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The Mandelstam representation is used to derive fixed-angle dispersion relations for the twelve scalar 
amplitudes describing the process y+N —» 7+iV. The electromagnetic interaction is calculated to order e2. 
The strong interactions are estimated by including one- and two-pion exchange on the left-hand cut. These 
depend on the 7r° —» 2y decay lifetime and on the T = 0 inr phase shift and the total cross section for photo-
production of pions on pions, respectively. The right-hand cut is estimated by allowing the exchange of a 
nucleon and a pion-nucleon pair, which depend on the amplitude for meson photoproduction on nucleons. 
The low-energy limit theorem provides an important tool for estimating the subtractions required in the 
dispersion relations. 

It is hoped that the representation will be accurate for barycentric photon energies up to approximately 
300 Mev. 

I. INTRODUCTION 

TH E possibility of much improved accuracy in 
photon scattering experiments,1 especially in the 

energy region just below the pion nucleon 3,3 resonance, 
and the failure of present theories2 to account fully for 
the experimental data suggest that it would be useful 
to analyze the problem of photon scattering on nucleons 
in some detail. To this end we have used the Mandel­
stam representation to set up fixed-angle dispersion 
relations for the photon-nucleon scattering amplitudes. 
We work to second order in the electromagnetic coupling 
constant, so that the jump on the right-hand cut of the 
dispersion relations will not contain directly the Comp­
ton scattering amplitudes. This being so, there is no 
advantage in writing dispersion relations for the partial 
wave or multipole amplitudes, since one does not end 
up with integral equations. On the other hand, the 
position of the cuts with respect to the region under 
investigation is strongly dependent on the scattering 
angle so that a comparison of the energy dependence of 
the amplitudes at different angles will provide us with 
some knowledge of those portions of the cuts which we 
cannot evaluate directly. 

On the left-hand cut we shall include the effects of 
one- and two-pion exchange. The importance of the 
former, which leads to a pole whose residue is closely 
related to the ir° —> 27 decay lifetime, has been realized 
for some time.2 A disagreement as to the relative sign 
of this term, is, we believe, finally settled. 

The two-pion contribution, on the other hand, has 
been completely ignored up to the present. Because of 
the boson nature of the photons it turns out that only 

* This work was supported in part by a grant from the U. S. 
Air Force, European Office, Air Research and Development 
Command. 

t Now at CERN, Geneva. 
1 G. Bernadini, A. O. Hanson, A. C. Odian, T. Yamagata, L. B. 

Auerbach, and I. Filosofo, Nuovo cimento 18, 1203 (1960). 
2 M. Jacob and J. Mathews, Phys. Rev. 117, 854 (1960). 

an isotopic spin-zero two-pion state is possible. Not 
much is known about the T—0 ir-ir interaction though 
Hamilton et a/.3 (in their study of TT-N scattering) find 
evidence for a very strong interaction. On the other 
hand, recent experiments,4 which yield a measure of the 
7r-7r c m . correlation in pion production, do not show any 
evidence of a T=0 resonance or strong interaction. I t 
is therefore of added interest to see whether a suitably 
chosen s-wave interaction is able to improve the agree­
ment between theory and experiment in nucleon Comp­
ton scattering. 

On the right-hand cut we consider one-nucleon and 
pion-nucleon exchange. The former leads to Born terms 
analogous to the usual second order Compton scattering 
amplitude. For the latter we require a knowledge of the 
meson photoproduction process, which we hope to take 
from experiment. At present the data are not quite good 
enough to allow an accurate multipole analysis but we 
hope that this situation will soon improve. 

The spins of the nucleon and the photon add enor­
mously to the complexity of the problem, so we shall 
be content, in the present paper, to set up the formalism 
and leave the actual numerical calculation for a future 
publication. 

Section I I contains the kinematics of the problem, 
and the spin and isospin decomposition of the scattering 
amplitude. The helicity expansions for the yN —•> yN 
and NN —•> 77 processes are given, and expressions for 
various experimentally measurable quantities are noted. 

In Sec. I l l we introduce the Mandelstam representa­
tion and use it to set up fixed-angle dispersion relations 
for the yN —> yN process. 

Section IV uses the unitarity condition to calculate 
the weight functions required in the dispersion relations, 

3 J. Hamilton, P. Menotti, T. D. Spearman, and W. S. Wool-
cock, University College, London (to be published). 

4 A. Abrashian, N. E. Booth, and K. M. Crowse, Phys. Rev. 
Letters 7, 35 (1961). For references see V. DeAlfaro and B. 
Vitale, Phys. Rev. Letters 7, 72 (1961). 
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FIG. 1. Channels I and II I of the two-nucleon, 
two-photon problem. 

in terms of the amplitudes for the processes 

y+N-*N, 

N+N->ir°-*y+y, 

N+N - + 2 T T - * 7 + Y . 

In Sec. V the low-energy limit theorem5 for photon 
scattering is used to estimate the subtractions required 
in the dispersion relations. 

Section VI contains the conclusions, and in the Ap­
pendix can be found some of the less palatable aspects 
of the unitarity calculations. 

II. KINEMATICS 

a. Processes Considered 

We shall consider simultaneously the three processes 

7 i + # i -> 72+N2 (Channel I) 

72+N! -> yi+N2 (Channel II) 

N!+N2 -> Ti+72 (Channel I I I ) , 

where Ni, N2, 7i, 72 have incoming 4-momenta pi, p2, 
ki, k2, respectively (Fig. 1.) Conservation of energy-
momentum implies that all scalars may be expressed in 
terms of the three variables6: 

s=-(pi+k1)\ 

s=-(pi+k2)\ 

t=-(pi+p2)2, 

(2.1) 

which satisfy the mass-shell condition s+s+t=2m2 

{m being the nucleon mass). 
For the barycentric system of channel I, we have 

8= -2p2(l+cosd)+[(p2+ni2)*-pJ, 

t=-2p2(l-cosd), 

(2.2) 

5 M. Gell-Mann and M. L. Goldberger, Phys. Rev. 96, 1433 
(1954); F. E. Low, Phys. Rev. 96, 1428 (1954). 

6 In our metric, a-b = a-b — a0bo. We are also working in the 
system of units h—c—\. 

where W is the total barycentric energy, p and 9 are 
the magnitude of the barycentric 3-momentum and 
scattering angle, respectively. Note that 

p=(s-m2)/2^/s, 

{s-m2)2+2st (2.3) 
COS0 = . 

(s—m2)2 

In the barycentric system of channel I I I we have 
similarly 

s= — 2K2—m2— 2K COS^(/C2+W2)^, 

§= -2K2-M2+2K c o s ^ + w 2 ) * , (2.4) 

;=4&2 = 40c2+m2) , 

where K is the momentum of the initial nucleon and k 
that of the final photon, \p is the scattering angle, and 

cos<A= (s-s)/[t{t-^m2)J. (2.5) 

b . Decomposition of the S Matrix 

The S matrix for the process may be written in the 
form7: 

S=l+iR, (2.6) 

where R is related to the Feynman amplitude F by 

^=w(27r)-2(#1 0^2o^io^2o)-^(^1+^2+^1+^2)^. (2.7) 

Since F is bilinear in the photon polarization vectors 
we may write, in channel I : 

(72^2 i F17iATi) = e2v^u2 ( - p2)FllvUi (px) eiM, (2.8) 

where ei, e2 are the polarization vectors of 71, 72 and 
Ui, u2 are the initial and final Dirac spinors which 
satisfy 

(iypj-{-m)uj=0y j=l,2 (not summed). 

Neglecting for the moment the charge degrees of 
freedom, an inspection of the possible spin and polariza­
tion states reveals that six independent amplitudes are 
necessary to describe the process. The form of these 
as required by the principles of Lorentz and gauge in-
variance, parity invariance, and charge-conjugation in-
variance has been fully analyzed by Prange.7 He 
shows that F^ may be written in the form: 

p;pv
r N,NV 

F^AiisJtS) \-A2(s,t,s)-

+Az(s,t,B} 

p'2 ]\J2 

(P/Nv~P/N,)iy, 

(P'2N2)? 

PjPjiyK 
+A4(s,t,s) \-As(s,t,S)-

pt2 N2 

(PjNv-PjN,)iydyK 
+A*(s,t,8) . (2.9) 

(Pf2N2)x* 

7 R. E. Prange, Phys. Rev. 110, 240 (1958). 
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We write this for brevity as 

F*,= '£Ai(s,t9*)FtWW. 

In terms of the A%, the cross section is given by 

do- m2 r / p2 \ 

dQ, 64TT2IF2L\ m2 ) 

Here P^P,-(P^K)/K2K,y PM=iGfr„-#2M), K» 
:=2(kifi—k2fi), N^e^paPv'KpQc, Q»=kUi+k2li, and we 
define8 (Pf2N2)^=^(mA—ss) in all channels. 

Prange, in fact, did not normalize his momentum 
variables, as we have done, but we find that this is 
necessary in order that the Ai should have the correct 
analyticity properties.9 

The charge degrees of freedom can be incorporated 
by writing each A i in the form 

2p2 2Wp2 

+—(l - cos f l ) ! ^ ! 2 (pZl-co&l-W) 
W 2 ntf tnf 

2W2p2{\+co$S) 
X ( | ^ 4 | 2 + M 5 | 2 ) + Me|2 

m* 

2m2-2W2+2p2(l~cos6) 

m 

Ai=AisI+AivT3. (2.11) 

Re(A1AA*+A2Ab*)~\. 

(2.17a) 

Thus the amplitudes for 7-proton and 7-neutron 
scattering are given, respectively, by 

Ai*=Ai8+Aiv, 
A . n — A . £ _ A .V 

c. Crossing Properties 

(2.12) 

Generalized crossing symmetry tells us that the 
amplitudes for the processes in channels II and III are 
given by 

<7l^2 I F I 72^1) = €!„"% ( - p2)FfivUi {pi) 62M, 

<7i721FI NxN2) = e2vH2 (p2)Flxvu1 (px) eu\ 
(2.13) 

where the F^ are the same functions but evaluated in 
each case in the region of the variables corresponding 
to the particular physical process involved. Since the 
amplitude is invariant in going from channel I to 
channel II, i.e., under the interchange of initial and final 
photons, we find that 

with 
Ai(s,t,8) = rnAi(B,t,s) 

Vi= + 1 for *= 1 ,2 ,3 ,6 , (2.14) 
= —1 for i = 4 , 5 . 

d. Experimental Quantities 

In channel I, the differential cross section may be 
written in the form: 

d<r/dtt=Z | <72AM^lYi^i> I2, (2.15) 

where the scattering amplitude T is related to F by 

T=(m/4,TW)F, (2.16) 

and 51 represents an average over initial and a sum 
over final spins and polarizations. 

I t is also feasible to measure the recoil nucleon po­
larization P (in the direction perpendicular to the plane 
of scattering). For unpolarized incoming beam and 
target we have: 

da Ep2 sin0 
P — = I m ( i i i 4 H i 2 i 5 * ) . (2.17b) 

dtt 32fnWir2 

More exhaustive calculations of such polarization for­
mulas have recently been published by Frolov.10 

e. Spin and Helicity Amplitudes 

I t is often useful to consider the scattering amplitude 
as a matrix taken between Pauli spinors rather than 
Dirac spinors. We can then write, in Channel I(2) 

(suppressing spinors), 

{j2N21 TI yiNi) = giti • t2+g2p' - tip - £2 

+gzi<T'tiXt2+g4tvz2i(r-pXpr 

+gs(p'-zii0'£2Xp—p't2i<r-t1Xpf) 

+gs{p'-eii«' z2Xp'-p-t2i<r-txXp), (2.18) 

where p and p' are initial and final barycentric nucleon 
3-momenta, respectively. By writing an explicit repre­
sentation for the Dirac spinors in terms of the Pauli 
spinors, we can express the gi in terms of the A», giving: 

1 
&rgi=—(CxAi+CtAt), 

W 

&7Tg2 — 

Swgs= 

1 

W sin20 

E—m 

-[Ci(^i+cos^2)+C2(^4+cosM5)] , 

W 
-[(^1+COS^2)+(m+Pr)(^4+COS^5)] 

2p 
+—(A3+WAe), 

W 

8 This is to ensure that F(3) and FW have the correct generalized 
crossing properties. 

9 A. C. Hearn, Nuovo cimento 21, 333 (1961). 

E—m 
87rg4= LA2+(m+W)A5]1 

W 
10 G. V. Frolov, Soviet Physics JETP 12, 1277 (1961). 
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87Tg6= 

E—m 
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as follows: 

W sin20 

XcosC(^i+cos^ 2 )+(w+TF)(^ 4 +cos^ 5 ) ] 

P 

1 

^=<ii|r|ii>=—E(2/+i)$_ lr 
2^ J 

T(P), 

87Tg6 = 

IF sin20 

E—m 

• [ ( l + c o s 6 O ^ 3 - l ^ ( l - c o s 0 M 6 ] , 
* 2 = < " 

1 
• l | r | i l> = - E ( 2 / + l ) * - u ^ i ^ ) > 

2p J 

1 

PT sin2/? 

. P 

W sin20 

[(^1+COSM2)+(m+^)(^4+COsM5)] 

£(l+cosd)Az+W(l-cosd)AQ']. (2.19) 

2̂ > J 

(2.20) 

2^ J-

1 
^ = ( - i i | r | - i i ) = ~ E ( 2 / + i ) $ - i , - ^ - f , - / W , 

2^ / 
1 

$6= <i -11 r | - £ i > = — E ( 2 / + i ) ^ - f , f ^ - i l i
J (0). 

2^ J 

Here E is the barycentric nucleon energy (E2=p2Jrm2), 
and Ci=(E+m)-(E-m)cosd, C2=-{E+m){m-W) 
— (E— w)(m+T7) cos0. 

Previous work2,11 on this problem has analyzed the 
process in terms of such Pauli spinor forms. A simple 
description is however possible in terms of the Jacob J The properties of the reduced rotation matrices 
and Wick helicity states." The process is completely f™^ a r e ?we? m reference 10. The partial wave 
specified in channel I by six independent amplitudes h e l l c l t y amplitude $ X v ' is a subamphtude of the R 
of the tvne operator, and describes a transition from a state 

(\ X \T\\ \) °^ n e n c ^ y ^=(Vzvi—Xi) and total angular momen­
tum / to a state of helicity A' and total angular 

where |X^»X») represents a state with nucleon helicity momentum J. 
Xivt and photon helicity X4\ These six amplitudes can be By writing explicit representations for the spinors 
expanded in terms of partial wave helicity amplitudes involved, we may relate the <£*• to the A iy giving 

and, alternatively, 

S7rW^1=cos(e/2)Zm(A2-Ai)~Wp(Ab-A^)-2pWA6]J 

S7rW^2=-sm(e/2)lE(A1+A2)-mp(AA+Ab)-2pAz], 

8TW^=cos(d/2)[m(A1+A2)-Wp(A,+A,)']y 

87rW^=-sm(6/2)ZE(A2-A1)-mp(Ah-A4)']J 

8TW^=cos(d/2)lm(A2-A1)-Wp(AB-A,)+2pWA&], 
8TW$e=sm(d/2)tE(A1+A2)--Mp(AA+Ab)+2pAz'], 

(2.21) 

27rr m 

p Lcos(0/2) 

27rr 

($!-2<l>3+$5)-
w 

-(<£>6+2<£>4-<S>2) 
sin (0/2) 

m W 
($l + 2 $ 3 + $ 5 ) + ($6-2<S>4-<l>2) 

^ 3 = " 

cos(0/2) 

2wW 
( $ 2 + $ 6 ) , 

sin (0/2) 

p sin (0/2) 

27IT 27rr 
A^—\ • 

p2Lcos(6/2) 

2 

( $ 1 - 2 $ 3 + ^ ) -
m 

sin (0/2) 
-($6+2$ l-*2)], 

(2.22) 

^ 6 

^ L cos (0/2) 

2TT 

E w "1 
( ^ l + 2 ^ 8 + # 5 ) + . , _(3>6-2<l>4--3>2) • 

sin (0/2) 

£ cos (0/2) 
- ( $ 6 - * l ) -

1 1L. I. Lapidus and Chou Kuang-Chao, Soviet Physics JETP, 10, 1213 (1960) and 11, 147 (I960), and Dubna (to be published), 
12 M. Jacob and G, C. Wick, Ann. Phys. 7, 404 (1959), 
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A similar helicity analysis may be made in channel I I I . There the process may be described by the amplitudes 

1 
9 f T C i = < k ; l - l | * | t c ; i i > = Z(2J+l)Ro2Jdo2J(^)9 

2TT(£3/C)* J 

1 
9frc2=<k;l l |U| ic;£i>= H(2J+l)Roo+

JdQQ
Jtt), 

2ir(kzK)* J 

1 
3 r c 3 = < k ; - l ~ - l | £ | K ; M H E(2/+l)2?oo-J<*o(/(iW, 

2IT(A8K)* / 

1 
9 f T C 4 = < k ; l - l | * | i c ; £ - i > = Z ( 2 / + l ) i ? 1 2 ^ 1 2 ^ ) , 

2ir{kzK)^ J 

1 
9 fTC 6 =<k; - l l | JR | i c ; i - i> = £ ( 2 J + l ) * i - 2 ' < * i - 2 J ( * ) , 

2TT(& 3 /< : )S J 

1 
9TC«=<k;llllC|ic;4 —*> = L ( 2 / + l ) i W ^ i o J « 0 , 

(2.23) 

and the relation between the 9fTC» and the 4* is For brevity we shall write 

16w2k2Mi=K(A2—Ai)~{-km cos\[/(A±—Az), / \ rji \ U 

16Tt*&ms=K(A2+Ad-kmcos\ls(Ai+Ab)-2kAh 

16 2£<W = * tM"Y/f —/I M?—2 A 1 ^o r ^ e P°*e t e r m s *n (3-1)-
4 S1 ^ 4 h) K 6 j ' The fact that the photon has zero mass causes the 

16w2k3Kb=sm\p[_(A±—As)k+2icAt'], "pole" terms to have certain unusual features. These 
167r231Z6= - s i n ^ ( ^ 4 + ^ 5 ) . (2.24) will be discussed in Sec. IV. 

The unitarity condition will allow us to determine the 
III. THE MANDELSTAM REPRESENTATION imaginary parts of the Ai in the various channels. From 

We assume now that each of the six functions A i(s,t,s) 
satisfies a Mandelstam representation of the form A^isJ^^ImAiis^s) for s^ (m+M)2, 

Ms,t,*) i r XiW,s) i r ptW) 
= - / ds1 + - / dt' , (3.4) 

^J_+^+_^L and * W *-« ^V t-t 
\s—m2 s—m2/ /—MO2 

1 , r xAs's') At*
Il(s,l,S)=ImAi(s,t,8) for /^4/z2, 

+ - / ds' / ds'-
W(m+M) 2 i(m+M)2 (s'— s) (&'— s) f (m+M) 2 J (m+M) 2 fa'~ s) (&'~ s) 

Qi(s'/)/ 1 TJi \ W(m+M) 1 r r PAS'/)/ 1 7?.- \ 
+ - / ds' dt' -( + ), (3.1) 

W(m+M)2 J if t'—t \Sf—S S'—S/ 

= - / <fc' + - / ds' . (3.5) 

From these we have the general identification 

where Vi is defined in (2.14) and where t x . ( ^ } x p . ( ^ , } 

X.-(O /) = i7<Xt.(y,50. (3.2) ^ f e y ) — / dS' + - / ^ ' -v ' y n ' ' v W(m+M>2 s - s ( x ) W^2 * - y 
Since we are working to order e2 in the electromagnetic 
coupling constant we have neglected in (3.1) cuts arising 

for x>{m+ix)\ (3.6) 
from photon exchange. With this restriction it can be an ^ 
shown, in perturbation theory, that the Ai have the A-ul(xv) = -f ds' -(s'v)( 1 ^ i 
correct analytic properties.9 * ' TV](m+fl)* ^ ' \s'-x s'-s(x)J 

The question of subtractions in (3.1) will be deferred 
until Sec. V. for ;y^4/z2. (3.7) 
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By s(x) we mean § expressed as a function of s with 

s(x) = -Zm*-i(x-fn2)2(l+co$d)l, (3.8) 
x 

(A) 9 = Q° ' S PLANE 

and we shall analogously use 

(x—m2)2 

t{x)~-
2x 

(1 —cos0). (3.9) 

Note that crossing symmetry implies 

AF(x,y) = ViA*(i\xl,y). (3.10) 

We wish now to separate in (3.1) the terms contribut­
ing solely to the right-hand cut. There are many ways 
to do this, the most direct being to expand the double 
denominators in (3.1) into partial fractions. After some 
manipulation we obtain the representation at fixed 
angle 6, in the form13 

Ai(s, cos#) 

7r7(m+M) 

+ 

AW>*W) 

s' — s 

1 

X 

it]i r 

L(l+cos0)-s+(s') L \1 

(m+K)' S+(S')-S-(S') 

l+cos0/J U(l+cos0)-s+(s') 

s(l+cosd)- §-($') 

2 r 1 
+ - / df 

!_(*') L '\l+cos0/J 

t+V) 

)U(l-cos0)-*+(O 

XAM / 
Ll-cos0 J s(l-cos0)-<_(*') 

XAi™\ • 
r t-(0 
Ll —cos# ,4 (3.11) 

where 

/ ± ( O = w 2 ( l - c o s 6 0 - r 
± { [ w 2 ( l - c o s < 9 ) - ^ ] 2 - w 4 ( l - c o s ^ ) 2 } ^ 

and 

s±(s')=fn2(l+cosd)-sf 

± { [ w 2 ( l + c o s ^ ) - s r ] 2 + m 4 sin20}l (3.12) 

Since we shall only be able to evaluate the integrals 
in (3.11) for a very small part of their integration ranges, 
i.e., for sf, s'^ (m+2yu)2 corresponding to the exchange 

13 There appear in (3.11) a number of spurious singularities. 
These have arisen purely from the partial fraction decomposition 
and always combine to give finite results. 

FIG. 2. The singularities of the scattering amplitudes plotted 
in the s plane for various values of 0. 

of a meson-nucleon pair and for t' ̂  9JJL2 corresponding 
two-pion exchange we must, as usual, rely upon the 
philosophy of the importance of the nearest singularities. 
To see the situation more clearly we may consider all 
the integrations in (3.11) transformed to the s plane. 
Figure 2 shows the integration contours in the s plane 
for various values of 9. The position of the pole terms is 
also indicated. The right-hand cut, s ^ ( W + M ) 2 comes 
from the first integral in (3.11). The second integral 
contributes along the cuts 

and 

where 

S±(cos0) = -

— oo ̂ s^S_(cos0), 

O^s^S+(cos0), 

1 

l+cos0 

In the third integral, if 

V > 2 w 2 ( l - c o s 0 ) , 

then the cut runs along 

— oo ̂ <r<J r_(cos(9), 

-s±[(m+/z) 2] . (3.13) 



D I S P E R S I O N R E L A T I O N S F O R N U C L E O N C O M P T O N S C A T T E R I N G . I 795 

and 

with 
1 

r±(cos0)= /±(V), 
1 — COS0 

(3.14) 

but if 4jLt2<2w2(l — cos0), then the contour lies along 

and along the circle | s | = m2 up to the points 

Re(5) = w 2 - V / ( l - c o s 0 ) , 

lm(s) = ± O 4 - (Re(*))2]*. 
(3.15) 

It is seen that the effect of the two-pion exchange on 
the circle increases towards backward angles. However 
the pion-pion interaction also makes itself felt in the 
other cuts through its effect on meson photoproduction, 
so that if we were to utilize for Ai1 its analytical ex­
pression as derived from the theory of meson photo-
production14 it would contain parameters describing the 
/ = 1, T= 1 7r-7r interaction and possible / = 1, T=0 Sir 
effects. Since we already have to contend, on the circle 
cut, with parameters describing a T=0 ir-ir interaction 
the total number of parameters in the theory would be 
too large to allow a reasonable comparison with the 
present experimental situation. 

We shall therefore assume in the following that the 
Ai1 can be obtained from experiment,15 so that the ir-w 
interaction appears explicitly only on the circle cut. 

If we look at the second integral of Eq. (3.11) we see 
that we need to know A?{s\t) for values s ' ^ (w+/z)2 

and /=/[s±(sO/(l+cos0)]. Examination shows that 
for the (+) sign the values of /, for all s' required, corre­
spond to physical values of the scattering angle in 
channel II, so that a partial wave expansion is per­
missible. The (—) values on the other hand correspond 

FIG. 3. Curves showing the range of validity of the Legendre 
polynomial expansion of the iVi? —» 2y amplitude, for various 0. 
The maximum values of a— — * log(s/m2) for which the expansion 
converges, and their corresponding t' value are shown. 

14 M. Gourdin, D. Lurie*, and A. Martin, CERN (to be pub­
lished). J. S. Ball, Phys. Rev. 124, 2014 (1961). 

18 This is discussed fully in Sec. IV. 

to unphysical channel II scattering. In any case, the 
(—) values contribute only to the left of the origin in 
the s plane, and may be disregarded in terms of the 
"nearest singularity" philosophy. 

Similarly, for the third integral of (3.11) one requires 
AiIU(s,t') for values O V and s=t±(f)/(1-cosff). 
Let us describe points lying on the circle cut by s 
— m2ei*t Then Fig. 3 shows the maximum values of a, 
and its corresponding t' value, for which the Legendre 
expansion channel III converges, for various 0. The 
fact that the region of convergence is extremely small 
for low values of 0 is not very serious because, as dis­
cussed earlier, the distance of the 2ir cut from the physi­
cal region increases with decreasing 0 so that our in­
ability to feed in the 2w effects should not be important 
at these angles. 

Also even where the Legendre expansion does con­
verge for fairly large values of t' we can in any case 
only handle the 2x effects accurately up to £=9/z2, the 
37r threshold. We hope therefore that the restrictions 
resulting from the Legendre expansion convergence re­
quirements do not seriously weaken the accuracy with 
which we are able to estimate the circle-cut effects. 

In the next few sections we evaluate explicit expres­
sions for the Ai1 and A?11 by means of which the 
Ai(s, cos0) can be calculated in (3.11). 

IV. THE UNITARITY CONDITION 

(1) General 

The usual condition for the unitarity of the S matrix, 

5 t 5 = / , (4.1) 

when written in terms of the R operator leads to the 
relation 

i(a\R\-R\fi)=i:,{a\&\v){,\R\p), (4.2) 

where the sum is over all permissible physical states v 
having the same energy-momentum as a or /3. 

Since the invariants F^ are self-ad joint, Eq. (4.2) 
with the help of Eq. (2.9) may be written as 

£ l m ^ ( ^ , s ) < a | i V ° l 0 > 

4x*EBEF 
•XW\mv)(v\R\P), (4.3) 

m p 

where EB, EF are the cm. energies of the photon and 
nucleon in the states a or /?. 

(2) Channel I 

For this channel we expand the right-hand side of 
(4.3) in terms of the mass exchange and the electro­
magnetic coupling keeping as intermediate states only 
the one-nucleon (Born) term and the pion-nucleon term, 
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so that 

T,iAi
1(syt}s)(y2N2\F{iv^\y1N1) 

o^Z (y2N2\R
f\NXN\R\y1N1} 

+ L (72^2 [ & I TN)(WN IRI yiNi)+ • • •. (4.4) 

By expressing the right-hand side of (4.4) in terms 
of the invariants F ^ we are able to identify the con­
tributions to the AiJ(s,t,s). 

Let us consider first the Born terms. The matrix 
element (N\R\yiNi) is essentially the photon-nucleon 
vertex and can be written 

te"|JJ|Mi> = 
m 

-MP") 
2(7Tpo"plokio)> 

XZF1(q
2)yv~F2(q

2)(TvfXqli2u(Pi)eln (4.5) 

where Fi and F2 are the usual nucleon form factors 
normalized so that 

F i s F 1 ( 0 ) = - ( / + r a ) 
2 

with fip, nn the anomalous proton and neutron mag­
netic moments, and where q=pf/—pi is the momentum 
transfer in the intermediate channel. 

Substituting Eq. (4.5) into Eq. (4.4), carrying out 
the sum over intermediate spin states and the integra­
tion over the momentum of the intermediate state, and 
expanding into the invariants F^w, we obtain for the 
Born terms 

with 
A?*= -TPi(m/W)d(s-tn2), (4.7) 

/31=2mF1
2, fo=0, 

^=mF1(F1+2mF2), & = - / ¥ , 

& = (Fx+2mF2)
2, 0 6 = -F1(F1+2mF2). 

I t follows then that the Ri of (3.3) are given by 

In terms of e and y, these are: 

Ri=tne2(I+T3), 

£ 2 = 0 , 

R^-hKl+rz), 
R5=2m2Zfip

2(I+rs)+^n
2(I-T3)^ 

where /jLp~fxp'+e/2tn is the full proton magnetic 
moment. 

(4.8) 

However, as was mentioned earlier, the vanishing 
of the photon mass causes certain unusual features to 
appear in the Born terms. So long as we consider Ai(syl) 
as a function of the independent variables s and t, with 
t^O, then all the above is valid and there are poles in 
the Ai(s,t) at 

s=m2 and s=m2, i.e., s=m2—L (4.9) 

For / = 0 , however, only A A and A& have poles16 a t 
s=m2 while the amplitudes with even crossing sym­
metry, 4̂1,2,3,6 are finite there. 

On the other hand, if one is interested in the Ai as 
functions of s and cos#, then for all finite cos#, s-^-m2 

implies s—>w2 so that for -41,2,3,6 the poles at s~m2 

and s=m2 cancel out. 
I t follows then that the Channels I and I I contribu­

tion to Pi of (3.11) is given by 

Pi— 
(cos#- \)Ri 

2m2+{l+co$6)(s-m2) 
for i= 1, 2, 3, 6, 

and 

F2^F2(0) = / + T8, (4.6) P=R 
(1 —COS0) 

Ls—tn2 2m2+(l+cosd)(s—m2)J 

for i = 4 , 5 . (4.10) 

I t is interesting to note that if one uses the reduction 
formula to calculate (y2N2\R

1[—R\yiNi), then the 
cancellation of the poles at s~m2 occurs automatically 
in the unitarity expression, for even-crossing ampli­
tudes. For one has then that 

= E n (P2k2\R*\p")(p"\R\p1k1W-p1-k1) 

- E n (P2, -k1\Rl\p")(p"\R\p1, - * 2 W - * l + * 2 > . 

(4.11) 

The second term, which arises from the commutator 
of the current operators, is usually zero in the region 
where the first term contributes, since the regions in 
which the arguments of the two 8 functions vanish, are 
mutually exclusive. The vanishing of the photon mass, 
however, causes these two regions to touch at s = m2, for 
finite cos#, and if one then calculates the Born term 
contribution to the 1mA i(s, costf) from (4.11) one is 
left with just the 8 function of 2m2-\r(l+cosd)(s—m2) 
for i= 1, 2, 3, 6, and (4.10) follows immediately. 

In order to calculate the second term of (4.4) 
we have to know the matrix elements for pion 
photoproduction. 

The intermediate channel process yi+Ni—>ir+N 
may be described in terms of four independent helicity 

18 The invariants F(4) and F& vanish at this point, and so the 
quantities AiF^ and A*FW remain bounded. 
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amplitudes, namely 

1 
* i = < i l * l i i > = 

2(pq)i J 

*.=<-il*l*i>=- • £ ( 2 / + l ) ^ , _ ^ _ / ( 0 ) , 
2(pq)i J 

1 
r(8), 

2(pq)i 

^4= ( - | | ^ | - | 1 ) = — — E(2/+l¥-i.-i JdL,_i '(ff), 

(4.12) 

where # is the magnitude of the intermediate channel 
barycentric 3-momentum, and the scattering amplitude 
(TTN I \p 177V) is related to the cross section for photo-
production by 

d*/da= (q/p) £ | (>irN\4,\yN)\\ (4.13) 

The evaluation of the unitarity equation for the two-
particle intermediate state is simplified immensely by 
the fact that only the low partial waves from the inter­
mediate channel process are large for low energies. If 
we therefore expand both sides of the unitarity equa­
tion in terms of the relevant helicity subamplitudes 

rather than in terms of the invariant amplitudes F^€\ 
the orthogonality properties of the d functions may be 
used to integrate the equation immediately, yielding 

Im#xx' /= J* (4.14) 

If we now retain only the J—\ and / = § partial 
waves, which should be sufficient for energies up to 300 
Mev at least, then the imaginary part of each <3>; may 
be written in the form : 

1 
Im*<=H:(^x.iVx'.***+^x.-iVx' I-**>xv*W 

2p 

+ 2 ( ^ , f ¥ x M § * + ^ , - ^ x ' , - i f * ) 4 x ' f W ] . (4.15) 

So far, we have neglected the isotopic spin depend­
ence of the yj/i. The analysis of Watson17 shows that an 
amplitude for photoproduction may be written in the 
form: 

+ ^ x x i / ( 0 V 0 ) , (4.16) 

with fl the isotopic spin index of the pion, and 

fl
(+) = ft 733, *(-> — 2Dr0>7xL = 7 > 

Hence 

fe„^X'X„J*= ( \ W ( + V x a ; / ^ ^ 

+ (*: XXiv' ̂ V x - x * J ( 0 )*+*xx J /<
0 )*vx J /<

+ )* 

J 1.0)* 

2^xx J/
(-Vx'A i/

(0 )* ^ x x / ^ x - x ^ - O r a . (4.17) 

Finally we can relate the helicity partial wave amplitudes to the multipole amplitudes Ei±, Mt± defined by Chew, 
Goldberger, Low, and Nambu.18 A straightforward comparison reveals that 

where J = Z + | . 

*-*.* '= (Pq/2KWi+-E(l+1)J)+ (1+2) (E^+M^J)l 

^^i
J=(Pq/2)il(l+2)(El+-M(l+1)J)+l(Ml++E(W)J)l 

iP-i,lJ=(pq/2)m+2m-El++Ml+-E(m)_-M(l+»J], 

^ _ ! , _ ^ = ( ^ / 2 ) i p a + 2 ) ] * C E i + - M i + - £ ( i + 1 ) _ - M ( ; + 1 ) _ ] , 

(4.18) 

Our program of calculation in this channel is now 
straightforward. For suitable values of the multipole 
amplitudes we use (4.18) and (4.17) to compute the 
values of the $/, and then by (4.15) the values of 
Im<3>*. By Eq. (2.22) we now find A} which can be sub­
stituted into the first and second integrals of Eq. (3.11). 

(3) Channel III 

In this channel we are dealing with the process of 
nucleon antinucleon annihilation into two photons, 
and on the right-hand side of Eq. (4.3) we keep only 
the one- and two-pion intermediate states, so that 

J! A^{s,t1s){yly2\F^\N1N2) 
i=1 « E < 7 m | i ^ k ) < 1 r | J R | ^ i ^ 2 > 

+E(7iT2|^ t |7r17r2)(7r17r2 |^|7V1iV2)+- • •, (4.19) 

where again the right-hand side must be expanded into 

the invariants F ^ so as to identify the contributions 
to the AiUI. 

Consider first the one-pion terms. This depends on 
the pion-nucleon vertex (TT\R\N1N2), and the matrix 
element (71721R* | T) for ir° —> 27 decay. 

For these we may write 

<ir(g)|U|tfi#2>=-
imgif) 

2ir*(piop2oqo)h 

with g2(/x2)/47r=g2/47T^14, and 

<7i721 RfW(q)) 

F(t) 

Hp2hMpi), (4.20) 

87T* (&10&20<?o)* 
€ l J . t € 2 M

t e M V p < r ( ^ i + ^ 2 ) p ( ^ l - •**)„ (4.21) 

17 K. M. Watson, Phys. Rev. 95, 228 (1954). 
18 G. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, Phys. 

Rev. 106, 1345 (1957). 
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where F(t) is the function introduced by Goldberger 
and Treiman19 in their study of neutral pion decay. I t 
is normalized so that 

Ffa*)^F= Sbr/rtr)*, (4.22) 

where r is the TT° —> 27 decay lifetime. 
Putting (4.20) and (4.21) into (4.19) and carrying 

out the integration over the intermediate state mo­
mentum, one obtains for the one-pion contributions to 

A*U*=Q for iy439 

vtfqF (4.23) 
AZIIIB= 5 (Mo2-/). 

2 

From (4.22) and (4.23) one sees that the n of Eq. 
(3.3) are given by (including isotopic spin) 

r ; = 0 for 17^3, 

f3=—4g(7TMoA)*T3. 
(4.24) 

There has recently been some controversy2,11 about 
the relative sign of the one-7r and one-nucleon Born 
terms. Our determination, Eqs. (4.24), (5.6), (4.8), 
(5.5), and (2.17) shows that the inclusion of the one-7r 
term tends to increase the differential cross section in 
channel I in agreement with Lapidus and Chou 
Kuang-Chao.20 

However, our Born terms21 differ from the usually 
quoted results in that they contain as numerators only 
residues of functions taken at the pole. The difference 
depends purely on the question of the subtractions re­
quired in the dispersion relation and is discussed under 
the section on the low-energy limit. 

Let us now evaluate the two-7r contribution to (4.19). 
We shall work in the c m . of channel I I I , in which the 
pions have momentum q, — q, and energy co= (q2+M2)*. 
The kinematics of the photons and nucleons are given 
in (2.4). 

The sum over intermediate states in (4.19) can be 
simplified to yield 

S<TiT21 î 1" 127r><27r ] i? | iVW> 

• / • 
iC<«-V)]» / (qlRhmnqlRlNN^, (4.25) 

where the integration is over the solid angle of q. An 
alternative expression is obtained if we substitute for 
each of the matrix elements their expansions into 
helicity amplitudes and carry out the angular integra-

19 M. L. Goldberger and S. B. Treiman, Nuovo cimento 9, 451 
(1958). 

20 This is, of course, assuming that the addition of the dispersion 
integral estimates to the channel I and I I Born terms does not 
change their over-all sign. This has been verified by previous calcu­
lations.2,11 We are, of course, also assuming that the Goldberger-
Treiman determination of the sign gF is correct. 

21 This applies also to the one-nucleon Born terms of channel I 
and II . 

tion as was done in channel I. We obtain then 

E{7i72 |^ t | 27r ) (27r |^ |^ iV) 

2 1 
E (J+mMNJRx*S*dxSti,), (4.26) 

vfi (£«)* J-O 

_/ withX = Xiv— Aj7andAt = Ai—X2. The amplitudes R\N\^ 
i?xxx2

J are the helicity amplitudes,12 i.e., the matrix ele­
ments in a representation in which the energy, total 
angular momentum, and helicity are diagonal, for the 
processes 

NxN+N^ -> 7r(q)+7r(- q), 
and 

7x 1 +7x 2 ->7r(q)+7r(-q) , 

respectively. 
In practice it turns out most useful to utilize a com­

bination of Eqs. (4.25) and (4.26). The reason for this 
is that for the processes involved, e.g., NN —> 2T only 
the lowest few partial waves may be large, suggesting 
the usefulness of (4.26). On the other hand, there are 
usually terms, e.g., the Born terms in NN —•> 2T (and 
in general the left-hand cut of the process considered). 
which contribute small amounts to a very large number 
of waves, and these are most simply handled by (4.25). 

Let us assume therefore that we can split R into two 
parts 

R=Ri+Gi7 (4.27) 

in which Ri contributes only to the largest waves, i.e., 
those for which the right-hand cut is essential to satisfy 
unitarity. Let us suppose that the highest wave which 
need be included in Ri is J=Jmax. We have then 

Z (/+i)*x*x*JiW*<*x/(*) 

* £ ( / + i ) J W ' 2 W V ( * ) 

+ E (J+m^NJ®XiMJ*dx/tt) 

•- E (J+h)(R^NJRW*-^^NJ^W*)d^J^) 

^(feJK^-V)1 

16 
AqN7i72>* 

X(q\(R\NN)dQq. (4.28) 

Since not enough is known about the NN —» 2w and 
7 + 7 —> 2ir processes to determine /max, we shall tenta­
tively assume that only the s wave is large (the p wave 
is forbidden), though d and higher waves can easily 
be incorporated. 
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With this assumption, then, we have finally 

L<7iY2|i?.M2x><27r|£|iW> 

1 

+ iD( / -V) ] * / "<q|CR|7 i72>* 

X<q|(R|iWV)<ftV (4.29) 

We must now introduce some information about the 
NN —» 2x and y + Y —> 2-n- matrix elements. 

In our normalization we have for the first process 

{2T\R\NN)= (-m/87r2F)(27r|r |AW), (4.30) 
with 

(7r«(-q)^(q) | r | iV(-K)iV(K)) 
= Vm(-K)(-Aafi-iY'qBap)u\N(K). (4.31) 

The functions A, B are the usual pion-nucleon scalar 
amplitudes22 and are functions of the scalars 

I t is shown there that the two pions may only be in 
a J T = 0 or T=2 isotopic spin state. Since the nucleon-
antinucleon pair can only have T=0 or 1 and isospin 
is conserved in the NN —» 2w process, it follows that 
the process 

2y->2ir-»NN 

takes place purely through the T—0 channel. 
We shall therefore require only the T=0 amplitudes 

Carrying out the isospin sum implied in (4.29) we get, 
finally, 

E < 7 i 7 2 | i ^ 2 ^ X 2 ^ l ^ # > 

V3[/(/~4/x2)] i / = 4 & 2 = 4 ( K 2 + W 2 ) , 

^ = - ( ^ - q ) 2 , 
«K=-(K+q) 2 , 

(4.32) 

y(q|(R ( 0 ) |7 i72)* 

X(q\(&+)\NN)dttq (4.37) 

which are, respectively, the squares of the c m . energy 
and momentum transfers in the NN —> 2T process. 

The isotopic spin decomposition is 

Aa^AMSaH + hA^ZTatTfiJ (4.33) 

For the process 71+72 —» 27r we refer to the work of 
Martin and Gourdin.23 

The transition amplitude may be written 

and the contribution is only to the isoscalar part of the 
Ai. 

For the functions ^4 (+), 5 ( + ) we use the repre­
sentations24 

= - f <rA^(s',t)( + \ f c ' 
7rJ(m+M)2 V —^« Sf—SK/ 

( 7 r a ( - q ) ^ ( q ) | ^ | 7 i ( ~ k ) 7 2 ( k ) ) 

1 

1 /• «u(+) ft', *«-**) . 

IT J i^ t'-t 
-df, 

(DJa+DbIb)a9. (4.34) 3(+>(*«,*«,0 
(4.38) 

Z>a and Db are scalar functions of the variables t and 

5 l=-(k+q)2 , 
s 2 = - ( k - q ) 2 , 

(4.35) 

and the invariants /«, /& contain the spin dependence 
of the amplitude and are given by 

where 
IT J 4M

2 f - / 
- * ' , 

ffn(+)(*,,0 = ir«,8(i'-»1)+«»-JB(+)(*',0.. 

(4.36) 
7«=e1-£2, 

Ib=— 8^2£rqe2-q. 

The isospin decomposition of the Day Dj, is 

DaP=2D«»6ap+D<»(dafi-36azBe*), 

where Da,b®\ Da,b
(2) are the functions introduced in 

reference (23). 

22 G. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, Phys. 
Rev. 106, 1337 (1957). 

23 M. Gourdin and A. Martin, Nuovo cimento 17, 224 (1960). 

The representation (4.38) contains pole terms, and 
the cuts in sK and sK incorporating the irN rescattering 
corrections as discussed by Chew, Goldberger, Low, and 
Nambu.22 These are dominated by the 3,3 resonance. 
The cuts in t have been considered by Bowcock, Cot-
tingham, and Lurie.24 They show that the dependence 
of VA,B on sK, sK is probably weak since the cuts in 
sK, sK of VA,B only begin at (w+2/x)2. In other words, 
for reasonable energies the last terms of (4.38) will con-

24 J. Bowcock, W. N. Cottingham, and D. Lurie, Nuovo ci­
mento 16, 918 (1960). 
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tribute appreciably only to the low waves of the 
NN—>2ir process. 

In accordance with the scheme of (4.27) we therefore 
define A=Ai+&, etc., with 

a^(sK,sKlt) 

N D E . L E A D E R 

and define 

£«<0> = [2*iH-(*i-M2)2] 

X 

-/" ĉ +> (,',/)(- +- W . 
W(m+M)2 ^ ~ S * Sf—SK/ 

2e2 1 
i ( 0 ) = -

©<+> (*„*„/) 
(4.39) 

1 r (TT(x)dx 

KJ An* (x~fjL2)(x~ 

7 
TTJ 

\~{si—> J 2 ) , 
si) (4.42) 

(?T(x)dx 
•(si->s2). 

— [&B^(S'J- )ds\ 
Wo \ s — sK s —sK/ 

For the functions Datb
T==0 we use the representations 

given in reference 23. 

t ji2—si TTJ (y?—x)(x—si) 

We are now in a position to evaluate the integral in 
(4.37). Substituting (4.38, 4.30, 4.42, and 4.34) we 
have25-26 

r<q|(R|TiT2>*<q|(H|^iV) 

£ a ( 0 ) (Sl,S2,t) m 

-2e2+[_2slt+{sl~ix
2)2'}- / ; 

ar(x)dx VXN(-K) / ^ ( a ^ / z + a v * / * * ) 

2)(x-s{) 

+ (si -> s2) 

t r P 

Trio (q'2 

TVfo'W^'W2 

(^2+M2)[4(g,2+M2)-0 

2e2 1 1 r ar(x)dx 

, (4.40) 

DbM(shs%£ 

t ix2—S\ irj 4^2 ( M 2 — # ) ( # - - S I ) 

+ ($I—>s2). 

Besides the Born terms, Eq. (4.40) contains also the 
effect of two-pion intermediate states in the reactions 

64TT4&4 

X [ - a ^ - i y q ( B ( + ) K M . (4.43) 

I t is a straightforward but tedious matter to develop 
the right-hand side into the invariants F^K Substi­
tuting (4.43) into (4.37) and (4.19), we may then 
identify those parts of the AiUI arising from the (R 
part of the matrix elements. Let us call these Ai111®.. 

We have then 

4im<R= (cti+a2)N, A*11^ (ce3+ce4)yy, 

A2
UI<*=-<XiN, -azN, 

-abN, 

(4.44) 

and 
7 + 7T —> 2lT —-> 7 + 7T, 

7 + 7 —>
 2TT —> 2ir, 

but cuts arising from three-pion and higher mass states 
are assumed to yield a negligible dependence on the 
variables concerned. 

The function or is just the total cross section for the 
process J+T —> 2w, and the simplicity of the weight 
function arises from the assumption that this process 
occurs mainly in the T= 1, / = 1 state. 

hQ
s is the s- wave, T=0, pion-pion scattering 

amplitude 

h0
s (q2) = exp (idos) sinSo5 , (4.41) 

and FQS is proportional to the T=0, s-wave amplitude 
for 7 + 7 —• 2TT. 

For a full discussion of the approximations involved 
in (4.40) the reader is referred to reference 22. For our 
purposes we now split DJ0), ZV0) according to (4.27) 

w h e r e N= — (t—^2)% / l(yir2fi a n d t h e cti(s,t) a r e compl i ­
cated functions expressed as integrals over the &T{X) 
and <TA,B(S') weight functions. These are given in the 
appendix. 

Finally, we must calculate the expression in square 
brackets in (4.37). 

For the NN —> 2x helicity amplitudes we have,27 

for 7 = 0 , 

(R_+
0(+) = 0, 

6LH.°(+>=-

with 

8w2k\K/ \qj(m+^ (4.45) 

2jJ Since we are below the threshold for the physical process 
NN —» 2TT, some care must be exercised in dealing with the opera­
tion of complex conjugation. See Eq. (3.19) of reference 26. 

26 D. Amati, E. Leader, and B. Vitale, Nuovo cimento 17, 68 
(1960). 

27 W. R. Frazer and J. R. Fulco, Phys. Rev. 117, 1603 (1960). 
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Let us define and Qi are the Legendre functions of the second kind.28 

Also we have 

k (4.46) 

R_+JM=(Kq)J{q/K)sf-J(+\ 

where the f±J(±) are the Frazer-Fulco helicity ampli­
tudes,27 for the NN —> 2T process. 

The helicity amplitudes for the 77 —> 2-K process are 
obtained by saturating the expression (4.34) with dif­
ferent photon helicities and then inverting the helicity 
expansion of the left-hand side of (4.34). We obtain 
then for 7 = 0 , T = 0 , 

(Ri,i°(°>=(R_xt-_1
0W 

~-M-)T( 
2^T\q/ lirJir 

# 

<TT(X) 

* x—nz 

2—+^"(/-V)MCo(jS")-*(<-V)M^ 

— ( / - V ) 
t 

rk 
+ (l-*)Oo(*/«)]}, (4.47) 

with 
0" = (x+2k2-»2)/2kq. 

The amplitudes Rx^/^ for the 7 + 7 —» 2-K process are 
related to the partial wave amplitudes FT

21 and fT
21 

introduced in reference (23). 

JRiti
J(0) = i2Li>-i / ( 0 )= — 

1 

)W 

(4.48) 

V 3 4 T T ( 2 / + 1 ) 

a=2u^o), 
i^»)=je_i fi

j r»> 

^—(-) e2Ca-l)^a+l)(^+2)]^ 
J 2 4 T T W 

(7=27, J>1) . 
V324T» 

Clearly for 7 = 0 we require to know only Fo°. This 
has been obtained by Martin and Gourdin29 by solving 
an integral equation with certain assumptions about 
the reasonable behavior of the T-TT s-wave phase shift 
5;r=os. The solution gives 2V as a function of 80s and 
<rT. Eqs. (4.45), (4.46), (4.47), and (4.48) furnish us 
with the "square bracket" part of (4.37). I t remains 
only to identify the contributions to the individual Ai. 

28 P. M. Morse and H. Feshbach, Methods of Mathematical 
Physics (McGraw-Hill Book Company, Inc., New York, 1953), 
Vol. 2. 

29 See Eq. (38) of reference 23. Note that FQ° is there written 
FQ'. 

- (HxiVx/(+)(Rx1x2
0(0)*]4M0(^). (4.49) 

By inverting the channel I I I helicity expansion 
(2.24) we obtain the contributions to AiUI arising from 
the "square bracket" part of (4.37): 

A1
nlc=A2

1Uc 

2w/k\h 1 4:tnk 
-(C+^+C+iT1 -1) cot^C_ 
2 * 

A*111* 

2ir/k\ 

K\K/ 

= - ( - ( C + ^ - C H " 1 - 1 ) , 
k\K/ 

4 
(4.50) 

^ 4 i i i c = J 4 6 m c = 

-&r / * \» 

t s i n ^ 

A6
UI°=0. 

This completes the evaluation of the two-pion ex­
change contributions to A/11, i.e., we have 

AfLl=[_Al*
u<z+Ai1I°~]I, (4.51) 

with A,111® and Aiuic given by (4.44) and (4.50) and 
I is the unit operator in the nucleon isospace [see 
(2 .H)] . 

V. LOW-ENERGY LIMIT 

I t is well known5 that the scattering of photons on 
spin-J particles depends, to first order in the photon 
momentum, on the static charge and magnetic moment 
of the target. For scattering on nucleons the result may 
be written 

Fx
2 /F 

F= £i '£2—2 
m 

t\(t\ \ p 

m \2m J L 

( — + / ? » ) # < r - [ ( 0 X e 2 ) X ( p X e 1 ) ] 

or • p (p' X t2) • Ei+or • £ ' X t2p'' ti 

] 
FiF2 

ph*m £iX£2, (5.1) 
m 

where F\ and F2 have been defined in (4.6). 
After some rearrangement of the invariants in (5.1) 

it is possible to identify the contributions to the gi of 
(2.18) and thence via the inverse of (2.19) to calculate 
the limiting values for the Ai. 
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We obtain then for the limit, at fixed angle, as p —> 0 terms yield 

Fi* 
Ai—*—(cos0— 1), 

m 

Ax—*—(cos0— 1), 
m 

4 , - » 4 F , ( F I + » I F , I ) , 

- + F 2 ) (cos0-1) - 2Fi(F1+mFi), 
it / 

1 i 
Ai-

A2-^Q, 

(F 

(F 

Ai->Fi[ — 
\2m 

—+Fi) 
,2m I 

(cos0- l ) , 

1 F? 
j 

P m 

(5.2) 

Am/Fi. 

p \2m 
+F 

• ) ' • 

mp 

4m/Fi 
> — f 

p \2m 

Fi/F 

(5.4) 

Fi/Fi \ 
U-> ( — + ^ 2 

m \2m / 
(cos0—1). 

A,-* J\F£ -(—+F2Vcos0--l)l. 
L 2m\2m J J 

Comparing (5.4) and (5.2) we see that only in Ah A^ 
and A ^ is the correct low-energy limit guaranteed by 
the Born terms. These amplitudes will therefore not 
require subtractions. 

For all the other amplitudes it will be necessary to 
Let us now see what the Born terms give us in this perform subtractions in s in the fixed-angle dispersion 

limit. relations.80 

Remembering that as p-^0 The final representation for the Ai will then be as 
follows: 

s—m2=0(p), (5.3) (a) For i = 4 , 5 the representation is given by (3.11) 
with the Pi given by Eqs. (4.10) and (4.8). 

we see from Eqs. (4.10), (4.8), and (3.11) that the Born (b) For i = 1, 2, 3, 6, 

s—m2 AWJW) 2Vi 
Ai(s, cosd) = Si+ / ds' + — ( m 2 

7T J(m+M)2 (s' — tn2)(s' — s) IT 

X 
s + ( / M / ( / , / ( a + ( / ) / ( l + c o s ^ ) ) ) 

- s) (1+cos0) / ds' 

ft-(/)iW, / (MsO/f t+cos*) ) ) 

Zm2(l+cosd)-s+(s')]ts(l+cosd)-s+(s')] [m 2 ( l+cos l9 ) - s_(^ ) ]C^( l+cos0) - s_( / ) ] J 

$) [ dt' 
Jtf t+(t')-Ut' 

t+(OA^(t+(0/(l-cose),t') 

)(lm2(l-cosd)-t+(t')Xs(l-cosO)-t+(l')] 

UOAWiUO/il-cosd),?) 

[m 2 ( l -cos0) - / ._ ( /O][^ ( l -cos (9) - /_ (O] 
, (5.5) 

and the Si are given by 

(s-m2) sitfdRi 

2m2l2m2+ (l+cos0) {s-m2)'] 

for i= 1, 2, 6 and for i=3, 

(s—m2) sin20i£3 

2m2[2m2+ (l+cos0) (s-m2)'] 

(s—m2)2(l — cos0)r3 

fx2l2/x0
2s+(s-m2)2(l-cosB)] 

-Ai(m2, cos0), 

where the Ri and u are given in (4.8) and (4.24) and 
the Ai(m2, cos0) are given by the limiting values of 
(5.2). 

CONCLUSION 

The formalism given in the previous sections allows 
us to calculate the energy and angular dependence of 
the scalar amplitudes Ai(s, cos0) in so far as this depend­
ence is determined by near-lying singularities and 
branch cuts. Normally one expects that distant singu­
larities will contribute a constant or very slowly vary-

{-A z(m , COS0), (5.6) a> j n practice, from a computational point of view, we prefer to 
make one subtraction also in A i. 
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ing energy dependence to the amplitudes. I t seems, how­
ever, that in photon scattering processes the low-energy 
limit theorem permits us to fix these constants theo­
retically. We therefore hope that the representation will 
yield a reasonable approximation to the Ai(s, cos0) 
without the necessity of introducing any phenomeno-
logical parameters. 

The left-hand cut, however, depends on various 
quantities which are not well determined experiment­
ally, i.e., r, the ir° lifetime; the T=0, irir s-wave phase 
shift; and or, the total cross section for the process 
7+7T—> 7T+7T. 

The right-hand cut, too, being dependent on the 
meson photoproduction process, is at present not very 
well determined experimentally. However, it should 
soon be possible to make a fairly reliable estimate of 
the contribution arising from this. 

I t is useful to note, too, that the recoil nucleon polari­
zation is independent of both the w° lifetime and the 
r = 0 7T7T s-wave interaction, and thus yields a direct 
measure of the accuracy of the contributions from the 
right-hand cut. 

We hope, therefore, that improved experimental 
data in the near future will allow a detailed comparison 
between the dispersion relation predictions and the 
experimental values for nucleon Compton scattering, 
and in particular will shed some more light on the de­
tails of the 7T7T interaction. 
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APPENDIX 

The expansion of (4.43) into the invariants F^^ 
leads to expressions for the at as complicated combina­
tions of integrals over the irN and wy weight functions. 

Let us define the following weight functions: 

kQ=-

fa,2 

X—fX2 

<+)(*VVr(*) <TB 

£—/T 

[(TT(X) lire2 

vtA^VA+is'j) \ 8 (x-
x- t 

y) }• 

(Al) 

iar(x) 2ire2 

*5,6,7 = G-JB + (SV) | b{x—ix2) 

[X—fX2 t 

Then it is possible to write for the on: 

a1={-L0(s)-2tL4(s)--ml2tL1(s)+L2(s)']}+Ls-^s']y 

a2=2[s(2m,2-s-t) - m 4 ] — Lz{s)—mLh{s) — 
8tn 

a4=2£s(2m 

where the Li can be expressed as 

t-4m2 

2s-2m?+t 

-L7(s) + [ > - » * ] , 

•-s-f)-niH -U(s)+ 

Li(s,t)=—j ds' / daKi(s',t,x)li(s,t,s',x), (A3) 
7T2J0 JO 

and the U are just combinations of integrals over the 
denominators occurring in the representations of 
(*<+>, ©<+>, £>a(0), 3V0 ) . 

Let us put 

where 

J1 = ^ - ^ 1 = x + ( k + q ) 2 = 7 i + 2 q - k , 

d2 = s'— s ,c=s'+(iH-q)2=72+2q-K, 

72=s'+y—fA2—in2, 

(A4) 

t »] •L*(s) - O - * * ] , 

rditq 

4o= / , 
J d\d?, 

rdti rdti 

J d\ J d% 

/

q-K^O /*q-kJ£2 

IP ""IT-
f(q-K)<™ r =I~IP- * - / 

(qk)2dQ 

(A2) 

and let us define the following integrals 

(A5) 
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We pu t X 0 = Fo=#o and define 

Finally we define 
/•qkq-K 1 / 7i \ 

Z x = <ffi=-( x ^ 1 ~ 7 2 F 1 ) , 
7 did* 2 \ 2 / 

Z 2= 

did2 

(q k)2q K 

d\di 

qk(q-K) 2 

-JO=~K72<02+7i^i), 

J di< 
• d O = - i (7i^2+72^.), 

and 
f1=M

4+2(^-M
2)x+x2

? 

f2 = M2-*-f^ 

In terms of these functions, the h(s,tys
f,x) are given by 

/o=fl0O + f 2̂ 1 + 2^2, 

/ l = - [ f l F l + f 2̂ 2 + 258], 

2̂ = —CriXl + 7Tf2-72(if25l + c 3 2 ) - i ( 2 m 2 - - ^ / ) / 1 ] 3 
(P'? 

2 4 
(w2~i/)Z0+—X2+-(l+2w)F2-4z;Z1 

(P'2L (P'2 * 

/ / \ 1 4 
/4= — m 2 )XQ X2—(l+u)Y2+2vZh 

\4 / (P/2 t 

h=—I— r3fm2—Vi+—X3-12*;Z3+—(l+4^)Z2]+J3f-~m2Vi+-(^-~3)F3lL 
(P,2l(P,2L \ 4 / (P'2 f J L \4 / 4 J J 

4 r / / \ 4 2 - | 
fl= ( w * _ \ Y l + - ( l + 2 u ) Y s - 4 v Z 2 + — Z 3 , 

(P /2/L\ 4 / / (P/2 J 

z 7 = -
<P'2I 

( — m 2 | X i 
A4 / (P; 

X 3 — ( 1 + 3 ^ ) Z 2 + 3 ^ Z 3 
6>'2 / 

1+JL2---V1+-(1-W)F31, 
with 

(P'2=-(s--m2)2 / /-s, 

v=(2mL-2s-t)/W\ 

u=i(2m2-2s-t)v. 

The actual integrals in (A5) are not difiicult to evaluate and we list their explicit expressions: 
We define 

1 (2k 
#(7i,&) = —: Z~r. arctan( —(m?-

(A6) 

(A7) 

(A8) 

(A9) 

(MO) 

k(m2-it)* \7 i 
2-iOJ). (All) 
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Then 

0i(s,t) = 2Tra(yi,k), 

<f2(sJl)=(Tr/t)(2s+t-2fn%2-yla(yhk)2, 

4 3 ( * , / ) = ( 7 r A 2 ) { [ k 2 ^ 

3i(s9t) = 2Tra(y2,k), 
(A12) 

&(*,*) = (2s+t-2tn%2-y2a(y2,k)l, 
t-^m2 

3*(s,t) = MK /gV- — \+i (2s+t-2tn2)2(3y2
2-4q2K2) a(72,k)-

72 

2(/-4w2) 
li(2s+t-2m2)2-K2Q 

(/-4m2)21 

Lastly, &o(s,t) is given as follows: put 

Wl= ( ^ / 4 ) [ ( ^_ x _^ )2_4^ / - ]_ M 2^ + 5 [2 /x 2 m 2 - (x-/JL2)(s,-iJ2-m2)^+m2Z(fi2-x)(x-s/)-xm2'], 

w2= (t/2—jj2+x)(x+s--sr)-\-(m2—s)(fj/
2+x), 

wz= (s/+t/2-fjL2-m2)(x-s,+m2)--(t/2-2fj2)(s+m2)y 

wA=(t/2)(sf-s+m2)+(x-fx2)(sf-iJ2-m2) + 2fj2(s-m2). 

(A13) 

Then 

$o(s,t) = 
4TT f W2 WZ 

arctan-
[wi(4M

2- /)]*l [ ^ i ( 4 M
2 - 0 ] 1 

47r(w2 — W3) 

— arctan-
[ w i ( V - 0 ] * 

^ 2 ^ 3 

2?r r w 4 + [ w i ( * - - V ) ] * -
•ln -

[ ( / - V ) w i ] * L^4-[wi(/"-4/x2)]U 

with all arctangents denned in the range — 7r/2^arctan^7r/2. 

for ( 4 M 2 - / ) W I > 0 , 

for (4 M
2 - / )w 1 =0, (A14) 

for ( V - O w > i < 0 , 


