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An effective range analysis of s-wave K~p reaction data is 
carried out. Two specific problems are investigated. First, a 
survey is made of solutions which, in addition to fitting the above 
threshold data, yield a xA resonance having the characteristics of 
the Fi*. The only acceptable solutions found were for even KLN 
parity and did not lead to a F0* resonance. Other features of these 
solutions are discussed, as well as the validity and applicability 
of the effective range approximation to describe the energy de­
pendence of the KN data. Second, using the (nonperturbative) 
uncoupled phase procedure developed in the preceding paper, we 
investigate effective range solutions for the above threshold K~p 
data which, in the absence of influence of the KN channel, would 
have the pion-hyperon scattering amplitudes predicted by global 

symmetry of the pion-baryon interaction. The concept of global 
symmetry is found to be compatible with the present K~p data. 
The actual 7rF phases, however, are quite different from the 
global symmetry uncoupled phases in states coupled to the KN 
s wave, and there are solutions in which the F0* arises as a quasi-
bound state resonance. Going beyond the physical predictions of 
these surveys, we conclude that there are at present almost enough 
KN data above threshold to justify a search for effective range 
solutions (then predicting whether either Fx* or F0* is in the same 
partial wave as a KN s state). Moreover, it is clear that such solu­
tions will be quite different from the results of a constant scatter­
ing-length analysis of low-energy data. 

I. INTRODUCTION 

WE perform a phenomenological analysis of s-wave 
K~p data using the formalism presented in the 

preceding paper.1 The energy dependence of the scatter­
ing amplitudes are parametrized by the effective range 
approximation (the effects of the K~p—K°n mass dif­
ference and the charged K~p channel are taken into 
account). 

We find that the present data do not warrant a full 
search for effective range solutions of the above thresh­
old data. Thus we principally investigate certain types 
of solutions. The feasibility of performing a full search 
for solutions in the near future is studied in Sec. V. 

There are two separate purposes in this work: (1) to 
investigate from a purely phenomenological analysis the 
consequences of the proposal that the Fi*, the AT 
resonance located at « 5 0 Mev below the K~p thresh­
old, is associated with the s-wave KN system and may 
perhaps be describable as a quasi-bound state of that 
system2; (2) to investigate the compatibility of the 

* Supported in part by the U. S. Atomic Energy Commission. 
f Supported in part by the National Science Foundation. 
1 G. Shaw and M. Ross, Phys. Rev. 126, 806 (1962), preceding 

paper. We shall refer to this paper as I. 
2 There are two natural mechanisms which give rise to reso­

nances in elementary reactions: A metastable system can be a 
bound state associated with closed channels which is weakly 
coupled to the open channels or it may arise essentially through 
the open channels by an attractive interaction within the angular 
momentum barrier. In either case the resonance can be described 
by the multichannel effective range formula (but not necessarily 
in the scattering-length approximation), but its characteristics are 
quite different: the width will be smaller in the quasi-bound-state 
case and there is considerable difference in shape between the two. 
With present information we cannot attempt to distinguish the 
resonances from these characteristics; however, one can examine 
the details of effective range solution in the closed and in the open 
channels and judge if they correspond roughly to the bound-state 
condition or to an angular momentum resonance, respectively. 
The reader can observe in Sec. I l l that, in our investigation of the 

concept of global symmetry of the pion-baryon inter­
action with the s-wave K~p data. 

The three-body channels (Y+2ir) which are coupled 
to the s-wave KN system are known to have quite 
small production cross section in the energy region of 
our analysis (incident K~ laboratory momentum 
<400 Mev/c). Thus we can hope that we only need 
consider the coupled two-body channels and can apply 
the multichannel effective range formalism of Sec. I I 
of I to describe the energy dependence of the isotopic 
spin 7 = 0 and 1 s-wave KN systems. The validity of the 
effective range approximation for the present problem 
will be discussed in Sec. V. The additional energy de­
pendences induced by isotopic spin violating virtual 
electromagnetic interactions are treated using the 
formalism of Sec. I l l of I. 

To describe all possible reactions, at a particular 
energy, among the coupled channels of the s-wave KN 
system, nine "zero-range" parameters are needed: six 
for the 1=1 system of KN, 2T, A7T and three for the 
1=0 system of KN, STT. In order to use the full effective 
range formalism to analyze the s-wave K~p data all 
nine zero-range parameters are needed in addition to 
ranges which can be roughly estimated a priori. Starting 
from a KN initial state there are only six possible meas­
urements at a given energy. In the presence of extensive 
and accurate data involving the K~p channel we could 
use the energy dependence specified by the effective 
range formalism to determine all the parameters. This 
possibility does not seem unlikely since several of the 
cross sections may display considerable energy de­
pendence (for example, the elastic Kr~p cross section 
does drop off very rapidly). 

association of the Fi* with the RN S state, we survey solutions 
which tend to correspond to the quasi bound state picture and that 
the example shown, Fig. 1, is of this type. 
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However, at present, we cannot expect to determine 
all these parameters solely from the known energy de­
pendences of the above threshold K~~p data. Thus, we 
are led to discuss the two situations mentioned above 
in which we assume additional information about the 
physical situation and reach useful conclusions. 

A Ax resonance Fi* at 1385 Mev total energy has 
recently been observed by several experimental groups.3 

One of the proposed theoretical explanations of the Fi* 
is that it is a quasi-bound state of the s wave, 1=1 
KN channel. In fact, Dalitz and Tuan,4 from their 
constant-scattering-length analysis of the rough j-wave 
K~p data predicted that such a resonant state might 
exist. Discovery of the Fi* led Ross and Shaw5 to 
discuss the possibility of putting the association of the 
Fi* with the KN s state to a detailed test by means of 
an effective range analysis, and as a result determine 
the KYN parities P . 

The angular distribution of the Aw indicates that the 
spin of the Fi* is likely to be / = J, whereas its parity 
is not known. We will assume that the Fi* has J—\ 
and P(KYi*N) is even, J.e., the AT resonance is asso­
ciated with the s-wave KN system. Thus any effective 
range solutions for the s-wave KN system must fit the 
resonance parameters of the Fi*. The details of an 
extensive survey of solutions are given in Sec. III .6 We 
will see that with our assumption we are led to some 
significant conclusions, the most important being that 
the only acceptable solutions found were for the channel 
in a p state, thus there is even KLN parity. In addition, 
this analysis of the above threshold data suggests that 
both the Fi* and F0*, the 7 = 0 Sx resonance at ^1405 
Mev,7 should not be associated with the KN s state. 

The second problem we investigate involves abandon­
ing the purely phenomenological approach. We instead 
test theories which make definite predictions about the 
pion-hyperon phases ^ y . These theories actually 
predict "uncoupled" TTY amplitudes <J>VY which describe 
a_n idealized TTY system in the absence of coupling to the 
KN channel. We have attempted to develop a workable 
and meaningful theory which enables us to confront the 
$TCY with experiment. A nonperturbative approximation 
(the uncoupled-phase method) for calculating the 
actual 7rF amplitudes from_the $TY and the (measured) 
scattering length in the KN channel plus production 
ratios from the KN channel to the TY channels is given 

3 M. Alston, L. Alvarez, P. Eberhard, M. Good, W. Graziano, 
H. Ticho, and S. Wojcicki, Phys. Rev. Letters 5, 520 (1960). 
J. Berge, P. Bastien, O. Dahl, M. Ferro-Luzzi, J. Kirz, D. Miller, 
J Murray, A. Rosenfeld, R. Tripp, and M. Watson, ibid. 6, 557 
(1961). H. Martin, L. Leipuner, W. Chinowsky, F. Shivery, and 
R. Adair, ibid. 6, 283 (1961). 

4 R. Dalitz and S. Tuan, Phys. Rev. Letters 2, 425 (1959): 
Ann. Phys. 10, 307 (1960). 

5 M. Ross and G. Shaw, Phys. Rev. Letters 5, 578 (1960). 
See also R. H. Dalitz, ibid. 6, 239 (1961). 

6 G. Shaw and M. Ross, Phys. Rev. Letters 7, 210 (1961). The 
results of the survey have been reported in this paper. 

7 M. Alston, L. Alvarez, P. Eberhard, M. Good, W. Graziano, 
H. Ticho, and S. Wojcicki, Phys. Rev. Letters 6, 698 (1961). 

in Sec. IV of I. The uncoupled phase method allows 
for conditions in which the actual scattering amplitudes 
among the 7rF channels are strongly influenced by the 
coupling to the KN channel. 

The specific theoretical model we consider in Sec. IV 
is global symmetry of the pion-baryon interactions.8 

Since we consider only the partial wave corresponding 
to / = § , we are investigating the consequences of weak 
"uncoupled" TY scattering. The uncoupled-phase 
method together with the assumption of global sym­
metry is used to help determine the "zero-range" KN 
parameters; the number of free parameters is thus de­
creased by four. An effective range analysis of the above 
threshold s-wave K~p data is carried out. The results 
indicate that the concept of global symmetry is com­
patible with the present data. The actual 0 T F , in the 
partial wave considered, are found to be greatly modified 
from the global symmetry ^ y . (Previous, less elabo­
rate, calculations9 done at specific energies—not em­
ploying the effective range formalism—led to the same 
general conclusions.) 

Solutions with global symmetry ^ 7 were found 
which fit the Fo*. The great importance of this lies in 
the fact that all three observed pion-hyperon resonances 
can thus be explained by one attractively simple de­
scription. The explanation of the Fi* (as opposed to the 
quasi bound state picture) is that it is a consequence of 
the attractive ^>-wave 7rF scattering in global symmetry 
which, in analogy with the / = f , / = § pion-nucleon 
resonance, yields a / = f , / = 1 resonance having a posi­
tion, width and 2/A branching ratio fairly close to that 
observed for the Fi*. I t also predicts another 7 = f , 
1=2 resonance at ^1540 Mev (i.e., the position of the 
F i*+2w s —2WA). Preliminary results of a counter ex­
periment at CERN10 analyzing the K+ produced in T~~ 
collisions with protons show a third 7rF resonance, 
" F c * , " at ^1580. This, of course, lends strong support 
to the global-symmetry model of the pion-hyperon 
interactions. (Runs are planned with deuterium targets 
to determine whether the F c* has / = 1 or 2.) Thus the 
Fi* and F c* are possibly global symmetry resonances 
and the F0* a quasi-bound state of the s-wave KN 
system. 

II. ENERGY DEPENDENCE OF s-WAVE 
K~p CROSS SECTIONS 

In this section we will display the explicit energy 
dependence of the s-wave K~p cross sections in the 
effective range approximation. We will label the 
channels for a given isotopic spin by the strangeness-
carrying particle: K^KN, S ^ S x , A=A7r; when we 
are referring to channels coupled to the K~p initial 
state, the label will also carry the charge of the strange-

8 M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 
9 M. Ross and G. Shaw, Phys. Rev. 115, 1773 (1959); Bull. Am. 

Phys. Soc. 5, 504 (1960). 
10 A. Lundby, J. Dowell, B. Leontic, R. Meunier, J. Stroot, and 

M. Steptycka (private communication from B. Leontic). 
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ness-carrying particle, e.g., (TK'K0 is the cross section 
for the charge-exchange process K~-\-p —> K°+n. 

The (3X3) 1=1 T matrix is written as 

where 
Tl(E) = ( ^ [ M 1 - ; ^ ) 2 ] - 1 ^ 1 ) , 

{¥+-)-

M1--

kRh 0 0 

0 k2
lz+$ 0 

0 0 k^+\ 

MKKKE) MRJ{E) MRt}{E) 

MKJ{E) MzliE) M^(E) 

MRKKE) M^{E) MM}{E) 

(2.1) 

(2.2) 

(2.3) 

and the Mij are all real even functions of the k{. Below 
the ith threshold, 

ki-*iKi, K>0. (2.4) 

The effective range approximation (2.22) of I is that 
the nondiagonal elements are to a good approximation 
constant with energy, 

MKJ (E) = MKX1 (E0) , MRK1 (E) = MKA1 (EO), 

JfS A i (£) = JfSAi(E0), (2.5) 

whereas the diagonal elements may be written as 

MRKKE)^MKKKE,)+hRKlM--kKKE,n (2.6) 

M^ (E) = M^ ( E o ) + ^ s i ? s - ^ + 1 

X[£s 2-& 2
2(Eo)] , (2.7) 

MAA1 (E) = MAA1 ( E O ) + \ c l h R i r 2 1 ^ 1 

X [ ^ A 2 - ^ A 2 ( E O ) ] , (2.8) 

where 

^=0=1 and cz= i=—3. (2.9) 

Ri is a measure of the range of forces in channel i. We 
take the energy Eo to be the K~p threshold: 1433 Mev. 
For the 1=0 T matrix we have similar relations except 
that all the matrices are (2X2), there being no A 
channel. 

The corrections (see Sec. I l l of I) for the K~p—K°n 
mass difference and the Coulomb field in the K~p 
channel are taken into account by introducing the 
energy-dependent complex scattering lengths ai,n 

TKKT= —aikR(l+iaikz) \ 

and defining (with kx — kK-) 

r ^ t ° ( l + t a o * x - ) ( l + t ^ j r ° ) 
± Ki „ „ j 

[l+ii(a0+a1)(kK-+kK(>)~aoa1kK-kK(r} 

TKHl+iaikK^il+iaokR0) 
TRi1 - - , 

[l+ii(ao-|-ai)(&K-+&K0) — a0aikK-kR\\ 

(2.10) 

(2.11a) 

(2.11b) 

11 The scattering length is defined such that — 1/a—kE cot8. 
Note the minus sign. 

where 

kK-=c2kK-+i2B-1l\n(2kK-RK-) 

+kK-2B~2 I : m-1(m*+kK--2B-2)-1+0.S7l'], 

c2= 2wkK--1B-1[l-exp(-2irkK--1B-1)~]-\ (2.12) 

and the Bohr radius12 5 = 83. Then the cross sections 
for the reactions with the K~p as the initial state are 

IVR-K-

dti 

1 
CKTKK'+TKK0) 

VK'K^ 

VK'Z* 

(TK-20=-

<?K~A-

csc2(<9/2) 

+— 
kK-B 

C2TkR° „ 
\TR 

( 2i V 2 

•exp In sin(0/2) 
\kK-B J 

kR~ 

2TVC2 

kK-2 

2TC2 

SkK~2 

2wc2 

—TR1±—TRJP 
V2 v3 

ITRK1 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

The "total" elastic cross section <TK~K~ is taken as 

O-R-

2 0 /*0-7 

17 ;_x 
d cos#-

dujs 

dti 
(2.18) 

There exist three different types of experiments in­
volving low-energy KN systems: (a) Low energy in 
flight K~p reactions. These are known to be s wave 
(for KN) for incident Kr momenta <225 Mev/c. 
(b) The at-rest capture of Kr from Bohr orbits of 
(K~,p) atoms. Day, Snow, and Sucher13 have given 
arguments to show that the K~ is captured from high 
s orbitals. I t has been shown14 that the experiment of 
Fields et al.n on the absorption rate of stopped ir~ in 
hydrogen lends added support to the Day, Snow, 
Sucher conclusion that capture from p states is sup­
pressed in (K~,p) atoms, (c) The F* resonance experi­
ments. The possible connection of the Fi* with the 
KN s state will be the subject of Sec. I I I . We will now 
summarize the experimental K~p results (a), (b) and 
list values of cross sections used in the effective range 
analysis of Sees. I l l and IV. 

12 Except when noted otherwise, lengths are measured in fermis 
(lf=10 - 1 3 cm) and momenta in f-1. 

13 T. Day, G. Snow, and J. Sucher, Phys. Rev. Letters 3, 61 
(1959). 

14 J. Russell and G. Shaw, Phys. Rev. Letters 4, 369 (1960). 
15 T. Fields, G. Yodh, M. Derrick, and J. Fetkovich, Phys. Rev. 

Letters 5, 69 (1960). 
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(a) The general features of the in-flight K~p data are 
as follows: The threshold for O-K~K° occurs at a labora­
tory K~ momentum of 90 Mev/c and VK'K0 stays quite 
small compared to (XK~K~ at all energies. There is a possi­
ble rapid variation of <TK~2+/(TK~2~ with energy for mo­
menta <125 Mev/c; above this momentum the ratio 
is roughly constant (~1 ) . At 300 Mev/c, there is 
definitely p wave present, and it becomes dominant at 
400 Mev/c. The 400-Mev/c data provide a very strong 
restriction on the s-wave elastic scattering16,17 

o-iTiT(400 Mev/c)<22. (2.19) 

The strong energy dependence needed to produce the 
falloff in from its large values at lower energies cannot 
be fitted in the constant scattering length approxima­
tion. In addition to (2.19) we use the 175-Mev/c 
values18: 

70 < o - 2 o r < 90, (2.20) 

n<airK«<l9, (2.21) 

33<<r*-2++<r*-2-<49, (2.22) 

0.5<O-K-2+/<TK-2+<2.0. (2.23) 

(b) The at-rest capture of K~ in hydrogen yield the 
hyperon ratios ^ T T V S V V S V / A T T 0 . 

We use the values18 

2 - /2+= 2.18, (2.24) 

( 2 - + 2 + ) / ( A + 2 ° ) = 1.8, (2.25) 

0 . 1 3 < ( 2 - + 2 + + A - 2 2 ° ) / 3 2 ° < 0 . 2 6 . (2.26) 
These data give the at-rest ratios 

( 2 / A ) J = 1 ~ l , (2.27) 
and 

A/ (A+2°)«0 .2 . (2.28) 

The eight data (2.19)-(2.26) do not warrant the full 
use of the effective range formalism (2.1)—(2.18) which 
requires nine "zero-range" Mi/(Eo) in addition to the 
ranges R{. Thus we will introduce the additional as­
sumptions (1) or (2) of Sec. I about the physical nature 
of the s-wave KN reactions which enable us to use the 
full formalism and will investigate the consequences in 
Sees. I l l and IV, respectively. 

III. CONSEQUENCES OF_ASSOCIATING THE 
Yi* WITH THE KN s STATE 

The Fi* or Aw resonance at 1385 Mev has been ob­
served by several experimental groups.3 From study of 
the angular distribution of the Ax, there is some indica-

16 P. Nordin, University of California Radiation Laboratory 
Report UCRL-9489, 1960 (unpublished). 
| 17 Cross sections are measured in mb (1 mb=10~27 cm2). 

18 L. Alvarez, University of California Radiation Laboratory 
Report UCRL-9354, 1960 (unpublished). 

tion that the Fi* has a spin J=\. The position of 
resonance, 

1395 M e v > E r > 1375 Mev, (3.1) 

the full width at half maximum, 

T r < 3 0 Mev, (3.2) 

and ratio of S T to Aw associated with the resonance, 

a(Er)^l ) =2[ )<0.2, (3.3) 
\ Fi* -> Aw J J . I \ Fi* -> ATT- / 

seem fairly well corroborated. Another narrow reso­
nance has recently been observed7: the F0* or 1=0 
resonance at «1405 Mev. Its properties are not at the 
moment very well determined. 

Two years ago, Dalitz and Tuan4 analyzed some of 
the K~p data in the constant-scattering-length approxi­
mation [ai(E) = ai(Eo)2 and found four different types 
of solutions. One of these solutions has a large positive11 

real #o [the (b—) solution], whereas the (a—) solution 
had a large positive real a\. They pointed out the pos­
sibility of 7rF resonances below the K~p threshold in the 
1=0 or 1 states associated with the (b—) or (a—) 
scattering-length solutions, respectively. 

Discovery of the Fi* led us to discuss5 in more detail 
the hypothesis that the Fi* is a quasi-bound state in 
the s-wave 1=1 KN channel which then decays into 
the 1=1 Aw and S T channels coupled to it. If we 
examine the amplitudes l&jT"^^ 1 ! 2 a n d \kif^TKxl\2 

it is easy to see that in the constant-scattering-length 
approximation that solutions of the (a—) type are 
compatible with the resonance parameters (3.11) and 
(3.12). On the other hand, it is quite clear that there 
must be rapid energy dependence present in order to 
decrease the ratio a from its at-rest value (2.27) to the 
resonance value (3.3). This fact together with the de­
pendence of the effective range formalism (2.1)-(2.9) 
on the angular momenta of the AT and S T channels 
[and thus on the parities P(KAN) and P(KLN)~\ pro­
vides the impetus for performing a survey of effective 
range solutions which fit the data (2.19)-(2.26) as well 
as (3.1)-(3.3). We will only consider the assumption 
that the Y-f is associated with the KN s wave, making 
no assumption whether or not the Fo* is. With the 
present above-threshod KN data it is not possible to 
determine whether either resonance must be in this 
partial wave. 

Thus we assume that the Fi* has spin \ and even 
P(KYi*N), and look for effective range solutions which 
fit the eleven data (2.19)-(2.26) and (3.1)-(3.3). To 
reduce the number of free parameters, we will assume 
that there is essentially one range R, i.e., RKI==RHT 

= RA
IZ=ER. (The derivatives of MYY with respect to 

&r2 still depend on IY) For each of the four possible 
combinations of hyperon parities P(KLN) and P(KAN), 
we considered more than 10 000 sets of values for the 
nine zero-range Mi3

J(Eo). Then for each set of Mi3-(Eo), 
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we carried the amplitudes to other energies according 
to the three different prescriptions: the zero-range ap­
proximation Mij(E) = Mij(EQ), R=0A and #=0.7.12-19 

We emphasize again that our zero-range approximation 
is not equivalent to the constant-scattering-length ap­
proximation; for constant M, we see from (2.15) of I 
that a (k) may still have considerable energy dependence. 

The sets of M^(E0) were chosen in the following 
manner: The KN scattering lengths evaluated at the 
K~p threshold, a/(E0), are four input parameters for 
our computer program. A variety of values are freely 
chosen subject to the condition that they be of the 
Dalitz-Tuan (a—) type [large positive Re#i(E0)] in 
order to select solutions most likely to lead to the Fi*. 
In addition, all the ai(Eo) satisfy the at-rest restriction 
(2.26) on the ratio S of 1=1 to 7 = 0 hyperon production: 

S(E0) = 
( 2 - + 2 + + A - 2 2 0 ) 

32° EQ 

Imai(Eo) 

Imao(Eo) 

l — KK°(Eo)a0(Eo) 

1 —/ciKEo)ai(Eo) 
(3.4) 

The computer then determines the ratio a(E0) of 2J's to 
A's in the 1=1 state at the K~p threshold from the 
measurement (2.25) using the relation 

2 ~ + 2 + 3S+2(l+a) 

2°+A (l+a)+3aS 
(3.5) 

The three remaining input quantities are taken to be 
the 1=1 K matrix elements (see Sec. I I of I) among the 
hyperon channels: K^l(Eo), -STAA1 (£<>), K^(E0). The 
remaining parameter K^{Eo) is then calculated from 
the S + / S - ratio using the value (2.24). The 9 Mi/(E0) 
are computed from the above set of nine parameters, 
two of which are measured and seven of which [the 
ai(Eo) and three hyperon KYY'1(EO) matrix elements] 
are input. There exist two sets of ambiguities (besides 
the usual ambiguity of ir in the phase of the inelastic 
T-matrix elements) which come from the fact that two 
of the above quantities (the 2+/2~~ ratio and a) are 
necessarily positive. Thus for each set of seven input 
values, four numerically different sets of values of the 
M{j(Eo) are determined (in addition to the trivial sign 
differences mentioned above). The range of values used 
for the input parameters were: K^(Eo), seven values 
ranging from —1.2 to 1.2; KAA1(EO), seven values 
ranging from —1.1 to 1.1; K^(Eo), four values ranging 
from 0.01 to 1.0 (the negative values add nothing new) ; 
ai(Eo), approximately twenty sets of values for the four 
parameters, Reao(Eo) ranging from —0.4 to 1.0, 
Reai(E0) from 1.00 to 1.25, -lmao(E0) from 1.6 to 3.0, 
and -Imai(jEo) from 0.14 to 0.25. 

19 The range RK~ needed to determine the Coulomb corrections 
[see (2.11)] was, for convenience, taken equal to 0.5 for all the 
calculations described in this paper. 

Thus we start with sets of values for the M»y(£o) 
which satisfy the at-rest data (2.24)-(2.26). The com­
puter, using the relations (2.1)—(2.18), determines 
which of the solutions satisfy the eight other restrictions 
(2.19)-(2.23) and (3.1)-(3.3). For the "acceptable" 
effective range solutions, the computer calculates the 
cross sections (2.14)-(2.18) in the energy range 
£ o < £ < 1 5 3 0 Mev and the quantities \k^TRi}\2, 
\kK~*TKzl\2, Ikir^Tfcz0]2 in the energy range 

E 0 > J E > 1 3 6 0 Mev. The calculations required several 
hours on a CDC 1604 computer. 

Only eight acceptable solutions were found. All eight 
solutions were for the Sx channel in a p state, i.e., even 
P(KLN) parity [in spite of the fact that approximately 
twice as many sets of values were investigated for odd 
P(K1iN) as even]. The number of solutions were evenly 
divided between even and odd P{KKN). 

In addition, these acceptable solutions all had a range 
of interaction R=0A f. The solutions are qualitatively 
of the quasi-bound state type2: MKK1{EO) is small and 
negative so that MRK^-^KK vanishes near the position 
of the Fi*. This is the one-channel condition for a bound 
state. We also note that the Ms2J(Eo) were not large so 
that the combination of a moderately short range, the 
^-state nature of the 2T channel and the values of the 
Jkfss7CEo) led to considerable energy dependence of the 
M^T(E) [see (2.7)].20 

The acceptable solutions were quite similar in many 
aspects: (i) The quantity \kR~*TK2°\2 fell off very 
quickly below Eo; no resonant behavior, such as seen in 
I for-^xA112, is found. The possibility that both the 
Fi* and F0* are both associated with the s-wave KN 
system thus seems unlikely. Typical behavior of the 
hyperon production amplitudes below Eo is shown in 
Fig 1(a). (ii) The momentum dependence of 1/ao was 
very rapid and nonquadratic. On the other hand, 1/ai 
varied very slowly with energy even though as noted 
above M^(E) was quite energy dependent, (iii) The 
Z~ /2 + ratio has its maximum value 2.18 at Eo. I t de­
creases to « 1 at 175 Mev/c incident K~ laboratory 
momentum (and then remains fairly constant). The 
possible extreme rapid variation of 2 ~ / 2 + indicated by 
fragmentary experimental results between E0 and 175 
Mev/c (i.e., reaching a value > 5 at 90 Mev/c) is not 
found in our solutions, (iv) The solutions all show 
similar cusp phenomena in the hyperon production 
cross section at the K°n threshold: <JK~^~ has a down­
ward step, <TK~2+ and aiCs0 a regular cusp and CTK'K 
an inverted cusp, (v) The A/(A+S°) ratio increases 
from at rest values «0 .2 to «0 .6 at 300 Mev/c. (vi) The 
(S/A)/^! ratio a which is <J0.2 in the resonance energy 
and « 1 at Eo, decreases to a value <3C1 at 300 Mev/c. 

20 Another consequence is that if one works back through the 
uncoupled phase method to determine ihe^K matrix in the TTY 
channels in the absence of coupling to the KN channel, the scat­
tering is very large. This is disturbing if we feel that the quasi-
bound state should provide a natural picture of the Fi*. 
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A quantitative example of features (iii)-(vi) is shown in 
Fig. l(b,c). We note that there is no difficulty in ob­
taining very small a at the Fi*. In the example 
[Fig. 1(a)] a:« 0.05. On the basis of simple centrifugal 
barrier arguments5 it was not possible to understand 
such a small a. The charge-exchange cross section does 
not fall off much from its value of « 1 2 mb at 175 Mev/c 
incident K~ momentum. Even though the statistics on 
the <TK~K° data are quite poor, this seems to be a dis­
turbing feature of our solutions. 

The very strong restriction (2.19) on the elastic cross 
section was relaxed somewhat in order to test the sen­
sitivity of our results to the actual numerical value. We 
investigated solutions for which 

<T2T X - (400Mev/c )<28 . (3.6) 

While additional effective range solutions were found 
which were acceptable under the restriction (3.6) but 
not under (2.19), all these solutions had the same 
general features mentioned above: P(K2N) even, 
R=0A, and (i)-(vii). 

IV. GLOBAL SYMMETRY 

We will treat, in this section, the compatibility of the 
hypothesis of global symmetry of the pion baryon inter­
actions with the s-wave K~p data using the uncoupled 
phase method formalism presented in Sec. IV of I 
together with an effective range analysis similar to that 
described in the previous two sections. (However, we 
do not require our solutions to fit the Fi* resonance.) 

Global symmetry gives (neglecting the 2—A mass 
difference) the following relations between the pion-
nucleon i£-matrix elements KNN1 and the pion-hyperon 
iT-matrix elements K r r ' J which would exist in the 
absence of influences of the KN channel: 

Kzl=l(KNN*+2KNN*)9 
(4.1) 

We will assume that (4.1) describes the uncoupled wY 
iT-matrix elements and that they are related to the 
actual 7rF iT-matrix elements by (4.10) and (4.11) of I. 

For the 1 = 0 system we have, from the relations 
(5.1)-(5.5) of I, for small kg: 

W = 
Ima0+(Rea0-RR)KziP 

- ImaoK220+Recio—RR 

(KKX°)2= -kR ImaoCl + ^ s s 0 ) 2 ] , 

KRR«= -kR(Reao+ImaoK^). 

(4.2) 

(4.3) 

(4.4) 

The 1=1 relations, for the Ku in terms of the uncoupled 
K1, en and a [found using (4.10), (4.11), and (5.5) of I ] 

(a) 

Q2 _ <H 
1450 

E (MEV) 

(b) 

140 180 
PK-(MEV/C) 

(c) 

FIG. 1. Example of effective range solution which yields Fi* for 
^2=1, IA — 0 and R—OA. The zero-range parameters MU^EQ) 
are MKK°=2.32, K S S ° = 2 . 7 3 , i f e ° = 2 . 6 5 , MRR1=-0.79, 
M^^O.31, MAA1^ -0 .77, MRJ}=0.1&, ME*}=0.40, M^=0.51. 
(a) The quantities \kir*TKYz\2 as a function of the total center-
of-mass energy E. (b), (c) The cross sections for hyperon produc­
tion as a function of incident K~ laboratory momentum PK~-

are more complicated: First we solve the quadratic 
equation 

cL=\TRd/TRi}\*=\x/y\*, 
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for the quantity 
^KKK'/KK^ (4.5) 

where 

«=l+f03K 2 A
1 -K A A 1 ) , (4.6) 

and 
y=P+i(K^-pK^). (4.7) 

Thus knowing p, x, y, we determine KRR1 from the 
relation 

kR~lKKRl = — Rea i+Ima i tan<£, (4.8) 
where 

<£=phase [ I + C K Z A ^ - K ^ K A A 1 

- ^ ' ( K s ^ + K A A ^ l - p h a s e (RR-aJ 

—phase (x+jfry). (4.9) 
Then introducing 

2= [ 1 + (K2 A*)2- K S 2
1 K A A 1 - i (K 2 S + KAA1)] 

X (RK-ad-^xr^k^KKR'+RR), (4.10) 
we have 

—a Imai 
kR-KKK^Y^ \z\\ (4.11) 

(1+a) 

Finally we solve the pair of equations 

z= (l-iK^)-iK^(y/x), (4.12) 

Kzi}=lKKzl- K Z ^ + K Z A 1 , (4.13) 

for i^sA1 and Zss1 , and determine J^AA1 from 

^ ^ ( K ^ - Z ^ + K A A 1 . (4.14) 

The uncoupled phase formalism presented above is 
used to determine the zero-range parameters Mij(Eo) 
needed for an effective range analysis of the above-
threshold s-wave K~p data (2.19)-(2.26). That is, the 
relations (4.1)-(4.14) are to be evaluated only at the 
K~p threshold, the energy dependence of the cross 
sections being determined by Eqs. (2.1)—(2.18). 

Our procedure to test global symmetry is as follows: 
Analogous to the method described in Sec. I l l we choose 
values of ai(Eo) satisfying (2.26), which, however, are 
not now restricted to the Dalitz-Tuan (#—) type, and 
determine a(E0) from (2.25). Then instead of intro­
ducing the three KYYfl(Eo) as free parameters, we de­
termine them from the knowledge of the KYY'1(E0)) 

a(Eo)y ai(E0) and a range RR using (4.5)-(4.14). The 
values of wN phase shifts are taken as 

^ : i ^ ( £ o ) = --0.14, KNN*(E0) = 0.22,' (4.15) 

Pi:KNN*(E0) = -0.08, KNN*(Eo) = 0.17', (4.16) 

which yield, from (4.1), 

P{KYN) odd: Kss°(^o) = 0.22, 

K22
1(-Eo) = 0.10, KSA

1(^o) = - 0 . 1 7 , 

KAA1(£O) = - 0 . 0 2 ; (4.17) 

P(KYN) even: K2S°(^o) = 0.17, 
K ^ C E o ^ O . l O , K2A1(J5O) = - 0 . 1 2 , 

KAA1(^O) = 0 . 0 1 . (4.18) 

The at-rest 2 + / 2 ~ ratio (2.24) then determines 
Kz2°(Eo), which in turn, using (4.2), determines 
Ks2°(^o). Thus the at-rest data already provide a test 
for global symmetry since this Kss°(£o) must agree 
with the value (4.17) or (4.18). We use the criterion 
that the "calculated" Ks2°(£o) is "satisfactory" if it 
satisfies 

0 .0<KS S°(£ 0 )<0.4 . (4.19) 

If it is satisfactory, we then calculate the Mi/(Eo). 
We note that there are three different types of ranges 

involved in our calculations: (1) the effective ranges 
Ri which determine the energy dependence of the 
Miiz(E); (2) the range RK7 which determines the 
Coulomb corrections19; and (3) the range RR which 
relates the uncoupled irY K matrix elements to the 
actual ones. We consider two values of RR in the un-
coupled-phase formalism (4.1)-(4.14): 

2te=0.5, (4.20) 

and 

RR= oo. (4.21) 

For RR=X>, the uncoupled-phase method reduces to 
the weak coupling approximation for K [see (5.8) of I] . 2 1 

Eighty sets of values for the four input parameters 
ai(Eo) were investigated. They were divided up into 
ranges of values corresponding to the four Dalitz-Tuan 
types, e.g., the (b—) type4,11,12 with Reao ranging from 
1.6 to 2.3, Re^i from —0.3 to 0.5, — Ima0 from 0.4 to 
3.0, and — Imai from 0.4 to 0.9. 

Starting with sets of values for the Mij(Eo) which 
satisfy the at-rest data (2.24)-(2.26) as well as the 
global symmetry restriction (4.19), the computer, using 
the relations (2.1)—(2.18) determines which of the 
the solutions satisfy the four above-threshold restric­
tions (2.20)-(2.23) and the modified restriction (3.6) 
on CTK~K~ (400 Mev/c). As in Sec. I l l , we used one 
range R to determine the energy dependence of the 
Mij(E) according to the three different prescriptions: 
the zero-range approximation Mij{E) = Mij(Eo), R = 0A 
and £ = 0 . 7 . 

The several acceptable effective solutions had the 
following features: (i) The value range RR used in the 
uncoupled phase procedure was 0.5 in all the acceptable 
solutions, (ii) Solutions for both even and odd P(KYN) 
were found, (hi) The solutions had ai(Eo) of the (a—) 
and (b—) type. In fact, the example shown in Fig. 2 
yields an 1=0 resonance similar to the Fo*. However, 
no solution was found which had all the characteristics 
of the Fi*. (iv) One or more of the actual wY K matrix 
elements KYY'1 were largely modified from the global-
symmetry uncoupled values (4.17), (4.18). 

21 The relations (4.1)-(4.11) along with (4.21) provided the 
formalism for computing the K matrices [and thus the Ma(Eo)2 
in Sec. I l l from the ai, a, and the irY iT-matrix elements 
KYY'^EO). 
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V. DISCUSSION 

A. Association of the Yi* with the KN s State 

Since the measurement of KN cross sections near 
threshold are not quite extensive enough at present to 
permit a meaningful effective range analysis, we have 
considered two separate assumptions, which, when 
combined with the KN data, do permit this analysis. 
These two possibilities embody the most natural alter­
native descriptions of the Fi*. The first possibility is 
that the resonance is to be a quasi-bound state of the 
7=1 5-wave KN system.2 Assuming that the Fx* is 
in this partial wave, we have made a purely phenome-
nological analysis of the data. We performed a survey, 
as distinguished from a search, for solutions. We believe, 
however, that the qualitative aspects of the acceptable 
solutions found may characterize any solution. The 
solutions describe the Fi* essentially as a quasi-bound 
state.2-20 The principle qualitative properties are that 
the KLN parity is even22 and that there is no room for 
the F0* resonance7 to be associated with the KN s state. 
We have no suggestions to explain the F0* in the frame­
work of this picture of the Fi*. 

It is of great interest that some experimental results, 
too vague to be included as conditions in the computing 
program, are not easy to fit with the solutions found. 
In particular, CTR-R0, as calculated, does not fall off fast 
at high energies (it is still «10 mb at the lab momentum 
Px-=400 Mev/c) and the 7= 1 S/A ratio, as calculated, 
becomes « 1 for P K ~ > 3 0 0 Mev/c, in possible dis­
agreement with experiment. Then there are the results 
for the Coulomb interference effects in K~p elastic scat­
tering which we did not make use of. We conclude that 
with just a little more data, a full search for effective 
range fits will be justified. 

B. Global Symmetry 

The second possibility we consider is global symmetry 
of the "uncoupled" irY phase shifts. In this case the Fi* 
(and the "Fc*," the pion-hyperon resonance recently 
observed at higher energy,10 if it turns out to have 
1 = 2) is presumably analogous to the p\ irN resonance. 
Indeed one can bring about a reasonable fit to the Fi* 
measurements23 (discussed further below). Only a brief 
survey of effective range fits for the KN s states, as­
suming either even or odd KYN parity, was made. 
Acceptable solutions were readily found when the re­
striction (2.19) on <TK-K~(4:00 Mev/c) was modified to 
(3.6). 

22 Note added in proof. A. J = iirY resonance at 1520 Mev has 
been recently reported: M. Ferro-Luzzi, R. Tripp, and M. Watson, 
Phys. Rev. Letters 8, 28 (1962); 8, 175 (1962). They conclude 
from their observations that P(KZN) is odd, that the resonance 
corresponds to a d wave for the KN channel and that there is very 
little p wave present at this energy. They find an upper limit on 
the s-wave elastic K~p cross section at 400 Mev/c which corre­
sponds to our modified restriction (3.6). 

23 D. Amati, B. Vitale, and A. Stanghellini, Phys. Rev. Letters 
5, 520 (1960). T. Lee and C. Yang, Phys. Rev. 122, 1954 (1961). 

150 200 
PK-(MEV/C) 

(c) 

FIG. 2. Example of effective'range solution which has uncoupled 
global-symmetry phases KYY'1 for / S = / A = : 1 . The range RR re­
lating the uncoupled to actual phases is 0.5, while the range R 
determining the energy dependence of the M%j is 0.7. The zero-
range MiSiEo) are MRK°=-0.16, i f s so=2.20, Jfjs?=0.91, 
Mg&=-2.61, M s s 1 - - 4 . 9 7 , M A A 1 - - 15.87, M&*=1.739 
MRK1= -1 .08, Mx*} = -7 .85 . (a) The quantity | & r * r j ^ | * vs E. 
(The IkR-WRY1)2 are <0.2.) (b), (c) The cross sections for 
hyperon production and charge-exchange scattering as a function 
of PET. 

The results demonstrate again9 that the actual irY 
phases in partial waves coupled to the KN s wave are 
quite different from assumed uncoupled phases. Of 
course, this does not establish that global symmetry is 
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not a useful concept for discussing other partial waves 
or high energies. Recall the criterion (5.8) of I which, 
for example, along with an experimentally-determined 
scattering length for the / = f KN channel would enable 
us to estimate whether a theory which ignores the KN 
channel would give accurate predictions for the Y±* and 
Fc*. 

We found in our analysis that one can obtain the 
F0*, i.e., that the KN s-wave data and the description 
of the Fo* as a bound KN s state is consistent with 
global symmetry. 

Assuming that, consistent with global symmetry, the 
Fo* is a quasi-bound KN s state, then we have a picture 
for both F0* and the Fi* and Fc*. For completeness, 
let us examine how the Fi* arising from 1=1 p% TY 
scattering is modified by the KN channel. For definite-
ness consider the latter in a p± state, assuming the d§ 
yields qualitatively the same results. 

From the three-channel effective range expression we 
find that, for a narrow resonance, the full width at half-
maximum is 

2(&A 3 +P£ S
3 ) 

T ~ {-RYY03Y-eRRKUK)-\ (5.1) 
(1+P) 

where the effective range coefficient for 1= 1 is given in 
terms of the range of forces R as 

Rn=—3/R, 

co is the reduced energy, p is the ratio of the partial 
width in the 2 channel divided by the partial width in 
A channel omitting kinematical and penetration factors, 
and e is a positive number which is a function of the 
Mi/s. For e—•» oo we have a very narrow resonance 
associated with a bound KN state weakly coupled to 
the x F channels. For e—+0 we have the simple wY 
resonance associated with an attractive wY interaction 
inside the angular momentum barrier as in global sym­
metry. The interesting point to note is that the coupling 
to the KN channel must narrow the resonance. In our 
case R=^m1r

1 from a simple fit to the 3,3 TTN reso­
nance, and p = J. For a full width of less than 30 Mev, 
(5.1) becomes in fermi units 

r = 0.44/( l+1.6e)<0.15, 

from which e>\21 Thus a rather strong narrowing is 
needed from the KN channel and we may look in the 
future to correlating this with p% or d% KN scattering 
lengths. 

At the moment then we can obtain in the above 
manner a picture for both F0* and the Fi* and Fc*. A 
reasonable improvement in the experimental situation 
will certainly decide whether this rather detailed de­
scription is correct. 

C. Validity of the Effective Range Approximation 

We are interested in discussing the validity of the 
effective range approximation for describing the KN 

system.24 We need to examine the position of T-matrix 
singularities (cuts and poles) in physical and unphysical 
sheets which have not been or could not be taken into 
account in our effective range form. These fall into two 
groups: (1) those associated with channels which have 
been neglected, (2) below threshold singularities. 

The nearest higher-mass channels one might consider 
are Y-\-2T and K-\-N-\-ir. The cross section to the 
former is very small25 ( < 2 mbjor center-of-mass energy 
E up to 200 Mev above the KN threshold E0) so that 
the weight of its physical cut is small and no resonance 
in this region could have its mechanism in this channel. 
The cross section to K-\-N-\-w is negligible below the 
K*+N threshold25 which is 400 Mev above EQ. Below 
E0 we have a cut in TRK only, associated with the ex­
change of two pions between K and nucleon, beginning 
at E—EQ~ — 30 Mev. The effective range form can ap­
proximately simulate this with a pole. The only cir­
cumstance in which this would not be satisfactory and 
which would require modification of the formulas used 
in this work would be the presence of a resonance or 
very large cross section in TTTT scattering very near the 
7T7T threshold (i.e., not the 1=1 TTTT resonance at 750 
Mev). Further away, in TRY and TYY, there are several 
poles and relatively short cuts associated with the A 
and 2 states.26 (The nearest one is in the 1=0 amplitude 
around 1270 Mev.) Recall that up to n nearby poles are 
contained in the ^-channel effective range form. In 
order to fit the actual singularities in meaningful detail, 
and thus bring the coupling constants into the formulas 
as parameters, expressions with more channels than we 
used would be needed. Because of these poles, with the 
number of channels we used, we must recognize that 
the expressions cannot be accurate far below the posi­
tions of the Fi* and F0*.27-28 

D. Conclusion 

Aside from the two physical situations we analyzed 
and which are discussed in (a) and (b) above, we find 
that it is strongly indicated that with a moderate in-

24 For a general treatment see M. Ross and G. Shaw, Ann. Phys. 
13, 147 (1961). 

25 J. Berge, M. Ferro-Luzzi, and A. Rosenfeld (private 
communication). 

26 See M. Nauenberg, Ph.D. thesis, Cornell University, 1960 
(unpublished). 

27 In irN scattering this is easily done: By considering the two-
channel effective range formula one can describe both the nucleon 
pole and the 3,3 resonance pole (equivalent to the Serber form of 
the Chew-Low formula) so that the expression is valid over a very 
wide energy region. In the small-phase-shift states a one-channel 
expression is adequate. 

28 A modification of the 2- and 3-channel effective range ex­
pressions used in the present analysis, analogous to the modifica­
tion of the one-channel effective range expression in irN scattering 
to include the nucleon pole, is under consideration. The modified 
theory would yield (in the approximation of large hyperon mass) 
all the poles associated with the hyperons and perhaps retain 
sufficient versatility to fit all the data considered here, without an 
increase in the total number of parameters. See in this connection: 
K. Wali, T. Fulton, and G. Feldman, Phys. Rev. Letters 6, 644 
(1961). 
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crease in experimental information a full search for 
effective range fits to the data for E>Eo, making no 
extra assumptions as in this paper, would be practical. 
We want to discuss this point further. 

The very extensive survey of possible solutions which 
would reproduce the Fi* yielded very few solutions. 
This was true even though, as mentioned in (a) above, 
several preliminary experimental results were not made 
use of. Reports of new experimental results29 which we 
received in course of preparing this manuscript indicate 
that already much more data, including new types 
(i.e., separated cross sections on neutral hyperon pro­
duction), are available and that there are additional 
events on film which will substantially improve the 
statistics. These new data can,29 at low energies, still 
be analyzed with the constant-scattering-length ap­
proximation. With better statistics and fitting condi­
tions from higher energy, [such as the condition (2.19) 
on aK~K~(400 Mev/c)] , use of the effective range for­
malism will be justified. The constant-scattering-length 
approximation analysis including prediction of hyperon 
production ratios involves seven real parameters (six 
"zero-range" parameters and one range for Coulomb 
effects). The effective range formalism requires just ten 
(nine zero-range and one range parameter). More than 
one range parameter could eventually be considered if 
warranted by the data. Thus the effective range for­
malism would not be much more difficult for purposes 
of analysis. I t is of course also necessary to repeat the 
effective range analysis for the different KYN parity 
cases. The possibility of gaining information concerning 
the hyperon parities (as in the survey described in 
Sec. I l l ) adds great interest to this type of analysis. 

Further we claim that the constant-scattering-length 
approximation may not be justified even for energies 
very close to EQ. One may look either at the expression 
(2.15) of I for 1/a or at the example shown in Fig. 3 
to see that the energy dependence of 1/a need not be 
limited to the form or order of magnitude of \RkR2 as 
in the one-channel problem. In Fig. 3 we plot 1/ao vs 
kR2 for typical satisfactory solution that yielded the 
Fi*. The new data29 yields no constant-scattering-
length solutions with large real positive11 a and thus in 
the constant-scattering-length approximation no bound-
state type resonance will occur. This result does not rule 
out the possibility of describing a F* as a quasi-bound 
state for the reason stated above. Indeed, it provides 
additional interest for an eventual search for effective 

29 W. Humphrey, Ph.D. thesis, University of California Radia­
tion Laboratory Report UCRL-9752, 1961 (unpublished); 
R. Ross, Ph.D. thesis, University of California Radiation Labo­
ratory Report UCRL-9749, 1961 (unpublished). 

FIG. 3. Variation of l/a0 vs kg2 for an effective range solu­
tion to the K~p data which yielded the Fi*. The range R = 0A f, 
Is = 1 and I A = 0. 

range solutions which might accommodate the Fi* or 
F0*.2 
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