INELASTIC SCATTERING OF ELECTRONS IN Ge 9

of velocity v has been estimated by Shockley! as
(m*S?/71) (m**/KT),

in which S is the velocity of sound and 7z, is the relax-
ation time for lattice scattering. When we average over
the electrons in the band, we find an average energy loss
for collisions with phonons, (W pn/7)

(W on/7)=3m*S?/71. (18)

At 4°K, this loss rate is about 10° ev/sec. Evidently the
molecular excitation process can be more important.
Since only electrons of relatively high energy are in-
volved in the ionization process, and for these electrons
the probability of energy Joss by molecular excitation
must be much greater than the probability of energy

11 W, Shockley, Bell System Tech. J. 30, 990 (1951).

gain by de-excitation, one would expect that, apart from
factors of the order of unity, the cautionary statement
in the previous paragraph could be discarded so that the
ratio of the electric field strength at breakdown in the
compensated material to that in the uncompensated
samples will be about

LW/ 7)/(Won/ 1) 1.
It is seen, in agreement with the qualitative discussion
of McWhorter and Rediker,® that the molecular excita-
tion mechanism considered here is capable of providing
the factor of 10 to 30 increase in the breakdown field
required by their experimental results.
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The mean square velocity of an impurity atom in a crystal lattice has been evaluated in both the low and
high temperature limits. The result for the high temperature limit includes the effect of force constant dif-
ferences between solute and solvent atoms as well as the effect of mass difference. The effect of a mass
difference alone is quite small in both the low temperature and high temperature regions. A determination
of the Massbauer peak position as a function of temperature in the high temperature range can be used to
obtain a value of isomeric shift fully correct for the second order Doppler shift associated with the vibration
of the atoms, In addition, if the experimental data are sufficiently precise, the effective stiffness with which
the atoms are bound in the lattice may be determined. The calculation is illustrated with experimental data

for Feb? dissolved in beryllium and in stainless steel.

INTRODUCTION

HE energies of the various gamma rays associated
with the Mdossbauer transitions in nuclei vary
with the environment of the active atoms as a result of
several types of interactions. These interactions fall into
two classes: those which remove the m degeneracy of
the nuclear levels, and those that change the mean
separation between the excited and ground states. In the
first class are those due to magnetic fields, which interact
with the nuclear magnetic dipole moment, and to
electric field gradients, which interact with the nuclear
electric quadrupole moment. These effects have been
treated at length elsewhere and will not be discussed
here.!? In the second class are the isomeric shift and the
second order Doppler shift. The isomeric shift arises
from the electrostatic interaction between the nuclear
charge distribution and the electronic charge density at
1S. S. Hanna, J. Heberle, C. Littlejohn, C. J. Perlow, R. S.
Preston, and P. H. Vincent, Phys. Rev. Letters 4, 177 (1960).

2Q. C. Kistner and A. W. Sunyar, Phys. Rev. Letters 4, 412
(1960).

the nucleus. Since the nucleus charge distribution is
different in the ground and excited states, this inter-
action changes the separation of the levels by an amount
proportional to the effective electronic charge at the
nucleus, which varies with the environment of the
atom. The second order Doppler shift is a relativistic
effect associated with the mass difference between
ground and excited states, and the corresponding
difference in kinetic energy. This paper is largely con-
cerned with this latter shift, and the separation of it
from the isomeric shift.

ISOMERIC SHIFT

The isomeric shift of the energy levels in either source
or absorber nuclei is given approximately by?

AE=2r3e2AR2|¢(0) 2,
where z is the atomic number, AR? is the change in

3L. R. Walker, G. K. Wertheim, and V. Jaccarino, Phys. Rev.
Letters 6, 98 (1961).
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square of proton radius from excited to ground state and
¥(0) is the total wave function at the nucleus. Only the
difference in shift between source and absorber atoms is
directly observable, so that experimentally one obtains
the product:

AE'= 22 AR |.(0) |2— |¥+(0) |2].

In the case of Fe® the largest effect observed is of the
order of 1077 ev, for Fett in comparison with metallic
iron. Using reasonable estimates for the change in wave
functions at the nucleus, the apparent increase in the
proton radius is of the order of 1073.4 In the absence of
phase changes, the value of ¥(0) should not change
appreciably with temperature, so that the isomeric shift
may usually be regarded as temperature independent.
This makes it possible to separate the contributions of
the isomeric shift and the second order Doppler shift.

SECOND ORDER DOPPLER SHIFT

The mass of the ground state of the nucleus differs
from that of the excited state by an amount:

Am=hv/c.

As a consequence, the kinetic energy of the emitting
atom is increased, and the energy of the v ray corre-
spondingly decreased, by an amount®:

AE=hw({12)/2c%),

where (12) is the mean square velocity of the emitting
atom. A corresponding shift occurs during the absorp-
tion process, so that any experiment measures only
(v:2)—(v.2). At reasonably high temperatures, however,
(#*) can be predicted accurately, as discussed below.
This makes it possible both to determine the isomeric
shift difference between source and absorber, and to
measure (22) absolutely for either source or absorber at
any temperature.

An approximate calculation of the mean square
velocity of an impurity atom in a crystal has recently
been carried out by Boyle et al.°

II. A ONE-DIMENSIONAL EXAMPLE

In order to fix our ideas and to serve as a guide for
the more difficult three-dimensional calculations to
follow, we present, in this section, a calculation of the
mean-square velocity of an isotopic impurity atom in a
one-dimensional lattice. We carry out a direct calcula-
tion of the velocity in this section to contrast this ap-
proach with the more powerful, but less direct tech-
niques developed in the following section.

The equations of motion of the atoms in a linear chain
of N atoms which contains an isotope impurity of mass

¢S. De Benedetti, G. Lang, and R. Ingalls, Phys. Rev. Letters
6, 60 (1961).

§ B. D. Josephson, Phys. Rev. Letters 4, 341 (1960).

6 A.J.F.Boyle, D. St. P. Bunbury, C. Edwards, and H. E. Hall,
Proc. Phys. Soc. (London) 76, 165 (1960).

M’ at the origin are

Mxn_' Y (xn+1~' 2xn+xn—1) - (M—M/> 67,,03.)0;

n=—3N+1---0,---, IN. (2.1)
We assume solutions of the form
B = U, et (2.2)

where it is understood that only the real part of the
right-hand side has any physical significance. The
equations for the time-independent amplitudes u,
become

L’I/tn= szﬂn+7 (Mn+1_ 2un—l—un_1) = eMw25n0u0,
where we have put
M'=(01—¢M.

It is known’ that only the symmetric (i.e., #,=u_,)
modes of the lattice are affected by the presence of the
impurity, while the frequencies of the antisymmetric
modes (#,= —u_,) are unchanged by the perturbation.
However, each antisymmetric mode has a node at the
position of the impurity atom so that the contribution
of these modes to the mean square velocity of the im-
purity atom vanishes identically. In all that follows,
therefore, we consider the contributions from the sym-
metric modes only.

Equations (2.3) can be solved formally if we introduce
the Green’s function g(n) which satisfies the equation

(2.3)

(2.4)

Lg(n)=0no (2.5)
and also the cyclic boundary condition
g(n+N)=g(n). (2.6)

In terms of this function the solution of Eq. (2.3) is
2.7

Since this solution is valid for all % it is valid for n=0,
and we obtain the equation whose solutions are the
normal frequencies of the perturbed lattice:

1=eMw2g(0).

U= eMw?g (n)uq.

(2.8)
An explicit expression for g(n) is”

e(21risn/N)

1w
g)=g(-n)=—73
N =1 Mw?—2y42y cos(2xs/N)

1
B 2y sing

[cot(%qs) cosng+sin(| n]qs):l, (2.9)

where we have put
1—Mw?/2v=cos¢. (2.10)
It will be convenient from time to time in what follows

"R. F. Wallis and A. A. Maradudin, Progr. Theoret. Phys. 24,
1055 (1960).
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to rewrite Eq. (2.10) as
W*/wr?= fr=sin*(¢/2), (2.11)

where wz= (4y/M)} is the maximum frequency of the
unperturbed lattice.

Since we are considering here only the symmetric
modes, we restrict ¢ to lie in the interval 0 <¢ <, be-
cause we get no new normal modes in the interval
m <¢ <2m, and because the number of symmetric normal
modes given by this restriction taken in conjunction
with an equal number of anti-symmetric modes gives
the correct total number of independent normal modes
for the perturbed lattice.

Equations (2.8)-(2.10) lead to the following form for
the eigenvalue equation

tan(N¢/2) =€ tan(¢/2). (2.12)

From Eq. (2.2) we see that the velocity of the nth
atom is given by

(2.13)

Vp=Epn= — 10Ut = — 0%,
so that

<'Un2>av= <(R6j;n)2>av= % | Tn | 2= %w2 I Un ‘ 27

where we have used the fact that x, and &, are real
quantities, and { - ),y means a time average over a time
interval which is long on a microscopic scale, but short

(2.14)

iN

on a macroscopic scale. Combining Egs. (2.7) and (2.14)
we find that

(vn2>av = %w262M2w4 l g(%) | 2 | 740] 2
= M| g (1) [(0e?)av. (2.15)
The frequency w which appears in this expression is any
one of the N/2 distinct solutions of Eq. (2.8), and we

indicate this by adding a subscript s, for the sth normal
mode, to the relevant quantities in Eq. (2.15):

<7)n2 (5) >av= Mt | §s (”) I 2(2)02 (S) >aV~

Equation (2.16) thus gives the mean-square velocity of
the nth atom when it is vibrating in the sth normal
mode. With the aid of this result we compute the mean
kinetic energy of the sth normal mode:

(2.16)

LS M2 e= (M — M)

Ts=
n=—}iN+1
iN
M 2 (a(5))ay
n=—}N+1
= —5eM (v’ (s) av

iN
F3EMP0 06 (5))avy 2 ISS(”) [2- (2.17)
n=—3N+1

=3

The sum in Eq. (2.17) is readily evaluated

exp[ (2min/N) (p—r)]

1
2 lgm]*=—

n=—}N-+1

1 ~ 1

N2 n=—Z%N+1 :% [Mo242y— 2y cos2np/N) T Mw2—2v+2y cos(2ar/N)]

¥ S iw 29—y cos2np/ M) T

1 N Ne Nes
= [— csc2( >+c0t< ) cot¢>s:|,
4~? sin¢p,L 2 2 2

in the notation of Eq. (2.10). We are thus led to the result that

teMiwsA TN
(06*(5))av="Ts / {-———[— csc?

42 sin’p,

Since ¢, is not arbitrary but is a solution of Eq. (2.12) we can simplify Eq. (2.19) somewhat:

(2.18)
8 N s
(N¢ )—I—cot(—i) cot¢»s:|—%eM}. (2.19)
2 2 2
T,
. (2.20)

4
(02 (8))ov=—"—

NM 1+ tan(¢,/2)— (¢/ N)[1+tan*(¢./2)]

Furthermore, since we are working in the harmonic
approximation, the expression for 7', is well known,
T s=4hw, coth (hw,/2kT). (2.21)

The final expression for the mean-square velocity of the
impurity atom is obtained by summing Eq. (2.20) over

all the perturbed (i.e., symmetric) normal modes,
1/ ws coth (fw,/2kT)
(ve*)=

NM z 1+¢ tan?(¢o/2) — (¢/N)[1+tan(¢.,/2)]
(2.22)

and we are left with this sum to evaluate.
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We have not as yet considered the contribution from
the localized mode of vibration which appears when
0<e<1. It arises as the solution of Eq. (2.12) for com-
plex ¢. Putting

b=n+iz, (2.23)
Eq. (2.12) becomes
ecoth(s/2)=1 as N— (2.24)
and has the solution
1+e€
z=In—o0. (2.25)
1—e

With this result the square of the localized defect mode
frequency becomes

fé=1/(1—é). (2.26)
Since we have from Eq. (2.11) that
tan2(¢s/2)=fs2/(1""fs2)a (2-27)

combining Egs. (2.22), (2.26) and (2.27) gives us as the
contribution to (v¢*) from the localized defect mode

<v°2>=%[e (ZI:; (- 2)*)]/ i=e

0<e<1.

We now return to the evaluation of the sum in Eq.
(2.22). For this purpose we need the values of ¢, for the
perturbed lattice. As we have remarked earlier, they
are the solutions to Eq. (2.12). It follows from
Rayleigh’s theorems,® or alternatively from plotting the
right- and left-hand sides of this equation as functions
of ¢, that the new values of ¢, are shifted from the un-
perturbed values,

(2.28)

where
|6, <2xw/N,

and expand ¢, in inverse powers of NV, we obtain the
result that to lowest order

2rs 2 s
b=ttt ctans [+o(). (231
N N N

We note that the second term is always of order N—!
smaller than the first term: for s small,
¢s~2ms/N+2ews/ N>+ - - - ;
for s close to N/2,
gomtn /N4
These results mean that with an error of O(N-1) in the

final result we can replace ¢, in the summand of Eq.
(2.22) by ¢,©. With this approximation we have

fiwr, 72 coth (fwy, sind/2kT) cos? smﬁ
/ 6, (2.32)
0

(wP)i=—o

™ . €+ (1—¢€) cosf
where the subscript ¢ denotes that this expression gives
the contribution to (v¢?) from the in-band modes, and

where we have omitted terms of order N1, This integral
simplifies in two cases. At the absolute zero we have

fiwr, ™2 cos?f sinfdo

(v?);=—- —_—
M e+ (1—¢?) cos?d
hor 1 e (1—e)}
=—|: tan—1< ):I,
aML1—¢ (1—é)} €]

0<e<1
¢s@=2rs/N, (2.29)
. horl el (e=Dh 1
by less than the distance to the next unperturbed value. = ——[ tanh“( )— :l,
This enables us to solve Eq. (2.12) by successive ap- ML (¢—1)} le] €—1
proximations. If we put e>1. (2.33)
=¢sO+35,, (2.30) In the high-temperature limit we find
- for, 12 (2RT/hewr) cos?0+3 (feoy,/2kT) cos?0 sin0+ - - -
V0%)i=——— de
M Jo €4 (1—¢?) cos?f
kT 1 th thrl :l (
+0(T-), 0<e<1, 1<é. 2.34
T M A+ M 6kTLA (14 |e])? b 0<e ) (2:34)

These results must be combined with the contribution from the localized mode (for 0<e<1) to give the final

8 Lord Rayleigh, Theory of Sound (Dover Publications, Inc., New York, 1945), Chap. IV.
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results:
0°K:
howr( 1 €
()| ——
M 1—-¢& (1—é&)t
(1—e)t e
Xtan‘l( >+ }, 0<eX1
€ (1—¢)
th{ 1 el ((1— 2)} }
CaMli—e (- 2)*
—1<e50
hor( e (e—1)}
=—{ tanh— < ) }
M | (&—1)}
e<—1; (2.35)
T— w:
ET 1 (th)2 1
(ve¥)=— + <eX<1
M 1——e 2AMET (1—¢)?
BT 1 (hen)? 1
=— + +
M 1+]|e| 24MET (1+|e|)?
e<0. (2.36)

We can condense both expressions in the high-tempera-
ture limit to

(ﬁ )t M
' 24M’kT M'

(v?)=— 7 +0(T-3).  (2.37)

These results must be compared with the correspond-
ing results for the mean square velocity of an atom in a
perfect lattice:

fiwy,
OOKZ <‘Z)0 )———
(2.38)
kT (wr)?
T— o (ve¥)=—o
M 24MkT

In the low, but finite, temperature limit the tempera-
ture-dependent part of Eq. (2.32) becomes

(ve*)r=

Zth » w2 e—-n(thlkT) s8inf COS20 Sin0
/ (2.39)
0

oM =1 &+ (1—¢€?) cos?f

Since we are assuming that k7<<7%wz, we can use
Laplace’s method® to evaluate this integral. We find that
the leading two terms in the expansion of (v¢?)r in

9 A. Erdelyi, Asymptotic Expansions (Dover Publications, Inc.,
New York, 1956), p. 36.
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powers of the temperature are given by (#=n%hwr/kT)

Zhw[, ) X
(o)~ > -xol:g_ (R t-e) P+—6 - - .:'dg
M n=1 6
2oy, 7r2< T )2
B =M l 6 \fwy,
"4( il )4(3 6 2)+O(Tﬁ)} (2.40)
90\ 1wz, ‘ R

This result is valid for all ¢<1. Furthermore, since the
contribution from the localized mode (for 0<e<1) is
exponentially small in this temperature range, Eq.
(2.40) gives the entire temperature-dependent contribu-
tion to (v¢). We note that the leading temperature-
dependent term is unaffected by the mass difference.

III. GENERAL FORMULATION OF THE PROBLEM

The method used in the preceding section to evaluate
{v¢?) is practical for one-dimensional models because of
the possibility of evaluating the Green’s function,
Eq. (2.9), in closed form. This has not proven to be the
case thus far for three-dimensional models, although
approximate methods for evaluating the analogous sum
have been suggested.! This means that if any progress is
to be made in evaluating the mean-square velocity of an
impurity atom in a three-dimensional lattice a more
powerful and general approach must be used. In this
section we present such an approach.

It is a basic result of quantum statistical mechanics
that the expectation value of any operator O in the
canonical ensemble is given by

(0)=Tre PEQ/Tre—*H, (3.1)
where H is the Hamiltonian for the system described by
the ensemble.

We take for our system of interest a crystal, one of
whose atoms is replaced by an impurity atom whose
mass differs from that of the atom it replaces, and whose
potential of interaction with the remaining atoms
differs from that of the normal atom at that site. The
Hamiltonian for the perturbed crystal takes the form

1\2
(p““)l +V=T+7V,

H=Y.

lxa ZM‘

(3.2)

where p..! is the a Cartesian component of the momen-
tum of the kth atom in the /th unit cell, and is related
to the displacement amplitude #.. by

Paxt=M Mol (3.3

M ! is the mass of the «xth atom in the /th unit cell, and

10 M. Lax, Phys. Rev. 94, 1391 (1954).
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V is the potential energy of the lattice. ¥ contains the
effects of any force constant changes associated with the
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script / on the masses. If we denote M,©@ by

®=(1—
introduction of the impurity. In the perfect crystal M\ ©=(Q1—eM,, (3.5)
M ! is independent of / due to the perfect periodicity of we can rewrite Eq. (3.4) as
the crystal. If we locate the impurity atom in the cell
1=0 and assume (with no loss of generality) that it is _ € (p:1©)? (ph)? 3.6
the atom labeled by k=1 in this cell, then we can rewrite - : (3.6)
o 1—e 2M, i 2M,
the kinetic energy operator of the crystal as
1 (p)? The operator O in our case is
= ——— @Oy —— (34
<2M1<o> 2M1> ) IZK: 2M, (3.4) 0= (i, @)= (p:©)? _ 2 (p1(@)? 3.7)
. e , (M2 M (1—e)? 2M,
This expression is an identity. In the second term of this
equation we have dropped the now superfluous super- so that Eq. (3.1) becomes
e (m©) (pH)? (P1©@)?
((ux)=———| 1 exp( L))/
Mi(1—ep 1—e 2M,  woM, /1 oM,
e (m©) (pd)?
el )
1—e 2M, ik 2M
12 d e (p©) (pd)?
=—- In Tr{expli—ﬂ 8> ,BV:”
BMi(1—e)?dle/(1—¢)] 1—e 2M, i 2M,
2 d( 1 e (1©) (pd)?
=————{-~ln Tr[exp(—ﬂ B2 ,3V>:”
Midel B 1—e 2M, i« 2M,
2 d 1)
=——F(e,T), 3.8
M, de )

where F(e,T) is the Helmholtz free energy of the per-
turbed crystal. The free energy can be written as the
sum of two contributions,

F=F0(T)+AF(6)T); (3'9)

where Fo(T) is the free energy of the unperturbed
crystal, and AF (¢, T) is the change in the crystal’s free
energy due to the introduction of the impurity. AF (¢,T)
depends on both the parameter e, which characterizes
the mass change, and on the parameters which charac-
terize the force constant changes as well, although we
have indicated only the former dependence explicitly.
We thus arrive at the result that the mean square
velocity of the impurity atom is given by

©)2) = 2 dAF T (3.10)
<(V1 > _—ﬂ—[—l;i_e (67 ) :
w0 (D)2 (pH)?
(<) >=U_w' ' / (1,0 eXp<_B %o,

This result, Eq. (3.10), is a particularly useful one,
since in recent years some powerful techniques have
been developed for calculating the changes in the
thermodynamic functions of a crystal due to the pres-
ence of defects. These methods will be applied in the
next section to the evaluation of the mean-square
velocity of an impurity atom in a three-dimensional
crystal.

It is also straightforward to prove the simple but
practically useful result that in the classical (high-
temperature) limit the mean-square velocity of an
impurity atom is a function only of the mass of the
impurity and is independent of the changes in the force
constants. In the classical limit the traces in Eq. (3.1)
are replaced by phase integrals and we have

— ﬁV)H dapxldallxl:l /
173

sy (pd)

[ [erloman

-—BV)H dap,(’d“’u,":l, (3.11)
ik

1 J, Mahanty, A. A. Maradudin, and G. H. Weiss, Progr. Theoret. Phys. 20, 369 (1958). See also, K. Yamahuzi and T. Tanaka,
Progr. Theoret. Phys. 20, 327 (1958); O. Litzman, Czech. J. Phys. 9, 692 (1959); I. M. Lifshitz, Suppl. Nuovo cimento 3, 716 (1956),
and references contained therein.
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where by V we denote the potential energy of the
crystal. V includes the effects of any force constant
changes. It is not necessary to express H in terms of
normal coordinates, although in practice it is convenient
to do so, since the {p.'} and {u..'} are conjugate
variables. The integrations over coordinates and mo-
menta factor and we can divide out the coordinate
integrations since they are common to both the numera-
tor and denominator. Similarly all but one of the
momentum integrations cancel between the numerator
and denominator and we are left with

(el [ @oess(s

/1 o))

= (3/M O)ET.

(3.12)

Thus in the classical limit the mean-square velocity of
any atom is a function of only the mass of the atom
(apart from its temperature dependence), and the truth
of the original assertion follows directly. For obvious
reasons we can call the result expressed by Eq. (3.12)
the “equipartition value” of (v¢?).

We conclude this section with an illustration of the
application of Eq. (3.10) in a simple one-dimensional
example. In reference 11 it has been shown that the
change in the high-temperature free-energy of a linear
chain of atoms due to the replacement of a normal
atom of mass M by an impurity atom whose mass is M’
and whose force constants « of its interaction with its
nearest neighbors are altered to v’ is given by

kKT P2
AF(T)——— In—+7icw

0 {24[?<Q-QH> 1](%)
_KISO[§<Q;1)+%(1+P)2— 11

(=Y} o

In this equation P=(y'/y) and Q=M'/M)=1—e.
From Eq. (3.13) we obtain the result that in the high-
temperature limit

i3t ) )

sl o Jar) ok o

Note that the change in force constants already affects
the leading correction term to the equipartition result.

)2 '
(P« )>d3p,¢<°):|
2M“<o>

This result, Eq. (3.14), reduces to the one obtained in
the last section, Eq. (2.37), when P is set equal to unity.

Although the change in the zero-point energy of the
lattice due to such an impurity has been evaluated in
closed form! the result is very cumbersome, and is even
more so after differentiation with respect to e. As a
consequence we omit a discussion of the low-tempera-
ture result for (ve?).

IV. A MASS-DEFECT IN A THREE-DIMENSIONAL
CRYSTAL

The 3sN equations of motion of a three-dimensional
lattice containing NV unit cells can be written as

w
Mx/a/axlz - Z cI)aB( >uﬂx’l' 3

15414

o, 3=x,9,2; & K,=1’ 2,008, (41)
where %, is the a component of the displacement from
equilibrium of the xth atom in the /th unit cell (k=1, 2,

-, 8), M, is the mass of the xth kind of atom, and

s (ll’)
af
KK,

are general force constants of the lattice.

We pick our origin at an atom corresponding to k=1
and perturb the lattice by replacing that atom by one
whose mass is M1’. The perturbed equations of motion
are

w
Kuax + Z @aﬁ( )uﬂx’lz (MK—MK')?ZQKZ&O&L (4.2)
KK

Bk’

We now introduce (time-dependent) normal coordi-
nates Q(k7) through the transformation

[k/)Q(kj)ermix®, (4.3)

Uax

WM

where e(k|k7) is an eigenvector of the unperturbed
dynamical matrix and x(J) is the position vector of the
Ith unit cell in the crystal. The N values of the wave
vector k allowed by the cyclic boundary conditions are
uniformly distributed throughout the first Brillouin
zone of the lattice, and j labels the 3s branches of the
frequency spectrum.
Q(ky) satisfies the reality condition

Q(kj)=0*(—kj), (4.4)
and has a harmonic time dependence
Q(kj+eH)Q(kj)=0. (4.5)

If we substitute Eq. (4.3) into Eq. (4.2) we arrive at
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the result that
W % ealk| K QK ])
=2 Dap(K'; x')2 €5’ | K 7)Q (K’ 7)

Bx! i

1
=(M—M/)bu % Ca (K[k])w2Q(k]); (4.6)

where we have introduced the elements of the dynamical
matrix

Dos(k; uk’)=

1 l -
k4L ! KK

where [=I]—1'. The eigenvectors and eigenvalues of the
dynamical matrix are defined by

5 Des(l; 6)es(e [k =0 el ) (48)
and satisfy the conditions
2 ea*(kkf)eali|kj) =07, (4.9)

2 oo™ (k| k)es (k' [k ) = Sapbuw- (4.10)

In view of these conditions we can write Eq. (4.6) as

2 [wr— w2 (k) Jea(k | K /)Q(K' )
' (M =M b

— (k| kO Kk7). .
73 Nkzje (k| k)Q(kj). (4.11)

Tf we multiply both sides of this equation by e.* (x| k’5")
and sum over « and «, in view of Eq. (4.9) we obtain
finally

w2 (MK—MK,) 611
k') = —

W=y} (K) e xi M, N
Xea™ (k| k' j")ea(k [k 7)Q (k)
W M =M/)
Cmwt(K) @ (VM
Xeo* (k| K 7 tax . (4.12)

Substituting this result back into Eq. (4.3) leads to the
result that

o21rik -x(1)

1 ea (k| k7)es* (k' | kj)
uaxl=z
o | N (M M)} i w?—w;2(k)

If we denote the expression in brackets by Gag(l; w; xx'),
our result reads

ol =Y Gap(l; w; k1) (M1— M1 oo’ ®. (4.14)
8

This equation is the three-dimensional analog of Eq.
(2.7) with Gu(l; w; k") playing the role of the Green’s
function. The eigenvalue equation for the perturbed
lattice is obtained by setting /=0 and k=1 in Eq. (4.14)
and letting « assume the three values =, y, 2 successively.
A considerable simplification in the subsequent analy-
sis can be achieved if we restrict the unperturbed lattice
to be a cubic Bravais lattice. Then all the masses M,
become simply M, and the summations over x can be
suppressed. The Green’s function G.g(l; w) becomes

1 a(kj)es(kj
sty L5 colen),

21rik~x(l)’ (4_15')
NM % w—w?k)

because e(kj) now is real. Equation (4.14) takes the
form

tol=eMw? Y, Gop(l; w)ug®. (4.16)
8
The eigenvalue equation becomes
%, G::(0;0) Goy(0;0) G.(0;0)) [4,@
0 | =eMw?|Gyr(0;0) Guy(0;0) Gy(0;0) | | 2,91
%, G..(0;0) G.y(0;0) G..(0;w)]) |u. @
(4.17)
Now from Eq. (4.15) we see that
1 ea(kj)eﬂ(kj)
Gap(0;w)=——3 ———— (4.18)
NM i o?>—w?(k)
dap ea(kj)eq(kj)
= > — (4.19)
NM xi o?—w;i(k)
1 1
=300 (4.20)

NM kz:‘ wZ—wﬂ(k)’

where we have used the assumed cubic symmetry of our
lattice to go from Eq. (4.18) to Eq. (4.20).

The condition that the set of homogeneous equations,
Eq. (4.17), have a solution is that the determinant of the
coefficients vanishes. In view of Eq. (4.20), this condi-

X (M o—M " )o?8,1150@.  (4.13)  tion takes the form
eMw?G,.(0; w)—1 0 0
0 MG op(0; w)—1 0 =0, (4.21)
0 0 MG, (0; w)—1
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so that the perturbed frequencies are triply degenerate
and are given by the solutions of

1 1
1=ew?>—

3N x5 w2—wj2(k).

(4.22)

We are now in a position to calculate the mean-square
velocity of the impurity atom. We denote the deter-
minant on the left-hand side of Eq. (4.21) by —A(w):

A)=[1—eMw?Gs(0; ) T (4.23)

Then, according to the general theory presented in
reference 11 the function

Q(f)=(d/df) mA(f),

is of fundamental importance in determining the change
in the Helmholtz free energy due to the introduction of
the impurity. Here we have put

J=w/wr,

where wy, is the maximum frequency of the unperturbed
lattice. The change in zero-point energy is

(4.24)
(4.25)

N Q(f)d (4.26)
v wao iy, .

The low-temperature expansion of the change in the
free energy is given by

™ L
—;r_;sz”(o+)(g;)4+0(ﬂ)]. (4.27)

In the high-temperature limit
AF(T) le (M)3 0)
=—In|—)A
2 M

o (—1)"B, /B \2
Tz owam (Z?) (3 husa),  (428)

where B, is the nth Bernoulli number,'?
B1=1/6, B;=1/30, B3;=1/42, (4.29)

Aps, appearing in Eq. (4.28) is the change in the 2xnth
moment of the frequency spectrum of the crystal due to
the impurity, and is related to @(f) through its large
| f| expansion:

2 w
9(f)=}(3N) 2:.‘(— 1

AﬂZn

n (4.30)
3) L2n

2 E. P. Adams, Smithsonian Mathematical Formulas and Tables

of Elliptic Functions (The Smithsonian Institution, Washington,
D. C,, 1947), p. 140.

Thus we see that the large and small f expansions of

Q(f), and consequently of G..(0;1f), are of particular

interest, and it is to their determination we turn first.
From Eq. (4.20) we obtain

1
G.:(0;if)=— >
/ 3NM & wp?f?4w;?(k)
1 1 {1 wf(k) o)f‘(k) }
C Me2fPAN Gl wff wrtft
1
_ {M— ) : M _.“}’ (4.31)
Moz f? wif? wrift
where, by definition
1
pan=—2_ w;i*"(k), (4.32)
3N ki

is the 2nth moment of the frequency spectrum of the
unperturbed lattice. With the aid of this result we find
that

d M2 171
Q(f)fifa lnl 1—6[#0—;272+wL4f4— - :|}

2 1 3¢ e 1 6e pua
=—<3N>[~—- I
f 3N 1—ewr?f? 3N l—ewrif*
1 3¢ w?

3N (1—e)? wL4f4+O(f_6) } (4.33)

Comparing this result with Eq. (4.30) we obtain
1 3e

Apg=————ps,

3N 1—e¢

171 6Ge 3e?
Au4= -—I:_-"Il4+ ﬂ22})
3NL1—e¢ (1—e)?

These results together with Eq. (4.28) lead to the
following expansion for the change in the Helmholtz free
energy in the high-temperature limit:

(4.34)

kT
AF(T)=———2—ln(1-e)3A(O)
_.B1 ﬁ 2
“”17(;5) (3N pz)

+§62<%)4(3NAM4)+0(1“6)}- (4.35)

A(0) is just unity in the present case and we find that
the mean-square velocity of the impurity atom in the
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high-temperature limit is given by

3T 177 \*M
oo
M 12\kT/ M’

1 70aN\TM M\?
—-<—>[—wdwc~>mﬂ+~-y (4.36)
T20\kT/ LM’ M
The leading correction term to the equipartition value
3kT/M' can be put into a form which depends only on

experimentally obtainable quantities. With the aid of
the relation, due to Domb and Salter,'?

s5 \}
0.5
k\3

where @, is the limiting high-temperature value of the
equivalent Debye characteristic temperature, we have
finally

(4.37)

(v?) = —

3kT
h
T >0 M‘/

+2_10 %()2—!—0(7‘—4) } (4.38)

The small | f| expansion of G..(0;if) is found in the
Appendix to be of the form

1
Gaa(0; if)N—ﬁ[CH‘Gllfl +eafrtcsl fIP4-- -+ 1. (4.39)
This expansion in conjunction with Eq. (4.24) leads to

d
Q(f)ffoﬁg} In{1—ewz?f[cota1] f|
Feafrtes| fI24- -+ 1)
= —3{2ecowr?f+3eciwr f? sgn f+4ecow 2 f3
+2e%co’wrt fi+Secswi?f* sgn f

+5ecociwrtfrsgnf4- -}, (4.40)
We are thus led to
2(0+)=0,
Q"(04)=—18ec1w1?, (4.41)

Q" (0+) = —360ecsw 12— 360€coc 1w 4.

The low-temperature expansion for the change in the
free energy becomes

o (T kT \*
AF(T)= AEO—!-—{—(— 18eciwr?) (—)
T 190

WL

a6 kT \6
+;Z§(360) (ecswr?+eXcociwr?) <—) +e }’ (4.42)

fuwr,

13 C. Domb and L. Salter, Phil. Mag. 43, 1083 (1952).
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so that
2 d 3% (27 ¢y fRTN\*
e )
M de Mzl 15 wr\ 7
1676 C3 CoC1 RT\©
———~(——+2€-~)(——) +-. } (4.43)
63 \wz? wr, 3

The results of the appendix show that in terms of the
coefficients {a.,} appearing in the low-frequency expan-
sion of the frequency spectrum,

g () = @+ as+agt+ - - -, (4.44)
the constants {c,} are given by
Co= l—2,
1=~ o, (4.45)

—1
C3= §7ra4wL3,

—_ 1
Cp= — §7rdewL5,

where u_s is the —2nd moment of the unperturbed fre-
quency spectrum. The coefficients @, and a4 have been
evaluated for some lattice models by Bhatia and
Horton and by Horton and Schiff.!® Equation (4.43)
can be rewritten as

2 d 3h(mt sRT\*
<7}02> =— —AEQ—F*‘*{*"Gz(“")
M de M15 h

8xb

+—6§(a4—26/x—2f12)(§)6+0(T8)}- (4.46)

We see that the leading temperature-dependent term is
unaffected by the mass change.

The coefficient as is related to the zero temperature
value of the Debye characteristic temperature by

To compute the change in the zero-point energy we
need the function Q(f) explicitly for all f in the interval
0< f< . This in turn requires knowledge of G..(0; if)
over this entire range as well. From Eq. (4.31) we see
that the latter function can be written as

. 1 e g(§)ds
Gea(0;51f)=—— m,

M Jo
where g(w) is the frequency spectrum (normalized to

unity) of the unperturbed crystal.
For simplicity we denote the integral in Eq. (4.48) by

G(f)/wr?
G(f)= /
0

“ A. B. Bhatia and G. K. Horton, Phys; Rev. 98, 1715 (1955).
1 G. K. Horton and H. Schiff, Phys. Rev. 104, 32 (1956).

(4.48)

P(x)
dx, (4.49)
f 2 + x2
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where we have introduced the dimensionless frequency
spectrum P(x) which is defined by

P(x)=wrg(wry).

The expression for Q(f) becomes

d
9(f)=3;}ln[1—6f G(f)]

__ ek
1=¢f*G(f)
The change in zero-point energy becomes
3ehwr, *2fG(N)+ G (f)
AE()= df. 4,51
2w ./o 1—¢f*G(f) Fou

From Eq. (3.10) we obtain finally that at the absolute
zero of temperature

2 d
(v?)oer=——AF,
M de

_ 3, °°2fZG(f)+f3G'(f)df. (4.52)
M Jo [1—ef2G(H)T

An explicit expression for the function G'(f) is
Yy
'(f)=— ————dx.
-/0 (f2+x2)2

g(w) is known only numerically for any realistic model
of a crystal. The integrals in Eqgs. (4.49) and (4.53) can
be evaluated by numerical integration to give G(f) and
G’ (f) as functions of f numerically. The final integration
over f in Eq. (4.52) then could also be carried out
numerically for different values of e.

We will carry out the evaluation of (v¢2)o°x here with
the use of two frequency spectra. The first of these is the
Debye spectrum given by

g(w)= (3/wp®).

The Debye cutoff frequency wp introduced here is not,
in general, equal to the true maximum frequency of the
crystal being studied. It is, in fact, related to the coeffi-
cient @, in the expansion (4.44) by

(4.53)

(4.54)

wp=3/a (4.55)

In this case G(f) and G'(f) become
G(f)=3(1—ftan~1(1/f)), (4.56a)
G'(N)=3Lf A+ fH—tan*(1/f)], (4.56b)

where we have put f=w/wp, so that the mean square
velocity of the impurity atom at the absolute zero of
temperature is given by

Yhwp [°2f2—3f tan"l(l/f)—[f4/(1+f2)]d

('UO2>0°K=

M Jo

{1—3e[ f*— f* tan™' (1/ /) ]}?

Y%wp ™2 2 sin?x cos®x—+sin®x costx— 3x sinx cos’x

dx. (4.57)

7I'M 0

The change of variable f=tan(w/2—x) has been used
to obtain the second form of this integral. The value of
this expression in the case e=0 is
(v?Yoer=9%0p/8M, €=0. (4.58)
The integral in Eq. (4.57) was evaluated numerically as
a function of € and the results are plotted in Fig. 1.
For comparison with the predictions of the Debye
approximation the expression (4.52) was computed
numerically as a function of ¢ for copper. The frequency
spectrum g(w) used in these calculations was that
calculated by Flinn, McManus, and Rayne'® using
deLaunay’s two-force constant model.l” The results of
the copper calculations are plotted in Fig. 1. The value
of wp used in the Debye spectrum has been chosen to

6P, A. Flinn, G. McManus and J. A. Rayne, Phys. Rev. 123,
809 (1961).

17 J. de Launay, in Solid State Physics, edited by F. Seitz and
D. Turnbull (Academic Press, New York, 1956), Vol. 2, p. 219.

[sin3x— 3e(sinx cos*c—x cos’x) J*

reproduce the zero-temperature value of the Debye ©
for copper obtained from the two-force constant model.

30 T T T 1 T T T 1
20}~ _
Debye Spectrum

T Copper Spectrum

- I T R R [ [
‘2 3 4.5 7 10 15 2 3 45 7 10
M7M

Zero point velocity as a function of mass ratio.

Fic. 1. The mean-square velocity at 0°K of a mass defect atom
in copper as a function of the ratio of the impurity mass to the
mass of a copper atom. @ is the 0°K value of the Debye charac-
teristic temperature for copper. One curve is calculated on the
basis of a realistic frequency spectrum for copper, and the second
is based on a Debye spectrum for copper.



20 MARADUDIN,

V. EFFECTS OF FORCE CONSTANT CHANGES
AT HIGH TEMPERATURES

Although it is a rather difficult problem to find the
mean-square velocity at low temperatures of an im-
purity atom whose potential of interaction with its
neighbors as well as its mass differs from that of anatom
in the unperturbed crystal, the calculation is feasible
in the high-temperature limit. Our starting point is
Eq. (4.28) and Eq. (3.12). We have that at high
temperatures

SKT T (1%
kT

2
) (3N Aps)
M M del24

1 7
———( )<3NAM4>+0<T 9l 1)
2880\ kT

It is only necessary to determine the changes in the even
moments of the frequency spectrum due to the introduc-
tion of the impurity to obtain (v¢*) in this limit. We do
this by the moment-trace method.

We assume a monatomic Bravais lattice for our un-
perturbed lattice. We assume that the atoms interact
through central forces derived from a pair potential
function ¢(r) which is significant only between nearest
and next nearest neighbor atoms. The equations of
motion of the crystal are

Muygil=3" ¢zt u,b, (5.2)
Uy
where 600
(7
btV = , (5.3)
0xdy | ,_ptt
and
¢zy”= _Z/ ¢xuw- (54’)
T

The prime on the sum in Eq. (5.4) means that ' does
not equal / in the summation.
We introduce time-independent amplitudes V! by

URES [Vxl/ (Ml)%]e_iwt> (5~5)

in terms of which Eq. (5.2) becomes

<i)zyll’
PV i= Y 2y, (5.6)
Uy (MlMl')% v

Pairing the indices as (/,x) and (/’,y) we see that the
normal mode frequencies are the eigenvalues of a sym-
metric matrix whose elements are

D( ”l): _ ¢
xy (MM )}

It follows that the 2nth moment of the frequency spec-
trum is just proportional to the trace of the #th power

(5.7

FLINN, AND RUBY

of this matrix:

uzn=(1/3N) Trace {D"}. (5.8)

We restrict ourselves here to computing the change
in the second moment, which suffices to give the leading
correction to the equipartition value of (ve). ue is

given by
I/
")
X

¢lel

3N iz Ml

1
ug=——2
: 3N lx

(5.9)

I

1
Z — ;l [¢zxw+¢’yyw+¢zzw]

M,

Il

£~ 2~ 2]~

; Z’ Vi (r')

M v

(5.10)

Il

2
’ // w /(I
== Ml; () )

We first specialize to the case of a face-centered cubic
lattice with lattice parameter ao. There are 12 nearest
neighbors at the permutations of (d=ao/2, 2a¢/2,0),
and 6 next nearest neighbors at the permutations of
(z£aq, 0, 0). Denoting the nearest neighbor separation
ao/V2 by r,, we make the following identifications

ar=¢" (ro),
B1=(2/70)¢' (r0),
a=¢" (V2ro),

Ba= (V2/r0)¢’ (V2ro).

Only three of these constants are independent in view of
the equilibrium condition which can be stated as

12¢' (r0)+6¢’ (V2ro) =0.

(5.11)

(5.12)

In the perfect lattice every lattice point is equivalent,
and we have

1
2='-—1 (¢3] 1 Qg 2)g. 5.
[ 3M{ 2(e1+pB1)+6(azt+B2)} (5.13)

If the atom at the origin is replaced by an impurity
whose mass is M’ and whose interaction potential with
its nearest and next nearest neighbors is x(7), so that

=x""(r0),

Bi'= (2/ro)x’ (ro),
=x"'(V2ro),

Ba'= (VZ/ro)x’ (V2ro),

(5.14)
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the change in the second moment is given by
1 1 ’ A !
AM:;V 3;[12(0!1 +B1)+6(cs’+B2")]

1
—EDZ (a14B1)+6(as+B2)]

12
+E[(011 +81")— (1 +81)]

6
+ﬂ[(a2'+52')—(a2+[32)] . (8.15)

In the case of a body-centered cubic lattice withlattice
parameter ao, there are 8 nearest neighbors at (F=ao/2,
+ao/2, +ao/2) and 6 second-nearest neighbors at the
permutations of (2=a, 0, 0). Denoting the nearest-neigh-
bor separation %a¢V3 by 7, we have, in this case

ar=¢"(rd),

B1= (2/ro0)¢’ (r0),

ar=" (2 B), (19
Be= (V3/r0)¢p’ (2r0/V3).

The equilibrium condition in this case reads
8¢ (ro)+6¢(2r¢/V3)=0. (5.17)

The second moment for the unperturbed lattice is

1
9=——{8(a1+B1)+6(az+82)}, 5.1
7 SM{ (a1 +B1)+6(az+B2)} (5.18)

and the change due to the impurity becomes
1 (1
Apg=——1{—[8(as'+B1)+6(as’+85) ]
3N M’

1
_ﬂ_l[g (e +-B1)+6(astB2)]

8
+]‘-l[(a61 +81")— (a+81)]
+E[(az'+ﬂz')—(a2+ﬁz)]}, (5.19)

where the primed force constants are defined in a
manner completely analogous to that in the fcc case.
Since in each case

=(1—¢eM,

we insert the expressions (5.15) and (5.19) into Eq. (5.1)
and obtain the following results:

fcc:
3kT 178 \*M
(v&)-——{ 1+—<——-) —
M’ 12\kT/ M’
12(0y'+B1) +6(as’+82")
% el G20
M

bcc:
3kT 177 \*M
o)
M’ kT
8(a1'+,81')+6(a2’+32’)
X + (5.21)

M
These results should be compared with Eq. (4.36).

VI. APPLICATION TO EXPERIMENTAL DATA

The interpretation of experimental results is most
straightforward in the high-temperature region, where
the effect of force constant changes as well as mass
differences can be taken into account in a reasonably
simple way. A comparison of Eq. (4.38) with (5.20) and
(5.21) suggests that we define an effective impurity
characteristic temperature 8; by the relation:

3kT{ 1 M /0,

= 20M'(T) +0(1L4)} (1)

’
For the fcc model considered, 6; is given by :
h { 20(ar"+B1")+10(exe"+82") F

M '

. 6.2)

%

In general, 6; will be some reasonably simple function
of the force constants between the impurity atom and
the lattice. In the special case where the forces between
impurity and solvent atoms are the same as those
between solvent atoms themselves, 6; is obviously
simply @, for the pure solvent lattice. If ; is greater
than ©, the impurity atom is more stiffly bound than
the solvent atoms, and conversely.

The total observed Mossbauer shift includes the
isomeric shift of source and absorber as well as the
second-order Doppler shifts of each. For a given source
at fixed temperature, and variable absorber tempera-
ture, the observed shift in the high-temperature region
may be written:

3kT [
2M'c

+51(—) %(T) +0(T—4)] (6.3)

where s, is the combined isomeric and second-order
Doppler shift of the source, and s; is the isomeric shift
of the absorber. It is convenient to rewrite this in the
form:

3kT 3 kB MO0
[ B S £ v,
2M'¢c AOMcM T

s=s§1—So+

(6.4)

Clearly, a plot of s—3kT/2M’c vs 1/T should be a
straight line, the slope of which determines 6;, and the
intercept of which is s;—so. If similar plots are made for
two different absorbers using the same source, the
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F16. 2. A typical Mdssbauer profile. Stainless steel source
at 300°K; stainless steel absorber at 195°K.

difference in the two intercepts gives directly the
difference in isomeric shifts for the two absorber mate-
rials, independent of the properties of the source and
fully corrected for the second-order Doppler shift. It is
interesting to note that the term (M/M’) cancels the
dependence of 6; on the solvent mass, so that any
difference in slope observed for a given solute in two
different solvents must arise essentially from a differ-
ence in force constants.

To investigate a case with a large ratio of impurity to
solvent mass, an absorber consisting of a dilute solution
of iron in beryllium was prepared. A 0.01-in. thick Be
foil was electroplated with enriched iron (~309, Fe5)
and a solid solution produced by an anneal at 1150°C.
The alloy contained of the order of one atomic percent
of iron. For comparison, a standard 304 stainless steel
absorber was also used. The Mdssbauer peaks were
determined at various temperatures using a stainless
steel source and a velocity sorting Mossbauer spec-
trometer described previously.'® The uncertainty in the
peak positions (taken as the centroids) was of the order
of +0.01 mm/sec, and was caused largely by drift in
the analyzer circuitry. A typical experimental profile is
shown in Fig. 2.

It is worth emphasizing that Eq. (5.1) is independent
of the details of the lattice structure and thus applies
equally well to the hexagonal beryllium lattice as to the
cubic stainless steel lattice. This means that Egs. (6.1)
and (6.4) hold for these two lattices equally well, with
the parameter 6; given in general by

M\ Nt/ d
o= Gr) G) Govam),
o\ar ) \r/ \de

where s is the number of atoms in a unit cell. The
interpretation of ; in terms of changes in atomic force
constants and masses is somewhat more cumbersome in
the case of beryllium than it is for a cubic Bravais

18S. L. Ruby and D. I. Bolef, Phys. Rev. Letters 5, 5 (1960).
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o

Fic. 3. The variation with temperature of the quantity
(s—3kT/2M’c), where s is the total observed Mossbauer shift at
high temperatures and is the sum of the isomeric shift and the
second-order Doppler shift between source and observer.

lattice. In any event due to present experimental un-
certainties in the determination of 8; we did not attempt
to extract information about the effective force con-
stants between an impurity and its neighbors in either
of the two cases studied.

The experimental results are plotted in Fig. 3, in the
form discussed above. A least-squares fit of the data
gave the results:

S1—So 0;
Fe in beryllium —0.570+0.004 mm/sec 1210°4-240°K
Fe in 304 stainless —0.25340.003 mm/sec 510°475°K
Isomeric shift —0.3174-0.005 mm/sec

Be-stainless

The isomeric shift is clearly determined far more
accurately than the effective characteristic temperature,
since the slope of such curves is much more sensitive to
errors in the data than is the intercept. The results for 6;
are, however, not unreasonable. The limiting high-tem-
perature Debye temperature for beryllium is 900°K.1?
Comparison with the result above suggests that an
iron atom in a beryllium lattice is somewhat more
stifly held than are the beryllium atoms themselves, but
the large uncertainty in ; makes this suggestion quite
tentative. Unfortunately, the Debye temperature for
stainless steel is not known, but since the values for the
constituent elements are all in the 400° to 500°K range,
our result is plausible.

VII. SUMMARY

Expressions have been obtained for the mean-square
velocity of a solute atom in a three-dimensional lattice
in both the high- and low-temperature regions. The low-
temperature result has been obtained only for the case
where solute and solvent atoms differ in mass but not
in interatomic force constants. Under this restriction,
changing the mass of the solvent lattice atoms has
relatively little effect on the mean square velocity of
the solute atom.

The low-temperature region is of limited interest for

19 R. W. Hill and P. L. Smith, Phil. Mag. (7) 44, 636 (1953).
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experimental investigation at present because both the
vibrational spectrum of the lattice and the force con-
stants affect the velocity in complicated ways which
preclude any simple interpretation of experimental data.
In the high-temperature range, however, the combina-
tion of theory and experiment can be fruitful in two
separate ways. First of all, it is now possible to deter-
mine the isomeric shift accurately by fully correcting for
the second-order Doppler shift. Secondly, an average
interatomic force constant between solute and solvent
atoms can be obtained. To determine such constants
with meaningful accuracy requires at least an order of
magnitude improvement in the accuracy of measure-
ment of line position over that obtained in the experi-
ments reported here. Although a different experimental
technique is required, such precision is possible, as
shown by the red-shift measurements.?

ACKNOWLEDGMENT
We would like to acknowledge the assistance given us
by John Hicks in the collection of the experimental data.
APPENDIX

We obtain here the small w? expansion of the integral

(@)= /% ff)z :,

where g(w) is the frequency spectrum (normalized to
unity) of a three-dimensional crystal. We will make use
of the fact that for small w, g(w) has the expansion

g(w) = dzw2+a4w4+a6w6+ e, (AZ)
We begin by rewriting Eq. (A.1) as

(A1)

I(w)= / 8® / exp[— 1(u+£) Jdtd

= /“ exp(— ) F (t)dt, (A3)

where

()= / " o(0) exp(—te)de. (A4)

It is now straightforward to show that any singular
terms in /(w) in the limit as w?®— 0 are determined by
the large-¢ behavior of F(¢). We break up the range of
integration into two parts (0,7) and (7, ) where T is
large enough that the large-f asymptotic expansion for
F(f) can be used in the latter part. Thus we have that

I(w)= / exp(—tw?)F (t)di+ / i exp(— i) F(t)dt

=I+1,. (A5)

(1;06R) V. Pound and G. A. Rebka, Jr., Phys. Rev. Letters 4, 337
0

We now expand the exponential in the first integral and
integrate term by term:

Ilzf F(t)dt—wZ/ tF (t)dt

7
+ 102 / 2F)di+---. (A6)
0

We see that the small-f behavior of F(f) gives rise only
to analytic terms in «? in the small-w? expansion of I (w).
The large-¢ asymptotic expansion of F(f) is given by
PO~ [ e outt s
0
a:T(3) % r3) % r'(3)

=7 4. (A7
2 # 2 # 2 172 (A7)
and I2(w) becomes
a:T'(3 ) asT(3)
Iz(w)'\// exp(— to.F)( 2 y +-'-’dt. (A8)

The small-w? behavior of this integral has been studied
in great detail by Maradudin et ¢l.* With the aid of their
results we obtain

1

m\? 1 1
g 2<w>~(~> [%az+—— Pact_— 14 fart- ]
T 3T 57
T 1
ool +D)] x4
2 T
1 ™
——_% % %ds— . ‘:|+—d4‘w‘3+0(w4)' (AQ)
372 2

The infinite series in 7 comprising the coefficients of
¥ and «? in Eq. (A9) are asymptotic, but generally
converge rapidly for 72> 10. From Egs. (A6) and (A9)
we see that for small w

I(w)~bot+b1|w| +bs?+bs| |34 - -
=cotaci| fl+caftes| fI34---.

The only coefficients in the expansion (A10) which
enter into the low temperature value of the mean square
velocity of the impurity atom are ¢p and the odd
coefficients, ¢y, ¢s, ¢, - -+, Co is nothing more than u_s, the
minus 2nd moment of the frequency spectrum of the
unperturbed crystal. It can be obtained experimentally
from the high-temperature behavior of the Debye-
Waller factor for the unperturbed crystal. The coef-
ficients ¢s,41 are given by

Conpr1=(— 1) (1/2)@2n 2012, (A11)

2L A, A. Maradudin, E. W. Montroll, G. H. Weiss, R. Herman,
and H. W. Milnes, Memoires Academie Royale de Belglque (Classe
des Sciences) Tome XIV, Fascicule 7, No. 1709 (1960).

(A10)



