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exchanged electron, (Xg), relative to its new nucleus, 
and Rf is the relative coordinate between the center of 
masses of the two atoms in the final configuration. We 
must now express the coordinates 3V+1 and R' in terms 
of the coordinates Xi---Xe, yv—yz>, R in order to 
perform the integration. This can be accomplished by 
some simple but lengthy algebra. The result is 

m z m z' 
yz,+1=R+Xz X Xi+ £ yh (A3) 

Mi M2 

and 
M2 m2 z m 

R'= R+ Z Xi Xz. (A4) 
Mr MXM' M' 

I 

TH E relationship between the muon (/xrt) and the 
electron {e±s) is perhaps even more obscure than 

that between any other two elementary particle species. 
Thus, (a) the measured n±—e± mass difference is not 
accompanied by any so far detected dynamical differ­
ence between the /*=*= and e± (nongravitational) inter­
actions, and (b) the neutrinoless /x±—> e± decays, i.e., 
JJL+ —> e++y, JJL+ —» e+-\-e+-{-e~, M~~+nucleus —•» e~-\- nu ­
cleus, jit+ —> e + + 7 + 7 , fi++e~—>7+T, etc., occur at 
rates smaller than 10~8 to 10~5 that of fx±—» e±Jrv-{-v,1 
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Here m is the electron mass, M\ and M2 are the total 
mass of A and B, respectively, My is the total mass of 
D, and Mr is the reduced mass of the combination C 
and D. 

The integral may now be performed. We note that the 
factors<3>o(il)(xi* * * XZ)$^B) (yx • • -y^), being bound states, 
keep the % a n d y integrations finite and limit the 
contribution to finite regions of x and y. We also note 
that yz+i depends upon R and if <£>TO

(I)) is a bound state 
it will vanish exponentially for large R. Thus all inte­
grations in M are finite and the assertion in the text is 
proven. I t should be noted that the requirements here 
are somewhat weaker than those stated in the text; 
<£>w

(£)) had to be bound, but not $n
{C)> 

although these neutrinoless decays are not forbidden 
by any well-established selection rule. I t is conceivable 
that such an intimate connection exists between (a) 
and (b) that it is futile to attempt to treat any aspect 
of the latter without at least some comprehension of 
the former—on the other hand, it is equally conceivable 
that all the neutrinoless decays are rigorously forbidden 
by a selection rule whose general significance can be 
appreciated without any deep understanding of (a). 
However this may be, we shall here suppose that the 
various neutrinoless /x± —» e± decays occur at low but 
nonvanishing rates and that a meaningful phenomeno-
logical treatment of these rates can be given without 
concern about (a). In fact, we shall consider a possible 
two-photon mode of neutrinoless decay: JJL±—> e±-\-y 
+ 7 and shall assume, for the practical relevance of our 
discussion, that the various "one-photon" neutrinoless 
decays2: ju± —» e±-\-y; /JT+nucleus —> M~~+7 (virtual 
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111, 244 (1959), and by M. Bander and G. Feinberg, Phys. Rev. 
119, 1427 (1960), respectively. 
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A phenomenological theory is given of possible "two-photon" neutrinoless muon —> electron decay 
processes: ^ —> e ± + 7 + 7 ; M~+nucleus —> fjT-\-y (virtual Coulomb) +nucleus —> e~-\-y-\-nucleus; n~ 
+nucleus —>/*"+7 (virtual Coulomb)+7 (virtual Coulomb) + nucleus —• e~-\-nucleus. It is found that the 
decay, /A--(-nucleus —> e~-\-y-\-nucleus, is the most probable of the three under consideration and a search 
for this as yet experimentally uninvestigated decay is suggested. 
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Coulomb)+nucleus —» e~+nucleus; and ^ ± —» e± 

+ 7 (virtual Dalitz) —> e±+e++e~ are appreciably less 
probable than fjL±—>e±-\-y-\-y. We shall not speculate 
on the origin of this relative inhibition of the "one-
photon' ' neutrinoless fjL±—*e± processes but merely 
remark that if such a relative inhibition is actually 
operative, its presence is presumably ultimately due 
to the same physical factors which are responsible for 
the large value of m(fi)/m(e) [i.e., (a)] and for the 
generally small probability of the neutrinoless ju± —> e± 

decays [i.e., (b)]j. More specifically, it may, however, 
be mentioned that in one form of the intermediate 
boson theory of weak interactions such electromagnetic 
properties can be ascribed to the boson that the rates 
of n* —-> e±+y; jX~+nucleus —> /*~+7 (virtual Coulomb) 
+nucleus —» 6~+nucleus; and ^ —> e±+y (virtual Da­
litz) —•> e±-\re++e~ are all effectively suppressed3 with 
the result that the decay /x* —> e ± + 7 + 7 is expected 
to be more probable than any of these "one-photon" 
neutrinoless ju± —> e± decays. 

II 

We begin by setting down the expression for a 
Lorentz-invariant and gauge-invariant matrix element 
associated with the two-photon neutrinoless decay: 
}A±—> e±Jry-\-y. Such a matrix element is conveniently 
expressed in terms of a corresponding Lorentz-invariant 
and gauge-invariant effective Lagrangian, «£(#), as 
( f t = l , c = l ) 

< 
>iy(l),y(2) d*x£(x)L±\ 

= (27r)45^(^(1)+^(2) +p(e)-p(»)) 

x ^ ± 7 ( i ) 7 ( 2 ) | £ ( 0 ) | M ± ) 

with 
(1) 

£ ( x ) = ( m W ) - f c E W . B W + g 2 i ( E 2 W - B 2 W ) ] 
• [ ^ ( ^ W ] + H . c , (2) 

where E(x), B(#), $e(%), and i/v(x) are the photon 
electric vector, photon magnetic vector, electron spinor, 
and muon spinor quantized field amplitudes and gh g2 

are dimensionless coupling constants.4 The £(x) of 
Eq. (2) is not the most general Lorentz-invariant and 
gauge-invariant effective Lagrangian for two-photon 
neutrinoless decay since the field amplitudes entering 
into it are ail taken at the same space-time point x but 
this £(x) is nevertheless adequate to demonstrate the 
various interesting physical features of the "two-
photon" neutrinoless decays: /z± —» ^ ± + 7 + 7 ; M ~ + 
nucleus —> fx~+y (virtual Coulomb)+nucleus —> e~-\-y 

3 S. A. Bludman and J. A. Young, Proceedings of the I960 
Annual International Conference on High-Energy Physics at 
Rochester (Interscience Publishers, Inc., New York, 1960), p. 564. 

4 If both gi and #2 are nonvanishing, the corresponding <£ (x) 
violates parity conservation. Also, no essential generalization is 
obtained if one replaces [rj/e&til by [^(l+SyaMul/Cl-r-S2)* with 

+nucleus; jLt~+nucleus —> M ~ + 7 (virtual Coulomb) 
+7(vir tual Coulomb)+nucleus—* e~+nucleus.5 

We proceed to calculate the decay rate: T (^ —> e± 

+ 7 + 7 ) - A straightforward evaluation gives 

r ( / x ± - > e ± + 7 + 7 ) 

= 2TT {8(\ p « I + 1 p<*> I + I p(D + p(2)| _ W ( M ) ) 

1 dpd) rfpW 

xi E K^V^I^WI^)!2}--—7— 
spins of 2 (2TT)3 (2TT)3 

= 2TT f { 5 (I p«> | + 1 pO> I + 1 p<»+p<2> I - » W ) 

X 
[««]« 

-(l_^CO.^(2)): 
/ |P ( 1 ) | |P ( 2 )I \ 

1 dpO) rfpW 
X- -

2 (2TT)S ( 2 T ) 3 

= (128Xl5x)-1(gi2+g22)^c" ), (3) 

with a photon-photon angular correlation ~ ( 1 — p{1) 

•^ ( 2 ) ) 2 , a photon momentum distribution ^x3[l—%x~\ 
(xm(li)/2^ | p ( 1 ) | or | p ( 2 ) | ; Orgx^ l ) , and an electron 
momentum distribution ^y2[_\ —yj- (ym^/2^ | p ( e ) | 
= |pCi)+p(2)| ; 0<Ly£l). Thus, if the experimental 
discrimination for the energies and angles of the 7 (1 ) , 7 ( 2 ) 

is not too sharp and if no attempt is made to detect 
the e+, a fairly high proportion of any /x+—» e++ya) 

+7<2> events kinematically simulate the two-photon 
neutrinoless muonium annihilations: fx++e~ —->7(1) 

+ 7 ( 2 ) , and a limit 

(gi2+g22)<lX10-1 9 , (4) 

can be obtained from Eq. (3) and the experimental 
upper limit1 

T(ji+ -> e++y+y)+T(fj++e~ -> 7 + 7 ) ' 

r(/*+->e++H-*) 
<5X10"6. (5) 

We also calculate, on the basis of the £(x) of Eq. (2), 
the muonium annihilation rate: 

so that 

•7+7) 
W e ) 

=( i )r77 : 
1 

mM 137/ 
(6) 

r(M++e--^7+7) /w(e) 1 \3 

— — — — = ( 3 2 X 1 5 T T ) X — ) « 1 , (7) 
r ( M

+ - > e + + 7 + 7 ) W M ) 137/ 
5 Any actual nonlocality in £> (x) is expected to extend over a 

linear dimension no greater than \mWj~1 and hence can have 
only a relatively small effect on our various conclusions. 
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whence it is clear that any approximately 50 Mev more 
or less antiparallel time-coincident Y ( 1 ) , 7 (2 ) , emitted in 
neutrinoless decay by stopped /x+ in matter, arise 
predominantly from JU+—> e + + 7 ( 1 ) + 7 ( 2 ) rather than 
from / i++^~—>7 ( 1 )+7 ( 2 \ This predominance is a 
general consequence of the small fx+—e~ overlap in 
muonium and of our assumption of a local fx+— e~—77 
effective interaction.5 

Ill 

We now recall that negative muons always decay 
from lowest Bohr orbits in ju~-mesic atoms so that one 
or both of the photons in the two-photon neutrinoless 
IJT —> e~ decay may be provided by the atom's nuclear 
Coulomb field—thus, and as we have already indicated, 
we anticipate "two-photon" processes of the type: 
M~+nucleus —> fX~+7 (virtual Coulomb)+nucleus —> e~ 
+7+nuc leus , and /*~+nucleus--»/T"+7 (virtual Cou­
lomb) + 7 (virtual Coulomb)+nucleus —» e~-\~ nucleus. 
We proceed to discuss the rates of these processes 
remembering that we must now take within the £(x) 
of Eq. (2): 

E(^) = Z6(-V x ) ( -47r /V x
2 )p( |x | ) 

T \ ^ v^)f quant ized photon field? 

B (x) = { B (%) } quant ized photon field? 

where p ( | x | ) is the (normalized-to-unity) charge 
distribution within the nucleus. We then have: 
r(/z~+nucleus —» e~+y+nucleus) 

- * / aflpNI + l p ^ l - w 0 0 ) 

1/ \ f I \I2]<*P(I 

£ (e-7
(1> \ dx£(x,0)L-)\ — 

tins of I \ I J I ' M (2ir 
spins 

7«>, e~, 11 

2 ^ p « dp<-e) 

^/{ *( I P w I + 1 P ( - > I —w*1*0) 
( w « ) e 

(4ff)
3(Ze)2 

X 

X 

( _ _ _ ) ( 2 p ( D ) - i 

/ 
e x p [ - i ( p ( 1 ) + p ( e ) ) - x ] p ( | X | ) ^ ( | x | ) i x 

dv^> dp1-* 
X- . (8) 

(2TT)3 ( 2 T ) 8 

where <p(lxl) is the lowest Bohr orbit space wave 
function of the /x~". Approximate evaluation of the 
integrals over x and over p ( e ) yields, with Zeff defined 
as in the theory of muon capture6: 

r(/x~+nucleus —> e~+y+nucleus) 

(137)4 
(9) 

6 See, for example, H. Primakoff, Revs. Modern Phys. 31, 802 
(1959). 

so that, using also Eq. (3), 

r(/T"+nucleus —> e~+y+nucleus) 

TQi±-+e±+y+y) 

/256Xl5\Zeff
4Z J 

\ 9 /(137)4~1 

7 :Cu-Z e f f=21 .1 

(137)4 [130 :Pb-Z e f f =34 .2 . 
(10) 

Equation (10) indicates that the "single conversion 
coefficient" is significantly greater than unity if Z ^ 2 5 . 
We should also mention that the dependence of 

/e-7(1) Ux £(x,0)L~\\ 
of I \ \J I / I 

[const (p (1 )Xp ( e ))2 

i |p (1 ) | |P(1)+P' ( e ) | 4 

X y * e x p [ - i ( p ( 1 ) + P ( 6 ) ) - x ] p ( | x | ) ^ ( | x | y x 

[Eq. (8)] on p (1 ) , p ( e ) is such that the most probable 
kinematic configurations of the emitted photon and 
electron are specified by p 0>s ) ( ^ b W ^ ( 1 ) 

SO 
that on the average the nucleus takes up relatively 
little recoil momentum. Physically, this is a consequence 
of the relatively large abundance of low-momentum 
virtual photons in the Coulomb field of the nucleus. 

We proceed to calculate the rate of ju~"+nucleus —> fx~~ 
+ 7 (virtual Coulomb)+7 (virtual Coulomb)+nucleus 
—> e~~+nucleus and so to obtain the "double conversion 
coefficient." We have, analogously to Eq. (8)7: 

r(jit~+nucleus —» e~+nucleus) 

= 27r/js(|p<e>|-m^)) 

X* Z \(e-\ /dxJB(x,0)L-> 
spins of I \ J \ ' spins ( 

dtf* 

= 2TT / « ( | p ' r i («>l -w(/*>) 

X 

L4(m^)6 

4?r 

(2TT)3 

(^)4j] 

/ 4TT y 
exp(- ip<«>.x)(Vx—P(|X|) ) <p(\x\)dx 

\ Vx2 / 

X-
dpl ,(a) Z 4Z 

6 - ^ — (g2 2 V w , (11) 
(2x)3 (137)6 

7 Equation (11) and the experimental upper limit on T(/ur 
+nucleus ~~> e"+nucleus) given in reference 1, viz., F ( M ~ + C U 
nucleus —> e~+Cu nucleus)< (2XlO~7)XrO*~ capture by Cu 
nucleus), yield the limit g22<lX10~20, which is to be compared 
with the limit (gi2+g2

2)<lXlO-19 given in Eq. (4). 
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whence, using also Eq. (9), 

r(/i~+nucleus —> 6~+nucleus) 

r (^~+nucleus —-> e~+y+nucleus) 

27x / gj 

'(137)V+# ) • 

(12) 

Equation (12) shows that the ratio of the "double 
conversion coefficient" to the "single conversion coeffi­
cient" is never greater than about 0.6 for the various 
Z's of interest.8 If, in addition, #2<5Cgi, as for example 
will be the case if the £(x) of Eq. (2) is associated with 
a nonvanishing matrix element for fx± —» e±+T0 —* e± 

+ 7 + 7 , the "double conversion coefficient" is negligible 

8 Physically speaking, the "double conversion coefficient" is 
not even bigger than the "single conversion coefficient" because 
the nucleus necessarily takes up a relatively large recoil momen­
tum {=^1^) in /z~-j-nucleus —> e~+nucleus while, as noted above, 
the nucleus' recoil momentum in ju~-[-nucleus —> e~-|-7+nucleus 
is predominantly small. 

compared to the "single conversion coefficient."9 Since, 
according to Eq. (10), this "single conversion coeffi­
cient" is significantly greater than unity, it is clearly 
of considerable interest to conduct an experimental 
search for /r~+nucleus —> e~-\-7+nucleus. Such a 
search is particularly appropriate since, of all the 
neutrinoless fx± —> e± decays, the only one so far 
without experimental investigation is the one which 
from the present point of view is expected to be the 
most probable, viz., /x~+nucleus —> e~+Y+nucleus. 

9 I t should, of course, be remembered that if a nonvanishing 
matrix element M(/*"—» e~+ir°) exists for fT —» e~-\-ir°, the 
strong-interaction nuclear absorption of the 7r° induces \T 
+nucleus —> e~+nucleus via I : M~+nucleus —> e~-\-ir0+nucleus —> 
e--(-nucleus at a rate ^(Zeff

3A). Indeed, with M(jT —> e~-Hr)?*0, 
the process I might be more probable than the electroma°netic-
"single conversion" process [Eqs. (8)-(10)] which in thig case 
would proceed via I I : yT-{-nucleus —> e~-h7r°-f-nucleus —> s~+7r° 
+ 7 (virtual Coulomb)-{-nucleus —» e~+7+nucleus while, eas al 
ready indicated, the electromagnetic "double conversion" process, 
I I I : fjT-\-nucleus —» e~-\-7r°-\-nucleus —» e~-{-7r°-\-y (virtual Cou­
lomb)+7 (virtual Coulomb)+nucleus —> e~-\-nucleus would in 
this case be forbidden [Eqs. (11) and (12) with g2 = 0] . Under 
these circumstances, any actual nonvanishing rate for ju~+nu-
leus —> e~-r-nucleus would have to be ascribed to process I. 
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In this paper, a formalism for quantization is developed which starts out from the Hamilton-Jacobi 
expression, dS/dt-{-H(dS/dq,q), and which leads to its usual quantum-mechanical operator equivalent by 
means of straightforward algebra. The quantum-mechanical operator equivalents of H and p are then 
seen to be the consequence of assigning a number of equally probable classical paths to a dynamical system. 

INTRODUCTION 

MANY different formalisms have been developed 
for passing from a classical Hamiltonian or 

Lagrangian to a quantum-mechanical operator, but 
there still remains some mystery about why the 
differential operators which replace the momenta and 
energy should have the form they are given. Dirac1 in 
his discussion of the action principle in his book and in 
subsequent papers clarifies things considerably by 
showing just how classical action is related to the 
arbitrary phase S in the time-dependent wave function 
^ exp[(fcSyft)]. 

Feynman2 in his Lagrangian formulation of the 
quantum mechanics goes a step further to show how 
the probability amplitude for a particular space-time 
path of a system is related to the classical Lagrangian 
L(X(t),X(t)) for this path. The total probability 

1 P. A. M. Dirac, Quantum Mechanics (Oxford University Press, 
New York, 1957), 4th ed., p. 125. 

2 R. Feynman, Revs. Modern Phys. 20, 367 (1948), 

amplitude for a system's going from an initial state A 
to a final state B is the sum of all the probability 
amplitudes for all the possible paths from A to B. 
Each such path contributes equally in magnitude to 
the probability amplitude, but the phase for each path 
is different and equal to the classical action (in units 
of h) for each path. 

As Feynman points out, the contribution from a 
given path is "proportional to exp\jiS(X (t))/Jf\, where 
the action S(X(t)) = fL(X(t),X(t))dt is the time 
integral of the classical Lagrangian taken along the 
path in question." He shows that there is a close 
analogy between (Xf\X)e (the probability amplitude 
for finding the system at Xr at time t+ e if it was at X 
at a time t) and expp5(X ,X / ) / ^ ] , and says: "In fact 
we now see that to a sufficient approximation the two 
quantities may be taken proportional to each other." 

In view of the intimate relationship between S 
which, as Dirac1 has pointed out, is the classical 
Hamilton-Jacobi function of the problem, and the 


