shown by means of an ingenious approximation 
method that the motion of matter, represented as point 
singularities of the field, is sufficiently determined by the 
gravitational equations for empty space. The nonlinear 
character of the field equations and the differential 
identities satisfied by them are directly responsible for 
the interaction terms present in the equations of motion. 
Thus, it is not necessary to supplement the field equa­
tions with ponderomotive equations. 

I t is of some interest to investigate the problem of 
motion in a five dimensional setting to study departures 
from the usual results. Our immediate experiences have 
been most successfully described in a three dimensional 
space using concepts such as volume, surface, and line 
integrals with considerable physical significance imputed 

1 T. Kaluza, Sitzber. preuss. Akad. Wiss., Physik.-math. Kl. 
12/13, 966 (1921). 

2 P. G. Bergmann, An Introduction to the Theory of Relativity 
(Prentice-Hall, Inc., New York, 1946), p. 254. 

3 R. V. Pound and G. A. Rebka, Jr., Phys. Rev. Letters 3, 439 
(1959). H. J. Hay, J. P. Schiffer, T. E. Cranshaw, and P. A. Egel-
staff, Phys. Rev. Letters 4,165 (1960). C. W. Sherwin, Phys. Rev. 
120, 17 (I960). 

4 A. Einstein, L. Infeld, and B. Hoffmann, Ann. Math. 39, 65 
(1938). A. Einstein and L. Infeld, Ann. Math. 41, 455 (1940). 
(Hereafter referred to as E.I.H.) 

to these quantities. The important roles played by ordi­
nary surface integrals in the E.I.H. problem are well 
known. The aforementioned theories1,2 and subsequent 
generalizations2,5 have used various devices to rid the 
final equations of the coordinate of the additional di­
mension, it being argued that as far as we are able to 
ascertain at present it is sufficient to use the ordinary 3 
plus 1 space in macro-like situations. Can we then infer 
that we can bridge the chasm that exists between the 
macro and the micro domains of physics by relaxing the 
dimensionality requirement? If we do, then since no 
immediate significance may be attached to symbols in­
volving the additional "nonphysical" coordinates, an 
unphysical situation would ensue and thus render calcu­
lations made with them apparently meaningless. We 
will undertake to see, nevertheless, what happens if we 
strip the previous simple five dimensional theories of 
their adornments and maintain only the relationship in­
volving the vanishing of the contracted curvature tensor 
in five space in an application to a most fundamental 
and primitive problem; namely, the well-known problem 
of motion. If we adhere to the notion that a "particle" 
is subject to adequate geometrical description by the 
specification of its three coordinates together with the 
requirement that the interaction between "particles" 
resembles that in the usual case, then it will be seen that 
in the five dimensional case the "trajectory" of the 
"particle" is characterized by a two dimensional rather 
than a one dimensional manifold. This would imply in 
view of a presumed inability to observe one of the 
parameters describing the "trajectory" that the "par­
ticle" is localized to be within a surface which latter 
would indicate that the paths of the "particles," insofar 
as one's ability to predict them, possess a diffuseness. 
This latter, then, may be considered as possibly charac­
terizing the significance to be attributed to the addi­
tional parameter in such a theory. 

The simplest generalization in this direction would be 
effected by merely taking the usual field equations in 
five space 

Glxv=Rlxv—\gllvR=Q, /x, y = 0, 1, 2, 3, 4, (1) 

5 W. Pauli, Theory of Relativity (Pergamon Press, New York, 
1958), p. 227. 
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(5) 

where gMV is the metric tensor, R^ the Riemann-
Christoff el curvature tensor and R its contraction. The 
additional dimension will be assumed to have a space­
like character. " 0 " indices will be considered temporal, 
the others spatial with the " 4 " index reserved for the 
additional dimension. 

2. APPROXIMATION METHOD 

To obtain approximate solutions of (1) corresponding 
as closely as possible to the four dimensional case it is 
only necessary to assume additionally that differentia­
tion with respect to, #4, leads to quantities of the same 
order of smallness as differentiation with respect to 
#0 (=c0-4 Upon defining 

gvw^rin+hr,, (2) 

7MF=*M»— (W2)i?a*A«0, (3) 

(1) when multiplied by two may be written as 

$M ,+2AM ,=0, (4) 
where 

$ 0 0 = — Y00|ss+Ys*|s£, 

^ o s = — (70* 1 * — 7 O * I * ) I *, 

^mn== \Ymn\s 7ws |n 0ms7w£| tiOmiiYstl t)\sy 

$ 4 4 = — 744|ss — ySt\st, 

$ 0 4 = — 704| ss, 

$ 4 S = — (y^sit—.74*I«)I«; 

2 A o o = — 700144+744 |44+2T4i |4^+2Aoo , 

2Ao s = 7 s i | tQ — 7 0 0 | s 0 — 7 0 s | 4 4 + 7 0 4 | s 4 + 7 4 s | 0 4 + 2 A o s , 

2AO T n=7mn|00"-7mO|nO"-7nO|mO+25w w7o«|0*—'5mn700|00 

— 7mn|44+7m4|n4+7w4 |m4—25 w r i 74f |4 f / ,v 

+ 25 m n 704 |04—5 m n 744 |44+2A 

2A44=27o«|o*—7oo|oo+744|00+2A44 , 

2Ao4= 70s|4s — T00|40+74s10s+744|04+ 2Ao4 , 

2A4S = 7S*|4*+74s!00+744|s4—740|s0—7sO|40+2A4s ', 

rj^y denotes the Galilean metric tensor appropriately 
generalized (7744=—-1); ( ) \ a denotes ordinary partial 
differentiation; AM/ depicts the nonlinear contributions 
which are readily computed in terms of the deviations 
h^ from the Galilean metric rj^; and all latin indices 
run from 1 to 3. 

Examination of (5) discloses the existence of an addi­
tional <£; namely, $4* in (5) which may be considered to 
be the sth component of the curl of a vector as well as 
$0* and say <£>fs. The introduction now of nontensor 
coordinate conditions which we find it convenient to 
take as 

7MO|O—7M«|S—7M4|4=0, /z = 0 , 1 , 2 , 3 , 4 ; 5 = 1 , 2 , 3 , (7) 

in view of the existence of five differential identities 

( # - - i r ^ ) ; ^ 0 , (8) 

where ( );„ denotes covariant differentiation, enables 
one to essentially reduce the problem in its broadest 
outlines to the E.I.H. procedure4 as we see further upon 
examining the structure of (4), (5), and (6) and recalling 
that we reckon differentiation with respect to, #4, as 
leading to expressions of the same order of smallness as 
differentiation with respect to, #0= (ct). 

As in E.I.H. we consider the 7's expanded as 

700=X 2 2700+X4 4700+ 

7os = X3 37os+X5
67os+ 

740 = X2 2740+X 4 4 7 4 0 + 

744 = X2 2744+X 4 aw\ , ( 9 ) 

74* = X3 374*+X 5 574S + 

7s*=X447*rr-X6678rr-

M=l,2,3, 

and note that the additional dimension leads to the 
appearance of the expressions involving 740, 744 and 
74S in (9). In the lowest order of approximation (4) 
yields in view of the structure of AM„ 

2700,ss = 0 , 

2744,ss==0, 

2740,ss = 0 , 

(10) 

where ( ),s denotes partial differentiation with respect 
to xs and the usual summation convention is used. The 
solutions of (10) representing "point particles" as in the 
E.I.H. case are taken to be 

where 

27oo=-Ly2M' iF i , 

2 7 4 4 = - L ; 2 P i F y , 

2740=-L;2()yFy, 
(ID 

(12) 

£/, the 5th coordinate of the jth "particle"; Mj and Qj 
are constants proportional to the "mass" and "charge" 
of the jth particle, respectively. Pj may be considered 
another parameter describing another property of the 
jth particle. However, unlike the four dimensional case 
Mj (as well as Qj and Pj in our case) need not be con­
stant. Arguments given by Bergmann2 indicating the 
constancy of Mj for the four dimensional case when 
generalized here yield instead the following partial 
differential equations for Mj, Qj and Pj 

-My,0+<2/,4=0, 
(13) 

in the lowest order of approximation. (13) follows upon 
noting that the surface integrals of Gos and G±s about 
the jth singularity vanish for j=l, 2, •••. Now the 
introduction of (11) and (13) into our "coordinate con-

file:///Ymn/s
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dition" equations (7) yield 

3Yos=£,-(2JI^,o8-2&-S,4s)Fy, . 

and we note that 3YOS and 374s are also simple three 
dimensional harmonic functions. 

Now the Newtonian approximation follows in the 
usual way upon insisting that the surface integral of 
4Asf vanish. A lengthy calculation yields 

2 4AS«=l/36(2 27oo,s 2700,t~20 2700,s 2744,* 

- 2 0 

2700,* 2 7 4 4 , s + 2 2744,s 2744,*—"24 2700 2700,81 

— 12 2700 2744,s«—12 2744 2700,s£ — 2 4 2744 2744,si 

-\-H8st 2700,r 2 7 0 0 , r + 3 2 5 s f 2700,r 2744,r 

+ H5s< 2744,r 2744,r)— 2&st 2740,r 2740,r 

+ 2740,5 2740, * + 2 2740 2740,s t+ $?s t, ( 15 ) 

where 4&st is comprised of terms other than 2AS/ and 
is obtained from the third equation of the right 
hand side of (6) (linear in the 7?s). If we denote by 
27oo(y\ 274o0), and 2744(?) the corresponding 27oo, 2740, and 
2744 given by (11) with the Vj term omitted and xs 

replaced by £y(s), then the surface integral calculations 
yield 

2My^,00S-4ft^y,405+2P^y,445 

+i(131fy-4Py)d 2 7oo ( 'V^ 5 

+ | ( 1 3 P y - 4 M y ) a 27u^/d^ 

- 2 ^ 2 7 4 o ( ^ ^ = 0, (16) 

in the Newtonian approximation. 

3. SUMMARY OF LOWEST ORDER CALCULATIONS, 
NEWTONIAN APPROXIMATION 

In order that (16) reduce to the customary equations 
in the limit Py=0, it is only necessary to put 

My=9/cWy/13, 

ft-=3(*/26)*fc, (17) 

where K is the gravitational constant, rrij the mass in 
grams and qj the charge in e.s.u. The parameter, Py, is 
adjusted for convenience to involve the parameter, pj, 
proportional to it. With these units and the physically 
significant entities brought in focus, (16) may be 
written as the following partial differential equations 
with, t, and, £4, playing the role of independent variables 

d*Sf/dP-l (cqj/mj) (26/K) *d%s/dx*dt 

+ {j>i*/mi)&l{/(d*)* 

— Y)LKini+ (Q43i)Mj— ^Kpjfni/(Um3) 
if*] 

+Kpipi/mj-4Kpi/13ldV(i,j)/dtf=0, (18) 

where 

F M = [ f e « - &•) fes- &•)]-*; (19) 
with, t, in seconds and, x\ the additional coordinate ex­
pressed in centimeter units. (13) on the other hand 
takes the form 

dmj/dt- (l3/lSK)k(dqj/dx*) = 0, 

dq,-/dt- (lSK/13)k(dpj/dxi) = 0. 

4. THE "FREE PARTICLE" 

Equation (18) indicates that even for an isolated 
"particle" or systems of "particles" far removed from 
one another the coordinates £ys (s=l, 2, 3) of the jth 
particle satisfy the second order equation obtained by 
considering only the first three terms of (18) which we 
express as 

(d/dt-cj+d/dx*) (d/dt-Cj-d/dx*)&=0, (21) 

in the event w,-, #y and pj are presumed constant, an 
assumption quite consistent with (20). Cj± is given by 

Cy±={fe/my)(18/c/13)-

db[feM)2(18^/13)-i-^M]nc. (22) 
(21) implies with the /ys and gj8 arbitrary functions of 
the indicated arguments that 

tf=f,<ctf+tf)+gf(c^+&), (23) 

a wave motion for the, £ys, which is propagated with 
velocities —Cj± in our t—x* space. 

5. CONCLUSION 

Equations (18) and (20) indicate that if £ys is inde­
pendent of x4 and pj is nil, then (18) reduces to the 
ordinary Newtonian equations with the Coulomb inter­
action term included. In general, however, unlike the 
usual case where the trajectory of the "particles" are 
curves in three space, the "particles" satisfying (18) and 
(20) may be considered distributed on an ordinary sur­
face in three space. This is due to the circumstance that 
each of the three £ys involves the two independent 
variables / and x4 so that elimination of the latter would 
establish an equation involving the £/, £/, and £y3. I t is 
possible to consider in the same way a further generaliza­
tion to any arbitrary number of dimensions each time 
considering, insofar as the approximation method is 
concerned, differentiation with respect to the new di­
mensions to have the same magnitude properties as 
that cited for x* in comparison with xo differentiation. 

Furthermore, the insistence that (21) be a hyperbolic 
partial differential equation has as a consequence 
pj/mj<0 to assure this property even when gy=0. For 
an electron, the velocity of propagation attains a value 
of the order 1021 times the velocity of light! One would 
be forced to conclude that if it were possible to com­
municate in such a space, it would be perhaps a simple 
task to assess the state of the distant reaches of the 
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universe within a considerably shorter interval of time 
than heretofore and so indeed to consider occurrences 
almost anywhere to be of a contemporary nature. In any 
event the structure of the equations of motion which 

I. INTRODUCTION 

THE two most important general physical conse­
quences of relativistic field theory are the CPT 

theorem1-4 and the connection between spin and 
statistics.5-10 The CPT theorem states that for every 
process occurring in nature there is an allowed dual 
process in which the particles of the first are replaced 
by their respective antipartides, all spins are reversed, 
and paths are changed to their images under inversion 
through the origin in space-time. Relationships between 
probabilities are stated to be the same for a process and 
its dual. The proved connection between spin and 
statistics is that wave functions are symmetric under 
the interchange of variables referring to two identical 
integral-spin particles and antisymmetric for the half-
integral-spin case. 

These important results are derived from the postu­
lates of local field theory, which, however, are subject 
to considerable doubt. In the first place it is not known 
whether the postulates are sufficiently realistic to 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 G. Liiders, Kgl. Danske Videnskab. Selskab Mat.-fys. Medd. 
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2 W. Pauli, Ed., Niels Bohr and the Development of Physics 
(Pergamon Press, New York, 1955). 

3 G. Liiders, Ann. Phys. 2, 1 (1957). 
4 R. Jost, Helv. Phys. Acta 30, 409 (1957). 
6 W. Pauli, Phys. Rev. 58, 716 (1940); Progr. Theoret. Phys. 

(Kyoto) 5, 526 (1950). 
6 R. P. Feynman, Phys. Rev. 76, 749 (1949). 
7 J. Schwinger, Phys. Rev. 82, 914 (1951). 
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9 N. Burgoyne, Nuovo cimento 8, 607 (1958). 
10 R. Jost, Theoretical Physics in the Twentieth Century, edited by 

M. Fierz and V. F. Weisskopf (Interscience Publishers, Inc., 
New York, 1960). 

have emerged even for "free particles'' may perhaps 
provide us with other conceptual possibilities the 
starting point of which may lead to a theory with less 
startling consequences. 

include any theories except trivial ones in which the 
scattering matrix is unity. 

Secondly, the postulates are very specialized and 
restrictive, in that they assign a fundamental role to 
hypothetical local field operators defined over the field 
of space-time points. Experience does not entail the 
existence of such points, and the restriction to theories 
in which they play a fundamental role may immediately 
exclude all theories connected to physical reality. 
Because space-time points are experimentally in­
accessible both in practice and in principle, their 
introduction runs counter to the philosophy of quantum 
mechanics. This philosophic inconsistency appears to 
have its analog in the mathematical structure in which 
related inconsistencies seem to arise.11"13 

Even within the general framework of local field 
theories, some of the postulates are so restrictive that 
many reasonable theories are excluded. In particular, 
the requirements of the completeness of the asymptotic 
states and the positive definiteness of the metric are 
assumed to hold, not only asymptotically, but also 
throughout the course of the interaction. But added 
states of negative metric not among those observed 
asymptotically seem to be exactly what are needed to 
remove the apparent inconsistencies from field theory. 
A theory based on this possibility is among those being 

11 G. Kallen, Kgl. Danske Videnskab. Selskab Mat.-fys. Medd. 
27 12 (1953). 

i 2 1. Pomeranchuk, Doklady Akad. Nauk S.S.S.R. 103, 1005 
(1955); 104, 51 (1955); 105, 461 (1955); A. A. Abrikosov, A. D. 
Galanin, L. P. Gorkov, L. D. Landau, I. Pomeranchuk, and K. A. 
Ter-Martirosyan, Phys. Rev. I l l , 321 (1958). 

13 L. D. Landau, in Niels Bohr and the Development of Physics, 
edited by W. Pauli (Pergamon Press, New York, 1955), p. 52. 
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The CPT theorem and the normal connection between spin and statistics are shown to be consequences of 
postulates of the S-matrix approach to elementary particle physics. The postulates are much weaker than 
those of field theory. Neither local fields nor any reference to space-time points are used. Quantum commu­
tation relations and properties of the vacuum play no role. Completeness of the asymptotic states and 
positive definiteness of the metric are not required, though certain weaker asymptotic conditions prevail. 
The proofs depend on unitarity, macroscopic relativistic invariance, and a very weak analyticity requirement 
on the mass-shell scattering functions. The proofs are in the framework of the new 5-matrix approach to 
elementary particle physics, which is established on a formal basis. 


