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Exchange Interaction and Heisenberg's Spin Hamiltonian* 
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By the use of representation matrices U(P) of the permutation group, the energy matrix of many-electron 
systems has been expanded such that E = Xp JpU(P), and it has been proved that all the coefficients Jp 
are bounded and determined uniquely. This means that the expansion is mathematically valid even though 
nonorthogonal orbitals are used and no matter how large the overlaps between the orbitals are. Furthermore, 
it has been shown that the nonorthogonality catastrophe which was pointed out by Inglis and Slater does not 
appear and values of the coefficients can be evaluated correctly even if higher permutations are omitted. 
Then we find the Heisenberg spin operator as the first-order approximation of the expansion. 

I. INTRODUCTION 

DESPITE the success of qualitative features of the 
Heitler-London and Heisenberg methods in un­

derstanding important concepts in the theory of ferro-
and antiferromagnetism, the mathematical basis of the 
methods has not been established rigorously. Instead, 
they are rather regarded as a model which is not ob­
tainable from the first principles of quantum mechanics. 
According to Slater,1 the methods are, by their nature, 
incapable of being rigorously applied to many-electron 
systems for the following two reasons: First, use of 
nonorthogonal orbitals gives divergence in both the 
energy matrix f^^Q^dr and the overlap f$*$dT 
when the number N of electrons increases infinitely, so 
that the energy value E obtained correctly by 

E= / $*3C<$>dr / / $>*<$>dr (1) 

can be quite different from one calculated by neglecting 
the higher permutations. This implies that the usual 
derivation of the effective spin Hamiltonian, 

is by no means justified.2 Here Si is the spin angular 
momentum vector of electrons in atom i, and / # is the 
exchange integral connecting atoms i and j . Secondly, 
use of orthogonal orbitals gives always positive exchange 
integrals / # and therefore cannot explain the existence 
of antiferromagnetic substances, although, because of 
the orthogonality of orbitals, it is possible to obtain 
the spin Hamiltonian (2) correctly. 

Recently, Mizuno and Izuyama3 have given a rigorous 
mathematical proof that the nonorthogonality catas-

* This work was supported in part by the U. S. Air Force 
through its European Office under contract with Uppsala Uni­
versity, and in part by the U. S. Atomic Energy Commission. 

1 J. C. Slater, Revs. Modern Phys. 25, 199 (1953). 
2 For the standard derivation of the operator, see P. A. M. 

Dirac, The Principles of Quantum^Mechanics (Clarendon Press, 
Oxford, 1947), 3rd ed., Chap. IX; for the application to ferro-
magnetism, see J. H. Van Vleck, Theory of Electric and Magnetic 
Susceptibilities (Oxford University Press, New York, 1932), Chap. 
XII, and also J. H. Van Vleck, Revs. Modern Phys. 17, 27 (1945). 

3 Y. Mizuno and T. Izuyama, Progr. Theoret. Phys. (Kyoto) 
22, 344 (1959). 

trophe does not appear in the manner Inglis4 pointed 
out; actually, the numerator and denominator of the 
energy expression (1) can be factored exactly but in 
somewhat complicated fashion. By the use of Schwarz's 
inequality relation, they have shown that these factors 
can be left out, but instead each term in the energy ex­
pression (1) should be bounded. After evaluating the 
boundary conditions, they found that the exact values 
cannot be so different from values obtained by neglect­
ing overlap integrals as long as overlaps between nearest 
neighbor atoms are not so large. 

This result may give some justification to recent 
calculations5 on the superexchange interaction, where a 
small number of electrons, say 4 electrons, is taken out 
of a crystal and the interaction between them is calcu­
lated correctly, while a part of the energy, which is 
proportional to SiSj, is defined as the exchange inter­
action Jij. There it was not assumed a priori that the 
exchange interaction could be described by the Heisen­
berg spin operator, but the energy expression (1) was 
reduced to the form (2). 

I t is still not possible to see, however, that the energy 
expression can be described in the form (2). In the 4-
electron system, two of them are coupled to each other 
and therefore the system is essentially a two-spin sys­
tem and the energy could be written as the quadratic 
form SiSj with respect to spin angular momentum 
vectors. In many-electron systems, we should expect 
higher terms as long as nonorthogonal orbitals are used 
as basis. Then the question arises whether such an ex­
pansion really exists in many-electron systems and also 
whether the series converges quickly so that the form 
(2) can be a good approximation. 

By the use of representation matrices U(P) of the 
permutation group,6 in Sec. I I , we shall expand the 

4 D. R. Inglis, Phys. Rev. 46, 135 (1934). The same difficulty 
had been pointed out earlier by J. C. Slater, Phys. Rev. 35, 509 
(1930). 

5 For instance, J. Yamashita and J. Kondo, Phys. Rev. 109, 
730 (1959); F. Keffer and T'. Oguchi, ibid. 115, 1428 (1959); 
J. Kondo, Progr. Theoret. Phys. (Kyoto) 22, 41, 819 (1959). 

6 Use of representation matrices of the permutation group in 
the energy calculation has been introduced by R. Serber, Phys. 
Rev. 45, 461 (1934); T. Yamanouchi, Proc. Phys. Math. Soc. 
Japan 18, 623 (1936); 20, 547 (1938). The method is also reviewed 
by M. Kotani et al., Table of Molecular Integrals (Maruzen Com­
pany, Ltd., Tokyo, 1955), Chap. I. 
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energy expression (1) of N electrons such that 

£ = £ p JpU(P), (3) 

where P is a permutation operator of electronic co­
ordinates and the summation E P includes all 2V! dif­
ferent permutations P . Then we shall show that the 
effective spin Hamiltonian 3Ceff is given by 

3 C e f f = i ; p ( - l ) p J W ^ , (4) 

where P* permute the spin coordinates. The expression 
(4) is rigorous under the following assumption: Since 
we are interested in spin-degenerate states only, all the 
states have a common electronic configuration and the 
spatial parts of the wave functions are all common and 
there will not be any difference from state to state. Only 
differences in the wave functions occur in the spin parts. 
The main task in Sec. I I is to show that all the coeffi­
cients Jp exist and are determined uniquely even if the 
number N of electrons becomes infinite. This means 
that the expansion (4) is mathematically valid. 

Furthermore, in Sec. I l l , we shall show that the 
nonorthogonality catastrophe does not appear and that 
values of the coefficients Jp are bounded and can be 
evaluated even if we omit the higher permutations. 
Then we will find that the Heitler-London and Heisen-
berg methods are reliable even though truncation is 
inevitable and that the Heisenberg spin Hamiltonian 
will be suitable as the first-order approximation of the 
effective Hamiltonian. 

II. EFFECTIVE HAMILTONIAN FOR 
MANY-SPIN SYSTEM 

In the first paragraph of this section, we shall 
explain the representation of wave functions as used 
here. From the orthogonality relation of representation 
matrices, we further derive and prove Lemma 1, which 
is essential for the expansion of the energy matrix. In 
the second paragraph, the energy expression will be 
expanded in terms of representation matrices as it will 
appear in Eq. (28). Then it will be proved that the ex­
pansion is really valid, since the coefficients Jp exist 
and are determined uniquely. This eliminates the non-
orthogonality catastrophe in its most literal interpreta­
tion. I t is claimed that, in the Heitler-London and 
Heisenberg methods, there is no other expansion than 
the obvious one which is expressed schematically as 
EQ— oo+oo— co. In the new expansion (28), however, 
all terms involved are bounded. 

In the last paragraph, it will be shown that the energy 
expansion can be written in the form of an effective 
Hamiltonian which will appear in Eq. (33). This means 
that the problem of many-electron systems is converted 
to that of many spins. Since the first two terms of the 
effective Hamiltonian are equivalent to the Heisenberg 
spin Hamiltonian, the Heisenberg model will not be in 
conflict with the first principles. Furthermore, we shall 
show that each term in the effective Hamiltonian is 

Hermitian and therefore the expansion is physically 
sound. 

1. Representat ion of Wave Functions 

We shall consider a crystal which consists of N' 
atoms and N electrons. For the moment, we assume 
only Coulomb interaction between electrons and nuclei. 
The Hamiltonian is therefore given by 

se=Z W / 2 f » ) - ^ E E (zA/fAi) 

+ « 2 I I i k (5) 

where P?= — &2W, m is the mass of an electron, YA% is 
the distance between electron i and nucleus A with 
nuclear charge ZA, and ry is the distance between the 
electrons i and j . 

Since 3C does not involve spin operators, the spin 
angular momentum operator S2 and its component Sz of 
N electrons commute with 3C, so that eigenfunctions of 
3C are simultaneously eigenfunctions of S2 and Sz and 
are classified by the spin angular quantum numbers S 
and M. This implies that eigenfunctions of 5C which 
pertain to particular values of S and M are written as7 

1 
$ = © ¥ , * = HPU(P)*P$, (6) 

where © is the row matrix (©i,©2,* • •,©/), which con­
sists of fs linearly independent and orthonormal eigen­
functions of S2 and Sz with the specified values of 5 
and M, and 

\w-s) \w~s-y' 
U(P) is the fXf irreducible representation matrix for 
the permutation P of electronic coordinates, while ^ is a 
function of space coordinates of N electrons. The sum­
mation E P covers all Nl different permutations P. 
Therefore, it is evident that ^ is a fXf matrix, and <£ a 
row matrix with / elements. A set of the N! different 
permutations forms a group. We denote the group by 

The representation matrix U (P) is defined by 

p«@=(-iy@u(p)*, (7) 

where Pa is the operator, which transforms spin co­
ordinates 1, 2, • • . , N of © into 1', 2', • • •, N', while P 
changes space coordinates 1, 2, ••• ,A r of ^ into 
1/, 27, • • •, N'. As long as / functions ©*• are normalized, 
U(P) is unitary and given by 

U(P)*= ( - l ) p [®fP«@d<T. (8) 

7 The detailed description of the method will be found in 
Kotani's book (see reference 6). 
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If Peo-N and Qeo-N, then we find that 

R=PQeaN. (9) 

By Eq. (7), therefore, we obtain that 

U(P)U(Q)=U(PQ)=U(R). (10) 

If, for example, the one-particle approximation is 
applied, the spatial function \f/ may be written as a 
product of N atomic orbitals which are not orthogonal 
to each other: 

lKl,2,- ' - # ) = * l l ( l ) l M 2 ) - • '*Al(XA)fA2(XA+l) 
•••fAk(XA+hA-l)---fMk(N), (11) 

where \pAi, ^AI-, • • •, ^AH are atomic orbitals localized at 
the atom A. We shall denote by HA the number of elec­
trons localized at the atom A. Then 

N' 

A=l 

However, we want to make clear that the following 
arguments are more general and entirely free from the 
choice of the function \f/. Even an exact eigenfunction of 
5C can be written in the form (6), and the proof concern­
ing the existence of the expansion (3) is correct. But 
in order to make the expansion physically sensible, we 
have to make certain assumptions. 

(a) We assume that in ip, each electron is localized 
at a particular atom, since the exchange interaction is 
a quantity characteristic to the Heitier-London scheme. 
If \f/ is expanded in terms of atomic orbitals, therefore, 
yp will be written such that 

\f/= 53 A(nnnn-"nAinA2-"yiMh) 
» 1 1 » 1 2 « " 

X ^ n n ( l ) ^ n i 2 ( 2 ) - ' '^nAl(xA) 

Xfn*(XA+l)--fnukW, (12) 

where ypnA^PnA2'' '$nAh
 a r e atomic orbitals centered at 

the atom A. In $, the probability of identifying the 
electrons %A, # A + 1 , • • •, XA+h—1 as the atomic orbi­
tals \[/AI$A2' ' '$Ah will be dominant.8 

(b) We assume that the essential approximation we 
have to make is that the space parts \f/ of the wave func­
tions are the same for all the spin degenerate states we 
are interested in. 

(c) Furthermore, we assume, for the moment, that 
the N! functions Pxp obtained by operating N1 different 
permutations P are linearly independent. Later in this 
section, however, we shall remove this restriction and 
show that the following arguments are applicable even 
if \f/ has symmetry. 

I t is easily shown that spatial functions \j/ are common 
to 2 5 + 1 magnetic substates (M = S, S— 1, • • • ,—5) 
for a state with given S and that representations for 

8 Existence of such function in an exact eigenfunction of 3C 
has been discussed by the author in Revs. Modern Phys. 32, 370 
(1960). 

those 2 5 + 1 states are equivalent. Therefore, assump­
tion (b) is rigorous for those cases. If spin-degenerate 
states belong to different spin quantum numbers S, 
however, the representations are no longer equivalent, 
and the spatial functions \p are not usually common. We 
shall identify the representations by 55 s and their 
matrices by the superior such that US(P). Assumption 
(b) will be a good approximation if differences in the 
correlation energies of spin-degenerate states are small. 

As long as N! functions P\p are linearly independent, 
fs functions obtained by Eq. (6) will be linearly inde­
pendent. Since there are (25+1) substates for a state 
with given S, the total number of linearly independent 
functions obtained by Eq. (6) is ] C s ( 2 S + l ) / s . I t is 
easily proved that 

£ s ( 2 S + l ) / s = 2 * . (13) 

Since, in an TV-electron system, we find 2N linearly 
independent spin functions, Eq. (13) shows that all 
linearly independent functions for spin-degenerate 
states are obtained by Eq. (6). 

In general, the representations 35g ( 5 = 0 or J, • • •, 
J7V) do not exhaust all irreducible representations of 
O-JV. We shall denote © p when we want to include all 
the irreducible representations oi<rN.9 The total number 
of ©p is equal to the number of classes in <JN and we 
have the relation 

E P / P 2 = ^ ! . (14) 

Since the representations are irreducible, we have the 
following orthogonality relations: 

(15) 

These relations show that the iVIXAH matrix Y, 

Tp1mtP=(Jp/N^U^{P\ (16) 

whose rows are numbered by (pkm) and whose columns 
are numbered by P , is unitary. 

Now we find the following lemma. 
Lemma 1. If we have the relation 

2>apE/<>CP) = 0, (17) 

which is valid for all the irreducible representations 35p 

of <TN, then all the coefficients ap must be identically 
zero. 

By the use of the matrix T, defined by Eq. (16), 
Eq. (17) is written as 

IM = 0, (18) 

9 The rest of the representations 3)p of O-N, which are not included 
in &S, cannot find basic functions in spin space. This is because 
we have only a limited number 2N of independent spin functions 
at our disposal and in general this number of independent func­
tions is insufficient to form bases for all the irreducible representa­
tions of O-JV. If we use a representation £)p which is different from 
T)s, the wave functions defined by Eq. (6) vanish, because the 
spin functions which satisfy Eq. (7) vanish. Formally, however, 
we can apply the following way of writing to all the representa­
tions £)„ of <TN and we can omit the part which is obtained from the 
representations £)p not included in £)s. 
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where A is a column matrix: 

A = 
aPl 

ap2 

By multiplying Eq. (18) by r t , we find A = 0 because 
T is unitary. 

2. Expansion of Energy Matrix 

We can assume that the wave functions $ given by 
Eq. (6) are orthogonal and the fXf overlap matrix 
C=y<£ t$d r is diagonal. If this is not true, then there 
exists a unitary matrix V, with which C can be brought 
into diagonal form by the similarity transformation 
such that 

D=V*CV= / ($Vy($V)dr, 

since C^ = C. This means that, instead of <£, we can use 
the orthogonal functions <1>F, which are given by 

<f>V=(®V)(V**V), 

V^V=-
1 

V(Nl) 
E P VW{P)*VP^. 

This implies that, instead of ®, we should use ©' 
= ®V as the basis. Therefore, we can write the overlap 
matrix as D = fQ^dr, where D is diagonal. 

Now we prove that all the diagonal elements are 
nonvanishing; namely, there exists an e such that 

Z\-*>e>0, for i = l , 2, • • • , / . (19) 

If, for any small number e, we find that 

Du= <$>i*<PidT= / \<$>i\2dT<6} 

then $i must vanish. This means that ^ ^ = 0 , for 
&= 1, 2, • • •, / since all the spin functions ®* in Eq. (6) 
are linearly independent. Since N\ J P ^ ' S are linearly 
independent and Eq. (6) is written as 

0 = * J K = -

1 

V{N\y 
•T,pUki(P)*Ff, (20) 

we find that Uki(P)* = 0 for all k and P . This would 
imply that the representation is neither unitary nor 
irreducible, which is contradictory to the original 
method described in Eq. (6). 

Since Eq. (19) is valid, D~l exists and its elements are 
bounded such that 

0 < A - r 1 < e - 1 < o o , for i = l , 2, . . . , / . 

Here we can define ZM as the diagonal matrix whose 
elements {D~*)u are given by Du~K Then the functions 
defined by 

are orthonormal, and the energy matrix is given by 

E= J ($D-iyw($rt-*)dT 

where 
= EQ+D-mD-^ (21) 

E0= / yp*3£ypdr. 

and 

The nonorthogonality catastrophe tells us that, 
since overlap integrals jTPip*\pdT are generally not zero, 
both H and D diverge and the evaluation of E in Eq. 
(21) can be illustrated by the calculation of OX °°X0, 
when the number N becomes infinite. On the other hand, 
if we neglect higher permutations, H and D behave as 
if they are finite numbers Ho and Do. I t is entirely un­
justified to evaluate E by Do~~^HoDo~^, since the main 
contribution H—Ho= °° is neglected there. 

From Eqs. (6), (9), and (10), it is easily shown that 

H=ZPHPU(P), HP= / PtpOfc-EoWdT, (22) 

and 

D=ZP SPU(P), SP= PWdr, (23) 

where the summation S p is taken over all AM permu­
tations P. Because of the properties of a group and its 
representation shown by Eqs. (9) and (10), it is possible 
to expand D~l formally in the following fashion. 

D-^LZpSpUiPK-^Zp TPU(P). (24) 

We shall show that the expansion exists and the co­
efficients TP are uniquely determined. 

From Eqs. (23) and (24), it is found that 

1 = J S " 1 5 = E P ZQ TQSQ-IPU(P). 

By applying Lemma l,10 we find 

ZQTQSQ-IP=8EP, for P = l , 2, . . . , # ! , 

since the representation matrix U(E) of the identity 
element E is unit. The expression is written as 

TS=5, (25) 

where S is a NIXNI matrix 

$= T> 

10 Since the equation written above is valid for all the irreducible 
representations £>p of <TN, we are able to apply Lemma 1. See the 
note in reference 9. The matrices T, S, etc., whose elements are 
given by Tp, SQ-^P, etc., pertain to an N!-dimensional space, be­
cause the number_of independent permutations P or Q is N!. 
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and T, 8 and <f> are the following row matrices: 

T= (TPl,Tp2,- - -TPN1), 

«=(i,o,---o), 

Since 5^ = 5, it is possible to diagonalize S by a simi­
larity transformation such that 

A - n s r = i ^>vy{cj>v)dT. 

Since (</>F); is a linear combination of A7! P\(/ and is 
similar to ^n given by Eq. (20), there exists an e such 
that 

A « > € > 0 , for i = l , 2, • • • , # ! . 

Equation (25) is therefore written as 

T'=TV=dVA-\ 

and 2] | Ti \2 is calculated as follows 

Et-| T \ | 2 =rr t=r r / t=5FA- 2 Fts t 
= E < 1 F W | 2 / A ^ < I / € 2 < O O . 

That is, the coefficients Tp exist and are always uniquely 
determined by Eq. (25) because \S\^0. 

Since the expansion (24) of D~l exists, Z)_* is also 
written as 

D-*=T,ptptJ{P), (26) 

where the coefficients tp are determined uniquely. 
This is proved as follows. By using a technique similar 

to Eq. (25), it is found that tp should satisfy the relation 

tt=T, (27) 

where t and T are the NIXNl matrices whose QP 
elements are given by IQ-^P and TQ-^P, respectively. 
Since D~% is real and diagonal, we find that tf=t. Then 
t can be brought into a diagonal form tr by a similarity 
transformation such that 

t'=VW. 

Under the same transformation, T is also diagonalized 
and Eq. (27) is written as 

where T'=VWV and UJ = \/TU (or - A / T V ) . The 
matrix t obtained by t=Vt'V* satisfies Eq. (27).11 

11 The uniqueness of t can be proved as follows. We consider a 
different similarity transformation. Then we obtain a different 
diagonal matrix Tn = W^TW. Since T=VT'V^ = WT"W^ we 
find that 

UT'=T"U} (a) 

where U = W^V is unitary. Let us consider the ij element of the 
above Eq. (a). Then UijTJi

, = Tii"Uih since V and T" are di­
agonal. This indicates that 7V = 2V ' or Ua = 0. In either case, 
we have the relation 

Uijtj/ = tii"Uih (b) 

where ^ / = \ / 7 V and/ ™" = W ' - T h e r e f o r e Vt'V^ = Wt"W\ 
and regardless of the unitary matrix used, we obtain the same t. 

If we put ti/= —\ZTii' for all i, then the sign of D~% will change. 
Although D~% is positive definite, we do not know the sign of 

Furthermore, we find that 

£ ; K - | 2 = ^ < l / e < o o ; 

consequently, all the coefficients tp exist and are 
obtainable. 

By the use of the expansions (22) and (26), the energy 
expression (21) can be expanded formally as follows: 

E-E0=XPJPU(P), (28) 
where 

Jp=lLQlLRtQHQ-iRtR-ip. (29) 

Now we shall prove that, as long as the values of all 
the integrals Hp are bounded, all the coefficients Jp 
also exist and are determined uniquely. In Appendix A, 
we shall show that all Hp are indeed bounded. 

By adopting the matrix notation similar to the one 
used in Eq. (27), Eq. (29) is written as 

j=tm, 

where the QP elements of the NIXNl matrices J and 
H are given by JQ~IP and HQ-IP, respectively. By the 
similarity transformation, which brings t into the 
diagonal form t'= VUV, we find that 

where all the elements Hi/ of H'= V^HV are bounded 
after the unitary transformation by V. As the ij ele­
ment J if is written as 

J ij —Lii ti ijtjj , 

all the coefficients J if and also Jij must exist. Since, 
apart from the factor 1 or — 1 , the Nl coefficients tp 
are uniquely determined, A !̂ JP are also determined 
uniquely by Eq. (29). As Jp is quadratic with respect to 
tp, the undetermined signs of tp does not affect the 
signs of J p. 

So far, we have assumed that the Nl functions P\p 
are linearly independent. In Appendix B, we shall 
show that even if NI P\f/ are not linearly independent, 
the arguments remain correct. Therefore, the expansion 
(28) is always valid regardless of the symmetry of \p. 
This proves the existence of an energy expansion in 
which all terms are bounded and determined uniquely. 
Consequently, the nonorthogonality catastrophe does 
not appear in its most strict sense, and the Heitler-
London and Heisenberg approaches can have possi­
bilities of being rigorously applied to many-electron 
systems, as we will shown in detail in Sec. III. 

3. Effective Spin Hamiltonian 

Now we shall convert the energy expansion into an 
effective spin Hamiltonian. First let us consider the 

of 2 p tpU(P) without calculating its value, since it is not possible 
to see simply from Eq. (27) which sign should be assigned. Since, 
in physical quantities, t appears always in the quadratic form, it is 
not necessary to determine the signs. From Eq. (b), it is easily 
seen that the signs of t must be all plus or all minus. 

file://�/ZTii'
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energy expansion (28). Here the representation matrices 
U{P) are given by Eq. (8): namely, 

U{P~1) = {-1)P l&p*Qd*. (8r) 

Since we assumed that the spin functions ©*• used as 
the basis are simultaneous eigenfunctions of S2 and Sz, 
the representation is irreducible. Furthermore, the co­
efficients Jp are independent of © and are common for 
all possible spin states classified by spin quantum num­
bers ,S and M, as long as a common \p is used as the space 
part of the wave functions. Therefore, the energy ex­
pressions (28) for all the spin states are written in one 
expression as follows: 

E=XPJPW(P), (30) 

where W{P) is a supermatrix in which all the irreducible 
representations 27s M(P) for all possible values of 5 and 
M appear in the form 

WiN,W(p) 1 

Because of the relation (13), W{P) is a 2 ^ X 2 ^ matrix 
and given by 

WXP-i)= ( - 1 ) * [wP'Oda, (31) 

where ® is the row matrix (©i,©2,- • • ®F) consisting 
of F=2N linearly independent spin functions. Since the 
2N functions form a complete set in iV-spin systems,12 

the evaluation of the energy of the Hamiltonian is 
equivalent to the eigenvalue problem of the operator 

3 C e f f = E p ( - l ) p / p - ^ . (4) 

By a unitary transformation, Eq. (30) is written as 

E'^VjEV^ZpJrW'iP), 
where 

w\p)=vjw(p)v==(-~i)pf(®vyp°(®v)d<r. 
This shows that the effective Hamiltonian (4) is valid 
not only to the eigenstates of S2 and Sg, but also to any 
spin function, since ©i, ©2, • • • © F are complete and V 
is arbitrary. Even if we consider a spin-dependent 
interaction 3C', therefore, we can use the effective 
Hamiltonian, and the eigenvalue problem of the total 
Hamiltonian, 

3Ctotai=3C+3C j 

12 As we shall show in Appendix B, a part of the energy matrix 
E given by Eq. (28) will vanish if the 2V! Pxp's are not linearly 
independent, and therefore thejcorresponding part of spin func­
tions in O will disappear in Eq. (30). Consequently, we may not 
obtain 2N independent/solutions from the Hamiltonian (4). 

is equivalent to 3Ceff+3C', although eigenfunctions of 
3Ctotai are usually not simultaneous eigenfunctions of S2 

and Sz. 
The TV! permutations P° can be expressed by prod­

ucts of permutations of pairs such that 

PM9= (iiji) (t2J2)''' (IMJM), (32) 

where M indicates the number of electrons involved in 
the permutation. According to Dirac,13 each of the pair 
permutations {if) is equivalent to the spin operator 

(*i) = i ( l+4J i J i ) . 

Therefore, PM0" is described by a product of §(l+4^\Sy). 
The expression (32) is not uniquely given, because of 
the relations 

(*/?=i, nj){jk)={imj). 

By the use of the commutation relations of the spin 
operator, however, it is easily shown that all different 
representations (32) of a permutation PM° are equiva­
lent in terms of spin operators. Thus each of N\ 
permutation operators PMC is written as a function QM 
of operators s^s^- • -SiM. 

The expression is unique up to the commutation rela­
tions of spin operators. 

The effective Hamiltonian (4) is therefore written as 

3C.ff = / * - § E Jrtf(l+4*tfy) 

+ E E (—l)pJp-lGM(siUSi2,- • -,siM;PM)- {33) 
M>% PM 

If we can prove that, in ordinary crystals, coefficients 
Jij for permutations of single pairs are dominant as 
compared with JP for M>3, the energy levels are 
described by 

3Ceff(1) = / 2 ? - 4 E Jij{l + ^SiSj)y 
i>3 

and the higher terms may be neglected. The approxi­
mate Hamiltonian is equivalent to the Heisenberg spin 
Hamiltonian (2). 

Here, Si is the spin operator of electron i. If each atom 
carries more than one electron and the coefficients JAIBJ 
for the permutations between electrons A i, A 2, • • -An in 
atom A and Bh B2, • • -Bh in atom B are equal to each 
other, then the approximate Hamiltonian is 

A>B 

provided the intra-atomic exchanges are negligible. 
Here JAB is the exchange interaction connecting atoms 

13 P. A. M. Dirac, Proc. Roy. Soc. (London) A123, 714 (1929). 
Also, The Principles of Quantum Mechanics (Clarendon Press, 
Oxford, 1947), 3rd^ed., Chap. IX, p. 222. 
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A and B and SA is the spin angular momentum vector 
of atom A. 

Finally, we shall show that the exchange interaction 
energy / # thus defined is real and a physically sensible 
quantity to discuss. By taking the Hermitian conjugate 
of Eq. (28), we obtain that 

( £ - £ o ) t = E P / p - i * J 7 ( P ) . 

Since (E—Eo)^= (E—Eo), use of Lemma 1 will give us 
that Jp-i* = Jp. For permutations P=(ij) of single 
pairs, P~l = P and therefore / # is always real. Further­
more, JpU(P)+Jp-^U(P~1) is Hermitian and the di­
agonal elements are real, since the ii element is written 
as 

JpUu(P)+Jp*Uii(P)*, 

for all A !̂ permutations P. This means that, even if we 
take the summation J^M in Eq. (33) up to a limited 
number, say Mo, the truncated Hamiltonian is still 
Hermitian and the energy levels obtained are always 
real, and, therefore, the expansion is physically sensible. 

III. CALCULATION OF EXCHANGE INTERACTION 
ENERGY 

In Sec. II, we have shown that the effective Hamil­
tonian for spin-degenerate states is written as Eq. (4) 
or Eq. (33) where the coefficients JP represent values 
of the exchange interaction and can be obtained in 
principle by solving the N\ linear equations (25). In 
practice, however, this is not possible, since the number 
N of electrons in a crystal is effectively infinite. Here we 
shall demonstrate a possibility of evaluation Jp without 
solving Eq. (25) and show that all the coefficients Jp 
are bounded and exchange interactions between nearest-
neighbor atoms are indeed dominant. 

This again eliminates the nonorthogonality catas­
trophe in its orthodox interpretation. The argument used 
is the following. Even if an energy expansion is used 
which leads to convergency such as the one given by 
Eq. (28) and even if overlap integrals between atoms 
are relatively small, the convergency will be extremely 
slow. Third, fourth, and even higher terms will be 
dominant as compared with the second term (the 
Heisenberg exchange term). Therefore, the Heisenberg 
model can never be a useful one. Although many calcu­
lations indicate that the Heisenberg term is dominant, 
such calculations have no meaning according to ex­
ponents of the orthodox view, since effects of overlaps 
from distant electrons are neglected. An exact treat­
ment supposedly might change the whole situation. 

In contrast to this criticism, the results given in 
this section and written clearly in Eqs. (77) and (86) 
and the subsequent text, show that each term Jp on 
the energy expansion cannot be far from the values ob­
tained by omitting the higher permutations. As long 
as overlap integrals between atoms are small, therefore, 
the Heisenberg model will be a good approximation. 

In order to prove the results, we first have to separate 
a few electrons in the energy matrix and treat that part 
explicitly. Then the energy matrix will be expressed as 
a sum of products of Coulomb or exchange integrals 
and overlap matrices. This result is expressed in Eqs. 
(37) and (38) and our problem of expanding the energy 
matrix is reduced to the expansion of overlap matrices. 
The aim of the latter half of the first paragraph is to 
prove Lemma 4. We have derived an inequality relation 
between the length of expansion coefficients dp of various 
overlap matrices having the same number of electrons. 
This will be presented in Lemma 4 or 4 ' . The Lemma is 
actually a generalized form of Schwarz's inequality and 
the essential means for comparing and bounding ex­
pansion coefficients of the overlap and energy matrices. 
To prove the lemma, however, we have to pass through 
Lemmas 2 and 3. 

After Lemma 4 is verified, it is no longer difficult to 
evaluate upper and lower bounds of ^ | dp |

2, as is car­
ried out in the second paragraph. When the overlap in­
tegrals are not exceedingly large (A < 1), the results will 
be explicitly given in Eqs. (54)-(57) and (60)-(63). 
Even if A ^ 1, the bounds can, of course, be given by 
considering overlap between nearest neighbor atoms 
explicitly. Since such extension is trivial, we shall omit 
the mathematics in this paper. In any case, the results 
together with the energy expansions (64) and (65) show 
that the effects of overlap from distant atoms and 
higher permutations are not essential. On the other 
hand, if one is not satisfied with the accuracy of nu­
merical results for some particular problem, one can 
easily improve the accuracy by taking more permuta­
tions and it is always possible to evaluate the upper limit 
of the error due to the truncation of the energy 
expansion 

Finally, in the last paragraph, we derive a complete 
expansion of the exchange interactions Jp in terms of 
dP; this will appear in Eq. (76). By using the results in 
the second paragraph, we can at last obtain the promised 
relations (77) and (86), which will show that Heisen­
berg term is indeed dominant. Since the complete en­
ergy expansion (33) is available and each of the co­
efficients JP can be evaluated exactly the same way as 
the Heisenberg exchange interaction Jpy we are able to 
increase the accuracy whenever necessary. In this point, 
there is a sharp difference from and great advantage 
over the existing Heisenberg theory. 

1. Separation of Permutations 

First in this paragraph, we shall separate interacting 
electrons from others. For simplicity, we shall assume 
that each atom carries a valence electron and the spatial 
function \f/ is written as 

where the inferior i of \f/i indicates that the orbital \[/i 
is centered at atom / . Here the one-particle approxima-
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tion is applied because it simplifies notations, but the In Eq. (35), all the possible permutations (kh) of eleo 
more general case (12) can be treated in exactly the tron h are considered separately and therefore Q[_k(h)~] 
same manner. is a function of the space coordinates of electrons 

The Hamiltonian (5) is written as 1, 2, • • •, h— 1; h+1, • • •, N made up of orbitals \f/h \p2, 
• • •, tf'fc-i, î fc+i, • • •, v^-14 The energy matrix Eh is then 

aC=2-r *Jw~T~2-4 «w/j eiven bv 
i i>3 6 J 

where Eh= £ f c (k\3Ch\ h)D-*S[k(A) | A(A)]ZM. (37) 

5Ci=5Ci°— (i\3Q,i0\i), 3C»° = (Pi2/2m)~e2/rii, Similarly, E M is written as 

a n d F ^ E a E m ' <fo»|0C«|«)Z?-* 

3Ctf = oe</>- <fi10C</1 i/>, 3C;/ = -e 2 / r j i -e 2 / rT j+e' /nj . XS[*(A) w(/) | A(A)Z (/)]£>-*, (38) 
where 

Then the energy matrix £T, given by Eq. (22), is divided C 
as follows: S{_k{h)m{l) \ A(A)*(0] = J $C*(A)«(0] t *[A(A)/( / )> . 

where xj,k{h)tm(l)$[k{h)m(l)~\ 

n - v m ^ r? \p = C ( ^ - 2 ) ! ] - * E 9 - t / ( e [ M ] - P ( ^ ^ « ) ) * 
Hij—l^PKttijJpUK-L), Q[hl] 

and XQ[hV[P{km<r-hl)^, 

(Hij)p= / PypWi&dT. a n d £ [ « ] are ( iV-2) ! permutations of electrons 1, 2, 
7 • • • A - l j A + l , . - . , 7 - l ; / + l , •••, -AT, while P(km*-hl) 

Consequently, the energy expression is written as i s
n

a P ^ ^ a t i o n t a k i n g * t o * a *d * t o m> T h e functions 
$lk(h)fn(l)J are related to <£[& W J a s follows: 

£ = £ £ < + £ £ < / , (34) 
< *>> $[*(A)]= ( i V - i ) - * E « ^ « ( 0 ^ C * ( * ) w ( / ) ] . 

where E^D-miD-^nd Ei^D-m^D-K M o r e generally, we define $[*i(Ai)A2(A2)- • -ifen(An)] 
We shall denote (Af— 1)! permutations of electrons ^ v 

1,2, . . . , A - 1 ; A + 1 , . . . , i V by ()[>]. All the TV! per­
mutations are given by iMAi)iM*2)- • ' v M ^ D ^ i ) ^ ) - • •*»(*»)] 

i ,=era-i>(*^-*), *=i,2,•--,ivr, =c(^-»).!]-*E«©-^(e[AiA2---An] 
•P(kik2- • 'kn+— hh2- -hn))*Q[hihz• -hn~] 

where P(k<-h)= (hk). The wave function $, the over- • P ( J M J 2 • • •*»<- W 2 • • • A„ty, (39) 
lap matrix D, and EA are written as 

1 where, by Q[h\h2 • • • A J we denote all possible permu ta­
ck _ y^ f f^.$r^f^)~| tions in which n electrons hih2- • -hn are not involved, 

y/]S[ (35) while P(kik2- • ' f c ^ t t * • -An) interchanges space co­
ordinates AiA2- * 'An with kik2- * •&«. Similarly, we define 

B = E E 5aMpf/(era-p(i«- h)) s by 
ft Q[ft] 

= E<*I*>5[*(A)|A(A)1 (36) 5[fti(Ai)*2(A*)- • ̂ «(A«)|^1
,(A1 ')^'(A2 ')- • ^ . ' ( A . ' ) ] 

and /* 
= /*CAl(Ai)A2(A2)---ftn(An)]t 

ff*=E E ( ^ ) o w p ^ ( e C A ] - P ( A < - A ) ) ^ 
ft Q[fcJ 

= E<A|ae*|A>5[*(A)|A(A)], XS[*i'(Ai')*2'(A8')- • •*»/(An
,)]rfT. (40) 

k 

w n e r e Now we like to prove the most important relation: 
Schwarz's inequality applied to the lengths E I ^ P I 2 

\l/k(h)'$[k(h)~\=[_(N— 1) ! ] " * X) @ of expansion coefficients dp of overlap matrices. We 
Q[h] shall derive and prove the relation in Lemma 4, but 

KU(Q[h~]-P(k ^-h))*-Q[h~]-P(k *—h)\f/, before proving it, we need to verify the following two 
and lemmas. 

14 The spin functions 0 in $ O ( / 0 ] include the spin coordinate 
J of electron h. 
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Lemma 2. The overlap matrix Lemma 3. If the following expansion of a matrix L$ 

S[Ai(Ai)A2(A2)- • •**(**) | *i(Ai)*2(*2) • • •*»(*»)] Lf>="£p dPUf> (P), (44) 

is independent of AiA2- * -A„ and therefore i s v a l id for all representations of <rN, then £ P | < / P | 2 is 

sihihjuh)... *.(*,) i M A O W • • • *»(*»)] r ^ ^% a ,^ jJ?7 te"isfOTmation of L and e ( i u a l 

— <?[""& (b \b (b \ b (b \\ ^ p *-~'k £-im\Jp/™ v I ^ ™ 1 • 
- a L * i W * 2 W - • -Afn^n;| B y t h e u g e o f t h e u n i t a r y m a t r i x r denned by Eq. 

Xk1(k1)k2(k2) • • •*»(*»)]. (41) (i6), the expansion (44) is written as 
From the definition (39) of <£, it is found that Yd=l 

&rki(h1)k2(h2)' - 'kn(hn)'V where d and I are the column matrices, in which the 
P th and the (phm)th elements are given by dp and 

X$[>i(Ai)&2(A2) • • • kn(hn)2dr (fp/N ^Lkm% respectively. Then 

= J1QSP^QPU(P-1QP)> (42) Zp\dp\^dU=m=ZPT,JoZrn(fP/Nl)\Lkm^. 

where the summation E<3 is taken over all the (N—n)\ _ . r . r / i r T . „ ^ I r ._ 
permutations QZhh- • -A,]. To simplify the notations, f ^ ^ * 1 ™ E - l i * - ' ! 1 

we will abbreviate Q^hihz • • • h J , Q[&i&2 • • • &»], and ' n 

P{hhr --K*-hhr • -A,) by G,Q', andi>, respectively. Z / . £ m | !*„,'* |* = £ * E « E* E » J V i j b . T t o . 7 , . * 
Then it is easily recognized that P~lQP are permuta- _ y - y^ | r P12 
tions of electrons not including k\k2 • • -&n, and equiva­
lent to Q'. There are one-to-one correspondences This means that IH and X > | d p | 2 are also invariant 
between Q and Q', and if all the (N—n)l different under the unitary transformation. 
permutations Q are taken into account, the (N—n)l By the use of the expansion (26), ZMS[A(A)| A(A)]Z>~* 
different permutations Q' are generated by Qf = P~1QP. and D-^S[k{h)m{l) | A(A)Z(0]Z>-* can be written as 
Therefore, the summation (42) is equivalent to 

£-iS[A(A) I A(A)]Z>-*=LP 4>(A) I A(A)]PZ7(P), (45) 

E $Q>U(Q') = j #[Ai(Ai)*2(*2) • • • An(An)]f jD-*S[A(A)ro(Z)1 A(A)/(/)]P-4 

X$[Ai(Ai)ft2(*2)- • -An(A»)]rfr. = Z P C * ( * ) W ( / ) | A ( A ) Z ( 0 ] P & ( P ) , (46) 

This proves the lemma. or, more generally, 

ZJ-*S[*i(Ai)A2(A2)- • ^n(An)|^i ,(Ai /)fe /(A2
/)- • •*» ,(A„ ,)]^- i 

= Epd[Ai(Ai)A2(A2)---A„(An)|Ai ,(AiOA2XA20---*» ,(A»0]p^). (47) 
Then it is found that 

Lemma 4. The following inequality relation holds between the coefficients dp: 

E P | < * [ * I ( A I ) A 2 ( A 2 ) . • 'kn{hn)\k1
,(h1

f)k2'{h2
r). • 'kn'(hn')lp\2 

^{Z)pMCAi(Ai)A2(A2)---An(A»)|Ai(Ai)A2(A2)-- -&n(&n)]p|2 

X Z P | 4 > I W ) & 2 W ) - • •in'C*-7) I *1
,(*1,)*2,(*2/) • " -An'tAnOIlpI2}*. (48) 

Since the expression Z>~^5^i(Ai)^2(A2) • • -kn(hn) |&i(Ai)£2(A2) • • -^n(Aw)]Z>~^ is Hermitian, it can be brought into 
a diagonal form Lp by a similarity transformation. From the definition (40) of S, it is found that 

ip=Ft2>-*5,[fti(Ai)A2(A2). • •^(An)|^i(Ai)^2(A2). • •ftn(An)]2>-*7 

= A*[Ai(Ai)A2(A2)- • -A»(A„)]2>-*7}t{$[Ai(Ai)A2(A2). • -A„(A„)]I>-*7}rfr. 

Since Z> is diagonal, the / # functions, 

^={#[Ai(Ai)A2(A2)---A„(A„)]Z^*F}t-, i = l , 2 , • • • , / * 

are orthogonal to each other and therefore we obtain that 

E E | W | 2 = / "{E **(1,2- • - i V W a ' 2 ' - • ' ^ O H E *.-(l,2,- • •iV)«<*(l,2/- • 'N')}dTdT\ 
k m J i i 
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Similarly, 

E E \Lkm''\2= ( { E * / ( l , 2 - • - iV>/*( l '2 ' - • -iV')}*{Z 0/(1,2- • -NWHl'T- • -N'^drdr', 
k m J i i 

where 

L'p = U'tydr, 
and 

* /={^C*i , (Ai , )*2 , (* 2
, ) - - -*» , ( f t» , )p-*n^ * = 1 , 2--- , / f l 

are orthogonal to each other. 
Now we define Lnp by 

L"p= UtydT= [{4>lki(hdk2(h2)-- • ^ ( i ) P - F } t { ^ f t / M f e , ( W - • •*n ,(A» ,)]^ if}^. 

Application of the Schwarz inequality relation to the above expressions for Lp, L /p, and Lnp leads to 

E*E«l^*m , ,M2^{E*E«l^^12-Efc'£«'|^«^|2}*. (49) 
The relations is valid for all the representations of cr. Here we expand Lp such that 

L>=Y,pdPU(P). 
By Lemma 3, we obtain the relation 

Z P M P | 2 = Z P E* E»(/p/iV!)|£*»',|i. 
and furthermore we find that the sum YLp\dp\2 is equal to 

Y.p\d{kl{hi)k2Ql^ ' • •&„(£„) | &i(/&i)&2(&2) ' * -*n(A„)]p|2, 

since Dr~^S[ki(hi)k2(h2) • • -kn(hn) | ^1(^1)^2(^2) • * -kn(hn)~]D~* are obtained from Z> by unitary transformations. By 
Lemma 2, it is also evident that 

d[ki{hi)k2{h2) ' ' 'knQln) I ki(hi)k2(h2) • ' 'kn(hn)^P = d[ki(ki)k2(k2)' ' -kn(kn) I ^1(^1)^2(^2) • • '&n(&J]p. 

This means that we have the relation 

The similar relations will be found for Z> and L',p. Therefore, Eq. (49) can be written as Eq. (48). 
From the discussion given in Sec. II , it is clear that 

is bounded. We shall denote the maximum and minimum values for arbitrary kik2- • -kn by n/max and n/min . Then 
Lemma 4 is written as 

Lemma 4'. 
£p|d[*i(*i)*2(A2)- • 'kn{hn)\k1

f{hl
f)k2

,{h2')" •*„'(*»')> I2 ̂  K.a*)2 . (50) 

Henceforth, we will deal mostly with the case where hi=hi=ki, h2 = h2=k2, • • • and hn = hn=kn. In such a 
case, we shall not repeat the indices hi, h2, • • •, hn in S and d and will use the following abbreviations: 

S£kik2' • -kn\hih2' - 'hn~\^S[_ki{h^)k2{h2)' • 'kn(hn)\hi(hi)h2(h2) • • 'hn(hn)~}. 

d[_kik2- • 'kn\hih2' • • hn~]= d[Jdi(hi)k2(h*) - • -kn{hn) \hi(hi)h2(h2)- • 'hn(hn)~]. 

2. Expansion of Overlap Matrices 

Now we shall evaluate the upper and lower bounds 
w£max and Hmin of YLv\dp\2 defined above. This will be 
carried out easily if we expand the overlap matrices 
S[hi • • • hn-i I hi - - - hn-{\ in terms of 

S[hv ' 'hn-lkn\hv • -hn-lhn}. 

First, we consider Hmax and Vmin. By the use of the 

expansion (45), Eq. (36) is written as 

Applying Lemma 1 to the equation, we find that 

1 = £*<*|*><C* I*]*, (51) 

0=E*<ft|Ay[*|*]p. (52) 
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Therefore, we obtain that 

E P | C * I * ] P I S 

= 1 -£* '{<* I h)d[_k | *] ,+<* | *>*<*[* I A]**} 
+ Z * ' E v ' <& I *><*' I *>*{£p <*[* I *]**[*' I hip*}. 

(53) 

where the summation E&' includes &=1, 2, - - -,h— 1; 
ft+1, ••- ,# . 

From the definition of n/max and Lemma 4', it is 
evident that 

and 

Y,pd[_k\}i]p-d[_k'\h~]p* 

By the use of the above two relations in Eq. (53), it is 
easily seen that the relation 

E P \ d [ h | K ] P | 2 ^ 1+2A !/m a x+ A2C/max)2 

is valid for any h, where A is the maximum value of 
A(A) = E * ' K* I *) I, * = 1, 2• • •, iV. This means that 

( 1 / m a x ) 2 ^l+2A 1 / m a x +A 2 ( 1 

''max/ • 

If A < 1 , the relation is written as 

^ m a x ^ l - A ) - 1 . 

Similarly, we find that 

\ ^minj £ 1 ^ A /max A ( /max) • 

Therefore, 

( 1 - 4 A + 2 A 2 ) ( 1 - A ) - 2 

^ E P | ^ | A ] P | 2 ^ ( 1 ~ A ) - 2 . (54) 

From Eqs. (51) and (52), it is also found that 

( l - 2 A ) ( l - A ) - ^ r f [ A | A ] J ? ^ ( l - A ) - > , (55) 

d[h\hlP^A(l-A)-\ (56) 
and also 

•Lp\dZk\h-]P\^(l-A)-\ (57) 

provided A < 1 . 
Now we consider 2/max and Hm{n. By the definition 

(39) of <£, it is immediately found that 

D-iSlk | * ] ! > - * = E ^ (m | l)D-^Slkm \ U~]Lr\ 

or, in terms of the representation matrices, 

E P d[_k | k~]pU(P) - E P Em r <w | />*[>»I W]PU(P), 

where E™' excludes m=k. By Lemma 1, therefore, we 
obtain that 

dikl\kQp=dlk\k~]p-J^m" (m\l)dlkm\kQp, (58) 
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and also 

= E p | ^ | ^ ] p | 2 - E m , / { ( m | / ) E p ^ l ^ ] p * 
• d|>»I kQp+(m| />* E P <C* I * ] P <£*f» I « ] P * > 

+E™" Em/ ' «m | /><™' I *>* E P < f r I kr\P 

>d£km'\kr\P*}, (59) 

where the summation Em" excludes m = & and /. 
By the use of Lemma 4' and the Schwarz inequality 

relation in Eqs. (58) and (59), it is found that 

{ ( 1 - 4 A + 2 A 2 ) - 2 A / C ( l - A , ) - 1 - A f c
2 ( l - A , ) - 2 } ( 1 - A ) - 2 

^ E P | ^ I ^ ] P | 2 ^ ( 1 " A , ) - 2 ( 1 - A ) - 2 , (60) 

( l - 2 A - 2 A , + 2 A A , ) ( l - A , ) ~ 1 ( l - A ) - 1 

^dlkl\kQB^ ( l - A ^ ( l - A ) - 1 , (61) 

C ^ l ^ p ^ j A + A ^ l - A ^ X l - A ) - 1 , (62) 
and 

ZP I d[_km | « ] P |2 ̂  (1 - A/c)~
2 (1 - A)-2, (63) 

where A& is the maximum value of 

A*(Z) = Em"|<f»|/>|, 7 = 1 , 2 - . - , * — 1 ; * + 1 , •••,7V. 

These relations are valid as long as A < 1 since Afc<A. 
Furthermore, similar relations will be found for the 
coefficients d[_kik2- • 'hn\h\}ir • -hn~]p> 

From the results given by Eqs. (54)-(57) and (60)-
(63), it is evident that the expansions 

^ = E p E * ( * | 3 C A | A y [ A | A ] p J 7 ( P ) , (64) 
and 

Ehl=Zp E * Em {km\^hl\hl)d[_km\hl~]pU{P), (65) 

obtained from Eqs. (37), (38), (45), and (46), converge 
rapidly and provide a practical way to evaluate the 
energy since the higher permutations are indeed negli­
gible. On the other hand, if A is close to or larger than 
1, we have to take the interaction between the nearest 
neighbor atoms explicitly. Then, the summation in A 
starts from the next nearest neighbor atoms. Since the 
overlap integrals between atoms decrease exponentially, 
a satisfactory solution will be obtained by this approach. 

3. Heisenberg's Spin Hamiltonian 

Finally, we shall introduce a more explicit expression 
for the exchange interactions Jp and show that all Jp 
are bounded in a similar fashion as dp. Here the energy 
matrix Ehi given by Eq. (38) will be considered since 
Eh can be treated exactly the same as Eui-

Following the definition of S[_kik2- - -kn\hih2' - -hn] 
and ^k1(hi)k2(h2) - • -kn(hn)~] as given by Eqs. (39) 
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and (40), the expression (38) is written as 

Ehlh2
T = <Aa*i I Whlh21 h^D-iS^h | A i A 2 p - * + £ " <AiA813Cfcl*t | AiA2><A2 | A3)£>-^[AiA3A2 \ h^h{\D~^ 

A3 

+ E " <A8A213CAlfc21 AiA2)<Ai | h^D-iSZhhthi | hh2^jD-
hz 

Ehih2
u = j : f f £ ' " <AiA8|3CAlfta| AiAaXA^lAB^^CAxAsAil A1*2A8]/>-* 

A3 A4 

+ E " E " <AsAi| 3e*i»,l *iA*><A«| A»>2?-*5[MiA4| AIAJAJD"* 
A3 A4 

+ E " E ' " <A«*a| 3e*!*,| AIAJXA^I A,) IKSCA^^ 4 | h^hflD-i 
A3 A4 

+ E " E " <As*i| 3e*,»,|AiA2><A4| A3)D-i5[W3A4 | AiA,A,p-* 

(66) 

A4 

+ E " E " ' E " E " ' <A3A4| o e ^ l ^ X W e l W ^ S p ^ W e l h^hk^D-i, 
A3 A4 A5 A6 

where the summations Y*h" a n d X X ' " exclude h = hh unity. The results (Al l ) , (A20), (A21), and Eqs. (60) — 
A2 and A4=Ai, A2, A3, respectively, Z)A6" and X^A/" ex- (63) together with Schwarz's inequality can be applied 
elude h=hh A4 and A6 = A3, A4, A5, while X A 4 " excludes to Eq. (70), and it will be found that 

Ax and A3 (or A2 and A3). • „ • f f Al~(3Mm^Bl^dllk\kl^m^B1+(3Mma^Bl. (71) 
If we expand the energy expression Ehlh2 in terms of v J ^ L. 1 -H ^ ^ \ / 

£/(P) and take a summation over Ai and A2, we will Similarly, the following relation will be obtained from 
obtain the desired expression for J P as a sum of prod- Eq. (69) when P^ (kl): 
ucts of exchange integrals (km\3Q,hi\ hi) and dp. Before 
that, it is convenient to consider the expansion term 
by term. 

Let us first consider the matrix D~%S[lk \ kf\D~%. 
According to the definition, we find that 

\d{lk\kl~]P\ ^ ( ^ l - ^ l ) + ( 3 ^ m a X ) ^ l (72) 

where 

S[lk\kl~]^U(kl)S[kl\kf\. (67) 

Also we shall expand the expression Dr~,'tJ(R)Dli, as 
follows: 

^ l - A C l - A ^ - A ^ l - A ^ H l - A ) " 1 , 

J B 1 =(1-A A ) - 1 (1 -A) - 1 . 

The other matrices can be handled in the same 
manner, and it will be found that 

D-iU(R)Di={l+Zpa(R)pU(P)}U(R). (68) A2-{3Mw)iB^d[hlk\hkl\m 

By using the above relations together with the expan­
sions (45)— (47), therefore, our matrix will be written as \d[hlk\hkf\p\ ^%(B2—A 2) + (3ATmax)^>2, 

for P^(kl). (74) 
where 

^ 2 = 1 - A ( 1 - A ) - 1 ~ A , ( 1 - A , ) - 1 ( 1 ~ A ) - 1 

- A . K l - A ^ a - A ^ - K l - A ) - 1 , 

Bi= ( l - A ^ - K l - A ^ - ^ l - A ) - 1 . 

Let us now come back to the total energy, 

D-*S[lk\kflD-t 

= D-*U(kC)Di • D~*S[kl I JW]Z>-i 

-{l+ZQa(M)QU(Q)}U(kl)^{i:Qfdlkl\kqQfU(Qf)} 

= ZP { r f [« |* / ]p(*i )+Eo a{U)Qd[kl\W]pQ-^m}U{P). 

The matrix D~*S[lk\kf\D~% can also be expanded di­
rectly as YIP d[lk\kl~]pU{P). Comparison of the two 
expansions shows that 

d\Jk\ kfjp^d^kllkl^p^i) 
Q~Hm. (69) 

In case of P= (kl), this relation becomes 

dllk\kQiki) = dZkl\kr\B 
+Y,Qa(kl)Qd\kl\kl]{lci)Q-\ki)> (70) 

In Appendix C, we shall examine the expansion (68) 

X) 2 ^AiAo, 
A I > A 2 

and expand it as follows: 

ZY,Ehlh2=j:JpU(P). 
h\>H P 

(75) 

By using expansions (46)^(47), the energy matrix 
Ehth2 can also be expanded in terms of U(P). Compari-

and prove that J2P\a(R)p\2 is small as compared with son of the resulting expansion with Eq. (75) shows that 
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the exchange interaction energy J a between electrons i and j is given by 

Jil = (ji13d,| ij)d[ji|y]W)+E" {0'*13C«| iA><»|./>+<**13e,»|y*>(j | i )}d\ j ih | yA] («, 
ft 

• V I = i E ' E " <As*i| 3CM»,| A i A M M i l M » ] W ) + E ' E " E ' " <A«A«| 3e4l»,|M.KAil A»V[Ai*iA»|*i**A»](«o 

• V n = E E ' E " E ' " <AiA.| se*,*,! A ,̂><*4| A.VC*i*»A4| AiAsAJw 
Ai ^2 ^3 J14 

+ E E ' E " E ' " <A^i|3e»IA1|AiAs><A4|A,yCA^,A4|AiA8A,](<0 
ftl ^2 ^3 ^4 

+1 E E ' E " E ' " Z"!,'" {hlh,\Xhlhi\hlhi)(hMhh,)dlhihihMhihih3h,']{ij), 
hi h% hz ht hfr h& 

(76) 

where X ^ / X^ 2" m J a11 excludes hi, h2=ij j and j , i as The second term Ji3
xl is a small correction term to 

well as /?i=#2. J-„I# T^g vvill be seen if we consider a perfect crystal. 
By applying relations (70)^(73) , we find that , , , 

.. . Here we assume that there are TV permutations 1 of 
^ _!f' / i , * ^ , . 7 T ^ , \ ,., 1 . .,v/ 1 .V-, electrons, which are also elements of the translation 

+ E » " ^ ' ^ • ^ l ^ + ^ ^ g j group of the crystal. As we shall discuss later in detail 

< / , / ^ (jiIX*I ij)BJil+ (3Mm a x)i] maX a n d w i l 1 8 i v e i n E 1 S - (9 1) a n d ( 9 2 > > t h e summation over 
+ E f t " [< jA 13Ca I ih)(i \ j)+(ih 13C^ | jA)(; | *)] lattice points hx in / y " can be replaced by the summa-

X-B 2 [ l+ (3Afmax)*]. (77) tion over translation T such that 

Jall = h E ' (A^lKaltA,) E " rfC^|*]rw)r-.+E' E " <A*A,|3C«|«A,><t| A,> E " <£*«**»! *A«A«]rW>r-', (78) 
hq T hi hz T 

where J2H and XU3" exclude h2 = i and hz=i,h2, notice that 
while ] [ > " excludes T=E, when h2=j, and J1, which <i[^|^](Zm)~^[^|^(M)(?m). 
shifts i a n d j to & and i, when /z2 = &. By T(ij)T~l, (ij) 
is shifted to (ITIT)- Furthermore, we are able to show that 

Here the summations £ r " < C M * d i W - ' and C * l * ] ( * « ( w « d [ * | * ] ( W . d C * | * ] ( f c B ) l (81) 

Z) r" d[h2ihz\ih2h~]T(ij)T-1 as long as neither & or & is equal to I or m. Since both 

7 r , .i ., -, . d[kI k\kh) and d£ft I k~](im) are bounded as given by Eq. 
converge rapidly, since d[Jii\ih]Tiij)r decreases pro- ( 5 6 ) a n d s m a l l e r t h a n 1 w h e n A < 1 ? &e a b o v e t w o 

portionally to exp ( - i c ) , when the distance R between r e i a t i 0 ns lead to 
ih and T(ij)T~l increases. This will be explained as fol­
lows. For simplicity, we shall show that d[k\k~\(im) de- Id[k\k~](im) \ > \d£h\k~](im) |. 
creases proportionally to exp(—R). where R is the dis- ^ i t u. . ,u , 

, \ ^ 7 ; ^ K
 J

 n . J 7 r . . , . . - . Therefore, we obtain that 
tance between k and m. The extension to d]jj\ijj(im) 
or d\ji| ij~]{im) is trivial. | d[k \ k~]{im)JrY.h,r (h\ k)d[h\ k~]{im) \ 

Let us consider the expansion > (1—A) [ d[k \ * ] ( f t n ) | . 

1 = D-x*DD-?=D-x*S\_k | k~]D~^ Use of this result in Eq. (80) gives us the relation 

+ E V <* I h)D-*S[h| k]Dr-l | </1 *> | | rf[/1 * ] ( f t n ) | + | (w | ft) | | dim \ k~]{lm) \ 
= ZpdZk\k-]PU(P)+Zh' (h\k)T.pdZh\klPU(P). > ( l - A ) | J [ * | f t ] ( l w ) | , 

(79) or 

By taking the term P= (fm), we find that | d C * | * ] ( w | < A ( l - A ) - { | < i | * ) | + |<m|*>|}. (82) 

d[&|*!](«»») =—Hh(h\k)d[h|£](fo») This shows that d[k\k]{im) should decrease proportion-
= — (l\k)d[l\k~](im) — (m\k)d[m\k~]^im) ally to exp(—R), when the distance R between k and 

— ILH" {h\k)d[h\k]{im), (80) hm increases, since the overlap integrals (l\k) and 
(m\k) decrease as exp(—R). This will be true if Eq. 

where X V " excludes h=k, I and m. From Eq. (67), we (81) is valid. 
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The relation (81) will be justified as follows. By using 
the expansion (79), D~$S[k \ k~]D~% is written as 

D-^S[_k\k~]D-^l-Y<h (h\k)Lr^S[h\k]D-^ 
= 1-Eh(hk\ kti)D-x>S[hk | kh]D-^ 

- L A Hi {hl\kh)D-^S[hl\kh~]D-K 

Because of the relations (68) and (A20), it is evident 
that the main contribution to d[_k\k](kh) comes from 
the term 

- (hk | kh)D-^S[hk | M]ZM 

= -(hk\ kh)Dr\tJ(kh)D*D-*S[_kh \ kh]D~K 

Since D~*U(kh)IJ-^~ U(kh) and d{Jzh\khr\E^ 1, we find 
that 

C* I *](*««-<** | *A>, (83) 
and also 

d[k | *](fcA) dm) ~ — {hk\ kh)d[kh | kh](im). (84) 

On the other hand, D~*S[k \ k~\D~% will be expanded as 

D~*S[k | k~]D~*=D-*SZkh | M]ZM 
+Y,i(l\h)D^S[kl\kh]D-K 

Here, the main part of the second term is YLi QI h)U(hl) 
and this will not give appreciable contribution to 
d[k\k](im). Therefore, 

d[k\k^im)~d[kh\kti]{im). (85) 

The relations (83)- (85) justify Eq. (81). 
This proves that the second term Ji/1 of the exchange 

interaction should also be bounded. The first term of 
Ji/1 is less than 

iE '<Mrc t t . l **2>CBi - ;4 i ) 

+i £ ' £ ' (h2hz\3Cihz\ih)(i\h2XB2~A2), (86) 

and the higher terms will decrease proportionally to 
exp(—R). From this proof, it is clear that the argu­
ments remain correct even if the crystal is not perfect. 

The third term TV11 is a contribution from E^h/1-
I t is possible to bound J a111 like Ji/1, although the 
expression will become very complicated. Without carry­
ing out the direct method, however, it is easily seen 
that Ji/11 is small for the following reasons. First, 
EhLh2

u is smaller than Ehlh/ by a factor A. Secondly, 
the main part of E^h11 belongs to the three electron 
exchange interaction terms J(ij)Uk)U((ij)(jk)). The 
difference between E^h/1 and the three electron ex­
change interaction terms will be found to be small, 
while the main part J(ij)o'k/u of the three electron ex­
change terms can be calculated in a similar way as Ji/. 

Up to this moment, we have shown that the energy 
matrix E can be expanded a s ^ p JpU(P) and that the 
terms / # for permutations of single pairs (ij) are 
equivalent to the Heisenberg exchange terms. Further­
more, J ij can be given by Eq. (76) and the values 

should be bounded as shown by Eqs. (77) and (86) and 
the subsequent text, when A < 1. Those arguments show 
that exact values of J# should not be so different from 
values obtained by omitting higher permutations as 
long as A is small as compared with unity. In addition, 
it has been shown that Jp for higher permutations P 
is smaller than J a by a factor A. The foregoing argu­
ments disprove the nonorthogonality catastrophe. Al­
though we have not given explicit calculations in cases 
where A ^ l , it is evident from the discussion in Sec. 
III.2, that dp can be bounded similar to Eqs. (54)— (57) 
and (60)—(63). The exchange interaction energy Jp 
will be calculated similarly, and higher permutations 
and exchange interaction energy between distant elec­
trons will vanish. However, effects from second- and 
third-nearest neighbor atoms will not be negligible when 
A is not small as compared with unity. The exist­
ence of antiferromagnetic substances such as MnO 
indicates this possibility. We shall discuss such a case 
in a future communication. 

Finally, we shall show that the total energy calcu­
lated is proportional to the number N of electrons in 
crystals regardless of whether we use the energy ex­
pansion (3), the effective Hamiltonian (4), or the 
Heisenberg spin Hamiltonian (2). This assures that the 
use of the Heisenberg approximation as well as the 
existence of the expansion proposed here is really 
justified. 

We define the energy E(i) attributed to the ith elec­
tron by 

1 1 
£(*) = £ JRU(R) = ZT, JRMU(RM), (87) 

R MR M RM MR 

where the summation J^R includes all permutations 
which shift electron i from orbital ^ to other orbitals. 
Furthermore, we classify the permutations as follows. 
By RMj we consider all possible permutations of MR 
electrons by which orbitals xf/i, \pi2, ,̂-8, • • •, \piM are re­
placed by xpj, \pJ2, • • •, \pJM such that fc^fc and xpik^xpjk 

for k=2,3, • • •, M, while the rest of the electrons are 
not permuted. The fact 1/MR must be inserted in Eq. 
(87) since the same permutation will be taken into 
account MR times when we consider E(ik) for k=2, 
3>--->M-

For simplicity, we shall consider E(i) in a perfect 
crystal and show that E(i) is finite and the total energy 
of the crystal is given by NE(i). Furthermore, it will 
be shown that the main part of E(i) is described by 
i m/JijUtyj). This indicates that the exchange inter­
actions between two electrons are indeed dominant as 
compared with the effect of simultaneous permutations 
of more than two electrons as long as overlap integrals 
are small; and the expansion (4) or (33) converges 
rapidly in many-electron systems. The perfect crystal 
here means that there exist N permutations T of elec­
trons, which are at the same time elements of the 
translation group of the crystal. By applying T to \p, 
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electrons 1,2, --,N are shifted to orbitals ^T^T^ 
• • •, $TN, but fav \f/Ti, • • •, ^TN are equivalent to 
*Ai, \^2, • • •, "&N in the following sense: 

^Ti^Tjdr= NsffadT, (88) 

for any pair of i and j . 
Let us consider the summation 

/?(i)=E ,£^=E ,E ,E ,<*i*8 |ac t-Aa |tt2> 

XEC*i*2 | i*2]pJ7(P) . (89) 
p 

From the results given by Eqs. (60)-(63), it is evident 
that F(i) converges and is not very different from 
i Z ) / JuU(ij), if A is small as compared with unity. 
Since AH permutations P can be divided as (1/MR) 
XTRT~\ Eq. (89) is written as 

where 

1 

R T MR 
(90) 

JTRT-*(f) = lL,' Z ' E ' (klk2\Wih2\ih2) 
h,2 kl &2 

Xd[_kMih2~]TRT~^ (91) 

and, in the summation E r , only independent elements 
TRT~l are taken. Since TiTj=TjTi, the representation 
matrices £7(T) of T are constant, £/(P) of o-jy can be 
written as U(Q) given by Eq. (A5).15 Because of the 
symmetry relation (88), it is also evident that 

JTRT-1(i)=JR(Ti~
1), 

where electron i is shifted to Tfl by translation T. 
Therefore, we find that 

E r JTRT-^ = I:T JR(T^) = JR, (92) 

and the invariant part of F(i) is written as 

1 
*"(*) = E JRU(R), 

R MR 

which is equivalent to the expression (87). This proves 
that E(i) is finite and not far different from § E / J a 
XU(ij). From Eq. (88), it is also clear that E{i) is 
independent of i and the total energy is given by NE(i). 
If we apply a similar technique to the second part 
Ehxh^1 of the energy matrix (66), it will be easily proved 
that the contribution from Ehlh2

u to E(i) is really a 
small fraction, ^AXE(i). 

In conclusion, use of the effective spin Hamiltonian 
(4) is practical since the series converges rapidly. If A 

15 Here we have applied the same argument as the one used in 
Appendix B. Since the first gXg parts and the diagonal elements 
of F(i) and E(i) can have nonvanishing elements and the rest of 
them vanish identically. 

is small, the Hamiltonian becomes equivalent to the 
Heisenberg spin operator. If not, we may need more 
terms and the Heisenberg model will become somewhat 
less accurate, but it will still be possible to obtain a 
satisfactory solution by the use of the effective Hamil­
tonian (4). 
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APPENDIX A 

Here we shall show that all the energy integrals Up 
defined by Eq. (22) are bounded. For simplicity, we 
assume the one particle approximation where \p is 
given by Eq. (11) and we write \p as 

^ ( i , 2 , - . . , y y ) = ^ ( i ) ^ ( 2 ) . . . ^ ( i V ) . 

The following proof will be easily extended to the more 
general case where ^ is given by Eq. (12) as long as \f/ is 
normalized. 

By the definition of EQ, it is found that 

H (12 ) = <2|3C(l)|l><l|2>+<l|3e(2)|2><2|l) 
+ <21|7i2 |12>, (Al) 

where (12) is the permutation of orbitals 1 and 2. The 
definition of the other notations will be found in Eq. 
(A3). In general, we denote by (1,2,- • -,M) the permu­
tation of M electrons, by which orbitals 1, 2, • • •, M 
are replaced by Pi , P2 , • • •, PM, respectively, such that 
PiT^i for i= 1, 2, • • •, Af, while electrons M+1, • • •, N 
are not permuted. Then we find that 

M M 

firci.2...if)=E<^|3e(i)l*) I I (Pk\k) 

MM M 

+ I E E {PtPi\Vn\if} n <P*|»>, (A2) 
C/Vl) (k^i or j) 

where 

<p<|5e(*)|*>=<P<|3e,(t)|f>+ E {Pn\Vii\u), 
l=M+l 

3C' (i) = 3C0 (i) - (i 13C0 (i) \ i), 

Pi2 *' ZA 

wQ(i)= e 2 E —, 
2m A=I YA% 

e" / I 1 ! \ 
Vij= e2<tj\ — hj>, 

(A3) 
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Here (PiPj \ Vi3- \ ij) decreases in proportion to e~R when 
the distance R between the centers of the electrons i 
and j increases, while the number of electrons j local­
ized between the distances R and R-\- AR from the center 
electron i will be proportional to R2. This means that 
both (Pi\3C(i)\i) and 

M 

E (PiPAViAij) 

should converge to finite values even if N—* <*>. We 
shall denote the maximum value by I. The overlap in­
tegrals (k\l) are smaller than 1, since the atomic orbitals 
are normalized. We denote the maximum value by S. 
From Eq. (A2), therefore, we find that 

and also 

For M=2, £T(i2) is clearly finite as shown in Eq. (Al). 
Since »S~0.1^0.2, the maximum value of Hp for M>2 
decreases rapidly and vanishes in practice. This proves 
that all the energy integrals Hp are bounded. 

APPENDIX B 

In this Appendix, we shall show that, even if AM 
functions P\p are not linearly independent, I?~l and the 
expansion (3) or (28) exist and therefore assumption 
(c) used in Sec. I I is not necessary. For simplicity, we 
consider the case where ^(1,2- • -N) is symmetric with 
respect to exchange of two electrons in r pairs (1,2), 
(3,4), . . . , ( 2 r - l , 2 r ) . 

We denote by h the subgroup of cr^, consisting of 2r 

elements 
e=(l,2)M(3,4)*»- - . ( 2 r - l , 2 r ) * ' , 

where Xi, X2, • • •, Xr can take the value 0 and 1 inde­
pendently of other X's. Then 

If we select s = Nl/2r elements Pi , P2 , • • •, Rs of the 
AH elements of GN in such a way that Ru~

xRv^h for 
any pair of Ru and Rv, all AH elements of &N can be 
obtained in the form RQ where Q&i. We assume that 
all the 5 functions R\p are linearly independent. The 
overlap matrix D will then be given by 

D=ZRZQSRQU(RQ) = I:RZQSRU(RQ)) (A4) 

because 

SRQ= JRQWdT^ RWdT=SB. 

Since QiQj=QjQi and Q2 = E, all the irreducible repre­
sentations of h are one-dimensional and the matrices 

are either (1) or (—1). Then it is possible to make the 
matrices of the representation 5)s of VN in such a way 
that the matrices for elements of the subgroup h appear 
in diagonal form: 

Ukh(Q) = ±8kh for Q&t. 

Here we shall number the rows and columns of the 
matrices such that the first g diagonal elements are + 1 
for all the 2r matrices U(Q). 

tf**(e)=i, 1 0 ^ * , Q& (A5) 
while the other diagonal elements Ukk(Q), g<k^fs 
take the value — 1 for at least one of the elements Q. 

Lemma 5. The first g members of <£ with given S are 
linearly independent and the rest of them vanish 
identically. 

To prove this lemma, we shall consider a possible 
linear combination among i>m {m— 1, 2, • • •, g): 

Since the spin functions 0 are linearly independent, 
we find that 

= HR {T^Y.QCnUhm{RQY)Rp. 

As the s functions Rp are assumed to be linearly inde­
pendent, the coefficients must vanish; 

o = E « E « c m C M * e ) * , 

where Ukm{RQ)*''=Ukm(R)* because of the structure 
of U(Q) given by Eq. (A5). Therefore the relation 

0 ~ E m CmUjcm (R) 

holds for all AH permutations of aN. Multiplying this 
by Ukn(P) and summing over P, we obtain 

0 = EmC m Ep^n(P)^*»(P)* 
= EmCm{(iVr!//^)fim„} for »=1,2 , ••-,£. 

This implies that C m =0, for m— 1, 2, • • • , £ , and the g 
functions <£>m (m=l,2, • • •, g) are linearly independent. 

If m>g, there exists at least one Qo of h for which 
Ukk(Qo) = -1. Then we find that 

1 
*«= E ®*E Ukm{P)*P* 

V(Ni) * p 

1 
= E ®*Eh{UUP)*P*+Ukm{PQ*)*PQ4}, 

V(Nl) * P 

= 0, 

since ^ m (PQo)* = E i ^ i ( P ) * ^ ( C o ) * = - ^ w ( P ) * . 

From Lemma 5, it is evident that with the exception 
of the first gXg part, all the elements of D vanish. I t is 

{#(l,2...ilf+l)} max M+l a 

— —=-rr s > S<L
 O=ECA 

\£L (l,2.-.ikf)/max M m=l 
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still possible to assume that, since D^=D,D is diagonal. 
As g functions <£>4- (i=l, 2, • • - ,# ) are linearly inde­
pendent, there exists an e such that 

A-»^e>0 , for i = l , 2, • • • , £ , 
while 

Dn=Q, for i>g. 

We define D~l as the diagonal matrix, in which the first 
g elements are given by A r 1 (^= 1> 2, • • •, g), respec­
tively, and the rest of the elements vanish. 

If we assume that D~l can be expanded as 

D~1=EP TPU(P) = ZR E Q TRQU(RQ), 

then we find that TRQ=TR for all 2r permutations Q, 
since the first gXg parts of U(RQ) are invariant with 
respect to Q while the rest of the matrices vanish. The 
coefficients TR should satisfy the relation 

T,RTRSR-IR' = 8ER> for 22'=1, 2, • • • , * , (A6) 

instead of Eq. (25). Here s functions R\// are assumed to 
be linearly independent and the gXg determinant \S\ 
does not vanish. Therefore, we find that TR are all 
bounded and determined uniquely, by Eq. (A6). 

Likewise, D~% can be expanded in terms of U(P) and 
therefore J can be calculated uniquely, as we have 
proved in Sec. I I . 

In case ^(1,2,- • *,N) is antisymmetric with respect 
to the permutations Q, the diagonal elements of the 
invariant parts of the matrices U(Q)y from which the 
nonvanishing wave functions are made up, have the 
value — 1 . The more general case can also be treated in 
a similar way. 

APPENDIX C 

The expansion of Dr-*U(R)D* given by Eq. (68) will 
be the subject of this Appendix. First, we consider a 
commutation relation between D and U(R). Since D is 
expanded in terms of U(P) as shown in Eq. (23), we 
find that 

U(R)D=ZP SPU(PR) = J:P SpUiR-iPR) • U{R). 

By introducing the notation 

X(R) = Z P SPU(R~1PR)-D, 

the commutation relation is written as 

U(R)D= (D+X(R))U(R). (A7) 

The matrix X(R) for any permutation R can be 
calculated similar to Eh. As an example, we shall con­
sider the case where R= (hi). The N\ permutations P 
are divided as follows. 

P = Q[hl~]P[km]. 

The matrix X(R) is then written as 

* ( * ) = E P SRPR->U(P)-ZP SPU(P) 

= E E (SBQp>B-i-sQp,)ff(QP') 
P' Q 

= E " (m| h)S[hm| hQhi-E" (m | l)S[hm \ hl~] 
m m 

+ E " {k | l)S[kl | htju- E " (k | h)Slkl I hQ 
h k 

+Z"Z"'(km\lh)Slkm\hQu 
k m 

- E " E ' " (km I hl)S[km | hQ, 
k m 

where P' is an abbreviation of P(krn*—hl) and both 
E / ' and Em" exclude h and /, while Em" excludes h, 
I, and &. In S[km \ hf\hh orbitals \f/h and \pi are inter­
changed. Since the overlap matrices S can be expanded 
such that 

E " (m\h)Slhm\M2hi=i:,/ E " <wr| Af»>5[Af»r| A6»]„, 
m m r 

the matrix M=D~iX(R)D~i is given by 

= E " E " {mr | hm)Dr-iS[hmr \ Um~\hjy-^ 

m r 

+ E " E " <&|/£>#-is[M|M&]«z>-* 
k t 

+Tl"i:"'L'"L'"(kmtr\lhkm) 
k m t r 

XD~hS[kmtr \ hlkm~]hlD-^ 

- E " E " (mr\lm)D-iSlhmr\hlnf\Jy-^ 
m r 

-j:"Il" (kt|hk)D-iSlklt|hlk^D-i 
k t 

- E " E " E " E ' " (kmtr\hlkm) 
k m t r 

XD-^S[kmtr \ hlkm]D-K (A8) 

We shall evaluate the maximum values of the di­
agonal elements of matrices such as 

^ p - | * . ] ^ = / l * [ * » ^ . ) ' ( * C « » ^ l * . 

By applying Lemma 2 and the Schwarz inequality rela­
tion, we obtain the following equation: 

| {D-lSlhk*• • -kn| ki'kt'• • • kn'lD-i}u| 

^ {D-iSZkJs,- • -kn\kjir • •krjD-iju1' 
X {D-KS [*i V •••* . ' | *i V • • • K'^D-i} «* 

^ "/max, (A9) 

where by {X}<j we denote the ii element of matrix X 
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and by n/max the maximum value of the diagonal ele­
ments of D~^S\jkik2- • -kn\kik2'' -kn]D^^ for arbitrary 
&i&2* • -kn. Since Eq. (A9) is similar to Eqs. (48) and 
(50), the discussion in Sec. III.2 can be applied to the 
present case and we find that n Ux= n Lax > This means 
that 

1 4nax<( l -A) - 1 

% n a x ^ ( w " 1 4 n a x ) ( l - A A l A 1 . . . f c n _ 1 ) " 1 ( A 1 0 ) 

where A ĴL^2...̂ n_1 = X^iCn_1) I (*|^»)| and the summation 
^t(n-i) excludes t=h^hr • -hn-\. 

From Eqs. (A8)~ (A10), we obtain that 

M m a x ^ 2 A , 2 ( l - A , ) - 2 ( l - A ) - 1 + 2 A z
2 ( l - A z ) - 2 ( l - A ) - 1 

+ 2A2A,A,(l-A)-4, (All) 

where ikfmax is the maximum value of the diagonal ele­
ments | Ma |, that is, 

\Mu\^Mm^. (A12) 

Now we shall consider a commutation relation be­
tween D* and U(R). Let us write the relation as 

U{R)D^[D*+Y{R)~]U(R). (A13) 

By using the matrix Y(R), D~iU(R)D^ is written as 

D-*U(R)D*= Zl+D-iY(R)lU(R). 

Comparing the relation with Eq. (68), we find that 

N=D-*Y(R)=£,pa(R)pl7(P). 

We shall prove in the following that J^p\a(R)p\2 is 
smaller than 3ifmax and therefore the dominant term 
in D-*U(R)D* is U(R). 

From Eqs. (A7) and (13), we obtain that 

D+X(R) = ZD*+Y(R)XD*+YW], 

or, by the use of M and N, it can be written as 

1+M= (1+N)(1+N*), (A14) 

since Y(Ry=Y(R). By taking the ii element of the 
matrix equation (A14), we find that 

M%i=2Nu+Y.k\Nilc\\ (A15) 

where Nu* = Nu. This means that 

•Mmax ̂  2Nu, for any i. (A16) 

I A R A I 

The lower bound of Nu is obtained as follows. From 
the definition of M and Eq. (A7), 

M=D-*U(R)DU(RyD-*--l. 

The ii element is given by 

= E * I Ua 120D***A-r*-1) (Dkk*Dir*+1) • 

Similarly, 

Nii=^k\Uik\
2(DkkWH^-l). 

Let us assume that Njj is the minimum of the diagonal 
elements Nu and Du the maximum of Du. We denote 
Njj and Du by Nmin and -Dmax. Then 

Nm^Njj^Zk\ Ujk\2(DlckiDmax~i-l), (A17) 

since {Dk^Dm^-\)^{Dh^Djrh-l). We also find 
that 

- M m a x ^ E * | Ulk\
2(DkkWm^~i-1)(DkkWm^+1). 

From the definition of Ifmax given by Eq. (Al l ) , it is 
evident that the above relation is valid regardless of 
the structure of the representation matrix U. This 
means that this relation is valid, even if we interchange 
the jth and Ith. rows of U. Then it follows that 

- M m a x ^ E * | Ujk\
2(Dkk^Dm^-l) 

X(Z>***An«-M-l). (A18) 

Comparing Eq. (A18) with Eq. (A17), we find that 

iV r
m in>-Mm a x , (A19) 

since 1 <Dkh
iDmfar^+1< 2. 

From Eqs. (A15), (A16), and (A19), the following 
relation is found: 

HANi^Mu-lNu^M^. 

By applying Lemma 3, therefore, we obtain that 

^EpE- ( /p / iV! ) -3 i f m a x . 

Since E P Hm{fP/N!) = 1, we find the relation 

T,p\<R)P\%3Mmaic, (A20) 
and also, 

\a(R)E\^(SMm^)iJ (A21) 

where Mm a x is given by Eq. (Al l ) . 


