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In doped, compensated samples of germanium at low temperatures, a scattering center analogous to the
hydrogen molecule ion may be formed in which an electron (or hole) is shared between two donors (or
acceptors). Mobile carriers can lose energy through excitation of this molecule. This mechanism of energy
loss is probably important in the explanation of the negative resistance observed in lightly doped, compen-
sated germanium at liquid helium temperatures. In this paper, a rough calculation of the average rate of
energy loss is reported, which serves to confirm previous conjectures of the importance of this process.

N 1959, McWhorter and Rediker reported observa-
tion of a substantial apparent negative resistance
occurring at the onset of breakdown of lightly doped,
compensated germanium.! The phenomenon occurs in
both #- and p-type material providing there is a sub-
stantial degree of compensation. The breakdown itself
is attributed to a rapid increase in the number of free
carriers caused by impact ionization of carriers loosely
bound to impurity atoms.? The voltage-current charac-
teristics of uncompensated material do not show ap-
preciable negative resistance, but rather a rapid increase
in current of several orders of magnitude at breakdown
while the voltage remains essentially constant.

The electric field required to produce breakdown in
the compensated material may be more than an order
of magnitude greater than in the uncompensated
samples. McWhorter has proposed to explain this in-
crease in breakdown field and the negative resistance as
due to the operation of an electron energy loss mechan-
ism not present in the uncompensated material and
which disappears after breakdown.? The process is as
follows : In the compensated material, which we suppose
to be n-type, there will be both ionized and un-ionized
donors. The un-ionized donors will tend to share elec-
trons with the ionized ones, thus forming a center
analogous to the hydrogen molecule ion. This ion has
two states whose separation in energy is small compared
to the energy required to ionize a donor for realistic
values of the distance between donors. A mobile carrier
may lose energy by exciting the molecule.

Throughout the rest of the paper we consider only
n-type material. An electron in the conduction band
gains energy from an external electric field at a rate
ueE? (u is the mobility and E the field strength). This
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energy may be lost in two ways (providing the electron
energy is not sufficient to excite a donor) : to the phonons
and in the molecular excitation process. We wish to
compare the relative importance of the two loss mech-
anisms. This can be done by computing the energy loss
per unit time to molecular excitation, integrated over all
molecules, and averaged over all electrons in the con-
duction band. A similar average energy loss can be
obtained for phonon emission. In our view, the electrons
which begin to produce the donor ionization at break-
down are those few which have been thermally excited
into the conduction band, rather than the carriers
weakly bound to donors, whose motion is conventionally
described as a “hopping” process.* One must also note
that in thermal equilibrium in the absence of an external
electric field, energy losses to molecular excitation will
be balanced by corresponding energy gains from mo-
lecular de-excitation. Only when the distribution is “off
balance” on the high-energy side will the losses outweigh
the gains.

The calculation proceeds as follows. We determine the
probability of a transition from the symmetric to the
antisymmetric state of the hydrogen molecule ion,
caused by a collision with an itinerant electron whose
wave vector changes by k=k;—ky (k; is the initial
wave vector and kp the final). The transition proba-
bility must be averaged over all angles between k and
the axis of the molecule, and between k; and kr. We
then multiply by the energy of excitation, which de-
pends strongly on the separation distance R, the proba-
bility distribution of electrons in energy, and the
distribution of intramolecular separations. Since the
energy difference between molecular states may be
small compared to k7, even at liquid helium tempera-
tures, it is necessary to include a Boltzmann factor to
take account of the differences in population of the
molecular states. We must then integrate over electron
energy and intramolecular distance. Throughout this
calculation, the crystal band structure has been assumed
to be parabolic, characterized by an effective-mass
parameter m*. The anisotropy of the actual band struc-
ture of germanium would be very difficult to include and
has been neglected. We have determined the average
energy loss for temperatures in the range 1°-8°K;
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and for donor concentrations ranging from 10 to
2X10'/cm?.

We approximate the wave functions of the symmetric
and antisymmetric states of the effective hydrogen
molecule ion as

Ys=[2(14+2) 1 (uatusz),
Yas=[2(1—A) T (ua—up),

in which #4 and #p are hydrogenic wave functions
centered on atoms 4 and B of the molecule and A is the
overlap integral. One should, of course, use properly
symmetrized linear combinations of impurity wave
functions, as discussed by Kohn.®! We have instead
chosen hydrogenic wave functions,

u(r)=(ra*) 3¢ "°, 2

in order to simplify the calculation. In (2), a is the
effective Bohr radius in the material.

a=«h*/m*e, 3)

with « the dielectric constant and m™* the effective mass.
In order to test the sensitivity of the results to the as-
sumed wave function, we have considered two effective
masses: (1) m*=0.119, the usual average of transverse
and longditudinal masses, and (2) m*=0.185, a value
which gives a donor ionization energy in reasonable
agreement with experiment.® If the separation of the
atoms forming the molecule is R, the energy difference
between the antisymmetric and symmetric states, which
we will call the excitation energy and denote by E,, is,
according to Margenau and Murphy”:

—2(K—J) 2¢ 2/R\?
gD B RS 0
1—A? kR 3\a

M

in which K and J are the usual exchange and Coulomb
integrals, respectively, and in the second step we have
neglected terms of the order of e 2£/¢ compared with
unity (this approximation will be valid for most of the
molecules for reasonable concentrations).

No attempt has been made to include the effects of
local electric fields due to other ions. As pointed out by
McWhorter and Rediker,? such fields inhibit formation
of molecules when the partner donors are far apart. The
contribution from such molecules is already suppressed
by the Boltzmann factor previously mentioned, so that
the neglect of this localizing effect should not be serious.

The transition probability for excitation of the mo-
lecular ion has been calculated by Kerner® and by Ivash®
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in connection with studies of the dissociation of the
molecular ion by electron impact. In the solid-state
problem dissociation is impossible since the donors are
bound in the lattice. It is necessary to make several
approximations in the calculation, chief of which is the
use of the lowest Born approximation. In addition, ex-
change scattering is neglected. As a result of these
approximations, only an order-of-magnitude estimate of
the probability can be attained. We must evaluate the
matrix element

2

€
Hx= ei(k"‘kf)'”—\0113*(I'z)l,bs(rz)drldrz. (5)

712

We find this to be given by
- —64mie® e R2 gink-R/2
T k(1= A Rar(RHa/a)

(6)

in agreement with Kerner® and Ivash.? In the above,
k=k;,—kr, where k; and kr are the initial and final
wave vectors of the electron. It is now necessary to
calculate the transition probability P per unit time,
energy interval, and solid angle. According to the usual
rule,

2w
P=;|Hx|2p(EF),

in which p(Er) is the density of final states. We also
average over all directions of R. We find (neglecting A?

compared to unity)
2m*e4l‘ sinkR"l kr

P= 1— :
we L kR Jpt(1+-ka2/0)

Q)

An integration over the orientations of k is required-
It does not appear possible to express the result in
closed form. The rapid increase in the denominator of
(7) with increasing % suggests that only small % need be
considered. Hence we neglect (ka/2)? compared to
unity, and expand the term in brackets, retaining only
the two leading terms:

sinkR (RRYT (kR)?
1— = 1— +j|
BR 6 L 20

)

Then the sum over final directions is accomplished
simply through use of the relation,

1 2 kptks

—dQ=——In : (9)
B kpks ki—kp

To compute an average energy loss, we multiply by the
energy loss E, and the probability of finding an incident
electron of energy E(k;), which is, at temperature 7':

2%
b BIKT,

KD "
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This quantity is normalized to unity over the conduc-
tion band. There are two additional factors to be
included :

(1) Since E, can be small compared to KT, even at
4°K, the upper state will be appreciably populated. The
relative excess in the lower state is given simply by
tanh(E,/2KT).

(2) The distribution of intra-molecular distances is
determined as follows. Suppose there are Vp donors and
N 4 acceptors per unit volume. All the acceptors may be
assumed to have captured an electron from a donor,
leaving (Np—N4) electrons bound to donors. The
distribution of distances between donors, ®(R) is given
by a Poisson formula,*

®(R)= (3R*/Rs") exp[— (R/Rs)"], (11)
in which Rg is determined by
4xR$/3=Np. (12)

The number of molecules whose interatomic distance is
R is then
N4(Np—DNa)
——®(R). (13)

D

The factor multiplying the Poisson formula may be
seen to be correct since the number of un-ionized donors
is Np— N 4, and the probability that the nearest neigh-
bor of a particular donor is ionized is just N4/Np.

Next, we combine the factors mentioned and perform
the integration over electron energies. The integrals in-
volved are

® E%-’_ (E'—Ez)%
/ ¢ EIKT ln[————————jldE
Ea o LEi—(E—E,)}
~ K ToF+/KT[In2— ¢B+lKT Ei(— E,/2KT)].  (14)

In order to obtain (14), use has been made of the ap-
proximation

x+ (x2—1)%
m(-————

x— (x2—1)}

) ~In2+In(2x2—1)

(with x?=E/E,), which is valid when #*>>1. Ei is the
usual exponential integral function. Another integral
arises from the (kR)%/120 term in (8). This is

/ o EIKT[E(E—E,) JdE
Ey

E.KT

-— ¢ERKTK (B, /2KT), (15)

in which K is a modified Bessel function of the second
kind. 10
The energy loss per electron per unit time, which we

W E, T. Whittaker and G. N. Watson, 4 Course of Modern
Analysis (Cambridge University Press, New York, 1952), p. 373.
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Fic. 1. The quantity 4, defined by Eq. (17), is shown as a
function of temperature in the range 1-8°K for seven donor
concentrations in the range 10%-10'® cm™3. The curves were com-
puted for an assumed effective mass m*=0.119.

denote as (W ,/7), can now be represented as a single

integral over the intramolecular distance R. We find

]\7A(ND'—ZVA)/ 2wk \ ¥ ® R2
(Wi/1)= ) (KT)/ —e B/ KT

0 @

1

aNph  \m*KT

x[lnz—ewm Ei(—E,/2KT)——
20

Zm*R52Ex
X R eEz/?KT
)

XKl(Ex/ZKT):lEx tanh(E,/2KT)

RZ

X——exp[— (R/Rs)*]JdR. (16)
Rg?

The dependence of E, on R is given by Eq. (4).

The average energy loss as given by Eq. (16) has been
computed numerically on an IBM 709 computer as a
function of concentration and temperature. The results
are shown graphically in Fig. 1.
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The integrand of (16) is actually a rather sharply
peaked function of (R/Rg) with the maximum occurring
(for 4°K, Np=10%/cm?®) for R/Rs=0.65 (about 400 A).

Consequently only those “molecules” whose separation

is of the order of % of the average contribute appreciably
to the energy loss. Further, the contribution from the
second term of (8) is only 149 of the first term for the
concentration and temperature mentioned. This con-
firms the validity of the small-%£ approximation.

The average energy loss is a function of donor and
acceptor concentrations and temperature. Let us write

W/r)=AC(1-C), )

in which C=N4/Np is the concentration of compen-
sating acceptors relative to donors. The quantity 4,
which is a function of Np and T only, is exhibited in
Fig. 1. For donor concentrations of 2X10% ¢cm™ and
smaller, 4 is reasonably independent of temperature
throughout the range calculated (it must, however,
vanish at 0°K). The dependence of 4 on donor concen-
tration for a fixed temperature (4°K) is exhibited in
Fig. 2. For small Np, 4 is proportional to N p? and rises
to a maximum for Np= 10! cm—? at 4°K. This behavior
may be explained qualitatively as follows: When Np is
small, an increase in Np decreases the separation be-
tween donors. This increases the excitation energy E,,
and”the average energy loss rises correspondingly. As
Np and E, continue to increase, the probability that an

electron in the conduction band has enough energy to
cause a transition decreases exponentially, and this
factor causes the average energy loss to decrease for
large Np.

The results presented in Figs. 1 and 2 were obtained
for an assumed effective mass ratio 0.119. Unfortu-
nately, the calculated energy loss is a fairly sensitive
function of the assumed effective mass. The general
temperature and concentration dependences noted in
the present instance were found, however, to continue
in a duplicate calculation performed for an assumed
mass ratio of 0.185, while the average energy loss was,
in general, lower by a factor of about 4. For this, and
other reasons previously mentioned, the present calcu-
lation can be considered reliable only in respect to the
order of magnitude of the effect considered.

The average energy loss which we have calculated
does not itself determine the breakdown field strength.
To compute this, we would have to calculate the
probability of energy gain as well as that of loss in
molecular transitions, as a function of electron energy
(integrated over intramolecular separations R). Such a
calculation would be considerably more difficult than
the present one, since the integration over R must be
done numerically. We can, however, compare the aver-
age rate of energy loss by molecular excitation [from
(17)] with a corresponding quantity for collisions with
phonons. The average rate of energy loss for an electron
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of velocity v has been estimated by Shockley! as
(m*S?/71) (m**/KT),

in which S is the velocity of sound and 7z, is the relax-
ation time for lattice scattering. When we average over
the electrons in the band, we find an average energy loss
for collisions with phonons, (W pn/7)

(W on/7)=3m*S?/71. (18)

At 4°K, this loss rate is about 10° ev/sec. Evidently the
molecular excitation process can be more important.
Since only electrons of relatively high energy are in-
volved in the ionization process, and for these electrons
the probability of energy Joss by molecular excitation
must be much greater than the probability of energy

11 W, Shockley, Bell System Tech. J. 30, 990 (1951).

gain by de-excitation, one would expect that, apart from
factors of the order of unity, the cautionary statement
in the previous paragraph could be discarded so that the
ratio of the electric field strength at breakdown in the
compensated material to that in the uncompensated
samples will be about

LW/ 7)/(Won/ 1) 1.
It is seen, in agreement with the qualitative discussion
of McWhorter and Rediker,® that the molecular excita-
tion mechanism considered here is capable of providing
the factor of 10 to 30 increase in the breakdown field
required by their experimental results.
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The mean square velocity of an impurity atom in a crystal lattice has been evaluated in both the low and
high temperature limits. The result for the high temperature limit includes the effect of force constant dif-
ferences between solute and solvent atoms as well as the effect of mass difference. The effect of a mass
difference alone is quite small in both the low temperature and high temperature regions. A determination
of the Massbauer peak position as a function of temperature in the high temperature range can be used to
obtain a value of isomeric shift fully correct for the second order Doppler shift associated with the vibration
of the atoms, In addition, if the experimental data are sufficiently precise, the effective stiffness with which
the atoms are bound in the lattice may be determined. The calculation is illustrated with experimental data

for Feb? dissolved in beryllium and in stainless steel.

INTRODUCTION

HE energies of the various gamma rays associated
with the Mdossbauer transitions in nuclei vary
with the environment of the active atoms as a result of
several types of interactions. These interactions fall into
two classes: those which remove the m degeneracy of
the nuclear levels, and those that change the mean
separation between the excited and ground states. In the
first class are those due to magnetic fields, which interact
with the nuclear magnetic dipole moment, and to
electric field gradients, which interact with the nuclear
electric quadrupole moment. These effects have been
treated at length elsewhere and will not be discussed
here.!? In the second class are the isomeric shift and the
second order Doppler shift. The isomeric shift arises
from the electrostatic interaction between the nuclear
charge distribution and the electronic charge density at
1S. S. Hanna, J. Heberle, C. Littlejohn, C. J. Perlow, R. S.
Preston, and P. H. Vincent, Phys. Rev. Letters 4, 177 (1960).

2Q. C. Kistner and A. W. Sunyar, Phys. Rev. Letters 4, 412
(1960).

the nucleus. Since the nucleus charge distribution is
different in the ground and excited states, this inter-
action changes the separation of the levels by an amount
proportional to the effective electronic charge at the
nucleus, which varies with the environment of the
atom. The second order Doppler shift is a relativistic
effect associated with the mass difference between
ground and excited states, and the corresponding
difference in kinetic energy. This paper is largely con-
cerned with this latter shift, and the separation of it
from the isomeric shift.

ISOMERIC SHIFT

The isomeric shift of the energy levels in either source
or absorber nuclei is given approximately by?

AE=2r3e2AR2|¢(0) 2,
where z is the atomic number, AR? is the change in

3L. R. Walker, G. K. Wertheim, and V. Jaccarino, Phys. Rev.
Letters 6, 98 (1961).



