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An analysis is made of the way in which the behavior of various 
wave functions approximates that of exact vibrational eigen-
functions of an anharmonic crystal. The criterion used in deter­
mining the closeness of approximation is the order of magnitude 
of the difference between the second moment and the square of the 
first moment of the Hamiltonian operator. The functions chosen 
are products of harmonic oscillator wave functions, three dif­
ferent linear combinations of products of harmonic oscillator 
functions differing slightly in form from the exact eigenfunction, 
and a function which is the result of operating on an exact eigen-
function with a dipole moment operator. 

The first of these functions gives a value of the criterion which 
is proportional to the number of unit cells in the crystal. For the 

rest the criterion is independent of the size of the crystal but is 
still not zero. 

It is shown that, despite the fact that product functions are very 
poor approximations to eigenfunctions, quantities such as vibra­
tional absorption intensities and frequencies calculated with them 
should give approximate agreement with experiment and that 
perturbation theory calculations using them can also give approxi­
mately correct results. 

It is also shown that the results obtained by using the product 
wave functions have intrinsic limitations on their accuracy that 
arise from the collective interaction of all the phonons or modes of 
vibration. 

I. INTRODUCTION 

IN most treatments of the vibrations of atoms in 
crystals, harmonic oscillator wave functions are 

used. This procedure has been successful in treating 
vibrational absorption, emission, or Raman scattering 
frequencies and intensities of anharmonic crystals. The 
basic technique has usually consisted of some form of 
perturbation theory carried out no further than first 
order. When higher order approximations are carried 
out by straightforward applications of the theory, 
divergences appear and hence the results of the first-
order treatment cannot be rigorously correct. This 
observation has been discussed in a previous paper1 

(hereafter called I) by the writer and also has been well 
known for other systems from the work of many authors 
in the field of many-body perturbation theory.2 

The fact that perturbation theory gives satisfactory 
results in some cases suggests that it should be worth­
while to investigate the reasons and to find the limita­
tions on its applicability. In a sense, this investigation 
has already been made in the work on many-body 
perturbation theory, but for vibrational problems the 
basic question of convergence is unanswered. The con­
vergence problem has been changed from one where 
there is clearly divergence to one where the convergence 
is in doubt. 

In this paper an approach quite different from that of 
many-body perturbation theory is used. A simple cri­
terion is used as a measure of the suitability of an ap­
proximating wave function. The investigation is re­
stricted primarily to those properties which involve 
transitions from one state to another such as the in­
tensities and frequencies of absorption and emission. 

The criterion used is the value of 

< # V - « t f ) a v ) 2 , (1) 

* Supported by the National Science Foundation. 
1 T . H. Walnut, J. Chem. Phys. 31, 361 (1959). 
2 See for example, J. Goldstone, Proc. Roy. Soc. (London) 

A239, 267 (1957). 

where H is the Hamiltonian operator. For any exact 
eigenfunction of H the criterion is zero and for any 
function which is not an eigenfunction it is different from 
zero. This paper will be concerned with the gross order 
of magnitude of the criterion for various types of ap­
proximating wave functions. The term gross order of 
magnitude refers to the way in which the size varies 
with xY, the number of unit cells in the Born-von 
Karman parallelepiped. For example, the orders of 
magnitude may be N, N*, N~%, etc. 

Let us first apply the criterion to a product of har­
monic oscillator wave functions designated by $(M). 
Here, M represents the set of all quantum numbers for 
the individual harmonic oscillator functions. A more 
detailed description is given in I. 

With the criterion succinctly expressed as (Ha
2)av, 

where 
Ha^H-(H)av, (2) 

it is found that 

= Z(M\Ha\J){J\Ha\M). (3) 

The symbol / , like M, represents a set of quantum 
numbers and the sum over / refers to the sum over all 
possible sets of values of / . From the same reasoning 
that was used to show that J2J of Eq. (31) of I was of 
order N, it follows that 

(Ha)av^O(N). (4) 

This equation means that there is a set of energies 
associated with the function &(M) and that the mean-
square deviation of a measurement of energy from the 
average is of order N. The root-mean-square deviation 
of the energy is then of order NK Since the total vibra­
tional energy is of order N, it would be reasonable to 
use the result of any measurement of the energy as the 
energy for the crystal in the state <3>(M). The fractional 
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deviation of any such measurement is very small (of 
order N~*). 

On the other hand, if an attempt is made to obtain 
the difference between the energies of two closely related 
states 3>(M) and <£(/) as the difference between a meas­
ured energy of <£(M) and a measured energy of <£(/), 
meaningless results are obtained. For example, if the 
two states were the upper and lower states of an optical 
transition, i.e., where only one of the quantum numbers 
in J differed from the corresponding numbers in M, 
the difference in the measured values of the energy of 
the two states would lie in a range of order N* whereas 
the energy of observable optical transitions is of order 1. 
Therefore, use of harmonic oscillator functions is not 
satisfactory when spectroscopically observable energy 
differences are desired. I t should be noted that these 
results follow for any local anharmonic interaction that 
is independent of the crystal size, when N is sufficiently 
large. I t would, of course, be possible that in the case 
of extremely small anharmonicity the size of N for which 
these results would be so would correspond to a crystal 
that is much larger than those ordinarily treated. 

The size of the criterion can also be used to give in­
formation on the relationship between the functions 
<!>(M) and the exact eigenfunctions ^(L). In determin­
ing this relationship it is necessary to estimate roughly 
the number of eigenstates lying in an energy range of 
order N. The estimate can be made readily from the 
fact that the number is roughly the same as that for the 
unperturbed energies of the states described by the 
functions $ (M) , a quantity whose logarithm is of order 
N. This rough order will be designated by the symbol 91. 

The range of energies of a function $(M) is of order 
NK This range contains a number of eigenstates of rough 
order 91 (differing from the number in a range of order 
N by a negligible factor of order N~^). Of these states 
only those with the proper symmetry can contribute 
to a function $ (M) , and essentially all of the con­
tributing functions must lie in an energy range of order 
NK If we examine the eigenfunctions of the appropriate 
symmetry in this energy range, it is apparent that no 
one of them is more closely related in any discernible 
way to an unperturbed function <3>(Af) than any other. 
Therefore, it can be reasonably assumed that the con­
tributions of the eigenfunctions to $(M) are of the same 
gross order of magnitude. Hence, it can be concluded 
that the number of eigenfunctions ^(L) that make col­
lectively significant contributions to a product function 
<£>(Af) is of order 91 and that the projection of any eigen-
function on a product function is of order 9l~* or less. 
The effect of symmetry is to introduce a negligible factor 
of TV"1. I t is, of course, possible that by chance there 
might be a projection of order 1 by one function &(L) 
on a particular product function &(M), but according 
to the basic assumption stated above the probability 
is negligibly small. 

The result obtained above means that in the ordinary 
sense $(M) is no approximation at all to ^(L). This 

statement can be understood by considering what is 
meant by an approximation. In a crude sense, two func­
tions approximate each other when at each point of the 
configuration space the values of the two functions are 
approximately equal. In a more formal way, the func­
tions <£(M) and SF (L) could be said to approximate each 
other if the integral 

( \HM)-*{L)\HT (5) 

were small. For normalized functions with aribtrary 
phase factors, the worst possible approximation of one 
function for another is one where the functions are 
orthogonal. Since the projection of 3>(M) on any func­
tion ^ (L) is extremely small, the functions are almost 
completely orthogonal and, hence, it can be stated that 
the two functions do not approximate each other. Thus 
there is essentially no correlation between the values 
of $(M) and of any eigenfunction ^r(L) for all of the 
points in the configuration space of the system. Presum­
ably the same result would be obtained for any other 
reasonable definition of approximation for either the 
wave functions themselves or the probability densities. 
However, there is no intrinsic justification for obtaining 
a function which gives a good approximation to an 
exact eigenfunction since such a function would give 
probabilities of finding particular sets of simultaneous 
positions of all of the atoms in a crystal, information 
which is far too detailed to be useful. 

This analysis suggests that obtaining an exact eigen­
function for a complex problem is a procedure that is 
not useful in itself and that attempts should be made to 
obtain observable quantities without obtaining the wave 
functions. A possible approach would be to find func­
tions which would behave in a manner similar to that 
of the exact eigenfunctions with respect to various oper­
ators. A function 3>(Af), for example, when operated 
on by H yields a set of energies whose fractional devia­
tion is small and, hence, it can be used to represent an 
exact eigenfunction in a measurement of the total 
vibrational energy of the crystal despite the fact that 
it is a very poor approximation. 

In the parts of this paper that follow an investigation 
is made of the ways in which the functions $(M) rep­
resent the functions &(L) in the determination of inten­
sities and energies of transitions. In the investigation 
slightly modified exact eigenfunctions are formally 
expressed and the criterion of (1) is used to determine 
the way in which they can be used to represent the 
behavior of true eigenfunctions. 

II. ONE MODIFICATION OF AN EXACT 
EIGENFUNCTION 

Any of the exact eigenfunctions can be written as 

*(L) = ZM<I(L,MMM). (6) 

Since such an enormous number of $(M)'s contribute 



V I B R A T I O N A L W A V E F U N C T I O N S 85 

to a given ^(L), it is both a hopeless and a useless task 
to express the coefficients a(L,M) in any explicit way. 
What can be done is to express an analog of an excited 
state of a particular eigenfunction in terms of that eigen-
function. This analogous function can be formally 
expressed as 

*b(L+S)=T,M a(L,MMM+S). (7) 

The coefficients a(LyM) are identical with those of ^f(L) 
and 5 represents a set of additions to the quantum 
numbers in L and M. In the approximation the number 
of nonzero elements of S is of order 1 (i.e., is small 
compared to iV*) and their magnitudes are of order 1. 
In the notation of I these conditions are expressed as 
[v>]=0(l). In addition, all of the nonzero elements of 
S are assumed to be positive. 

The validity of tyb(L+S) as a representation of an 
excited state can be checked with the criterion of (1). 
The first step in its evaluation is the comparison of 
H^b(L+S) with H^(L). Since ty(L) is an exact eigen­
function it follows that 

H*(L) = j:Mja(L,M)(J\H\M)*(J) = E(L)V(L)9 (8) 

and hence, that 

ZMa(L,M)(J\H\M)=E(L)a(L,J). (9) 

When H is applied to ^rb(L+S), the equation 

H*b(L+S) = j:Mja(L,M) 
X {J+S | H | M+S)* (J+S) (10) 

is obtained. To compare this equation with Eqs. (8) 
and (9), the difference 

(J\AHS\M)^(J+S\H\M+S)-(J\H\M) (11) 

can be defined. In terms of it, Eq. (10) becomes 

H*h{L+S)~T,Mj a(L,M){J\H\M)W+S) 
+ZMJ a{LyM)(J\ AHS\M)HJ+S), (12a) 

or 

HVb(L+S)=E(L)*b(L+S) 
+ZMJ a(L,M){J\AHs\M)$>(J+S). (12b) 

To find the magnitude of the difference between the 
values of (#) a v for the two functions the numbers of 
matrix elements of different orders of magnitude must 
be determined. The simplest set of matrix elements to 
consider are those where the sum of the absolute 
values of the differences of the corresponding elements 
of M and / is equal to 3. In the notation of I these are 
matrix elements where QAM]=3. 

In I it was shown that the terms in the potential 
function that can contribute to an element (J\H\M) 
where [AM]=3 has the form 

constg(/0«(/0«(/8), (13a) 
or 

c o n s t ^ / x M / ^ / s ) Ui\q(gi)I2, (13b) 

where q(f) and q(g) are normal coordinates. The three 
quantum numbers of M that differ from the correspond­
ing numbers of / are those for q(fi), tfGQ, and q(fs)* 
Consequently, terms of the forms shown above can 
contribute to only one element having a given set of 
values for J when [AM]=3. 

The only quantum numbers on which the contribu­
tion of a term of the form shown in (13a) depends are 
those for q(fi), qif^jj and q(fz). Therefore the contribu­
tion to (J+S\H\M+S) and to (J\H\M) must be 
the same for all terms where none of the / 's are in 
S, the set of values of / which specify the nonzero ele­
ments of S. Hence only those cubic terms where at 
least one of the fs is in S can contribute to (/1 AHs | M). 
Since, as was found in I, the magnitude of the contribu­
tion of the appropriate cubic term to an element 
(J\H\M) is of order N~%, the nonvanishing contribu­
tions to (J\AHS\M) are also of order N~K 

Similar statements can be made about the contribu­
tions of the terms shown in (13b). Here, the total con­
tribution to a given element (J \ AHs | M) of terms where 
the / 's are not in S is not zero, but is still negligible 
because of its small magnitude, i.e., of order N~\ 

The number of cubic terms that can contribute to 
the elements (/1 AHs | M) is of order N, for there are of 
order one possible choices of / i , such that it is in S, 
of order N possible choices of fa for a given / i , and, from 
the translational symmetry of the crystal, of order 1, 
choices of / 3 for a given / i and f%. Consequently, the 
number of elements with a given / to which the cubic 
terms contribute is of order N. By similar reasoning, 
analogous to that in I, it is found that the number of 
elements (J\AH&\M) for [AM]=3 and for a given / 
which are not negligible is of order N and their magni­
tude is of order N~K 

In a similar way it can be shown that for [AM]=n> 2 
the number of matrix elements is of order Nn~2 and 
their magnitude is of order Na~in). 

When [AM]=0, one element of order one is ob­
tained. The proof of this statement is the same as that 
given in I for the magnitude of the denominator of 
Eq. (31). 

When [AM]=1 and [AM]=2 the problem is more 
complex. The difference arises from using self-consistent 
field normal coordinates in expressing the Hamiltonian. 
These coordinates are discussed in another paper4 

(hereafter known as II). They are necessary to reduce 
the magnitudes of the elements (J\H\M) when 
[AM]=1 and [AM]=2 from order N* to order AM 
and from order 1 to order A"-1, respectively. 

These coordinates are defined for a particular set of 
values for M (i.e., M0). The matrix elements (M\H\J) 
remain reduced to the same orders of magnitude for 

3 Strictly speaking there are six quantum numbers associated 
with these coordinates, but from the more cumbersome but more 
exact treatment of I it is apparent that the correct results will 
be obtained if three effective quantum numbers are considered. 

4 T. H. Walnut, J. Chem. Phys. 31, 1468 (1959). 
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all cases where 
[ M - M 0 ] = O ( l ) . (14) 

However, the range of sets of values of M is larger than 
this. I t is such that the average energies for the func­
tions <£(M) extend over a range of NK The existence 
of such a spread in energy is consistent with a situation 
where a large fraction of the quantum numbers of M 
differ from the corresponding numbers of Mo, but where 
the differences consist of a random set of positive and 
negative values. Thus, while the actual value of 
[M—Mo] may be of order N, it behaves as if it were 
of order iV* because of the cancellation of the effects of 
the differences in quantum numbers. 

The sum of terms which contribute to a matrix 
element (J\H\M) where [AM] = 1 has the form 

(a+E^al«(g)'l2+EW'^H(z(g)l2k(gOI2-••)«(/). 
(15) 

The self-consistent field coordinates are so chosen that 
the average value of the sum which is the coefficient of 
q(f) in this equation is of order N~^ for the set of quan­
tum numbers Mo. For other sets of elements that differ 
from it in effectively of order N^ elements, the average 
value is larger. 

The constant term a does not contribute to the dif­
ference in average value. The sum ^,gbg\q{g)\2 c o n * 
tributes of order N* terms of order N~^ or a total of 
order 1. Similarly the total contribution of the higher 
terms is of the same order. Therefore, for most of the 
allowed sets of values of M, the average value of the 
sum is of order 1. 

By the arguments of I I it can be shown that the 
nonvanishing elements (J\H\M) where [ A M ] = 1 and 
M is in the range described above are also of order 1. 
By reasoning that was used in the previous cases it is 
found that (J\AHs\M) is non-negligible only when / 
is in S. Consequently, for certain sets of values for 5 
there are of order 1 elements (J\AHs\M) of order 1 
with a given / , and for other sets of values for 5* there 
are no elements of significant size. 

By similar arguments it can be shown that for 
[AM] = 2 there are, for a given J, of order 1 elements 
of order N~~K 

The next step in calculating the magnitude of (H)av 

is to determine the size of the coefficients in the sum in 
Eq. (12b). For convenience the definition 

A{LJ)^Y,M a(L,M){J\AHs\M) (16) 

can be made. The pattern of magnitudes of the ele­
ments can be used to find the orders of magnitudes of 
the coefficients A (L,J). In making these calculations 
the contributions of the elements having different values 
of [AM] are considered separately. 

The first elements treated are those where [AM] = 0. 
They are of order 1 and there is one of them for each 
set of values for / . The coefficients a(L,M) must be of 
order %l~% to normalize ^(L). For given sets of values 

for L and / there is only one term in the sum in Eq. 
(16) which describes the contribution of the elements 
where [ A M ] = 0 . Since the magnitude of a(L,M) is of 
order 9l~* and that of (J\AHS\M) is of order 1, the 
contribution to A (L,J) is of order %l~K 

For certain sets of values of S, elements where 
[ A M ] = 1 are of order 1 since the number and magni­
tudes of the elements are both of order 1. Consequently, 
the contribution of these elements to A(L,J) is again 
of order 9t~*. 

Similarly for [AM] = 2 the contribution to A(L,J) 
is of order N~m~K 

For the case where [ A M ] = 3 , the elements contribute 
of order N terms to the sum in Eq. (16) because the 
number of elements for a given J is of order N. The 
individual elements are of order N~~* and so the maxi­
mum contribution to A (L,J) could be of order N?$l~~K 
This would be the case if each of the products 
a(L,M)(J\AHs\M) were real and had the same sign 
or more generally were complex and had the same 
phase angle. 

If the terms have incoherent phase angles then the 
contribution is less by a factor of order N~~% and, hence, 
is of order 9l~K 

By the same reasoning it is found that for [AM] 
= n>2 the coherent contribution is of order iV"^*1-1^-* 
and the incoherent is of order %l~K 

Only a very small fraction of the coefficients A (L}J) 
can receive coherent contributions. This statement can 
be demonstrated by considering the contribution of the 
elements where [AM] = 3 as an example. This contribu­
tion can be designated as Az(L,J). The set of these ele­
ments for a given J form a vector, the square of the 
magnitude of which is 

ZM(J\AHS\M){M\AHS\J)=0(1). (17) 

I t is of order 1 because the number of terms is of order 
N and the magnitude of each term is of order A^_1 

(i.e., the square of a term of order N~*). 
The elements of this vector can be expressed as linear 

combinations of the coefficients <z*(L,M), that is, 

(J\AHS\M) = T,LAZ(L,M)G*(L,J), (18a) 

and 
(M\AHs\J)='E,LAt*(L,l£)a(L,J). (18b) 

By using these equations, the square of the magnitude 
of the vector can be expressed as 

L M E L L ' Az*(Lffla(L,J)A9(L\M)a*(L',J). (19) 

From this expression, Eq. (17), and the fact that the 
true wave functions &(L) are orthogonal, it follows 
that 

Y,M\(J\AHS\M)\^T,LAZ*{LJ)AZ{LJ) = 0(\). (20) 

Consequently, in the sum the order of magnitude of the 
number of terms containing coefficients Az{L,J) of 
order N^$l~* cannot be greater than N~l<8i. Since the 
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number of possible sets of values of L that can contribute 
to (J\AHs\M) is of order 91, only a fraction of order 
N~x of the coefficients A&(L,J) can be of order N^$i~K 
This fraction is an upper limit since there does not need 
to be any coefficients of this size. By extension of this 
argument to elements of higher [AM] it is found that at 
most only a very small fraction of the coefficients 
A(L,J) can be coherently derived and consequently 
the vast majority of them are of order $l~l. Presumably 
the coherently derived coefficients are negligible. 

The fact that the coefficients A(L,J) are of order 
$ft~* c a n be applied to determining the magnitude of 
(H)av. From Eqs. (12b) and (16) the average can be 
expressed as 

(H)„= [*b*(L+S)HSirb(L+S)dT 

= E(L)+i:ja*(L,J)A(L,J). (21) 

The magnitude of the sum in this equation is of order 1 
because the number of terms is of order 31 and their 
magnitude is of order 9t_1 and at least part of the terms 
are coherent. Coherence must arise from the contribu­
tion of the terms where [AM] = 0. These terms con­
tribute 

E M (M\AHs\M)a*(L,M)a(L,M), (22) 

which must be of order 1 because a*(L,M)a(LyM) must 
be positive and {M \ AHs \ M) must be either preponder­
antly positive or preponderantly negative, depending 
on S. 

Therefore we can conclude that 

< f f -E (Z)> a v =0( l ) . (23) 

When Ha [as defined in Eq. (2)] is used instead of 
H, only the diagonal elements of (M \ AHs \ J) are 
changed and these by not more than a quantity of 
order 1. Consequently, the order of, magnitude of 
{Ha

2)av is the same as that of ([ZT--E(L)]2)av. 
From Eqs. (12b) and (16) and the fact that 

(IH-E(L)JU= j {lH-~E(L)^b(L+S)^ 

XtH-E(L)1*b(L+S)dT, (24) 
it follows that 

{ZH-E(L)JU=Y,JA*(L,J)A(L,J). (25) 

Each of the coefficients A (L,J) is of order 3l~* and the 
number of sets of values for / is of order 31. Therefore, 
it follows that 

< [ H - £ ( L ) ] 2 > a v = 0 ( l ) , (26a) 
and that 

<#a2>av=0(l). (26b) 

From these results it is clear that the function 
&b(L+S) is much more nearly an approximate eigen-
function than any of the product functions $(M). 

In addition to information on orders of magnitude, 
it is possible to obtain further qualitative information 
on the energy distribution for a particular function 
tyb(L+S). By considering some of the elements 
(/1 AHs IM) in more detail it is possible to estimate the 
size of <ff-£(L))aV . 

The largest of the elements is (M \ AHs \ M) because 
it is the only term of appreciable size that is derived 
from the quadratic terms, which are the dominant terms 
in the potential function. From the derivation in I of 
the magnitudes of terms of various orders, it can be 
seen that the contribution of a quadratic term to indi­
vidual matrix elements is in general larger than the N* 
times the contribution of a cubic term5 and than N^n 

times the contribution of a term where the sum of the 
exponents is n+2. 

Because the contribution of the quadratic terms is 
greater than that of any other set of terms, the expres­
sion shown in (22) is approximately equal to 
(H—E(L))&V. I t is also approximately equal to the dif­
ference between the energies of <i>(M+S) and $(Af) 
when the anharmonic part of the potential function is 
left out. 

When the operator Ha is used instead of H, as pointed 
out previously, only the diagonal elements are affected. 
Since the major contribution both to the diagonal ele­
ments and to (H~E(L))&Y comes from the quadratic 
terms, the diagonal elements for Ha are greatly reduced. 
As these were the most important elements, ((#a

2)av)* 
should be considerably less than {H—E(L))&V. Conse­
quently, the function ^fb(L-\-S) has a range of energy 
that has a root-mean-square deviation from its average 
energy of ((5r

a
2)av)^ and has a mean energy which dif­

fers from that of ^(L) by {H-E(L))av. 
The fact that (fiT—E(L))av is considerably larger 

than {(Ha2)^)* means that the projection of ^b(L-\-S) 
on ^ (L) or on the set of all functions with energy close 
to E(L) must be small. This is an important conclusion 
because it shows that ^b(L+S) does not approximate 
^(L) or any linear combination of eigenfunctions with 
energies close to E(L). 

There are two other things that should be noted 
about the results of this discussion. The first is that the 
criterion of (1) is less stringent than the one involving 
perturbation theory as given in Eq. (31) of I. A function 
made up of a linear combination of near-degenerate 
wave functions could satisfy the first but not the second 
criterion. 

The second thing is that, included within the aver­
ages, are the anharmonic effects that are normally 
described as giving rise to overtones and combination 
bands. Consequently, it should be expected that the 
energy distribution for the function ^fb(L+S) should 
have a complex structure with a number of peaks. 
These considerations suggest that it should be possible 

6 This conjecture has been confirmed in another paper [J. 
Chem. Phys. 36,158 (1962)] by the writer by estimates made from 
experimental data for some molecular crystals. 
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to simplify the structure and reduce (Ha
2)^ by a further 

modification of ^ & (Z+5). 

III. A SECOND MODIFICATION OF AN EXACT 
EIGENFUNCTION 

In the previous section an analog of an excited 
state was formed by modifying all of the component 
harmonic oscillator wave functions in the same way. 
In this section, the exact solutions to a very similar 
problem are used as analogs of excited states. The prob­
lem used is one where all the nonquadratic terms in the 
potential function which contain the coordinates q(f), 
q(f), etc. are deleted. The indices /, / ' , etc. form a set 
8 and the number of indices in the set is assumed to be 
of order 1. The Hamiltonian for this problem can be 
represented as Hc and the eigenfunctions and eigen­
values as tyc(Lc,s) and Ec(LCis), respectively. The sym­
bol s represents the quantum numbers for those indices, 
/ , which are in $, and Lc is a set of quantum numbers 
that completes the description of the state. 

Since tyc(Lc,s) is an eigenfunction of Hc, it follows 
that 

H&c(LCis) = Ec(Lc,s)*c(Lc,s). (27) 

The function tyc(LCis) can be expressed as 

*e(Le,s) = ZMcc(Le&cMMc,s), ( 28 ) 

where Mc and s together comprise the set M; and the 
true Hamiltonian can be expressed as 

H=HC+AHC. (29) 

Consequently, 

HVc(Lc,s) = Ec(Lc,s)Vc(Lc,s) 

+ E c(Lc,Mc)(Jct\AHc\McsMJc,t), (30) 
McJct 

where t represents a set of quantum numbers whose 
indices are in 3. By arguments analogous to those used 
in the previous section, it can be shown that, for all 
but a negligibly small number of cases, 

C(Lc,s;Jc,t) = 0(9l-t), (31) 

where 

C(Lc,s; Jc,t) = ZMc c(Lc,Mc)(Jc,t\AHc\Mc,s). (32) 

Therefore, we find that for ^c(LCJs) 

<#-£c(Lc ,s)>av=0(l), (33a) 
and 

(Ha>)„=0(l). (33b) 
These results show that the functions tyc(Lc,s) as 

well as ^b(L-\-S) approximate the behavior of eigen­
functions much more closely than the functions $(lf). 
There are some slight differences in the approximations 
by the two functions. The function Sfrb(L+S) is com­
pared with the exact wave function whereas there is 
no direct comparison for the function tyc(Lc,s). Also 
(H—EciLcs))^ should be much less than (£T—E(Z,))av 

because Ec(Lc,s) includes the effects of the large quad­
ratic terms that were present in the elements 
(M\AHS\M). 

IV. USE OF MODIFIED WAVE FUNCTIONS TO 
CALCULATE DIPOLE MOMENT 

MATRIX ELEMENTS 

In the last two sections wave functions that could be 
considered analogs of excited states were considered. 
In this section, as an example, some of the same con­
cepts will be applied to the absorption and emission of 
radiation. 

The treatment is based on the behavior of the func­
tion p&(L) where n is the dipole moment operator. 
This function is not in general an eigenfunction and, 
consequently, it has a distribution of energies. It is 
readily demonstrable that for energies greater than 
E(L) the distribution function differs only by a constant 
factor from the induced absorption divided by the 
energy of transition as a function of energy. The corre­
sponding function for induced emission is obtained for 
energies less than E(L). 

In principle the distribution function and hence the 
absorption and emission spectra could be obtained from 
all of the moments of the distribution but in order to 
achieve any detail in a complex spectrum a large number 
of moments would have to be found. In this discussion 
the problem will be restricted mainly to a single band. 
This restriction can be made if the operator ju is limited 
to that part of the contribution of a single linear term 
that increases one of the quantum numbers in a product 
function by one unit. The product wave functions are 
designated by $(Mc,p), where p is the quantum number 
of the coordinate present in /x [i.e., #(/)] a n d Mc stands 
for the rest of the quantum numbers. 

From these definitions, it follows that 

tx$(Mc,p)=nMMc,p+l), (34) 

where nP is an abbreviation for {p+11 n \ p); and hence, 
that 

/**(£)= L a(L;Me,p)vMMc, p+1). (35) 
Mcp 

The function p&(L) can be normalized and examined 
according to the criterion of (1) to determine whether 
it behaves as an approximate eigenfunction. Thus, the 
normalized function 

e (L)^ / i* (L) [E k l 2 k(£ ;M C ) P ) | 2 ] -* (36) 
Mcp 

can be defined. 
The first step in setting up the criterion is to write 

the equation 

H@(L)=J: £ a(L;Mc,Pyp 
Mcp Jcp' 

X{Jc, p '+ l IH\M„ p+!>*(/. , P ' + 1 ) , (37) 
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where \xp
! is the normalized value of /xp, i.e., 

/*, '=*»,(£ \»,V\a(L;Mc,P)\*)-K (38) 
Mcp 

To determine the orders of magnitude of the various 
terms in Eq. (37) it is convenient to make the definition 

V P ' P = / * / - M V . (39) 

With this expression, Eq. (37) becomes 

H@(L)=Z £ a(L;McP) 
Mcp Jcp' 

X(Jc, P ' + I \H \MC, p+iyp,$(Jc p ' + l ) 

+ Z £ a(L;Mc,p){Jc,p'+l\H\Mc,P+l) 
Mcp Jcp' 

X V P ' P * ( / C , P ' + 1 ) . (40) 

From Eq. (11), {JCy p ' + 1 1 # | Mc, P + l ) becomes 

<7 c ,p , + l | f f |Af 4 , ,p+l>=</ e ,p , | f f |M c ,p) 
+(Jc,p'\AHs\Mc,p). (41) 

Here the elements of S are all zero except for the one 
corresponding to p, which is 1. From this equation 
and Eqs. (12b) and (16) the first sum in Eq. (40) can 
be expressed as 

£ ( I ) e ( L ) + E ^ ( 4 V ) $ ( / C ) p ' + l ) . (42) 
Jcp' 

Since the magnitudes of y/ and A(L;Jc,p') are re­
spectively of orders 1 and !W~% the coefficients 
n/A (L; Jc,p') are also of order 9?~i 

The magnitudes of the contributions of the coeffi­
cients A/Vp'(/C, P'+1\H\MC, p + l ) can be obtained by 
the method used in the last two sections. Since A / v P ' = 0 
when pf=py the elements {Jc, p+l\H\Mc, p + l ) make 
no contribution to the second sum in Eq. (40). When 
pf9^p, the pattern of orders of magnitudes for 
AJU'p'p(Jc, p'+l\H\Mc, p + l ) is the same as that found 
for (J\AHS\M) or (Jc,t\AHc\Mc,s). Thus it is clear 
that 

B(L;JC,P')ZBZ Afx'p,p(Jc,p
f+l\H\Mc,p+l) 

Mcp 

Xa(L;MeyP) = OW-*), (43) 
and also that 

D(L;Je,p')=v'p,A(L',Je,p') 
+B(L;JCJp

f) = Om~?). (44) 

Therefore, the quantities (H—E(L))av and (Ha
2)av are 

both of order 1 and, hence, the behavior of ®(L) ap­
proximates that of an exact eigenfunction. 

The value of ((i3r
a

2)av)' should be small compared to 
that of (H—E(L))nv for the same reason that it is small 
for M>"&(Z,+S). The value of the criterion imposes some 
restriction on the shape of the induced absorption 
band governed by the operator /x. Its moderately small 
size with respect to {H—E(L))&V limits the possible 

structures to the following: a single broad band, a 
narrow band with a weak distant satellite, a set of 
closely spaced bands, a narrow band with an extensive 
foot of low intensity, or some mixture of these. In all 
of the cases the principal part of the spectrum consists 
of a single band (under moderate resolution) close to 
< # - £ ( L ) ) a v . 

Integration of the intensity divided by the frequency 
of transition yields 

( 2 T / 3 A * ) E \^V\a{L;Mc,p)\\ (45) 
Mcp 

This quantity can be considered to be the average value 
of (2T/3¥) I \xp |

2 over all of the component functions 
<£(Mc,p). Since the quantities \a(L; Mcyp) |2 are roughly 
the same size as are | pp |2, this integrated intensity is at 
worst a moderately weighted average of the quantities 
(2-ir/Sfi2) | /xp |

2 for each of the functions $(Mc,p) having 
the proper symmetry and lying in the energy range. 
Thus the integrated intensity is about the same as that 
for essentially any of the functions $(Mc,p) in the energy 
range. 

In addition the difference between the energies of 
<3>(Mc,p) and $(MC, P + l ) in the harmonic approxima­
tion is very nearly equal to (H—E(L))avy the average 
transition energy. This result follows from the discussion 
in Sec. I I of the contribution of quadratic terms to 
{M\AHS\M). 

From this analysis it is apparent that absorption 
intensities and transition energies calculated for single 
product functions <3>(M) or <3>(Mc,p) are approximately 
correct despite the fact that these functions are very 
poor approximations to the exact eigenfunctions. 

The treatment described above can readily be ex­
tended to include the complete dipole moment expan­
sion. Since the distance between bands is usually large 
compared with their widths as described by ({Ha

2)nv)\ 
it is a good approximation to consider the spectrum as 
being the sum of the contributions of the individual 
bands. 

The functions used in Sec. I l l can also be used in 
the calculation of the dipole moment matrix elements. 
Again the same sort of conclusions can be reached. 
For example, the operator p, gives 

n*c(Lc,p) = j : C(LC,MC)IJLP$(MC, p + l ) , (46) 
Mc 

where the single quantum number p constitutes the set 
s. The transition moment for the two states is then [ip. 

The formal simplicity of this result is offset by the 
fact that there is a range of energies associated with 
each of the functions ^ r

c(Zc, p + l ) and ^ c(L c ,p) , and, 
hence, the energy distribution for the transition cannot 
readily be determined. 

In both of the treatments of this section the basic 
technique can be considered to be the isolation of the 
behavior of a single mode of vibration undergoing a 
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transition. The transition can be thought of as taking 
place in a vast number of different vibrational environ­
ments described by the sets of quantum numbers Mc* 
The fact that it is not possible to isolate the behavior 
of a single mode completely is illustrated by the distri­
butions of energies for at least some of the functions 
involved in either of the treatments. 

V. CALCULATION OF HAMILTONIAN 
MATRIX ELEMENTS 

The partial success of the treatment of dipole-moment 
matrix elements suggests that it should be possible to 
treat other elements in the same way. Since perturba­
tion theory has been used successfully in the past to 
treat anharmonicity of crystals, particularly in de­
scribing overtone and combination bands, it should be 
possible to calculate appropriate matrix elements for 
the anharmonic part of the Hamiltonian operator H. 

If true wave functions were used as basis functions 
there would be no off-diagonal elements for H, and, 
hence, there would be no elements that are analogous 
to those that symbolize the effects of anharmonicity in 
simple systems. However, such off-diagonal elements 
do appear when wave functions which are nearly com­
plete solutions are used as basis functions. Functions 
of this sort are 

We,p) = Z c(Le,MeMMe,p), (47) 
Mc 

and 

*bc(Lc+Sc, P ' ) = £ c(Le,Me)$(Mc+Sc, p'). (48) 
Mc 

The symbols p and p represent values of a single quan­
tum number, which are assumed to be different in most 
of the following discussion. 

I t should be noted that the function tyc(Lc,p) is 
the same as that used in Eq. (46) and is a special case 
of the function tyc(Lc,s) of Sec. I I I . The function 
^bc(Lc-\-Sc, p) is a composite of the types of functions 
used in Sees. I I and I I I . 

The Hamiltonian matrix elements considered are 

(Lc+Sc,p'\H\LC}p) 

= Uhc*(Lc+SClp
f)H*c(Lc,p)dr. (49) 

From Eq. (30) and the fact that tybc(Lc-\-Sc, p) and 
tyc(Lc,p) are orthogonal when p^pf, it follows that 

(Le+Se,p'\H\Le,p) = £ c(Lc,Mc) 
McJc 

X (Jc+Se, pf IAHC | Mc,p)c*(LcJc). (50) 

The problem that must be solved to give useful 
results is whether a more tractable relation between the 
elements (Le+Se, p\H\ LC}p)]saidd{Jc+So} p ' | AHC | MC3p) 

can be found. As it stands no further simplification is 
possible since it is not practicable to express the coeffi­
cients c(Lc,Mc) explicitly. 

I t is helpful in this analysis to base further treat­
ment on some idealizations. The first of these is that 
for given sets of values for AMc and Sc the element 
(Jc+Sc, 9 | AHG | Mc,p) is independent of Mc. The second 
is that 

ZMC c*(Le, Mc+AMc)c(Lc,Mc) = 0, (51) 

when [ A M J ^ O . 
Under these idealized conditions we would find that 

(Lc+Sc, pf\H\Lc,p) = (MC+Sc, p'| AHC\Me,p). (52) 

If a further idealization is made that similar relation­
ships hold for (Lc+Se', p"\H\L6+Se, P'), then the 
Hamiltonian matrix with typ(Lc,p) and ^hc(Lc-\-Sc, p) 
as basis functions would be a matrix with elements 
(Mc+Scy p\ AHc\Mc,p). Consequently, the true wave 
functions could be found by obtaining the eigenvectors 
of this matrix. 

From Eq. (33b) it is apparent that 

Y,sc\{Mc+Sc,p'\AHc\Mc,p)\^0{\), (53) 

and hence, that it is not unreasonable to expect that the 
methods of perturbation theory would be valid in ob­
taining the solutions to this idealized problem. 

In the actual problem the idealizations are not valid. 
That the first idealization is not valid can be seen 
by examining the dependence of the matrix elements 
(Mc+AMc+Sc, pf\AHc\MCyp) on the elements of MCJ 

AMC, and Sc. The symbols AMC and Sc represent sets of 
differences of quantum numbers all but a number of 
order 1 of which are zero. From the results of I and the 
discussion in Sees. I I and I I I it can be shown that these 
matrix elements depend to an appreciable extent only 
on the quantum numbers in Mc that correspond to the 
nonzero elements of AMC+5C. 

To illustrate this statement, let us consider a case 
where [AMG

JrSc~] — 2 and A p = l . The principal term 
of AHC which contributes .to the element has the form 
shown in (13a). Here, q(fi) is the coordinate for which 
p is the quantum number and f% and fz are the indices 
of the two nonzero differences in quantum numbers 
in AMc-\-Sc> I t is clear that the contribution of the cubic 
term to the matrix element depends on the quantum 
numbers for q(fi), qtfz), and q(fz), two of which 
[those for q(fo) and q(fz)~] are in the set Mc. For the 
same reason the rest of the contributing terms [of the 
form shown in (13b)] give rise to the same sort of de­
pendence on Mc. From the generalization of this il­
lustration it is readily seen that all of the matrix ele­
ments (MC+AMC+SCJ pf\AHc\Mc,p) depend on Mc 

even when AMC+SC is fixed. 
So far it has been demonstrated that the elements 

depend on Mc* The next thing that needs to be shown is 
that a significant fraction of the elements with a given 
AMc-\-Sc differ in value from the rest of these elements. 
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This is done best by returning to the illustration with 
the cubic terms. I t is clear that the contribution of one 
of these to a matrix element where [AMC+.SJ==2 is 
the same for all sets of quantum numbers Mc which have 
the same pair of values for the quantum numbers for 
q(fi) and q(fz). To be consistent with the fact that the 
number of different sets of quantum numbers Mc is 
roughly of order 2N, the fraction of these sets which have 
pairs of quantum numbers for q{f%) and q(fz) with values 
different from those originally cited is of order 1 (as 
opposed to Af-"*). 

By an extension of this argument, it can be shown 
that for any set of matrix elements {MC+AMC+SCJ 

p\AHc\Mc,p) for a particular set of values of the 
numbers in AMC+SC:) the fraction of elements that differ 
appreciably in value from the value of any one element 
is of order 1. 

These conclusions can be utilized by rewriting Eq. 
(50) as 

(Le+Se,p'\H\Le,p) = j:MMLe,Mc)\2 

X(Mc+Sc,p'\AHc\Mc,P) 

+HMC Z A M / C*(LC, MC+AMC)C(LC,MC) 

X(MC+AMC+SC, p'\AHc\Mc,p), (54) 

where £ ] A M / means the sum over all sets of values for 
Mc except the one where [AMc]==0. The first term on 
the right of this equation is the average value of 
(Mc+Sc, p'\ AHc\Mc,p). I t can also be considered as 
the projection of a vector 6 , whose elements are 

&(Lc,p; Me,p')=c(Le,Me){Me+Sc, pf\AHc\Mc,p\ (55) 

on the normalized vector c whose elements are c(Lc,Mc). 
The square of the magnitude of this projection, | P | 2 , 
on the rest of the space is given by 

\P\2 = T,MM(LCyp;McP'\*-\ZMc\c(Lc,Mc)\> 

X{Mc+Sc,p'\AHc\Mc,p)\\ (56) 
or 

\P\2=I:MC\((MC+SC,P'\AHC\MC,P) 
~\{{Mc+Sc,p'\AHc\Mc,p))av\)\* 

X\c(Le,Mc)\2. (57) 

Since the fraction of the matrix elements which differ 
appreciably in magnitude from any one element 
(Mc-\-Sc, p\AHc\Mc,p) is of order 1, then 

| ( < M c + ^ , p ' [ A # c | M c , p > 

- | {{Mc+Sc, pf | AHCI M c ,p» a v | ) | (58) 

must have a magnitude of the same order as (MC+<S*C, 
p'|AHCIMc,p) and, therefore, \P\ must also have a 
magnitude of this order. The effect of this projection 
appears as a contribution to the second term on the 
right-hand side of Eq. (54). 

The result of the fact that Eq. (51) is true only for 
the idealized case also causes a contribution to the 
second term on the right-hand side of Eq. (54). This 

contribution should, however, be small as can be seen 
from, the following discussion. From Eqs. (48a) and 
(48b) it is apparent that 

Zc*(Lc,Mc+AMc)c(Lc,Mc) 
Mc 

= j*bc*(Lc+Mc, p)*c(Lc,P)dr. (59) 

The integral can be shown to be small by arguments 
identical with those used in the demonstration in Sec. 
I I that ^b(P+S) and ^(L) are nearly orthogonal. 
Consequently, it can be presumed that the dominant 
contribution to the second term on the right of Eq. (54) 
comes from \P\. 

Despite the fact that the idealizations are not correct, 
they may be used as the basis for approximations. A 
rational method of approximation would be to use the 
quantities 

((Mc+Sc, pf| AHC| Mc,p))av for (Lc+Sc, pf\H\Le,p) 

particularly in cases where the value of most of the 
elements (Mc-\-Sc, pf\AHc\Mc,p) are close to the aver­
age. However, in every case there are still contributions 
that come from the difference in direction of © and c. 
These quantities depend on the pattern of coefficients 
c(Lc,Mc), which is extremely complex and essentially 
indeterminate. 

From this discussion it is apparent that the use of 
single-product wave functions <£>(Af) [or $(Mc,p)~] to 
calculate matrix elements for a part AHC of the Hamil-
tonian operator is a useful procedure. The elements so 
calculated are the same as those calculated in the ideal­
ized case described above. Thus, it is seen that the mix­
ing of the functions $(Mc,p) and <£(MC+SC, p) found 
when the perturbing operator is added to the unper­
turbed Hamiltonian operator containing only quadratic 
terms is the same as the mixing of tyc(Lc,p) and 
^bc(Lc-{-Sc, p) under the action of H in the idealized 
case and is approximately the same in the true case. 
This situation can be described by saying that the be­
havior of the functions tyc(LCjp) and ^r6C(Lc+«S,

c, p) 
is approximately represented by the behavior of the 
product functions. For example, the intensity of an 
infrared binary combination band caused by mechanical 
anharmonicity could be determined approximately by 
treating the upper and lower states as if they were the 
product functions $(MC+SC, p) and ®(Mc,p) slightly 
altered by small perturbations. 

From this analysis it is apparent why it is possible for 
perturbation calculations for anharmonic crystals using 
product wave functions to give approximately correct 
results at least when the treatment is restricted to a 
particular set of product functions, and also why per­
turbation calculations on anharmonic crystals have 
given satisfactory results in the past. 

I t should be noted, however, that the representation 
of the behavior of the functions tyQ{Lc?p) and 
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tybc(Lc-\-Sc, pf) is not exact. The inexactness arises from 
the essentially indeterminate matrix elements that are 
caused by the variation in the elements (Mc+ AMC+Scy 

p'\AHc\Mc,p) with Me for a given AMC and Sc. Since 
the difficulty in approximation lies in the determination 
of the matrix elements themselves and not in the hand­
ling of the matrix, it is apparent that the use of higher 
order perturbation theory will still not lead to a correct 
solution. Thus, we see that while perturbation theory 
using product wave functions can give approximate 
results there is an intrinsic limit to its accuracy even 
when higher order perturbation theory is used. 

At this point it is helpful to describe in a less formal 
way the basis of the work of this section. In expressing 
the functions ^rc(Lc,p) and ^bc(Lc+SCy p'), attention is 
centered on the behavior of the phonons for the mode 
corresponding to the quantum number p. The mixing 
of these functions by the perturbing operator can be 
described in terms of the annihilation of sets of phonons 
that necessarily include one or more phonons corre­
sponding to p. 

When perturbation theory can be applied, the more 
complete description of a phonon corresponding to p 
includes small contributions of virtual states involving 
the annihilation of this phonon and the creation of 
others. The phonons for p exist in a vibrational environ­
ment described by c(Lc,Mc) and this environment af­
fects the size of the contributions of the virtual states. 

The averaged matrix elements 

((Mc+Sc,p'\AHc\Mc,p))av 

can be used in an attempt to cope with the effect of 
the vibrational environment, but it is not completely 
successful because of the specific nature of the inter­
action. In any attempt to treat the specific interaction 
further, the centering of attention on a particular 
phonon or mode must be abandoned. 

In this section as in the last the basic method is the 
attempted isolation of a part of the motion of the 
crystal. In both sections the method is partially 
successful. 

VI. CONCLUSIONS 

From the work of Sec. I it was concluded that with 
possible rare exceptions when any product of harmonic 
oscillator wave functions is used as an approximation 
to the wave function of an anharmonic crystal, then the 
energy spectrum covers a range which is very large 
compared to ordinarily observed energy changes in 
crystals, e.g., infrared transitions. It is also found 
(again with possible rare exceptions) that the product 

functions are very poor approximations to the true 
eigenfunctions in the sense that the projection of a 
product on any eigenf unction is extremely small. This 
conclusion is subject to the limitation that the number 
of unit cells in the crystal be sufficiently large. 

In Sees. II and III it was found that it is possible to 
express formally functions for which the energy range is 
of the same order of magnitude as ordinarily observed 
energy changes. Two slightly different types of func­
tions were investigated. They were both derived from 
the true eigenf unctions. It was found that both of the 
functions had at most small projections on the eigen-
functions from which they were derived. 

In Sec. IV it was found that, with rare exceptions, the 
square of the dipole moment matrix element for a single 
product function is a reasonable approximation to that 
for a true wave function, despite the fact that product 
functions are very poor approximations in the sense 
described above. 

In Sec. V the two types of functions derived in Sees. 
II and III were combined and used to construct matrix 
elements analogous to those for simple anharmonic 
molecular problems. It was found that these elements 
are approximately equal to corresponding elements 
calculated for single product functions. It was also 
concluded that perturbation theory calculations using 
matrix elements derived from single-product wave 
functions can give approximately correct results in 
calculating such quantities as absorption intensities 
and frequencies. 

The basic conclusion that can be drawn from the work 
of this paper is that it is valid to use wave functions 
which are products of harmonic oscillator functions to 
approximate various vibrational properties of anhar­
monic crystals such as intensities and frequencies of 
fundamental absorption bands. It is also shown that 
there is an intrinsic limit or a residual uncertainty in 
such an approximation. This uncertainty appears in 
various ways: as ranges in energy of wave functions, 
as ranges in absorption frequency, and in the presence 
of essentially indeterminate matrix elements. 

In effect all of the approximations used involve at­
tempts to isolate the behavior of particular modes or 
phonons. The limitation of the approximations lies in 
the presence of an underlying specific and collective 
interaction of all the modes and phonons making com­
plete isolation impossible. 

The problem treated is in many ways similar to the 
problem of many-body interaction for other particles 
such as photons, electrons, or nucleons. Consequently, 
similar conclusions may apply to the treatment of these 
particles. 


