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The explicit time integrations in the formal binary collision expansion of the classical iV'-body Green's 
function are performed to obtain a product of binary collision operators which bears a strong resemblance to 
the Mayer product of /,-/s. These integrations are exact for hard-sphere interactions and are expected to be a 
good approximation for finite but short-range pair interactions. The resulting expansion can be averaged 
over configuration space to obtain a transport equation for a dense gas in analogy with the cluster expansion 
of the classical partition function. 

AN expansion of the quantum partition function in 
terms of binary collision operators, which is ap­

plicable to systems of pair interacting particles, has been 
obtained by Lee and Yang.1 Starting with the Bloch 
equation, Siegert and Teramoto2 later obtained a 
simple and direct derivation of this "binary collision 
expansion/' It is generally known that a similar 
binary collision expansion may be obtained for the 
classical Green's function solution of Liouville's 
equation. These expansions in binary collision operators 
are analogous to the expansion of the classical partition 
function in terms of Mayer /*/s.3 They are suited to 
the study of systems with infinite repulsive interactions, 
such as hard spheres, since the terms of these expan­
sions are bounded functions of the interaction strength. 
For such systems of infinite interactions, the binary 
collision expansion is preferable to expansions in 
powers of the interaction strength as proposed by 
Prigogine et al* In the latter expansions one must 
perform complicated summations (summations of Born 
approximations) in order to remove the divergencies 
at infinite interaction strength. Indeed, if these sum­
mations were performed (and they have been done 
only in the limit of zero particle density), the result 
would be similar to the binary collision expansion. It 
would thus be simpler to start with the binary collision 
expansion in the first place. 

Tempting as it is to apply the binary collision 
expansion to the Green's function solution of Liouville's 
equation, little has been forthcoming because the 
expansion is quite complicated. It involves time-con­
voluted products of binary propagators interspersed 
with interaction terms, and does not resemble the 
analogous Mayer fy expansion in any obvious way. 

In this article we shall perform an exact time inte­
gration of the binary collision expansion of the classical 
Green's function for a system of hard spheres. The 
result [Eq. (26) or (27)] is an unconvoluted product 
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of propagators which bears a strong resemblance to 
the Mayer product of fa's. This time-integrated 
expansion can be averaged over all the initial co­
ordinates of the system to obtain a transport equation 
to all orders in the density in the same way as was 
done by Brout5 (to the lowest order in the density) 
for a similar but less rigorous expansion. 

The time integrations of the binary collision expan­
sion are based upon the fact that, for hard spheres, 
the interaction terms which appear in the integrand 
of the expansion are delta functions of the integration 
variables. The explicit dependence of these delta 
functions upon the integration variables is then 
determined after which the integrations are trivial. 
Although exact only for hard-sphere interactions, the 
integrations may be a good approximation for finite 
but short-range interactions. 

II 

We begin by writing Liouville's equation for the 
time dependence of any function / of the phase of a 
system of N particles with pair interactions: 

idf(t)/M=~Lf(t). 

This has the formal solution 

/(*) = e<tf/(0)SG(0/(0), 

(1) 

(2) 

in terms of the initial value of f(t). The Liouville 
operator L is given by 

L=-i £ m^¥kM'Ld/dyk(0)-d/dvs(0)l 

- i£v*(0) .3 /3R*(0) , (3) 
k 

where Rfc(0) and v&(0) are the initial vector position 
and vector velocity, respectively, of the Mh particle, 
FfcS(0) is the force between particles k and s, and the 
summation extends over all the particles of the system. 
In order to obtain the binary collision expansion of 
the classical propagator (Green's function) G(t), we 
must define a free-particle propagator Go(t) and a 

1 R. Brout, Physics 22, 509 (1956). 

341 



342 J E R O M E W E I N S T O C K 

binary collision propagator Ga(t): 

where 

solution of 

(4) 

£o=-*Etv*(0)-d/dRjb(0), 

La^Lka= -im-^UO) • [3/dv*(0)-d/dvB(0)], (5) 

and the single index a denotes the double index ks so 
that 

Ra(0)»Rjb(0)-R.(0), v t t(0)sv*(0)-v.(0). 

With this notation, the binary collision expansion is 
given by4 

G(/) = Go(0 + X) T, f dh [ dtr- [ dtn 
w=1 !«} Jo Jo Jo 

XGan(h~h)iLanG0(t-h), (6) 

where the sum extends over all values of ah • • •, an 

such that 
ai9£a2) a^az, • • •, an-i^anj 

i.e., such that no consecutive pair of a's are identical. 
It is the above expression that will be integrated. In 

order to perform the implied integrations in (6) it will 
be necessary to understand some of the formal proper­
ties of the propagators Go{t) and Ga{t). The propagator 
Go(t) describes the time evolution of a system of free 
particles, and Ga(t) describes the time evolution of a 
system in which the interaction between the pair of 
particles a is turned on, and all the other particles are 
moving freely. Hence, if 

/CRi(0),R s(0)> .--;v1(0),T,(0),.-.] 

is any funtion of the initial phase point and if a denotes 
the pair ks, then 

Go(0/=/[Ri(o)+MO), • • •; vx(o), • • •] , 
Go(0=/[Ri(0)+/v1(0), • • .R»(l)+*vt(l), • • -Rs(l) 

+*v.(l), • • •; vi(0), • • .v*(l), • • .T.(1), • • • ] , (7) 

where Vfc(l) and vs(l) are the velocities of particles k 
and s after they have interacted with each other (we 
assume that all interactions are instantaneous as for 
hard spheres), and [R*(l)+*vfc(l)] and [R s(l)+/v s(l)] 
are the positions of particles k and s at time t (assuming 
that a collision between k and s has taken place). 
Here Rs(l) is given by 

R.(i)=R.(0)+/*CvB(0)-v.(i)l (8) 

where t* is the time at which the collision between k 
and s takes place. The time of collision /* of two hard 
spheres of diameter a with initial relative position 
R&s(0) and relative velocity VA;S(0) is given by the 

|Rjb.(0)+^v*8(0)|=a. (9) 

The position of particle s at the time t has been written 
in the form [Rs(l)+£vs(l)] because this form displays 
the explicit time dependence of the position of s and 
will be useful later on. The dependence will be generally 
as simple as shown only if the collisions are either 
complete or instantaneous. The time dependence will 
be complicated otherwise. If no collision takes place 
between k and s in the time t, then we simply have 

RB(1) = R.(0), R*(1) = R*(0), 

v.(l) = v.(0), v*(l) = v*(0), 
so that 

Ga(/)/=Go(0/. 

We have seen that the propagator Ga{t) prescribes 
the evolution of a system of particles from time zero 
to time /, with only the a interaction turned on. In 
general, the product of propagators 

Gai (tl)Ga2 \h— h) * 'Gan(tn—tn-l), (10) 

means that the system of particles evolves from time 
zero to time h with only the ai interaction turned on, 
and then the system evolves from î to h with only the 
a2 interaction turned on, etc. Consequently, if 
/[Rfc(0);v*(0)] is any function of R*(0) and v*(0), 
then 

Gai(h)Ga2(t2-h) • • .Gan(*n-*«^i)/[R*(0); v*(0)] 
=/[R*(0)+/i*v*(0)+(/2*-/i*)v*(l)+- • • 

+ ( /»*-^i*)v*(»-1)+ (tn-tn*)vk(n); Yk(n)2 
=/[Rjb(»)+*»v*(»); •*(»)], (11) 

where ta* is the time at which the pair as collide, given 
that the system evolves up to time h with only the a\ 
interaction turned on, and then evolves from h to h 
with only the a^ interaction turned on, and so on up to 
time t8. The quantity v&(s) is the velocity of particle k 
after the collision of the pair as in the above sequence 
of consecutive collisions. If, in the above sequence, 
the pair as are not aimed to collide in the time interval 
ts to /s_i then, \k(s) = Vk(s—l) and the quantity /s* 
disappears from (11). The quantities 4* and v&(s) are 
unique functions of the initial phase point and may be 
calculated in a straightforward manner by successive 
solutions of the two-body problem. Fortunately, it 
will be sufficient for our ends to understand these 
quantities in merely a formal way. 

Ill 

With the above understanding of the formal proper­
ties of the propagators, we are in a position to perform 
the integrations in (6). For convenience, we let 

t\—tn, fa—tn- ' y *n— Hy 
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and then change the order of integration in (6) to get 

ln(t)= I dh I dt2'" I dtn~l I dtn 
JO J t\ J tn—2 J tn—1 

y\Gan_Jj,n-l~tn-^iLan„lGan\tn--tn-l)iLan 

XGo(t-Q, (12) 

where In(t) is the integral in (6). The integration over 
tn is immediate, since, as a special case of (6), 
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out of the tn~i integral. We then have, with the identity 

Go(t— tn-i)Go(tn~-i— t) = 1, 

/»(*)= / dtv • • I dtn-i Gai(h)iLa 
J 0 J tn-2 

XGan_2(tn-2— tn-z)iLan_2Go(t — tn~2)Go(tn-2--1) 

X>Gan_i(tn-l—tn-2)iLan_1GQ(t—-tn--i) 

XGo(tn-l-t)LGan(t-tn-l)-GQ(t-tn--l)'] 

Jtn-l 

dtn Gan(tn— tn-i)iLanGo(t—tn) 

= Gan(t~ tn-l)-Go(t-tn-l), (13) 

= / dtv I dtn-i Gai(ti)iLai' • • 
Jo J tn-2 

Gan-2Vn-2~~tn-yiLctn_2Go(t—tn—2) 

and we thus have 

/«(0= / dtv j dtn-i 
J 0 Jtn-2 

XGai(h)iLai' • ' Gan^i\tn-l— tn-2)iLan_x 

XlGan(t-tn-i)-Go(t-tn-i)J (14) 

The integration over tn-i is more difficult but may be 
done exactly for a hard sphere interaction. In this case 
the force is a delta function and, hence, the positional 
dependence of £«„_! is given by 

La^ccdQR^l-a), (15) 

where a is the hard-sphere diameter, so that [see (11)] 
the integrand of In(t) contains the delta function: 

Gai(ti)Ga2(t2—h) ' • 'Gan_1(tn-l—tn-2)Lan_1 

= 8(|R<to_1(»-l)+/11_1vawl(»-l)|-a). (16) 

Consequently, the integrand of In(() contains a delta 
function of tn-\ and this integrand will be nonzero for 
only that value of tn-\ which satisfies 

|R a „_ 1 («- l )+^- iv«„_ 1 («- l ) | -«=0, (17) 

so that 

^ i = - [ w i ( « - i ) ] _ 1 { R « « - i ( » - i H « » - i ( » - i ) 
-[«»-(R«^1(»-l)X<»«^1(»-l)) J]*} 

= <„_!*=-C^_1(«-2)]-1{R«„_1(w-2) 

X i , i » - 2 ) f f l , (18) 

[the time at which pair an_i collide, see (11)], where v 
denotes the unit vector in the direction of v. 

Since there will be a contribution to the tn-i inte­
gration only for tn-i = £w-i* we may replace any function 
of tn-i which appears to the right of Lan_ly in In(t), by 
its value at /w_i* and then take this function of /n-i* 

X Hm Go(tn-2—t) 
Tn- l->— t°n-l 

XGan_i(tn-l— tn-2)iLan__xGb(t— tn-l) 

X G o ( - r n - i ) [ ^ n ( r n - i ) - G o ( r w _ i ) ] , (19) 
where 

/ow_1=-[^n_1(o)]-HR«n_1(o)-z)an_1(o) 
+[^-(Ran_1(0)Xz)an_1(0))2]i} (20) 

and we have used, for any function /, 
Gai\t\)Ga2(fa— h)' ' 'Gan__2(tn-2—tn-3) 

XGo(t-tn-2)f(-t\^) = f(t--tn^). (21) 

The tn-i integration in (19) is now similar to (13) 
and may be done immediately to obtain 

In(t)= I dtv '' I dtn-2 Gai(ti)iLai' - • 
J0 J <n_3 

X C r a n _ 2 ( / n _ 2 tn—%piuan-2 

XG0(t-tn-2) Hm Go(tn-2-t) 

Tn-l-+-t°n-l 

X[G*n_l{t-tn-2)-Go(t-tn-2)'} 

XGo(-Tn-l)LGan(Tn-l)-G0(Tn-l)J ( 2 2 ) 

(If the interaction in Lan_1 were of finite duration, the 
£n_i integrand would be nonzero for a finite range and 
G0(/»-i—t)[Gan(t— tn-i) — G0(t— tn-i)~] could not ordi­
narily be replaced by its value at ^ - 1 * . However, the 
preceding term is a relatively slowly varying function 
of tn-i so that for an interaction of finite but short 
duration about the time 2w_i* it would still be a good 
approximation to replace 

Gz(tn-i-t)[Gan{t-tn-i)--G<>(t-tn-i)~] 

by its value at tn-i? and then complete the tn-i 
integration as above.) 

We may perform the remaining integrations similarly 
by noting that for hard spheres the integrand of In(t) 
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contains the delta functions, 

d(\Rak(k)+tkvak(k)\-a), (l<k<n-l) (23) 

and, thus, there will be a nonzero contribution to the 
integration over h only for real and positive h given by 

h=-{Kk(k)-vah(k)-la?-(Raic(k)Xvak(k)fy} 

X H M * ) ] - 1 (24) 
= ***, (l<k<n-l). 

We then proceed in the same way as for the tn-i 
integration to obtain 

/»(/) = Go(0 Km Go(-/)[<?«,(/)-Goto] 

X lim Go(—Ti)[Ga8(ri)--Go(ri)]- •• 
T$-+—th 

XGQ(— Tn-l)[Gan(Tn-l) — G o ( r n - l ) ] , (25) 

so that the binary collision expansion becomes 

G ( / ) - G o ( / ) = f : E G o ( / ) lim Go( - / ) [G a i ( / ) -GoW] 
w=l {a} TI->—/«i 

X lim Go(—Ti)[G«a(ri) —Go(ri)]- •• 
T2 -* - /°2 

XGo(—r«_i)[Gan(rn_i)--Go(r«-.i)], (26) 

which is the desired result. Equation (26) is exact for 
hard spheres and is expected to be a good approximation 
for finite but short range interactions. 

I t is important to note that tk* will be real and 
positive and, hence, In{t) will be nonzero for only 
those initial phase points which lead to a collision 
between the pair ctk- This is reflected in the integrated 
form, (26), of the expansion by the appearance of 
propagators in the combination 

{Gak{rk-i)—Go(rfc_i)], 

which, when operating on any function of the initial 
phase point, will be nonzero for only those phase points 
which lead to a collision between the pair ak within 
the time r^-i. 

In view of (21) we may interpret any term in (26) 
as follows: Reading from left to right the propagators 
in the first bracketed term "operate" from time zero 
to time t, i.e., the propagators displace phase points 
along their paths in phase space from time zero to 
time /, and this term will be zero unless the pair «i are 
aimed to collide within the time /. The next term 
prescribes a free motion backwards in time from time t 
to that time t±* at which the pair a\ were aimed to 
collide. The propagators in the next bracketed term 
then operate from time ti* to / and will be zero unless 

the pair a2 are aimed to collide, and so on. Since each 
term [G«fc(Tfc_i) —Go(rk~i)~] will be zero unless the 
pair au are aimed to collide the initial relative co­
ordinate of ak must lie within a collision cylinder.5 The 
term In{t) will thus be nonzero for only those small 
regions (collision cylinders) in the space of Ra i(0), • • •, 
R«n(0) which lead to a collision between en followed 
by a collision between a^ and so on. 

The analogy between the terms of the integrated 
binary collision expansion (26) and the Mayer jf^/s is 
now clear. The formal analogy is seen by noting that 

Go( - r )CG«( r ) -G 0 ( r ) ]=e~- L V^ L o+L a )_ i ? 

so that if the interaction term La were to commute 
with the free-particle term Lo (as the kinetic-energy 
term commutes with the interaction term in the classical-
partition function), then we would have 

G 0 ( - r )CG a (T) -Go( r ) ] = a * ^ - l . 

This has the same form as the Mayer /<*. A more 
significant similarity between Go(—r)[Ga(r)—G0(r)] 
and the Mayer fa is that both are nonzero for only a 
small region in Ra space. The latter similarity should 
prove useful in performing the integration of (26) over 
coordinate space. 

In view of the analogy with the Mayer / 4 / s it would 
be useful to define a new / # by 

/ « t = lim G0(— Tk-i)[Gak(Tk-i) — GO(T/C_I ) ] , 

so that (26) may be written in the form 

G(t)-Go(t)=Jt £ G0(t)faJaJas- • ./„„, (27) 
n=l {a} 

where 

Equation (27) can be integrated over all coordinates 
to obtain a generalization of Brout's derivation of a 
master equation. The integration over coordinates 
introduces "cluster" integrals for multiplet collisions 
analogous to the cluster integrals of equilibrium theory. 
The cluster integrals can then be summed to obtain 
density expansions of transport equations analogous 
to the density expansion of the classical partition 
function. This work will be reserved for a future article. 
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