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A recent derivation of a new formulation of the rearrangement collision problem is extended by utilizing 
an extension of the theory of the optical potential. 

I. INTRODUCTION T h a t is, 

IN a recent note1 a new formulation of the transition 
matrix for a rearrangement collision was derived. In 

this form the difficulty arising from the fact that the 
initial and final states in the matrix element are not 
orthogonal was eliminated. A by-product was the result 
that the effective interaction in the matrix element was 
not the potential in the initial (final) state, but only 
that part of the potential which changes the initial 
(final) state. 

In another recent note2 the idea of the optical po­
tential was extended to include the description by a set 
of coupled optical potential equations. The ideas of this 
note are used here to motivate an extension of I. With 
this new result the effective potential is now only that 
part of the potential which changes a whole set of initial 
(final) states. 

An alternative derivation of the result of I is presented 
in the next section. This derivation is then extended in 
Sec. I l l to give the new result. The result is then dis­
cussed and the problems associated with it pointed out. 

H^Hi+Vi^Hf+Vf. (2) 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

l M . H. Mittleman, Phys. Rev. 122, 1930 (1961). (Hereafter 
referred to as I.) 

2 M. H. Mittleman and R. Pu, preceding paper [Phys. Rev. 
125, 370 (1962)]. 

We may define a set, Xi(pyn) of initial states which 
represents A and B in the internal state (n) and relative 
motion in the plane wave state p. This satisfies 

[£<(fc»)-ffi]Xt.(fc») = 0. (3) 

Similarly the final non-interacting states Xf(p}n) satisfy 

[ E / ( ^ , n ) - i J , ] X / ( ^ ) = 0. (4) 

The total wave function for the system can be written 

¥<<+> (j>fl) = Xi(p,0)+ {\/a%)V$>^ (pfl), (5) 

where 
ai=E—Hi+ir], (6) 

and rj is a positive infinitesimal, which is the mathe­
matical device used to insure that Sl>(+) has only outgoing 
waves asymptotically. We may also define the time 
reversed wave function which will also be useful 

¥/-> <fifl) = Xf(fifl)+ (W)V/*f™ (p,0), (7) 
II. DERIVATION OF THE PREVIOUS RESULT w h e r e 

In this section we shall simply quote the usually ac­
cepted result for the general rearrangement collision. 
We shall then show in what sense the results of I are 
equivalent to this result. In the process we shall intro­
duce the notation which will be necessary for the proof 
of the new result of this note in Sec. III. 

The general rearrangement collision can be denoted 
by 

^o+£o-*C0+A>, (1) 

where A,B,C, D are each systems with internal degrees 
of freedom and the subscripts are used to denote that 
each is in its ground state (this assumption can easily be 
removed). The total Hamiltonian H can be broken up 
into the Hamiltonian, Hi, of the initial non-interacting 
particles, A and B and their interaction V{. Or it may 
be broken up into the Hamiltonian, Hf, of the final non-
interacting particles, C and D and their interaction Vf. 

a/ = E—Hf—ir}. (8) 

We now quote the usual3 forms for the transition 
matrix for (1) 

T=(Xf(p'fl)\Vf\*<™(pfl)) 

H * / - W ) ) F ; | X ^ , 0 ) > . (9) 

We shall write these in another form by noting that 

o=af-Vf=ai-Vi (10) 
and 

(lla) 

(lib) 

Thus (suppressing the arguments) 

r=«l{<X/|*/»>-<X/|x<» 
=«,{<*/-> | x<>-<x/| x^». (12) 

It is a simple matter (see Sec. Ill) to show that (Xf\Xi) 
is a finite number so that its contribution to T vanishes 
in the physical limit, t?=0. 

In order to discuss I, it is necessary to define a pro-

3 M . Gell-Mann and M. L, Goldberger, Phys. Rev. 91, 398 
(1953). 
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jection operator in the initial (final) state. This projects 
onto the ground states of A and B (C and D) and leaves 
their relative motion unchanged. 

These operators, 7r»(0) and TT/(0), have the properties 

bn,ai] = \jrf,afl = 0. (13) 

With these we may also define the optical potential 
wave functions ycS

+)(pfi) and Vc/^Hpfi) by 

* « ( + ) (Pfi) = ir<(0)¥,<+> (#,0) (14a) 
and 

V " } &°) = */~ } ^ V / ( 0 ) . (14b) 

Using (5) and (7), these satisfy 

a%^Ci^(pfi)-iri(0)V^i^(pfi)^i71Xi(pfi) (15a) 

and 

*c/-Kpfi)af-*f^(p,0)Vf*f(0) = iriXf(pfi). (15b) 

We may now turn to the results of I 

r=<^/- ) (P,0) | [7 t - , i r i (0)] |^ /+>(#,0)> (16a) 
and 

r = < * / - ) (#',0) | [ i r , (0) ,F , ] |¥/+>fo0)>. (16b) 

Now substitution of (14), (15), and (11) in (16) yields 

T=irJ{(*f^\Xi)-(Xf\*Ci^)} (17a) 
and 

r = ^ { ( x / | ^ / + ) ) - ( ^ c / - ) | x , ) } . (i7b) 

We assert here that the last term in each of the brackets 
is a finite number in the physical limit, rj = 0, so that 
these are equivalent to (12). This will be demonstrated 
in the appendix. 

III. THE EXTENDED RESULT 

The idea behind the derivation of (16) given in I was 
that elastic scattering contains no rearrangement. That 
is: although the elastic scattering wave function, >FC(0), 
is not formally orthogonal to the rearranged state the 
physically observable part contains no rearranged state. 
Another way of saying this is that the initial state 
(AO+BQ) is orthogonal to the final state (C0+DQ) when 
they (A and B) or (C and D) are well separated. (One 
might think here of the exchange of an electron in a 
collision between two atoms.) Thus all the elastic scat­
tering may be removed from the wave function before 
the rearranged amplitude is extracted. This makes the 
effective interaction only that part which changes the 
ground state. 

We now remark that there is a large class of in-elastic 
scatterings which satisfy the same conditions. That is, 
the states (An+Bn>) have the same property provided 
only that n and n* are bound states. Therefore, we now 
conjecture that the following are also valid expressions 
for the T matrix: 

T=<*/-> (P'fl) | [ T T / , 7 / ] | ¥<<+> (pfi)) (18a) 
and 

r=<*/-> (p',o) | iv ^^ |*<<+> (pfi)}. (i8b) 

Here ?rt- and 717 are projection operators onto any sum of 
bound states 

In order to demonstrate this, we use the results of the 
preceding paper which indicates that we need merely 
replace 7r(0) —-> -K and carry over the results. 

Equation (18) can now be put into the form of (17) , 
except that ^ c / + ) and ^ C / ( - ) must now be interpreted as 
a sum in the light of the new definition of 7r. Again we 
assert and leave for the appendix the demonstration 
that the last term in (17) gives no contribution (even 
with the new definition of \E\.). Thus, our extended result 

T= <¥/-> (p'fl) I LVwl I ¥,<+> (pfi)) (20a) 
and 

r = <¥/-> (p'fi) I lr f,Vfl I *<<+> (Pfi))- (20b) 
We reiterate, the 7r's are sums over any group of 

bound states containing the initial (final) state. 
We have shown that (20) and (9) are equivalent and 

that (9) is simpler if the exact solutions are available. 
The question is, which is the best form to start with 
when approximations are necessary. If one is limited to 
the first Born approximations for ^ ( + ) , then the two 
forms of (9) give the same result. This is not the case 
for (20). On the other hand, there is no reason to expect 
that approximation on the two forms should give 
identical results. We are expanding in different po­
tentials (Vi or V/) depending on which form we use. 
Arguments concerning the lack of orthogonality be­
tween the initial and final states indicate that (20) is 
superior to (9), but that does not specify which form of 
7r we should use in (20). 

APPENDIX 

We shall consider here a rearrangement in which only 
one particle "changes place." For definiteness the reac­
tion (1) will be considered in which A and B are two 
atoms and C is A less one electron and D is B plus one 
electron. We shall only consider the matrix element 

This can be written explicitly as 

M= /*„<«>(Xr • •x_1)*m<«G'i- • 'y^yz'+i^n^iR') 

x$o(A)(xv-xzW
B)(yvy*>) 

Xe^'RdXv • -dX2dyv • -dyz>dR. (A2) 

We have assumed that A has z and B has zf electrons. 
The coordinates Xv • -Xe, and yv - -yz' are the coordi­
nates of the electrons relative to their respective nuclei. 
R is the relative coordinate between the center of mass 
of the two atoms (we do not set the ratio of electron to 
nuclear mass equal to zero). yz>+x is the coordinate of the 
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exchanged electron, (Xg), relative to its new nucleus, 
and Rf is the relative coordinate between the center of 
masses of the two atoms in the final configuration. We 
must now express the coordinates 3V+1 and R' in terms 
of the coordinates Xi---Xe, yv—yz>, R in order to 
perform the integration. This can be accomplished by 
some simple but lengthy algebra. The result is 

m z m z' 
yz,+1=R+Xz X Xi+ £ yh (A3) 

Mi M2 

and 
M2 m2 z m 

R'= R+ Z Xi Xz. (A4) 
Mr MXM' M' 

I 

TH E relationship between the muon (/xrt) and the 
electron {e±s) is perhaps even more obscure than 

that between any other two elementary particle species. 
Thus, (a) the measured n±—e± mass difference is not 
accompanied by any so far detected dynamical differ­
ence between the /*=*= and e± (nongravitational) inter­
actions, and (b) the neutrinoless /x±—> e± decays, i.e., 
JJL+ —> e++y, JJL+ —» e+-\-e+-{-e~, M~~+nucleus —•» e~-\- nu ­
cleus, jit+ —> e + + 7 + 7 , fi++e~—>7+T, etc., occur at 
rates smaller than 10~8 to 10~5 that of fx±—» e±Jrv-{-v,1 

* This work was supported in part by the National Science 
Foundation. 

f National Science Foundation Postdoctoral Fellow, 1960-61. 
Present address: Stanford University, Stanford, California. 

1 For /A+—>e+-\-y: S. Frankel, J. Halpern, L. Holloway, W. 
Wales, M. Yearian, O. Chamberlain, A. Lemonick, and F. Pipkin, 
Phys. Rev. Letters 8, 123 (1962); D. Bartlett, S. Devons, and 
A. M. Sachs, ibid. 120 (1962). S. Frankel, V. Hagopian, J. Halpern, 
and A. L. Whetstone, Phys. Rev. 118, 589 (1960). J. Ashkin, 
T. Fazzini, G. Fidecaro, N. H. Lipman, A. W. Merrison, and J. 
Paul, Nuovo cimento 14, 1266 (1959). D. Berley, J. Lee, and 
M. Bardon, Phys. Rev. Letters 2, 357 (1959). H. Davis, A. 
Roberts, and T. Zipf, Phys. Rev. Letters 2, 221 (1959). T. O'Keefe, 
M. Rigby, and J. Wormald, Proc. Phys. Soc. (London) 173, 951 
(1959). 

For n+ —> e+-{-e+-\re~: S. Parker and S. Penman, Nuovo cimento 
(to be published). R. R. Crittenden, W. D. Walker, and J. Ballam, 
Phys. Rev. 121, 1823 (1961). J. Lee and N. P. Samios, Phys. Rev. 
Letters 3, 55 (1959). 

For JJT-fnucleus —* e~-\-nucleus: M. Conversi, L. diLella, G. 
Penso, M. Toller, and C. Rubbia, Phys. Rev. Letters 8, 125 
(1962); R. D. Sard, K. M. Crowe, and H. Kruger, Phys. Rev. 121, 

Here m is the electron mass, M\ and M2 are the total 
mass of A and B, respectively, My is the total mass of 
D, and Mr is the reduced mass of the combination C 
and D. 

The integral may now be performed. We note that the 
factors<3>o(il)(xi* * * XZ)$^B) (yx • • -y^), being bound states, 
keep the % a n d y integrations finite and limit the 
contribution to finite regions of x and y. We also note 
that yz+i depends upon R and if <£>TO

(I)) is a bound state 
it will vanish exponentially for large R. Thus all inte­
grations in M are finite and the assertion in the text is 
proven. I t should be noted that the requirements here 
are somewhat weaker than those stated in the text; 
<£>w

(£)) had to be bound, but not $n
{C)> 

although these neutrinoless decays are not forbidden 
by any well-established selection rule. I t is conceivable 
that such an intimate connection exists between (a) 
and (b) that it is futile to attempt to treat any aspect 
of the latter without at least some comprehension of 
the former—on the other hand, it is equally conceivable 
that all the neutrinoless decays are rigorously forbidden 
by a selection rule whose general significance can be 
appreciated without any deep understanding of (a). 
However this may be, we shall here suppose that the 
various neutrinoless /x± —» e± decays occur at low but 
nonvanishing rates and that a meaningful phenomeno-
logical treatment of these rates can be given without 
concern about (a). In fact, we shall consider a possible 
two-photon mode of neutrinoless decay: JJL±—> e±-\-y 
+ 7 and shall assume, for the practical relevance of our 
discussion, that the various "one-photon" neutrinoless 
decays2: ju± —» e±-\-y; /JT+nucleus —> M~~+7 (virtual 

619 (1961). M. Conversi, L. diLella, A. Egidi, C. Rubbia, and M. 
Toller, Phys. Rev. 122, 687 (1961); Nuovo cimento 18, 1283 
(1960). 

For ju+-» e+-f-Y+Y and /x++e~ —»7+7: C. M. York, C. O. 
Kim, and W. Kernan, Phys. Rev. Letters 3, 288 (1959); 4, 320 
(1960). 

2 Thorough phenomenological treatments of /A± —> e±-{-y; 
/*~+nucleus —»ju~+7 (virtual Coulomb )-f-nucleus —> e""+nucleus, 
and, of /** —> e±-\-y (virtual Dalitz) —• e±-\-e+-\-e~, have been 
given by S. Weinberg and G. Feinberg, Phys. Rev. Letters 3, 
111, 244 (1959), and by M. Bander and G. Feinberg, Phys. Rev. 
119, 1427 (1960), respectively. 
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A phenomenological theory is given of possible "two-photon" neutrinoless muon —> electron decay 
processes: ^ —> e ± + 7 + 7 ; M~+nucleus —> fjT-\-y (virtual Coulomb) +nucleus —> e~-\-y-\-nucleus; n~ 
+nucleus —>/*"+7 (virtual Coulomb)+7 (virtual Coulomb) + nucleus —• e~-\-nucleus. It is found that the 
decay, /A--(-nucleus —> e~-\-y-\-nucleus, is the most probable of the three under consideration and a search 
for this as yet experimentally uninvestigated decay is suggested. 
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