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Flux Quantization and the Current-Carrying State in a Superconducting Cylinder*
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London’s phenomenological theory is modified to include quantization of angular momentum in the
boson gas model of a superconductor. The modified London equation is solved in ring geometry to find the
magnetic field in the penetration region. The unit of flux quantization is obtained for all thicknesses of the
superconductor. The relation between angular momentum and kinetic energy in the current-carrying state

is discussed briefly.

1. INTRODUCTION

HE quantization of the trapped magnetic flux
that threads a superconducting ring has been ob-
served experimentally*? and has been discussed theo-
retically from several points of view. The first treat-
ments®* considered thick superconductors and ob-
tained flux quantization in integral multiples of kc/2e
(Gaussian units). Other treatments®® show that the
flux quantization unit is smaller when the ring thickness
is less than the penetration depth of the superconductor.
We present here a simple description of the current-
carrying state in a ring superconductor of arbitrary
thickness, based on London’s phenomenological theory”
and on the free-boson gas model of Schafroth, Butler,
and Blatt.® That means we replace the electrons by a
condensed gas of bosons of charge 2¢ and mass 2m.
We assume that the internal structure of the bosons is
unaffected by the fields which are present, and that the
electrostatic interactions (boson-boson and boson-ion)
maintain uniform boson density. We do not investigate
here the applicability of the boson gas model to real
superconductors. Bardeen® gives some justification for
its use near the transition temperature. The question
of the density has been studied more carefully by Bloch
and Rorschach, who find uniform density to good
approximation.

The effect of introducing the boson gas model and
quantizing the canonical angular momentum of the
bosons is to add an inhomogeneous term to the usual
London equation. We give an explicit solution in the
ring geometry, to obtain the field and current distribu-
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tion in the superconductor and the value of the flux
quantization unit for any thickness.!

2. CALCULATIONS

Consider a long, hollow cylinder of inner radius R,
and outer radius R,. Introduce cylindrical coordinates
2, , 8. We wish to describe a state in which current
flows only in the 6 direction, so that the magnetic field
is in the z direction and depends only on 7. We can then
choose the gauge to make the vector potential have only
the component A¢(r). In this gauge, the Hamiltonian
exhibits the cylindrical symmetry, so that the canonical
angular momentum component Z, is a good quantum
number. In the condensed state, each boson is taken to
contribute /% to L., where / is an integer. Then the
canonical angular momentum density is equal to 3pl#,
where 3p is the boson number density.

The current density j(r) has only the component
7o (r), which is determined by

i<r>=%p22~e(p—-2—e— ) M

m c

where ¢ is the velocity of light, 2¢ and 2m are the boson
charge and mass, respectively, and pp is the canonical
momentum density.

Jo=r71(rXy)s,
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Equation (2) is the same as London’s equation relating
jo and Ao, except for the inhomogeneous term 3i%/7.
A second relation between 75 and Ay is obtained from

VX VXA=4rj/c, 3)
which gives for the # components
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10 Note added in proof. Similar considerations are reported by
J. B. Keller and B. Zumino, Phys. Rev. Letters 7, 162 (1961).
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These results are combined to eliminate jq, giving

il:l i(,Aa)].;_lll’f[lﬁ—ﬁAg:l:O, (5)
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which again differs from London’s corresponding equa-
tion by the inhomogeneous term.

Since we assume constant p, Eq. (5) is easily solved.
A solution for given / is

lhe 1
=" (63')

2e r
Jo=0, (6b)

which gives zero current and magnetic field in the super-
conductor, and quantized flux

&=1®,=1hc/e 0

inside the cylinder. Solution (6) describes the interior
of the superconductor and is equivalent to the simplest
discussion of a thick superconductor.* However, Eqgs.
(2)-(5) describe the surface region of the supercon-
ductor as well as the interior, and the correct solution
is obtained by inserting appropriate boundary condi-
tions. The general solution of (5) is obtained by adding
to (6a) the general solution of the homogeneous equa-
tion. Since that is just London’s equation, the added
part corresponds to London’s solution, a surface current
which decreases exponentially beyond the penetration
depth. The general solution of (5) is then given by

lhe 1
Aa=—2———+C1I1(ﬁf)+CzK1(ﬁ7’), (8)
e 7

where I; and K; are the modified Bessel functions,** and
B= (4mpe*/mc*)} ©)

is the reciprocal of the penetration depth.

The constants C; and C, are determined from the
boundary conditions at R; and R,, assuming a uniform
field By outside the cylinder. Within the cylinder will
be another uniform field whose magnitude is fixed by
the boundary conditions. The results for the flux ®;,
contained within the inner radius R; and the total flux

W, Magnus and F. Oberhettinger, Special Functions of
Mathematical Physics (Chelsea Publishing Company, New York,
1949), p. 19.
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&7 contained within the outer radius R, are given by

2
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The quantity

q)oerzzBo (13)

represents the flux which is produced by the external
field B, within radius R,. Expressions (10) and (11)
go over into the known results in the limit of very thick
or very thin superconductors.®

3. DISCUSSION

Understanding of the current-carrying state in a
superconductor has long been obscured by the idea that
such a state must have high energy because the quantum
of angular momentum of a condensed state is of the
order of the density times the quantum for a single
particle. The crucial feature of this and the previous
discussions of flux quantization is the difference between
canonical and kinetic angular momentum in the presence
of a magnetic field, even when the charged particles do
not penetrate the field. This difference permits the con-
structuion of states having high canonical angular mo-
mentum but small circulating current and small kinetic
energy. Analogous remarks apply to the linear case,
where the necessity for a return current insures that
there will be a trapped flux. The quantization of canoni-
cal angular momentum in the presence of magnetic
fields has been discussed in detail elsewhere.!213
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