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In Hartree-Fock theory and its various generalizations, it is customary to solve an eigenvalue problem 
involving an effective one-body Hamiltonian. The eigenvectors determine the Fock-Dirac density matrix, 
which also appears in the effective Hamiltonian, and solution proceeds iteratively until self-consistency is 
achieved. 

An alternative (necessary and sufficient) condition for a solution is that the density matrix (9) is idem-
potent and commutes with the Hamiltonian (h). The change in 9, accompanying a change A in h, can then 
be expressed as a perturbation series. Formulas for the perturbation, to all orders, are obtained in terms of 
the unperturbed Hamiltonian and density matrix. It is also shown that the whole perturbation may be 
obtained directly, without separating the orders, and that the approach is related to earlier steepest-descent 
methods. 

1 
I. INTRODUCTION 

T is well known that the energy of a system with 
Hamiltonian 

5 C = E 5 C i ( 0 + - E , ^ 2 f t i ) 
* 2 ! iti 

1 
+-E ,3C3(v/,£)+---, (1.1) 

3 ! i,7,k 

can be written in the form 

£=Tr5e l P l ( l ; 1')+-Tr3C2p2(l,2; l',2') 
2! 

+-Tr3Capa(l,2,3; l',2',3')+- • •, (1.2) 
3! 

where pw(l,2,• • -n; l',2', • • -nf) is the reduced density 
matrix for n particles and is normalized so that 
pn(l,2- • -n; 1,2- • -n)dxidx2' • -dxn is the probability of 
finding n particles simultaneously in (space-spin) 
volume elements dxidx2- • -dxn at points 1, 2, • • -n of 
configuration space. It is also known1-3 that when the 
wave function has the 1-determinant form 

$(1,2,-..2V) = 
V(N\) 

*l ( l ) 

*«(1) 

Ml) 

*i(2) • 

**(2) • 

M2) • 

• • UN) 

• • MN) 

• • fir(N) 

(1.3) 

(each \pi being a 1-electron function or "spin-orbital") 
all the reduced density matrixes are expressible in terms 

* This work first appeared as Preprint No. 61 (15th March, 
1961) from the Quantum Chemistry Group, Uppsala University, 
Sweden. 
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matics, Physics and Chemistry, University of Keele, Staffordshire, 
England. 
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of pi( l ; l ' ) itself: this 1-body quantity is the "Fock-
Dirac" density matrix, 

P(i; 1')=PI(1; i ')=E MWm, (1-4) 

and may be regarded4 as describing an ensemble of N 
noninteracting particles, each with unit probability of 
being found in one of the states */% i/% • • -\pN. 

In self-consistent field theories we determine optimum 
orbitals by seeking the stationary values of E. The 
optimum orbitals ^i, i/% • • -ipN then appear as solutions 
of a 1-body problem, 

¥=rt, (L5) 
where the "effective 1-body Hamiltonian,, for a 
particle at point 1 may be written5 

^(l)=3C1(l) 

+ /3C2(l,2)(l-(P12)p1(2; 201•%*&»+• (1.6) 

and e is an "orbital energy." The function <£ is then the 
exact wave function for a "model" in which N inter-
actionless particles each move in a common field 
described by the potentials in f). It must be remembered 
that the permutation operators in the integrands in 
(1.6) also work on the operand. Thus, when only 2-body 
Coulombic terms appear in (1.1) the 1-electron "model" 
Hamiltonian is 

Ml) = 3Ci(D+5(l)-3C(l), 

where the g and 3C operators are defined by 

4(1)*(1)= /3C2(1,2)P1(2; 2)(fe2iKl), 

(the "Coulomb" operator) 

3C(1>K1)= /"ae2(l,2)Pl(l ',2)t(2)dx2y 

(the "exchange" operator). 
4 R. McWeeny, Revs. Modern Phys. 32, 335 (1960). 
5 P.-O, Lowdin, Phys. Rev. 97, 1509 (1955), Eq. (43). 
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Since the potential in the 1-electron model depends 
upon the density matrix (i.e., upon the orbitals which 
appear as solutions), the equation (1.5) is usually 
solved iteratively until self-consistency is achieved. 

Recently, the original self-consistent field (SCF) 
theory has been generalized in various ways, formal 
72-body interactions have acquired considerable im­
portance, and it seems opportune to re-examine the 
basic problem of obtaining a self-consistent Fock-Dirac 
density matrix. In the generalizations due to Brueckner 
and others (see also Lowdin6), the exact wave function 
for the actual system is related to those of the model by 
means of a projection operator 0 (which depends upon 
both the ground state and a complete set of excited 
states of the model): thus we write 

where $ is a one-determinant solution for the model. The 
exact energy of the actual system is then 

where 3C=0t3C0 is a formal Hamiltonian of type (1.1), 
containing ^-body terms. The same device has been 
used extensively by Lowdin5 in discussing systems with 
definite spin in terms of a one-determinant function <£: 
In this case 0 is a spin operator which projects from an 
arbitrary <£ a given eigenfunction of S2 and §>z. 

The basic SCF procedure is as follows. Given an 
estimated effective Hamiltonian f)o with eigenfunctions 
fa, fa, • • •, we compute a Fock-Dirac density matrix p0 

and hence a revised effective Hamiltonian, 

r,=t)0+A. 

After revising the Hamiltonian, we recalculate the 
eigenfunctions and obtain a new density p. The process 
is then continued until revision is no longer necessary, 
density and Hamiltonian being self-consistent. In any 
one step, we start from f)0 and po and must proceed to 
the revised quantities, f) = f)0+A and p=po+5p. We 
wish to obtain 8p directly, without having to solve the 
eigenvalue problem (1.5) for the individual eigen­
functions—which in themselves have no significance 
until self-consistency has actually been achieved. This 
problem will be solved by a perturbation method, not for 
the eigenfunctions but for the Fock-Dirac density 
matrix itself. 

II. PERTURBATION THEORY 

We shall introduce an arbitrary complete set of 
1-electron functions since the theory may then be 
formulated in a convenient matrix language.4,7 The 
matrices are in principle infinite (giving, for example, 

6 P.-O. Lowdin, Quantum Chemistry Group, Uppsala Uni­
versity Technical Note No. 48, 1960 (unpublished). 

7 C. C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 

exact Hartree-Fock functions) but truncation is equiva­
lent merely to the application of constraints and does 
not affect the formulation: the resultant solutions are 
then "best approximations" of truncated form. 

In the present context the perturbation A is purely 
formal, and the perturbation approach is merely a 
device for solving the nonlinear equations of SCF 
theory. But the same formulation applies, of course, 
when A represents an actual perturbation. Thus, f)o and 
po may describe a model system of noninteracting 
electrons (as in simplified molecular and solid-state 
theories) while A may represent the effect of applied 
electric or magnetic fields. Again, the advantage of a 
density matrix approach is that the whole system of 
electrons is dealt with and it is unnecessary to consider 
separately the perturbation of each one-electron energy 
level. 

Suppose there are n occupied orbitals in <£, fa, T/% • • -^N 
and that these are constructed from m orthonormal basis 
functions 0i, fa, • • -$m, where m may be assumed arbi­
trarily large. Collecting the functions into row matrices, 
we may write 

4 = * T , (2.1) 

where T is a rectangular mXn matrix, and the Fock-
Dirac density becomes 

P ( 1 ; 1 ' ) = E * . - ( i W i * ( i ' ) . (2.2) 

The array of coefficients, p= [_Pii], is the density matrix 
referred to the discrete basis and is given by 

e=TTt. (2.3) 

A sufficient condition for stationary energy is that the 
columns of T are eigenvectors of 

hc=ec, (2.4) 

where h is the Hamiltonian matrix with elements 
hij— f^t^jdx. This is the matrix counterpart of (1.5). 
These results may also be written 

h T = T e , £=diag(eie2- • -en) (2.5) 

and it readily follows that 

h 9 = 9 h . (2.6) 

Because the n orbitals are assumed orthonormal, 9 has 
the projection operator property of idempotency: 

e2=e. (2.7) 

Conversely, (2.6) and (2.7) are the necessary and 
sufficient conditions that E £given by (1.2)] is station­
ary against variation of the ^ ' s , subject to preservation 
of orthonormality (see, for example, reference 4). The 
dependence of h upon Q will be expressed by writing 
h = h ( p ) but the precise form of this dependence is 
irrelevant. We shall suppose that a first approximation 
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is available and satisfies 

hopo—poho, 

symmetry requires 
021 ( 1 ) = i>12(1)t. 

We then calculate 
00—00. 

(2.8) 
(2.12) 

This means that po+p (1 ) is idempotent to first order 
provided p(1) is of the form 

h=h(po) = ho+A, (2.9) 

and wish to find a corresponding p satisfying (2.6) and 
(2.7). 

First, we proceed in the manner of ordinary perturba­
tion theory, imagining A to contain a "perturbation 
parameter" A (X —* 1) and supposing 

(,<!)= j>12tt) + e21Cl), (2.13) 

!>=£>0+£>(1)+e(2)+- (2.10) 

where p(A;) is the correction term containing \k. On 
inserting (2.10) in (2.6) and (2.7), and separating the 
orders, we obtain 

hopo— poho=0, (A0) 

h 0 p ^ - 9 ^ h 0 + A 9 o - e o A = 0, (Al) 

and 
h o ^ - e ^ V f - A p (&-!)_ >(*-i)A = 0, 

po2=po, 

PoP(1) + P(1)po=P(1), 

9o9ik) + 9(1)9ik-1)+' ' '+9(k~1)9a) + 9(k)9o=9 (A) 

(Ak) 

(BO) 

(Bl) 

(Bk) 

Equations (A0) and (BO) are satisfied according to 
(2.8). To obtain the &th order correction we must solve 
(Ak) and (Bk), but since these equations contain the 
preceding orders it is necessary to proceed step by step. 

1st Order Correction 

Since po is a projection operator it defines a certain 
^-dimensional subspace S i in the space spanned by 
the m basis function: 1—po=po' defines the comple­
mentary subspace S2 and we may use the identity, 

M = p0Mp0+ p0Mpo'+po/Mp0+ po'Mpo' 
= M H + M 1 2 + M 2 1 + M 2 2 , 

to resolve an operator into its projected components8 in 
S i and S 2 (Mn and M22) and in the "intersections" 
(M12 and M2 i) . I t is readily seen that the components 
are linearly independent and that A = B is equivalent to 
Aij=Bij (i, j=l, 2). If we resolve p(1) into its compo­
nents, (Bl) yields four equations, one for each compo­
nent. Observing that A # B M = 0 (J9^k), these are 

(B l )n : 2eii<i> = 0U<i>; (Bl)1 2 : p12a> = 9liw; 

(Bl)2 i : p 2 1 ^ = p21(i); (Bl)2 2 : 0=p22^>. 

Thus 
Pll ( 1 )=P22 ( 1 ) = 0 (2.11) 

while pi2(1) and p2i(1) are arbitrary, though Hermitian 
8 The notation should not be confused with that for matrix 

elements. M,-, is still a n w X « matrix. 

containing intersection terms only. 
On substituting (2.13) into (Al) and resolving A 

into its four components, vve obtain 

hoPii ( 1 )-pn ( 1 )ho=0, ( A l ) n 

h o p i 2 ( 1 ) - p i 2 ( 1 ) h 0 - A 1 2 = 0, (Al)i2 

hoP2i (1 )-p2i (1 )ho+A2i = 0, (A1)2X 

hop22
(1)-p22 (1)h0=0. (Al)22 

The first and last equations are automatically satisfied 
from (2.11) while (Al) i 2 and (Al)2i are Hermitian 
conjugate. We need determine, therefore, only pi2

(1). If 
we assume h0 nonsingular (which may always be ensured 
by suitable choice of energy zero), the inverse exists and 
(A 1)12 may be written 

x=h 0- 1xho+h 0- 1Ai 2=f(x) , (x=9i2 (1)). (2.14) 

A formal solution may then be obtained by iteration. 
Thus if we take Xo=0, x i=f (xo) = ho_1Ai2 and in general 

x^+i=f(xyfc) = ho~1XA;ho+ho~1Ai2 (2.15) 

then the limit of the sequence gives 

Pi2(1)= E h ( T ^ + 1 ) A 1 2 V . (2.16) 

We examine the convergence of the process in detail in 
Sec. 4. Here we note that for n—* 00, hon tends to a 
multiple of the projection operator for the eigenvector 
with numerically largest eigenvalue; if this is included 
among the occupied orbitals, which define po, we shall 
have 

Ai2how=Ai20o'ho
w->O, 

since po; is the projection operator for the subspace 
spanned by the wzoccupied orbitals. Hence by choosing 
the energy zero so that the occupied orbitals correspond 
to numerically largest eigenvalues we can at least 
ensure that the individual terms in (2.16) tend to 
zero for n —•> co. 

2nd Order Correction 

If we resolve (B2) into its four components, we obtain 

(B2) u : 2pn
(2)+pi2 (1)P2i (1) = Pii(2)-

(B2)12: 

(B2)2 i: 

(B2)22: 

912 (2) = : Pl2 (2) 

p 2 1 W = P 2 1 V 

P 2 1
( 1 ) P 1 2 ( 1 ) = 0 2 2 ( 2 ) 
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and, hence, 
» U ( 2 ) = - f f M ( 1 > P 2 1 ( 1 > , 

p22(2)=p210)p12(1)) 
(2.17) 

while 9i2(2) and j>2i
(2) are undetermined. The (11) and 

(22) components of the second-order correction are thus 
completely determined by t h e ^ ^ - o r d e r correction, and 
it is only necessary to obtain 912(2). This follows from 
(A2) which gives 

ho9n ( 2 )-9n ( 2 )ho+Ai292i ( 1 )-9i2 ( 1 )A2 1=0, (A2) n 

ho9i2 (2)-9i2 (2)ho+A11912(1)-9i2 (1)A22=0, (A2)12 

ho92i ( 2 )-92i ( 2 )h0+A2 292i ( 1 )-92i ( 1 )A1 1=0, (A2)21 

ho922 (2)-922 (2)ho+A21912(1)-921(1)Ai2=0. (A2)22 

I t is readily verified that the first and last equations are 
satisfied when 911(2) and 922(2) are chosen according to 
(2.17). Thus (A2)n becomes 

~ho9i2(1)92i(1) + 9i2(1)92i(1)ho+A1292i(1)-9i2(1)A2i 

= -[ho9i2 ( 1 )-A1 2]92 1(1) + 9i2(1)C92i(1)ho-A21] 

= -9i2(1)ho92i(1)+9i2(1)ho92i(1) = 0, 

where we use the fact that 9i2
(1) and 92i

(1) satisfy the 
first order equations (Al) i 2 and (Al)2i. Equation (A2) i2 

then completely determines the second order correc­
tion. If we introduce 

M12(
1) = 912(1)A22-A119i2(1), (2.18) 

(A2)i2 may be written 

x=h6-1xho+h0-1Mi2<1), (x= 9i2(2)) (2.19) 

which is of the same form as (2.14). The second-order 
correction is accordingly 

F O C K - D I R A C D E N S I T Y M A T R I X 1031 

M12W = [ 9 l l
w A 1 1 +9 1 2 WA2 2 -A 1 1 9 1 2 W 

-A1 2 £>2 2W], (2.22) 

and obtain by iteration 

912<*>= £ h o - ^ M i a ^ h o * . (2.23) 

From (2.21-23), the perturbation of the density matrix 
may be obtained to any desired order. 

III. ENERGY FORMULAS 

The conventional Rayleigh-Schrodinger perturbation 
theory applies to the individual eigenvectors and eigen­
values of (2.4). The preceding discussion reduces to this 
special case when there is just one occupied orbital and 
T in (2.5) is a single column c: we then have e = cfhc 
= Trli9 and may obtain the perturbed energy accord­
ingly. In the present context, however, the orbitals in 
(1.3) have no individual significance, since the wave 
function is invariant under unitary mixing. Thus, new 
orbitals 

ifc=ifcU=+TU 

give exactly the same Fock-Dirac density, 

9 = T U ( T U ) t = T T + = 9 . 

From (2.5), the only invariant energy is then the sum of 
the n orbital energies, 

n=0 

feth Order Correction 

(2.20) 

If we resolve (Bk) into its components, it becomes 
clear that 9n(fc) and 922

(A?) are again determined entirely 
by the lower order corrections. Thus we find 

9 i i ( * > = _ E p u ^ W ^ - E ei2('W*-°, 

(2.21) 
k—l k-1 

while 912(k) and 92i(Ar) are undetermined. I t may be 
verified by induction that, when the lower order 
equations are satisfied, the equations (Ak)n and (Ak)22 

are also satisfied. I t then remains to determine 9i2
(/b) 

from (Ak)i2. Again we introduce M i 2
w as the (12)-

component of the commutator [ j ^ A — A9 ( A ) ] : 

< g = £ e i = T r e = T r T t h T = T r h 9 . (3.1) 

Since this quantity is of considerable importance in the 
independent-particle model, it is of interest to obtain 
the perturbation series 

5=«o+5 (1 )+« (2 )+---. (3.2) 

From (3.1) it follows that 

£ = T r ( h o + A ) ( 9 o + 9 ( 1 ) + 9 ( 2 ) + " 0 
= £o+Tr A 9 o + T r Ap<D+Tr h 09 ( 2 )+ • • •, (3.3) 

where we use the fact that Trh09 ( 1 ) = 0 since 9(1) con­
tains only intersection terms and, for example 

Trh09o9(1)9o/ = Tr9o,ho9o9(1) = Tr9o/9oho9(1) = 0. 

The first term in (3.3) is the unperturbed energy, the 
second involves the unperturbed wave function and 
corresponds to the usual first order energy perturbation: 

£(i) = TrA9o (3.4) 

The third term depends on the first-order change in 
wave function, but does not give the second order 
energy change unless the wave function is renormalized 
to second order: we shall see presently that the effect 
of renormalization is embodied in the fourth term. 
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First we consider Tr A£>(1): 

Tr A ^ « = Tr A p ^ + T r AQ21^ 

= T r £ ; Ah 0 -^+ 1 )A 1 2h 0 -

+ T r £) AhoKA21h0-<"+I). 

If we make a cyclic permutation of the factors in each 
term, and use the projection operator properties of 90 
and 90' (which both commute with ho), the two terms 
are seen to be identical and 

TrA9(1)=2TrA912(1> = 2 £ TrA 2 1 h 0 - ( w + 1 ) A 1 2 V. (3.5) 

In order to renormalize to second order we must admit 
those parts of 9(2) which are determined purely by the 
first order correction. These are given by (2.17) and the 
remaining terms, 912(2) and 921(2), are in any case 
irrelevant in second order because when taken with 
ho each gives zero trace. The renormalization terms are 
thus 

T r h o 9 n ( 2 ) = - T r £ h0-"A12ho"ho™A21h0-(m+1) 

n,m=0 

= - T r E A1,W
n+m)Auho~^+m+1\ 

n,m—0 

Trh«,£>22
(2) = Tr f ] h0

m+1A21h(r<
m+I)ho-<"+I)A12ho'1 

n,m=0 

- T r £ A12h0
(w+m+1)A12h0-^+™+2). 

n,m=0 

If we use smtn to denote the general term in the first sum, 
it follows that 

00 00 00 00 

T r h o 9 ( 2 ) = — [ 2 Smn—Y, 2 S m n ] = — £ Sm,o. 
m,n—Q m—0 n = l m=0 

Hence 

Trho9 ( 2 ) =~Trf ; A12h0-A21h0-^
+1> 

7»==0 

= - T r A 2 1 f) h0-^+1)A12h0
m 

m==0 

= -TTAQ1SM. (3.6) 

Renormalization thus exactly halves the leading 
contribution (3.5) to the second-order energy, and we 
obtain 

6™ = TiA9liW = £ TrA a ih<r (*+ 1 )Auhon . (3.7) 
n=0 

I t is also possible to obtain the third order term in simple 

form. The contribution from 9(2) is 

(g(3)=,TrA(9l l(2) + 9 2 2 ( 2 ) ) 

= TrA(921(1)912(1)-912^>921a)), (3.8) 

and it is easily seen that this is the complete third-order 
term. For the remaining contributions are 

TrA(912(2)+921^2))+Trh0(9n (3 )+922 (3 )), 

and by using (2.21) this may be reduced to 

Tr(A 1 2 -ho9 i2 ( 1 ) +9i2 ( 1 ) ho)92 i ( 2 ) 

+Tr(A21-921(1)h0+h0921(1))912(2), 

which vanishes by virtue of (Al)i2 and (Al)2i. Since the 
odd orders of perturbation theory give upper bounds to 
the eigenvalues, this is a particularly useful result. 

IV. CONVERGENCE. CONNECTION WITH ORTHODOX 
PERTURBATION THEORY 

We must now determine under what conditions the 
iterative solution converges. This may be done by 
writing ho in "normal form" in terms of its eigenvalues 
and the projection operators for the eigenvectors. Thus 

m 

h o = E * 0 f , (4.1) 

where 9*= c^c/ is the projection operator for eigenvector 
Ci. In general, we can then write 

m 

f(ho)= £/ («)«* (4-2) 

On using this form in (2.16), remembering that 

i(occ) t(unocc) 

we obtain 

9i2 ( 1 )=Eho- ( w + 1 )A 1 2how 

= E Z Z efin+l)QAWkn 

n=0 ;(occ) fc(unocc) 

= Z Z Z (—-jAyjCiCit; 
n=0 j(occ) fc(unocc) \€jn~*~ / 

where 

Ay&=c/Ac&. 

This expression is a geometric series with respect to n 
and converges absolutely so long as €k<ej (all un­
occupied k, all occupied j). This condition can always 
be met by suitably placing the energy zero (i.e., adding 
a multiple of the unit matrix to h0). We can then sum to 
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infinity and obtain the closed form, 

1 
012 (D = 

i(occ) €j—€k 
k (unocc) 

-AjkCjCkl (4.3) 

I t is easy to see how, in the case of a single eigenvector, 
this result gives the usual Rayleigh-Schrodinger series. 
For with just one occupied state (j) the j summation 
disappears and we obtain from (3.7) 

€ ^ = = ^ ( 2 ) = T r 9 l 2 ( l ) A = £ 
1 

.(2) = -AifcA 
k&j) €j—€k 

jktAfcj, 

the usual result. The third-order term (3.8) gives on 
introducing (4.3), 

> = Tr E E 
1 1 

i(*/) *(?*;) (ey— ei) (ej—ejc) 

1 1 
-Tr E E 

•Aji*ciCjlAjkCjCk*± 

l&i) H*j) (tj—ei) (ey—€fc) 
•AyzCj-CjtAy^CfcCitA, 

i.e., 

*/3) = E 
AjkAjciAij AjiAij 

~ E A, 
i,*<*/) (€,— €*)(€,—ej) i(*y> (ej —€ Z ) 2 

which again agrees with the Rayleigh-Schrodinger 
result. 

V. PERTURBATION THEORY WITHOUT 
SEPARATION OF THE ORDERS 

For many purposes it is not necessary to determine 
separately each order in the perturbation series 

We therefore consider the direct determination of 69 

by an iterative method similar to that already used in 

Sec. 3. From (2.6) we obtain 

ho59-«ph 0 +A(9o+«9)- (9o+«p)A = 0.- (5.1) 

Now we know that in every order 911w and 922^ are 
determined by the preceding orders, owing to the 
idempotency condition (2.7), and that only the mixed 
component pi2(fc) is free to be chosen so as to satisfy 
(Ak). In general then 6911 and §922 must be determined 
by 6912 which must be chosen so as to satisfy the (12) 
projection of (5.1). This is found to be 

( h 0 + A 11)5912—5912O10+ A22) + A125922 

- « e n A 1 2 - A i 2 = 0 , (5.2) 

or, if we put 5912=x and multiply by (h 0 + An) - 1 , 

x = (h 0 + A11)"1x(h0+ A 2 2 )+M 1 2 =f(x) , (5.3) 
where 

M12=A12+5eiiAi2-Ai28022=M(x), (5.4) 

since £911 and 6922 are determined by the solution x. We 
shall see, however, that M i 2 is only weakly dependent 
on x: in this case, neglecting at first the variation of 
M12, we can use an iterative procedure based on (5.3) 
which is formally similar to (2.19). Thus 

x= E (ho+ A11)-(-fl)M12(h()+ A22)». (5.5) 
n=0 

Initially, we should take M i 2 = A12. After estimating x, 
the correction terms in (5.4) could then be added to 
give an improved formula. I t remains only to examine 
the dependence of £911 and £922 upon x (i.e., upon £912), 
implied by the idempotency condition (2.7). 

On putting 9= 90+59 and separating the four compo­
nents of (2.7), we obtain 

c>9ii2+259ii+c)9i2S92i=59ii, 

59115912+59125922=0, 

59215911+59225921=0, 

59222+592i59i2=5922. 

(5.6) 

We can solve the first and last equations formally by 
completing the square: 

(59n+§9o)2=i9o2--<>9i2592i, 

(5922—l9o02=i9o/2—59215912, (90'= 1— 90) • 

Hence, putting 5912=x and taking appropriate signs of 
the square roots, we have 

(59ii+i9o) = ieo(l-4xx+)*9o, 

(5922-i9oO = - i 9 o , ( l - 4 x t X ) V -
(5.7) 

Since x is a small quantity, the roots may be expanded 
to give 

5911= - [xx t+ (xxt)*+2 (xxt)3+ . . . ] , 

5922=[xtx+(xtx)2+2(xtx)3+ • • • ] , 

and it is easily verified by substitution that these solu­
tions also satisfy the second and third equations of (5.6). 
We also obtain a compact expression for M12 in (5.4): 

Mi2= Ai2+59nAi2— Ai25922 

= (59n+J9o)Ai2—Ai2(5922—I90O ; 
i.e., 

M 1 2 = i [ A 1 2 ( l - 4 x t x ) * + ( l - 4 x x t ) * A 1 2 ] . (5.9) 

If we took account of the x dependence of M i 2 in the 
iterative treatment of (5.3) we should obtain an exact 
solution. But MX2 differs from A12 only by terms of the 
third order in the perturbation parameter and if we put 
Mi2= A12 in (5.5) we should expect to obtain the first 
two orders of perturbation theory exactly, together 
with substantial parts of all higher orders. A more 
refined iteration formula would result on estimating x 
in this way and then recalculating M12 by expansion: 
neglecting terms of fifth and higher order we have 

Mi 2^Ai2— Ai2x
fx—xx1" A i 2 . (5.10) 
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Finally, we note that in obtaining a self-consistent 
solution of (2.6) the dependence of h (and hence of 
A = h—ho) upon p would most conveniently be intro­
duced during the course of iteration. Instead of obtain­
ing an exact solution for the A calculated initially, and 
subsequently repeating the ^hole process, A would be 
recalculated periodically and the iteration formula (5.3) 
modified accordingly. 

VI. CONNECTION WITH THE STEEPEST-
DESCENT METHOD 

An alternative method of solving this problem has 
already been given,9 but does not permit the separation 
of orders and is therefore unsuitable when a perturba­
tion development is required (e.g. in polarizability 
calculations where the term of second order in the field 
strength determines a susceptibility). In conclusion, we 
shall investigate the relationship between the two 
approaches. 

Let us adopt a "mean-value" approximation in the 
normal form (4.2), writing 

(ho~"1)ii== 2 er1^—(eocc)"1 2 Qi= (eocc)"1^. 
i occ i occ 

Similarly 

( h o ) 2 2 = X ) € » 0 * ~ ( € u n o c e ) ] £ Qi= (€ U noco)0o' . 
i unocc i unocc 

Then, from (2.16), 

00 \€unocc/ 

p i 2 ( 1 ) ^ E A12; 
*=0 < 6 o c c ) n + 1 

i.e., 
9i2<»~-AAi2, (6.1) 

where 
A=l /Ae (6.2) 

and Ae is a "mean excitation energy." This gives an 
approximate first-order correction, 

9(D = _X(A 1 2 +A 2 1 ) , (6.3) 

9 R. McWeeny, Proc. Roy. Soc. (London) A235, 496 (1956); 
A237, 355 (1956); A241, 239 (1957). 

which is the result obtained by the method of steepest 
descents in the alternative approach.9 In some applica­
tions it is possible to make a reasonable estimate of Ae, 
but generally it would be more satisfactory to regard 
X as a variational parameter. 

The solution of the basic equations (2.5) and (2.7) 
occurs9 when 8, defined in (3.1), has a stationary 
minimum value. The third-order estimate based upon 
(3.4), (3.7), (3.8) is an upper bound10 and we may 
therefore determine an optimum X value by minimiza­
tion. To third order we have 

£=Trh[0O—X(Ai2+A2i)+X2(A2iAi2— A1 2A2 i ) ] ; 

and hence 
T r s h 

X°Pt== ; ^"5 ( s=A 2 i ) . (6.4) 
2 T r ( s t s ~ s s t ) h 

This is the result obtained in an earlier paper.9 On the 
other hand, it is possible to give an improved estimate 
of 5Q by including the remaining second order terms. 
For on using the mean energy approximation in (2.20), 
we obtain 

912
(2)=-XM12==X2(Ai2A22-A11A12). (6.5) 

The approximate second-order correction is then 

9(2) = X2(A21A12-A12A21)+X2(912
(2 )+92i (2 )). (6.6) 

The second term in (6.6), calculated according to (6.5), 
gives an improvement on the results obtained by the 
steepest descent method. 
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