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An analysis is made of interference effects between the Ki° and K£ components of a neutral K beam under­
going the 7r++7r~+7 decay mode. It is shown that a time dependence of the angle between the photon 
polarization and the normal to the decay plane in the rest system of the K particle results from the 
interference between the Ki° and K2° channels. If we can assume that for w-w scattering at the energies 
relevant here only 1=0, D wave and 7 = 1 , P-wave elastic phase shifts may be large, then these inter­
ference terms can be uniquely written in terms of the TT-TT phase shifts and Am, the Ki°—K2

0 mass dif­
ference. This effect may serve as a good method to determine of the sign, as well as the magnitude, of the 
Ki°—K2° mass difference. It may also be useful to determine the ir-w scattering phase shifts. 

I. INTRODUCTION 

TH E neutral K meson has some unusual properties, 
the double lifetime behavior1 and the regeneration 

phenomenon2 owing to the fact that the production of 
K particles is governed by charge independence while 
the 2ir decay mode of the K° meson is an eigenstate of 
the CP operator. A further phenomenon peculiar to the 
neutral K particles is the time dependence of the inter­
ference effects in the following decay modes of these 
mesons: K° -> ir±+/x=F(e=,=)+^8 K° -> 7r++7r-+7r0,4 and 
2T0—>y+Y.5 The time dependences of the oscillatory 
effects occur with a frequency given by the mass differ­
ence Am=mi—m2 between the Ki° and K2°. 

In this note we point out another interference effect 
in neutral K decay phenomenon. We consider the decay 
mode: K° —> 7r++7r~+7. In Sec. I I we discuss the matrix 
elements and the interference phenomena generally. In 
Sec. I l l we assume that only the 1=0, D wave and 1=1, 
P-wave 7T—7r elastic scattering phase shifts may be large 
at the energies relevant to this decay. With this assump­
tion we can simplify the general expression and we ob­
tain an expression from which one can determine the 
sign as well as the magnitude of the i£i°—-iT2° mass 
difference. This interference may also be useful in 
determining ir—ir elastic scattering phase shifts. In 
particular, if it is possible to study K° —> 7r°+7r°+Y 
experimentally, we can discuss 1=2, Z)-wave w—w 
scattering. 

II. GENERAL THEORY 

Neutral K particles are produced as K° mesons or K° 
mesons. The neutral K meson decays are best charac­
terized by Ki° and K20 mesons: 

|X1o) = | ( | i r » ) + | K o ) ) , \K2°}=-li(\K°)-\K<>)). (1) 

To discuss the time dependence of the 7T+7T+7 phe-
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nomena associated with an initially produced K° beam, 
we consider the time-dependent state vector: 

|^(^))=(e-Xl«/2 | j^10)+ g-X2*/2^XAm)^|^20)) e-*miy^ 

= l$(/)y-*»i«, (2) 

where 
Am=mi—m2 (3) 

is the mass difference between the Ki° meson and the 
K2° meson, and 

(Xi)_1=mean lifetime of Ki° meson 

= (1.00±0.04)X10-10sec 

(X2)_1=mean lifetime of i£2° meson 
= (6.1±1.4)X10-8sec. 

The transition matrix element at time t which takes the 
neutral K into the 7r+7r+y state denoted by / is 
given by 

(/ | r|$(*)>= (T^e-^^+^je-^h^^')/^, (5) 

where 
Tllf={f\T1\KJ>), 

T2J={f\UK2°). 

(4) 

(6) 

The corresponding decay probability T/(t) at time t is 
proportional to | </| T | $ ( 0 ) |2. 

In this note we assume CP invariance in weak inter­
actions as well as in strong and electromagnetic inter­
actions. Then the final 7T+7T+T state is characterized by 
CP= + 1 if it originates from Ki° decay and CP= — 1 if 
it originates from K2° decay. The most general Lorentz-
invariant transition matrix elements for the 7T+7T+7 
decay of Ki° and K2° are as follows: 

= (f\lPoA1(k1-k2)-z+iPeB1(k1Xki)-tl\K1o), 

Tt.f=(f\Tt\KJ>) 

= < / | [ * P o 4 * ( k i X k O . - e + P A ( k i - k , ) - e ] | J S : A 

(7) 

where PQ and Pe are, respectively, project ion opera tors 
for s ta tes of odd and even isopin, / , of the w—ir sys tem. 
k i , k2, and e denote the m o m e n t u m of one final -K meson, 
the m o m e n t u m of the o ther final T meson, and polariza-
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tion of the photon, respectively. The amplitudes Ah A2, 
Bi and B2 are in general complex functions of ki2, k2

2 

and (ki-k2). 
Now we rewrite (kiXk2) • e and (ki—k2) • t as 

(kiXk2)-£=&i&2sin@cos0, (8) 

(ki—k2) • £= ! ki—k2 \ cos0 sin0 

2 
= -—-—•—k±k2 sin© sin0, (9) 

|k!+k2| 

where angles 0, ©, and <j> are defined as follows (see 
Fig. 1): 

(kiXkO-e ( k r k 2 ) 
cosd= ; , cos© = — , 

| k i X k 2 | | t ! kiki 

cos<£ = 
(k1+k2)X(k1Xk2)-(k1-k2) 

IkiXkal Iki+kal |k2—kgl 

(10) 

Then the transition matrix elements r»(7ri,ki; 7r2,k2; 0) 
which are characterized by polarization angle 0, ir\ 
meson momentum kx, and T2 meson momentum k2 are 

( i i ) 

(12) 

Ti(ir+
yki]ir-Jk2,d) = Ai sind+iBi cos0, 

Ti(ir~,k1) 7r+,k2,0) = — Ai sind+iBi cos0, 

r2(7r+,ki; ir~1k2j6) = iA2 cosd+B2 sin0, 

T2(7T~,ki; 7r+ ,k2 ,0) = — iA2 cosO+B2 s in0, 

T1(ir°,k1;>ir0,k2ye)=-C1cosdJ (13) 

r2(7r°,ki; 7r°,k2,0) = - C 2 sin<9, (14) 
where 

Bi—aoi+a2i, 

Ci=doi—2a2{. 

Ai, am, and a2i are functions of &i2, k2
2 and (ki«k2) 

corresponding to the 7 = 1 , 0, and 2 ir—ir states, respec­
tively. The leading terms in the Ai and ai are, respec­
tively, proportional to unity and (ki—k2)- (k i+k 2 ) . 
We write 

Ai=fieiai 

Bi=g*** (16) 

d^hie1^, 

where /», gi, and hi are taken as real and positive. 
Using Eqs. (11)-(14) and (16), we obtain the decay 

probability for different final TT—TT charge states as 
follows: 

r(7r+,k1;7r-k2;(9;/) 

oc sin2(9{/1
2e-Xlf+g2

2e-X2< 

+ 2 / i g 2 s inCon-02- (Am)/>-(Xl+X2></2} 

+cos2d{g1
2e-^t+f2

2e~^t 

+2gxf2 s i n [ 0 i - a 2 - (Am)/>-<Xl+X2></2} 

+2 sin0 cos0{[/igi sin(ai-j8i)er*i< 

+/2g2sin(o;2-iS2)e-X2<] 

— C/1/2 cos(ai-a2— (Am)/) 

+gig2 cos</3i-0 2- (Am)0>- (Xl+X2)< /2}, (17) 

r(7r-k i ;7r+ ,k 2 ; (9;0 

*Ui~*-Ji in r (7 r+ ,k 1 ; x - , k 2 ; ^ ;0 ] , (18) 

r(7r°,k i ;7r0 ,k2 ;M) 
oc sin20/*2

2e~X2'+cos20/zi2e-Xl<-2 sin0 cos0/zi/z2 

X C O S [ Y I - Y 2 - (Am)/>-(Xl+X2></2. (19) 

From Eqs. (17) and (18) we can obtain simpler 
expressions: 

r ( i r+k i ; 7T-, k2; 0; t)+T(ic-, k i ; 7r+k2; 0; /) 

oc sin2^{/1
2e-Xlf+g2

2e-X2<}+cos2^{g1
2e-Xl<+/2

2e-X2i} 

— 2 sin0 cos0{/i/2 cos[ai—a2— (Aw)/] 

+gig2 cosG8i-/32- ( A w ) l ] } r ^ + ^ ^ , (20) 

r(7r+,k i ; 7T-k2; (9 ; / ) - r (7r - ,k i ; 7T+, k2; 0; 0 

oc 2 sin20/ig2 s i n [ a i - / 3 2 - (Aw)/>-(Xl+X2)</2 

+ 2 cos20gi/2 s in [ ]S i -a 2 - (Am)/>-(Xl+X2)</2 

+2sindcosC/igisin(ai-/3i)erM« 

+/2g2sin(a2- /32>-X 2<]. (21) 

The total probability of the transition in the time 
interval (0,/) is defined by 

P(TT+,k i ; 7r-,k2; 0; / )= / r(7r+,k i ; 7T-k2; 0; /). (22) 
Jo 

Then we get 

P(TT+k i ; 7r-,k2; 0; O+POnfe; *•+k2; 0; 0 

ocsin20(—(l-^~Xl0H ( l -< r X 2 0 I 
\Xi X2 / 

/gi2 h2 \ 
- c o s 2 0 [ — ( l - < r X l 0 H — ( l - e r x « 9 1 

\Xi X2 / 

- 2 s in0 c o s 0 -
1 

Xlfifi 

(AW)2+[(X!+X2) /2]2 

rXi+X2 

L 2 
• cos (ai—QJ2) — Am sm(ai—a2) 

/Xi+X2 

_e-(Xi+x2)«/2 __ cos(«i—a2—Am/) 

— Am sin(ai—a2— Ami) 1 

-Xi+X 
+gi, 1 • cos(ai—a2) —Am sin(/3i—ft2) 

/X1+X2 
-^-(Xi+xi)«/2/ __ Cos(/3i-0 2-Aw/) 

-Am sin(£1—ft— Am/) )]!• (23) 
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FIG. 1. Diagrammatic definition of the angles utilized in formulas 
(8)-(10) of the text. 

P(r+,ki> *-fa) 0) / ) -P (7 r - ? k i ; 7T+k2; 0; t) 

1 
oc 2 sin20/ig2 

X 
Xi+X2 rxi-

sin(ai—/32) — Am cos(ai—0 2) 
L 2 

/Xi+X2 

.^-(Xi+xj)i/2| s in(ai- j8 2 -Aw/) 
\ 2 

— Am cos(ai—/32—Am/) 

+ 2 COS^i/r 
1 

(Am)2+[(X!+X2)/2]2 

X 
rXi+x2 

• sin(/3i—a2) — Am cos(/3i—a2) 

/Xi+X2 
-(X1+X2X/2 __ s i n ( j 8 i - a t 2 - A w / ) 

)] — Am cos (/3i—a2— Am/) 

+ 2 sin0 cos0( /igi sin(ai—/3i)—-(l-6rXl0 
\ Xi 

+ / ^ 2 s i n ( a , - f t ) — ( l - < r x « * ) Y (24) 
X2 / 

I t is worth mentioning at this point the expressions (20), 
(21), (23), and (24) depend upon the sign as well as the 
magnitude of Am. I t is thus possible to determine the 
sign of Am. However, since these equations contain 
many parameters, it is useful to simplify the expressions 
by relating the phases a», &, and ji to TT—IT elastic 
scattering phase shifts in low angular-momentum states. 

III. APPROXIMATE EXPRESSIONS 

In the previous section we derived the general ex­
pressions for the decay probability at time t and the total 
probability in the time interval (0—/). These ex­
pressions depend upon various amplitudes characterized 
by the isospin of the final 71— n system and the 7r-meson 
momenta. In this section we assume that only the 7 = 0 , 
Z)-wave and the 1=1, P-wave elastic phase shifts for 
T—w scattering may be large at the energies available 
to the ir—ir system in this decay. We define the TT—TT 
scattering phase shifts as follows: 

< 7 n r / = l , / = l | 5 | i n r ) = e2i*1'i. 
(25) 

Utilizing the unitarity of the S matrix, we can represent 
at, fii, and yi by these TT—T scattering phase shifts6-8: 

a i=a 2 =5i f i , 

/3i=/32=5o,2, 

71 = 72=50,2, 

02t=O, 

hi=gi 

(26) 

Then Eqs. (20), (21), (23), and (24) may be rewritten 
as follows: 

r(7r+,k i ; 7r-,k2; 0; 0 + r ( * - , k i ; 7r+,k2; 0; t) 

ex sin2^(/iVX l '+^2Vx»0+cos2^(g1VX l«+/2
2^-X 20 

- 2 sin0 cos0(/i/2+gi£2) cos(Arn/)<r(Xl+X2)'/2, (27) 

r (*•+ki; 7T-k2; 0; /) - r (w-,ki; 7r+,k2; 0; /) 

oc 2 sin20/ig2 sin(<5i,i-<$0,2- Awl ) r ( l l +^ ) i / 2 

- 2 cos20£i/2 sin(5i,i-50)2+Am/)e- (Xl+X2^ /2 

+ 2 sin0 cos0 sin (51,1 — So, 2) 

X(hgie-^+f2g2e-^), (28) 
P(7r+,k i ; 7r-,k2; 0; / ) + ! > ( * • - k i ; TT+, k 2 ; 0; /) 

oc-sin^| —[ l~e~ A l l )~] (1 — e~X2t) ) sin20( — (l-e~ Xl0H—(l-<rXal) 
X2 

+cos20(— (l-e 
\Xi 

-X i0+—(l-r 
x2 

Mt ]) 

• 2 sin0 cos0-
fif2+gig2 rXi+x 2 

(Am)2+[(X1+X2)/2]2L 2 

/Xi+X2 

_e-(Xi+x2)//2| cos (Am/) 

+ (Am) sin (Am/) (29) 

6 See, for example, M. Kawaguchi and S. Minami, Progr. 
Theoret. Phys. (Kyoto) 12, 789 (1954). 
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8 F. E. Low (unpublished). 
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P(TT+ k i ; 7r-,k2; 0; / ) - P . ( i i - , k i ; *•+,k2; 0; /) 

1 
oc 2 sin20/ig2—•———•— 

(Am)2+[(Xi+X2)/2]2 

r / X i + x 2 \ 
X ( sin(5i,i~ 50|2) —Awcos(5i,i—60,2) J 

/X1+X2 
-e-(M+M)t/2l s in(5i , i-50 l2-Af»0 

— Am cos(<5i,i— 5o,2— Am/) 1 

1 
- 2 cos%i / 2 — 

(Am)2+[(X1+X2)/2]2 

r/Xi+x2 \ 
X ( sin(Si,i—$0,2) —Awcos(5i,i—5o,2) ) 

* 1+} 

2 

+ * + 7 2171 

/Xi+X2 

(Xi+x8)«/2/ sin(5i,i--60,2+Aw/) 

+ Aw cos(5i,i— 5o,2+Aw/) J 

+ 2 sin0 cos0 sin(5i,i—50)2) 

x( / ig i - ( l -^ X l 0+/ 2 g2- ( l -^ X 2 0Y (30) 
\ Xi X2 / 

r^^-Xif 

* / \1 / \2 

Equation (19) can be approximated by 

T (7r0,ki; 7r°,k2; 6; /) oc sin 6 g2
2e-^t+cos26 gi2e~ 

- 2 sin0 cos0 gig2 cos(Aw0e~(Xl+X2)f/' (31) 

and also 

P(v°,ki ; i ro ,k8 ;0;O 

^22 g{" 
ccsin20— (l-e-X 2O+cos 20— (l-e-^) 

X2 Xi 

— 2 s m 0 c o s 0 — • — — — • — — • •— 
(Am)2+[(Xx+X2)/2]2 

-Xx+X2 

X 0-(XH-X2)*/2 

A1 + X2 \ " | 
X( cos (Ami)+Am sm(Amt) J . (32) 

Equations (28) and (30) depend on the sign as well as 
the magnitude of Am, so it would be very useful to 
measure these probabilities. Also it might be possible 
to gain information about the T—TT scattering phase 
shift combination, 5i,i— 60,2, by measuring these Ki° and 
K2° decay interference phenomena. However, if we 
know neither 51,1—50,2 nor Am we cannot distinguish 
the following two kinds of solutions: 

(i) 5i,i— 50,2=a, A w = ± | A w | 

(ii) 5i,i— 60,2 = ^—a, Aw==F|Am| . 
(33) 

In order to determine the sign of Am by this method we 
must know at least whether 5i,i— 5o,2 is larger or smaller 
than 7r/2. Note that the interference effects in Eqs. (29) 
and (32) are completely independent of the w—-w phase 
shifts, they depend only on the magnitude of Am, 

In this section we have made two assumptions: 
(i) P and D wave (and, of course, S wave) 71— w elastic 
scattering phase shifts are dominant at total center-of-
mass energies in the TT—TT system <3ju, where JJL is the 
pion mass; (ii) 1 = 0 and 7 = 1 , ir—ir isospin states are 
dominant, i.e., we have neglected the D wave in the 
isospin 2 state. The first assumption would seem to be 
reliable because of the low energies involved. The second 
assumption also may be true, but it is not so sure. The 
second assumption can be checked by comparing 
7r++7r~+7 decay and 7r°+7r°+Y decay, in other words, 
by comparing Eqs. (29) and (32). 

IV. CONCLUSION 

A recent estimate9 of the frequency of the mode 
K+ —> 7r++7r°+7 puts this frequency at ~ 10~~3 radiative 
decays per K+ decay. This estimate attributes an ap­
preciable contribution to the radiative decay to a direct 
emission term. Owing to the | Al | = \ rule the internal 
bremsstrahlung contribution to K+ radiative decay is 
severely suppressed.10 The absence of this suppression in 
radiative K° decay together with an important direct 
emission might make an experimental study of the 
interference effect elucidated in this paper feasible. A 
measurement of the sign of the Ki°—K2° mass difference 
would then be possible. 

9 Monti, Quareni, and Vignudelli, Nuovo cimento 3,550 (1961). 
10 N. Cabibbo and R. Gatto, Phys. Rev. Letters 5, 382 (i960). 


