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TABLE IV. Values of Eqs. (3.1) and (3.7) under the restriction 
X2 ̂  Xmax2, where Xmax=/*/2 = 70 Mev/c. 

Pi 
3ev/c) 
3 
2.7 
2.4 

3 
2.7 
2.4 

3 
2.7 
2.4 

3 
2.7 
2.4 

0i 
(deg) 

i 
2 

1 

2 

5 

/ 4 a 

10-6 

(mb/sr) 

1.66 
1.09 
0.67 

5.47 
3.72 
2.36 

1.16 
0.87 
0.60 

8.73 
7.82 
6.63 

(mb/sr) 

38.8 
31.9 
24.5 

26.7 
23.4 
19.1 

8.68 
8.80 
8.37 

0.39 
0.52 
0.63 

10-6 

(mb/sr) 

13.70 
10.98 
6.16 

2.90 
2.98 
1.73 

-0 .96 
-0 .85 
-0 .69 

0.00 
-0 .02 
-0 .04 

10-6 

(mb/sr) 

1.46 
1.11 
0.59 

0.71 
0.60 
0.46 

0.16 
0.18 
0.17 

0.00 
0.00 
0.00 

a plp2/ Sinfll V 2.1\max2 

» / 4 = ( I . 
8TT2 k* \ l - / S l C O S 0 l / Nm»x2+10 

fa/i, 12, It (see Table I ) . 

IV. CONCLUSIONS 

On the basis of the Mandelstam representation for the 
three invariant amplitudes of electromagnetic pion-pair 
production, we derived partial-wave dispersion relations 
and obtained solutions by retaining only the Ix contri­
bution to the unphysical cut. The contribution from 
27r intermediate states could be neglected because of 
the smallness of the amplitude for the process Y + X —> 
7r+7r. The amplitudes thus obtained can be used in 
calculating the cross section for electromagnetic 
pion-pair production through Eq. (3.1), which consists 
of purely electromagnetic terms plus a rescattering 
correction. The rescattering term is important only for 
5 states of the 2T system because the average t involved 
is small, no matter how large the incident photon 
energy. The rescattering term is expressed through two 
functions, T'++o'1(0 a n d 2"++°'200> for which formula 
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I. INTRODUCTION 

T T is of some interest to determine to what extent 
-** radiative effects can account for the discrepancy be­
tween the experimental determination of the Mott 

* Supported in part by the U. S. Atomic Energy Commission. 

(3.2) is given in terms of NQT and Do1, the numerator 
and denominator functions of the 7r-7r 5-wave 
amplitude.10,19 

We have estimated the rescattering correction using 
Desai's estimate of the 7r-7r S wave with a virtual state 
(or resonance) near threshold in 1=0. The results are 
that the cross section is substantially enhanced for low 
/, and diminished slightly for high t. Therefore, an 
experiment to measure the 7r-7r effects should be per­
formed best at low-momentum transfers which tend to 
emphasize low t. For purposes of illustration we have 
estimated the cross section with an incident photon of 
6 Bev, with the result that rescattering comprises over 
38% of the cross section at Q\=\ deg, and P i = 3 Bev/c. 

We have also shown that if we observe the pion 
pairs produced in the forward direction by a high-energy 
photon, keeping the momentum transfers sufficiently 
small, the electromagnetic pair production dominates 
the nuclear production. This situation should improve 
as the energy of the initial photon is chosen to be higher, 
and if we use a large nucleus. 

We conclude, therefore, that the effects of the 7r-7r 
5-wave should be measurable in electromagnetic 
pion-pair production, if the experiment can be designed 
to pick out events where the momentum transfer to 
the nucleus is < M / 2 or 70 Mev/c, with the energy of the 
incident photon greater than 6 Bev. 
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scattering asymmetry1 and the exact (in aZ) numerical 
calculations of the asymmetry function.2 Several dim-

1 D. F. Nelson and R. W. Pidd, Phys. Rev. 114, 728 (1959). 
References to previous experimental measurements of asymmetry 
are given in this paper, as well as a detailed evaluation of the 
earlier experiments. 

2 N . Sherman, Phys. Rev. 103, 1601 (1956); N. Sherman and 
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An evaluation of the effect of the radiative corrections on the Coulomb scattering asymmetry function is 
presented. The lowest order corrections, consisting of those terms which are quadratic in the external field, 
are evaluated with the aid of the unitarity of the S matrix. Relative corrections to the asymmetry function 
are presented in tabular form for electron velocities in the range 0.6<£<().9 and electron scattering angles 
in the range 3O°<0<15O°. These corrections, which are shown to be independent of the value of the energy 
resolution, are found to be less than 3 % for the electron velocities and angles quoted above. 
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culties are inherent in the theoretical determination of 
the radiative effects. 

Perhaps the most formidable difficulty is an exact 
treatment of the Coulomb scattering wave function. We 
avoid this problem by expanding the S matrix in powers 
of the external field in the usual manner.3 Such a pro­
cedure is unsatisfactory, since for elements of interest in 
Mott scattering experiments a Z > | ; one therefore ex­
pects rather large corrections to the dominant term in 
such an expansion. I t is hoped, however, that expres­
sions based on this expansion will give a reasonable 
estimate of the radiative effects. 

When the radiation field is neglected, the lowest order 
term in an expansion of the cross section in powers of aZ 
gives rise to no asymmetry. The first contribution to the 
asymmetry function arises from terms of relative order 
oPZ2 (the second Born approximation). For a Coulomb 
field this term results in divergent integrals. In order to 
extract finite results from the second-order term in the 
expanded S matrix, one resorts to the artifice of re­
placing the Coulomb field by a "screened'' Coulomb 
field, and allowing the screening to vanish after the 
cross section has been computed.4 When the radiation 
field is included in the S matrix, a similar situation is 
encountered. The first-order terms in aZ give rise to no 
asymmetry. To evaluate the second-order term using 
the expanded S matrix, screening must be included to 
avoid divergent integrals. 

The difficult computations involved in a direct evalu­
ation of the second-order terms6 are avoided by applica­
tion of unitarity of the S matrix. One is able to reduce 
the terms of interest to two types. The first type of term 
involves integrals over an intermediate electron state; 
these integrals are easily evaluated analytically. The 
second type of term involves integrals over an inter­
mediate state with one electron and one photon. These 
integrals contain divergences at low photon energy 
which are subtracted out analytically. The resulting 
finite integrals are evaluated numerically. 

Divergences which arise as the screening parameter 
vanishes cancel when the cross section is formed, where­
as the infrared divergences cancel after a soft brems-
strahlung term is added to the cross section. 

The dependence of the radiative corrections on experi­
mental energy resolution is determined entirely by the 
bremsstrahlung cross section. Since the soft bremsstrah-
lung cross section is a multiple of the elastic scattering 
cross section, the asymmetry function (a ratio of cross 
sections) is independent of the magnitude of the energy 
resolution, provided the energy resolution AW<^m. I t is 
shown that radiative effects cannot account for the 

D. F. Nelson, ibid. 114, 1541 (1959). Analytical results corre­
sponding to the first and second Born approximations, respec­
tively, are given by F. Giirsev, Phys. Rev. 107, 1734 (1957), and 
W. R. Johnson, T. A. Weber, and C. J. Mullin, ibid. 121, 933 
(1.961). 

3 J. M. Jauch and F. Rohrlich, The Theory of Photons and 
Electrons (Addison-Wesley Publishing Company, Inc., Cambridge, 
1955), p. 320. 

4 R. H. Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951). 
6 R . G. Newton, Phys. Rev. 97, 1162 (1955); 98, 1514 (1955). 

discrepancy between the experimental and theoretical 
determinations of the asymmetry. 

II. FORMULATION OF THE PROBLEM 

Scattering of an electron by a static scalar potential 
may be described in terms of the ^-matrix element, 

<P*\S\pi)= (STH/V)(u27ATu1)d(W1-W2)J (1) 

where pi= (p*,W»), i= 1, 2 represent the four-momenta 
of the initial and final electrons, V is a normalization 
volume, and where the 4X4 T matrix may be written in 
general 

T=a+yJ>. (2) 

a and b are scalar functions of q=pi—p2 , the momentum 
transferred to the scattering center, and of the common 
energy W\. Letting da=a(^h^i', p2)d!2 represent the 
differential cross section for scattering from a state of 
momentum pi and spin orientation £i (in the incident 
electron's rest system) to a state of momentum p2, one 
easily deduces that <r(pi,Ci; p2) = /(#) — Z?(0)n-£i where 
n=p iXp2/ |p iXp2 | is the unit normal to the plane of 
scattering, and 6 is the scattering angle. In terms of a 
and b one finds 

7(6>) = 4{TFi2[l-/32 sin2(0/2)]| a\2 

+TFi 2 [ l - iS 2 cos 2 ( (9/2)] |&| 2 +2P ; r iwRe^}, (3a) 

D(6)=- 4£i2 sin0 Ima*6. (3b) 

In Eqs. (3), pi = |p i | = | p 2 | , & = pi/Wi, and m denotes 
the electron mass. 1(6) is the cross section for unpolar-
ized electrons and P(0)=-D(6)/I(6) measures the 
scattering asymmetry. We will describe the effect of the 
radiative corrections on P by writing 

P=i>o( l+8) , (4) 

where P 0 gives the value of P in the absence of the 
radiation field and d = 5 (13,0) represents the relative effect 
of the radiative corrections at a scattering angle 0, for 
electrons of velocity fi. 

Let us denote by S(y)(i) that term in the expanded S 
matrix which consists of i vertices, j of which represent 
interactions with the external field. Let a^{i) and b(j)(i) 

be the contribution of S(j)(i) to a and b. Write I(6) = IQ 
+/ rc+^br and D(d) = Do+DTO+Dbry where IQ and Do 
represent the lowest nonvanishing Born approximation 
values, Iro and DTG represent the radiative corrections 
to these values, and I^v and A>r represent the contribu­
tion from a soft bremsstrahlung term. One then finds in 
terms of #a) ( i ) and bu)ii} '• 

/rcW-8T7i2a ( i)
( 1 ){Cl-/32 sin2(0/2)] 

Xaa)^+(m/W1)ba)^}J (5a) 

#xc(0)= - 4 # i 2 sintfOd)^ Im/;(2/
4> 

+a(1)<
3> ImJ(2)<*>-6(1)<

3> Ima(2)«>]. (5b) 

Introducing a screened Coulomb potential [a^(q) 
= -2Tri5(Wi-W2)Ze/(q2+\2)'], and allowing \ - > 0 
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when this limit exists, one finds that the Born approxi­
mation terms in Eqs. (5) are6 

aa)W(q) = aZ/q*, (6a) 

ba)a)(q) = 0, (6b) 

Ima(2)<
2> (q) = - (Wi/m) lmb(2)^+ (2aZ//3) \n(q/\), (6c) 

ImJ(2)<
2> (q)= (cPZtm/PiK*) \n(2p1/q), (6d) 

where K=pi+p2- Similarly, one finds that those terms 
involving the radiation field and one interaction with 
the external field may be written after mass and charge 
renormalization as7 

tf(D(3) (q) = ---tf(i) ( 1 ) {l(f+2m*)A (q) - 2] 
2TT 

X [ l n ( m / X o ) - l ] + i t f - 4 m 2 M ( g ) 

+$(f+2tn*)B(q)-4C(q)}, (7a) 

6(D(3) (<?) = - ^ ( i ) % ^ (g). (7b) 
2TT 

The functions -4(<z), B(q), and C(g) occurring in Eqs. 
(7), together with several other functions occurring in 
the sequel are defined in the Appendix. The parameter 
Xo represents the photon mass, which will be set equal 
to zero after the infrared divergences have been 
eliminated. 

I t is apparent that DTC is of order azZ2, while the 
correction to / is of order a2Z. The lowest order term in 
DTC vanishes due to the vanishing of 6(i)(1) together with 
the reality of #(i)(1) and 6Q) (3 ) . 

The cross section for emission of one soft photon, 
when integrated over photon angles and photon energies 
in the interval [Xo,AIF] may be written8 d<r\>T= Mdtro, 
where dao is the elastic scattering cross section and 

M = -\ l{q2+2m2)A{q)-2~] ln(2AJF/X0) 

+ (W1/p1) ln( )-Uq2+2m2)E(q) , (8) 

where E(q) is defined in the Appendix. 
Writing AI=ITC+I\>T and AD=DTC+Dhr, one finds: 

which is the result originally due to Schwinger,9 and 
AD=AD!+AD2 with 

2ir 

f r /2AW\ -i 

W(q2+2m2)A(q)-2^ln^ J+lJ 

+ (W1/p1) In )-l(tf+2rn2)E(q) 
W i - y 

-l(q2-Am2)A(q)-Uq2+2m2)B(q) 

+±C(q)-W1
2A(q) , (10a) 

AD2= - 4 ^ 2 sin(9a(i)^ Im5 ( 2 )
( 4 ) - (2aZ/t3)b(1)

iz) lnfa/X) 

t 2x 

/2AW\ Wx tWx+px\ 
Xln(- ) + — l n ( ) 

\ Xo / pi W r W 

/2AW\ Wx _ /Wx+pi\ 

Pi 

-i(«H-2«W?)]J. (10b) 

1[ A / = - 4 ^ i 2 ( a ( i ) « ) 2 t(q2+2mi)A ( ? ) - 2 ] 

fWi + Px 

•px 

-Uqi+2m^E(q)-i(qi-4mi)A (q) 

r /2AW\ -| /Wx+px\ 

•i(q2+2m2)B(q)+^C(q)\ 

X [ l - i S 2 sm2(d/2)l-n?A(q) , (9) 

ADi is entirely finite, whereas AZ>2 contains, along with 
the one unknown factor Im6<2)

(4) both screening and 
infrared divergences. Im&(2)

(4) will be computed in the 
following sections and the cancellation of all divergences 
in AZ>2 will be demonstrated explicitly. From Eq. (4) it 
is evident that 

t(0,e) = AD/DQ-M/h. (11) 

III. DECOMPOSITION OF Imb(2)
(4) 

Combining Eqs. (1) and (2), one sees that 

<P*\S\pi)= (u2(y^+b)u1)8(W1-W2)J (12) 

from which it follows that 

<J>2\S+S*\pd 

16TT 2 

= (u£y* Ima+Tmr}ui)6(Wi-Wi). (13) 

Comparing those terms of fourth order in e and second 
order in eZ on both sides of the equation S*S=I, one 
finds 

S(2)(4) + S<2)(4)* 

= -Sa)
i2)*S{1)

i2)-S(o) (2)*S<2)<
2> 

• 5 ( 1 ) « * 5 ( i ) W - 5 ( 1 ) w * 5 ( i ) W . (14) 

-5 (2)(
2>*5 (o) (2)-5 (o) (1)*5 (2)^-5 (2)^*5 (o)-

6 See^for example, reference 4. 
7 J. M. Jauch and F. Rohrlich, reference 3, p. 333. 
8 J. Schwinger, Phys. Rev. 76, 790 (1949). 

By forming the matrix element of Eq. (14) with (px\ 
and | p2), and omitting terms which trivially vanish, one 

9 See, for example, reference 8, p. 812. 
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concludes that 

16TT2 

where F(q) is denned in the Appendix. Upon evaluating 
the trace, Eq. (17) reduces to 

V 
-(u2ly4lma(2)

(i)+Imbi2)™']u1)8(W2-W1) 

(2TY J J 

Imc= 
dpdk E (pk 15(i)<» | p2)*(pk 15(1)e> | pi) 

a3Z2mp\r 1 

4TT2 L K 2 ' 
• / I + -

1 "1 
?2 J 

with 

y 

(2x) ! 
y^E{^i-S(i)(i,i^)*(i'^(i)<3)i^) 

+<^ |5 ( i ) «> |^ )*<# |5 a ,m |# 1 » . (IS) 

The summations in Eq. (15) extend over s, the inter­
mediate electron spin, and e, the photon polarization. 

To pick out that term on the right-hand side of Eq. 
(15) which corresponds to Im6(2)

(4) the following lemma 
is useful. 

Lemma. If U2(Imb+y^Ima)ui=U20uh then Im6 
= (l/q2K2) Tx[_{—ip2Jrm)0{—ipiJrm)zyai\ with q = p i 
- p 2 , K = p i + p 2 , and T = (piXp2, iO). 

The term &(2)(4) thus decomposes into two parts c-\-d, 
where c is the contribution from the one-electron integral 
and d is the contribution from the one-electron, one-
photon integral. 

IV. EVALUATION OF Imc 

Let us introduce the expressions 

WaZh{Wi-W) 

J 

-J 
dQp(K*-2p-K)F(q10) 

(g10
2+X2)(g2o2+X2) 

ditp(q
2-2V-q)A(ql0) 

(gio2+X2)(<?2o
2+X2) ' 

(19) 

(20a) 

(20b) 

If pi is chosen as the polar axis, and p2 is placed in the 
x—z plane, the azimuthal integrations in Eqs. (20) may 
be carried out to give 

Jx~-

and 

with 

2 T r°°»<> F(qu] 
••— / dft 

fi*y_i 1-M 

/ 2 = J 2 + A / 2 , 

(21) 

2TT 

J 8 = — 4 ( ? ) l n ( 4 ^ A * ) , (22a) 

<P\Swm\pi)= 

and10 
F(?10

2+X2) 
(uy\Ui), (16a) A/ 2 — 

1 (2 — cos0—ft— |cos0—p\ - f dJ 
pi2 J ~i I 

{pW>\p$ = i-
ST2aZ5(Wi-W) 

V(q10
2+\2) 

X (w[A4/(^i,^)-^ioV/(gio)T4>i), (16b) 

with qio=Pi—P, where A4/ and 717 are the renormalized 
vertex and vacuum polarization terms, which are 
written out in detail in the Appendix. Substituting Eqs. 
(16) into the second term on the right of Eq. (15) and 
making use of the lemma, one finds 

a2Z2 r dv8(Wi-W) 

J 2JF(<?10
2+\2)(g2o2+A2) 

1 
X Tr[(-ip+m)0(-ipi+m)xy4yi}> 

1-M 

XA(qio)~2A(q) 
[cos0—n\ 

(22b) 

Imc=-
2T 

with 
q2K2 

(17) 

0 = y4( — ip+m)[Aif(php)-qw
2Trf(qio)yt] 

+ L^f(p2,p)-q2Q2Trf(q2o)yA](-ip+m)yi 

In Eqs. (21) and (22) /z=cos(<£pi,p); the limit \ - > 0 
has been taken except in Eq. (22a). The n integrations 
in Eqs. (21) and (22) are now carried out to give 

pA L \Xo/ JL Km?) \m2)\ 

\ q2 I 8L \ m2 I \m2) A 

L \ m2 ) \m2)\ 4L \ m2 ) \m2) J 

>(f)-K5)])' *» 
2ir 

-{(ip+m)F(qio)—iyipWimA (qw) 

+ Wi[2F(g1 0)+»A4(?io)>4 
+ (ip+m)F(qi0)-ipyAWmA (q20) 

+ Wil2F(.qso)+n?A(qto)Jn}, (18) 
10 J. M. Jauch and F. Rohrlich, reference 3, p. 333. One should 

note that the use of the renormalized functions is unnecessary 
since the ultraviolet divergences cancel on the right-hand side of 
Eq. (15). 

/ , = — A (q) ln(q/\)+—~[m2A {q)~ 1] l n ( 4 ^ / V ) 
pi2 m2pi2 

2TT 
lS(q2/m2

yApl
2/m2)-~m2B(q)J (23b) 

m2pi2 

The functions T, A, A, S, S, and 6 occurring in Eqs. (23) 
are listed in the Appendix. Equations (23) are substi-
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tuted into Eq. (19), which then becomes 

a a2Z2m 
Imc= (2aZ/p)ba)® ln(gA) 

Substituting Eqs. (26) into the first term on the right 
of Eq. (15) and applying the lemma it follows that 

T piK2 

xu^yT(t)]j"t) 
L W / W/J W 

2azZ2m 
Imd = 

(2TT)3 

X 
dpdk8(Wx-W-a>) r r dpdk5{ 

J J 2W2u{qx 

-/(p,k), (28) 
o(qi2+\2)(q22+\2) 

a a2Z2m where 
+ HM), (24) 1 

T piK2- w/(p,k) = Txl(-ip2+m)0(-ip1+m)^y,yb] (29) 
q2K2 

where <£(/3,0) is defined in the Appendix. 
Comparing Eq. (24) with Eq. (10b), one sees that the with O = O i + O 2 + O 3 + 0 4 , where 

screening divergences in AD2 cancel. Since the infrared 
divergence in Eq. (24) does not cancel that occurring in 
Eq. (10b), one must expect further infrared divergences 
in Imd. 

V. EVALUATION OF Imd 

Introduce 

(kp\Sa)v\p1) 

1 r 

)* L 

ueJ[_~i{kJrp)+m~]y^Ui 

F(2coF)* ~ ' L (k+p)2+ni2 

uy4\\--i(pL—k)+ni]e»ui 

(kp\S{1)^\p,r 

e2 1 r 
= —i— — a4*(q2)\ • 

(pi-k)2+m2 

U2y^.—i (k+p)+iff\eltu 

(25a) 

+ 

(k+p)2+m2 

u2e£--i(p2—k)+ni]y4U' 

(p2~k)2+m2 

q»=P»—p—k, i = l , 2; 

} (25b) 

with 

then 

(kp\S(1)v\p2)*(kp\Sa^\Pi) 

e* 1 4TT2ZV 

F3 2co (qi2+\2)(q2
2+\2) 

• {uS^iuNr^biW^W^KWi-W-oi), (26) 

where 

# 2 , = 
y±Z~-i(P+fy+ni}Yn 

(p+k)2+m2 

+ : — , (27a) 

Nlfl = 
yJL—i(P+k)+m}n 

(p2~k)2+m2 

(p+k)2+m2 

y*[-i(pi~~k)+ni2yn 

(pi~k)2+m2 
(27b) 

D2Oi= \m2(ip-\-m)—mp • k+ (m2+p • &)ift 
+ 2 ( » ¥ i + # ' i w ) 7 4 ] , (30a) 

DD102=Z(p-pi-~p'k)(ip+tn)+mp'k+ikp-p1 

+2mWydk—mo)ydp-\- (Wi+W)ydkip 
+ (nt2a>+2W1P'P1)yf\, (30b) 

DD2Oz=
JL(p-p2-p-k)(ip+fn)+nip'k+ikp'p2 
+2inWiky±—inuipy£-\- (W \-\-W)ipiky ± 

+ (tn2o>+2Wip-pM (30c) 

D1D20^{(pvk+prk-pvp2)(ip+m)-m(p-k+2Woo) 
+ Zp'k-p-pi-p'p2-2W(Wi+W)-m22ik 

-2W(pvp2-pvk-prk)y4}. (30d) 

In Eqs. (30), D=p-k, Dx=pi-k, a n d D2=p2-k\ the 
fact that plane-wave projection operators bracket O has 
been used to simplify the 0{. 

Computing the traces of the Oi in Eqs. (30) according 
to Eq. (29), one discovers that J=Ji+J2, where 

1 f m2 p-pi pvp2 
Jx—— 

/ 2 = " 

K2(2D2 DD1 2DiD2) 

X ( ^ 2 ~ 2 p - K ) + ( P l ^ p 2 ) , (31a) 

1 f K2+2k-K JF+2p-K m2k-K 

K2{ 2D Dx D2 

^ i ( 2 k - K ) 2 (TFi+TF)(a ;p -K-^k-K) 

DDx 

K2(p-k+2Wa>) 

DDX 

2DiD2 

2W1u(2p'K)+(2W2+m2-p-k)(2k'K) 

2DXD2 

1 l4WxWk.q-2Wxa>p'q-Wcoq2 

+-
4 (2Wx(Wx+W)(pXk)^ 

q2KH DDx 
+ (pi<-»p2). (31b) 
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Ji behaves like 1/k2 for small k, from which it follows 
that the contribution of J\ to Im.d gives rise to loga­
rithmic divergences. Let us decompose Imd=Imdi 
+ I m J 2 corresponding to the decomposition of / into J\ 
and 72 . 

To evaluate the divergent part of Imdi, one intro­
duces the photon mass Ao and divides the OJ integration 
range into two parts [Ao,#] and [x, Wi—ni}, where 
\o<^x<^Wi—m. In particular qi—^qio and #2—>g2o in 
the first region. Write I m d i = I m d i + A Imdi; then 

Imdi= 
azZ2mp! f dtip(K

2-2p'K) hZlmp\ r 

ITTYK2 J (2irYK2J (gio2+A2)(g2o
2+X2) 

X 

+ 

/ kdo) I d&kl 
wr 

2(p-k-TF1co)2 

p'pi 

(p-k-W^ipvk-Ww) 

Pl'p2 

2(p rk-TF1co)(p2-k-Tir1co) 

The integrals in Eq. (32) may be carried out to give 

aa2Z2mr /tyi\ /Q2\l /2x\ 

imd!= r(—)-r(—) ln(-) 
T piK2l \m2J W / J \Ao/ 

(32) 

2x 

a /2x\ 
-— l(q2+2m2)A(q)-22 Imb(2)™ \n( — J 

a a2Z2m 
+ -*(Pft), (33) 

T plK2 

where ^ ((3,6) is given in the Appendix. 
In the second region one has 

azZ2m rWl~m 

A I m d i = / pkdk 
(27rYK2Jx 

X 
/ 

d2pdQklK
2-2p-K] 

q^qi 

\m2 p-Pi pvp2 
X + . (34) 

[2D2 DDX 2DJ)2\ 

To integrate A Imdi numerically it is convenient to 
subtract from the integrand a function which is easily 
integrable analytically, and which agrees with the 
integrand of Eq. (34) as k —» 0, The resulting numerical 
procedure will then be independent of x. The function 

which is subtracted is 

azZ2m rw*-
A' Imd i= / 

(2TYK2JX 

pikdk 

X 
/ 

dttpd£l£K2-2prK] 

g i o W 

r~ /n^2 

X 
m2 po-pi pvp2 

a a2Z2mr f\pi 

L2ZW Do. 

,2 

'Pi Pl'p2~] 

A 2DXD2\ 

w piK2 L \ m L \m2) W/J \ x ) 

2TT 

-l(q2+2m2)A(q)-2-] 

Xlmb(2)™ lnf J , (35) 

where po=(j>o,iWi) with po=ppi/p and Do=prk. 
Writing A2 Imdi= A Imdi— A' Imdi, one concludes that 

adlZ2mv / W \ / r \ n : 
Imd= T ) - r ( — ) ln-

T piK2L \m2 J W / J 

' 2 \ n 2(W1-m) 

Ao 

l(q2+2m2)A(q)-22 Im&(2)
(2) 

2TT 

2(Wi—m) aa2Z2m 
X l n + 1*(P,0)-QM1, (36) 

Ao 7T PxK2 

with 
a a2Z2m 

T piK2 
-Q, (13,6) = - A2 Imrf i - Imd2 (37) 

The function ti(fi,d), which is a finite five-dimensional 
integral, is evaluated numerically to give the results 
summarized in Table I. 

Combining Eqs. (24) and (36), one concludes that 

2aZ 
ImZ>(2/

4> = 6(i)<» KD 
a 

2TT 

—l(q2+2m2)A{q)-2~] Imb(2) 
(2) 

2(W\—m) a a2Z2m 
Xln + 

Ao 7T plK2 

f^px
2\ _ / g 2 \ 1 , 2(W1-m) 

L Km2 J W V J n 
m 

, (38) 
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\ 0 
0 \ 
0.6 
0.7 
0.8 
0.9 

TABLE I. Numerical values of fi(/?,0). 

30° 

-0.812 
-1.42 
-3 .03 

-11 .8 

60° 

-0.280 
-0.543 
-1 .22 
-3 .94 

90° 

-0.005 
-0.134 
-0.342 
-1 .05 

120° 

0.000 
-0.002 
-0.009 
-0.350 

150° 

0.000 
0.000 

-0.002 
-0.010 

and 
fa a2Z2m/ 

AD2= -4£x 2 sinflau)^ ( $ + ^ - 0 
ITT piK2 \ 

\—rr(-) r~—) 
+ — ImbaM £(q>+2m?)A ( g ) - 2 ] 

2x \ 

/ AW \ Wt Wi+pi 
Xln + — In 

\Wi-mJ pi Wi—Pi 

-W+2m')E(q) (39) 

from which one deduces 

'q2—4m2 

2AL 4 —w 
8WM2 • 

(AW^-q2). 

1+ln-
2(W1-m)-

m 
-£(q>+2m*)A(q)-2l 

+Uq2+2m2)B(q)-4C(q)+2[\n(— X] 

+ ( r ( — ) - r ( - ) ) l n • (4°) 
\ \ m2 / \m2/ / m J J 

Equation (40) is evaluated numerically for several 
values of fi and 6 to give the results for 5 (0,6) which are 
presented in Table II.11 

TABLE II . Numerical values of (2^/^8(13,6). 

\e 
0\ 
0.6 
0.7 
0.8 
0.9 

30° 

6.78 
8.00 

11.3 
26.6 

60° 

5.75 
6.44 
8.31 

15.2 

90° 

4.92 
5.17 
6.06 
9.15 

120° 

4.47 
4.60 
5.36 
8.44 

150° 

4.38 
4.61 
5.70 

10.2 

11 A program for the computation of S(/?,0) for arbitrary values 
of /? and 6 is available. 

VI. DISCUSSION 

In the preceding sections we have shown that the 
dominant term (in a series expansion in powers of aZ) 
of the Coulomb scattering asymmetry function can be 
written in the form 

P=Po(l+5), 

where Po is the asymmetry function in the absence of 
radiative effects, and 5(13,6), which is defined in Eq. 
(40), gives the radiative corrections. We have noted 
that 5 (j3,6) is independent of the energy resolution AW 
provided that AW<<Lm, From the values of S(/3,0) given 
in Table I I it is apparent that for a given value of 6, 5 
increases with increasing 0. Similarly, for a given value 
of 0, the largest radiative effects occur for small scat­
tering angles. This latter result is not surprising in view 
of the optical theorem which relates the forward 
scattering amplitude to the integrated bremsstrahlung 
cross section. 

Within the range of values of 0 and 6 listed in Table II , 
a maximum value of the radiative corrections of about 
3 % occurs at /3=0.9 and 6=30°. From these results it 
is clear that the radiative corrections cannot account for 
the discrepancy between the experimental and theo­
retical values of the asymmetry function. 
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APPENDIX 

The following symbols occur at various places in the 
text. Their definitions are collected here for simplicity. 

A(q) = 
dv 

o m2+q2v(l — v) 

dv 

+q2v(l — v) 

r1 dv ( q2 \ 
B(q)= In ( l + — v ( l - v ) ) . 

Jo m2+(fv(l — v) \ m2 J 

C(q)= f dvv(l-v) ln(l+^v(l-v)\ 

(Al) 

(A2) 

(A3) 

E(q)-
dvWt 

o (m2Jrq2v(l — v))[pi2—q2v(l — v)~]% 

Xln . (A4) 
\ J ^ i - [ ^ i 2 - 2 M i - * ) ] v 

file:///Wi-mJ
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The renormalized vertex and vacuum polarization terms is Euler's dilogarithm, 
may be written in terms of A, B, and C as .^ ^ 2v 

Aif(phpd=-— 74([(92+2w2)4(g)-2][ln(mAo)-l] . i+itf/m^vO-v) 
lit C1 r / i+(q2/m2)v(l-v) \ 

•• / dv\ ln( ) -
Jo L \l+(4*iV»»*Ml-»)/ 

2a 1 
*/(«) = ;C(9). 

7T 9 2 

l+(4/)i2/w2)Hl-»)/ l+(g2/w2)»(l-») 

» 1 Xlnf • J , (A13) 
+-qi<7UA(q)\, (A5) \l+(ipt/m*)v(.l-v)/J 

f /4^i2\ fipi\ /4/>i2\ 

(A6) *<M)= r ( — ) - | A ( — ) + 2 A ( — ) 
I \ #r / \ml I \ml I 

•4/>A /4^>i2\ /4^!: /4^A /4f A /4JA 
Furthermore, - | E ~ i 2 )+§ In 

\ m2 / \m2 J \m? J 

F{q) = [{q*+2mP)A(q)-2~] Upf g21 WW 2 

X [In O/Ao) - l ] + | g M (?) l « ! w2 J 2i»V 
2 [ « 2 4 ( ? ) - l ] 

+itf+2^Bfe)-*U<9)-4Cfe), (A7) x h T O + e ( ^ \ _ ^ ) } ) (A14) 

r(a)= / :In[l+a»(l-»)l (A8) l"11^. Wi+p! 
Jo 

ml l+av(l-v)\, (A8J r l Wt Wi+pi "1 
(1-v) *M=°\ In +W+W)E(q)\ 

l_4 p! Wi-pi J 
= / - -Ul+av{\-v)-], (A9) /4/-A 

with 

H{<f,W)= / ln2( — - ) 

E(a)= / ln[ l+aw(l-w)]^, (All) _ (g2->4^i2)l (A16) 

r1 dv(l — 2v) 
S W = / ~7 -{§m2[l+a,(l-»)] W,F1J J0 (1-,) 

r Wx 
— »(1 —v) ln2[l+aw(l —v)] x

 r 2 2 , ^ H r~T: ~ 
L[w2+g2z;(l—fl)JL#i2—q2v(l — v)j* 

-2v(l-v)££-av(l-v)l}, (A12) / IT i+ |> i 2 - (^ ( l»» ) ]* \ 
where Xlnf ) 

W r | > i 8 - ^ ( 1 " » ) ] V 
**(*) = E ~ - (g2 -> 4 ^ ) 1 (A17) 

w=l n2 J 

Ma)" ' - ^ " • - - • - - - -'-" - " - - ' *-]-|H(g»,4#1*)-i^7(g»>4# l«), (A15) 
q* 

* dv(\-2v){\#-W) w i t h 

A(«)=/ : : l n [ l+a»( l - B ) ] , (A10) 
z > ( l — f l ) 


