
P H Y S I C A L R E V I E W V O L U M E 1 2 6 , N U M B E R 3 M A Y 1 , 1 9 6 2 

Theory of a P-Wave W-A Resonance 
SAUL BARSHAY 

Physics Department, Brandeis University, Waltham, Massachusetts 
(Received December 7, 1961) 

It is shown that a P3/2 TT-A resonance can conceivably occur as a consequence of the P3/2 pion-nucleon 
resonance and the fact that the A hyperon can dissociate virtually into a K meson and a nucleon. Specific 
pion-hyperon interactions are not considered. 

IN this note we present a calculation which suggests 
the existence of a P-wave TT-A resonance at low 

energies independent of the nature of the Yukawa 
couplings of pions to A and S hyperons (provided that 
the latter do not exist with such large effective couplings 
as to invalidate the resonance mechanism discussed 
below). We consider this result significant in the light 
of the various conflicting evidences concerning the 
validity or invalidity of the original conjectures1,2 on 
the nature of the relative S-A parity. The odd-parity 
conjecture2 has some experimental support from photo-
production experiments,3 from experiments on the 
nature of the 400-Mev/c K-N anomaly,4 and perhaps 
from associated production experiments.5 On the other 
hand, the apparent wealth of pion-hyperon resonant 
states, as well as certain interpretations6 of the nature 
of the hyperon-nucleon interaction, suggest even parity. 
I t has been suggested7,8 that, barring a direct experi­
mental determination of the relative S-A parity, an 
important clue to this parity would be contained in an 
experimental determination of the spin of the Fi*, the 
7r-A resonance at 1385 Mev.9 Odd relative S-A parity 
and the bound-state model of the sigma hyperon10 would 

FIG. 1. General Feynman graph for 7r-A scattering according to 
the mechanism discussed in the text. 
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imply (in a reasonable potential model) an Syi 7r-A 
scattering phase shift starting at ir at zero energy and 
rotating down through x /2 . Such a behavior would not, 
in general, appear as a narrow resonance. However, in 
the vicinity of the K-N threshold, the reaction of this 
(closed) channel upon the 7r-A channel can induce a 
narrow resonant structure in the 6*1/2 phase shift 
which includes both "potential" and reactive effects, 
as first demonstrated by Dalitz and Tuan.11 An effective-
range analysis of low-energy K-N interactions12 can 
accommodate such a situation, but this is but one of 
many accommodations. The existence of some such 
state would be useful in a dynamical theory of the 
pionic decay of S hyperons along the lines of the bound-
state model.13 On the other hand, Amati et al.s have 
demonstrated that a 75 coupling (even relative S-A 
parity) of pions to A and S hyperons can, in a non-
relativistic model with neglect of iT-meson and pion-
nucleon effects, lead to a P3/2 7r-A resonance. 

We consider here a model in which (a) a A can 
dissociate into a K meson and a nucleon, and (b) a 
P-wave pion interacts in a resonant manner with a 
nucleon as described by a Chew-Low effective-range 
formulation.14 We demonstrate that this mechanism 
can conceivably lead to a narrow low-energy P-wave 
7r-A resonance in the state with total angular momentum 
3/2, independent of the relative S-A parity. 

The general Feynman graph under consideration is 
shown in Fig. 1. With pseudovector coupling between 
K meson, A, and nucleon, and with neglect of baryon 
recoil in the intermediate states, we can write the 
transition operator in the spin space of the A hyperon, 
as follows: 

M(k,k>'H-— / - :, (1) 
niK

2 J ( 2 T T ) 3 ( 2 P : ) ( £ - 5 ) 2 

where JK is the rationalized effective pseudovector 
coupling for A —» N+K, MK is the i£-meson mass; 
<r is the Pauli spin operator; E= (P+MK2)^I 5 is the 
lambda-nucleon mass difference; and 2 \ (kV) is a 
P-wave pion-nucleon scattering operator which takes 
a pion of momentum k into a pion of momentum k'. 
We have considered only isotopic spin 3/2 for the pion-
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nucleon system and this is the origin of the factor of 4/3 
when one notes that the A can dissociate into both 
K~-p and K°-n systems. We now consider only that 
part of the 7\(k',/) which corresponds to the pion-
nucleon system in a JP 3 / 2 state. We write 

Tk(k',l) = Tk(k',l)Pm(k,kf), (2) 

where the P3/2 projection operator is defined in terms 
of the unit vectors k and kf by 

Py2(k,k') = 2k-k'-iiT-kfXk (3) 

Inserting (2) into (1) and moving the o-l on the left 
through Tk(ky) , using the commutation properties of 
the components of o-, we get 

M(k,kV) = 
4 ( / * 2 / 4 T T ) rlHlTk(k\l) 

37rmK
2 J E(E-8)2 

X(-Ps(k,k')~-P,(k,k')\ (4) 
\ 9 9 / 

where the Py2 projection operator is defined by 

P1/2(k,k') = k'k'+i<r-k'Xk. (5) 

We now write down the equation satisfied by Tk(kf,f) 
in the one-pion approximation. 

<ZV(q)rk(q)> 
n(k',i)=-Blc(k',i)-j:[ 

« \—co '+co -\-wq-\-E—5—MJ 

<rtt(q)rt>(q))\ 

u>'+o>q+E-5 / 
(6) 

where 

Bk(k\l) = 
2kkf 1 f 

3(0X00* « ' + £ - $ M2 

In these equations « ' = (&'2+M2)% CO=(&2+M2)% wg 

= (#2+M2)* with ix the pion mass; the sum on q denotes 
a sum over isotopic indices as well as an integral over 
the three-momentum q; the symbols (• • •) denote that 
the function which is the coefficient of the isotopic spin 
3/2, angular momentum 3/2 projection operator after 
the sum over q is performed is to be taken; / is the 
rationalized renormalized pion-nucleon pseudovector 
coupjing constant; and finally the dagger denotes 
Hermitian adjoint. The validity of Eq. (6) can most 
readily be demonstrated by expanding the right-hand 
side by iteration of the Born approximation, Bk(k',l), 
and then inserting this series into Eq. (4) and identi­
fying the result term by term with the perturbation 
theory series (with exclusion of renormalization graphs) 
for all Feynman graphs contained in the one-pion 
approximation to the general graph of Fig. 1. 

Consider the coefficient of Pzizikfo) in Eq. (4) and 
define a new function h(oo') as follows: 

40(/K 2 /4TT) r Ml Tk(k',l) -4*kk' 

27 wm 

'47rJ r l*d. 

K2 J E 
*(«0, 

E(E-d)2 2(<oo/)* 

A(«0 = «<8(*')sin5(*0/(*08, 

(7) 

where 8(kf) is the 7r-A scattering phase shift in the P3/2 
state. The function h(co') has cuts from o/=— m ^ + 5 
to —00 and from WK+JU—°° to s; the function A (a/) 
goes like 1/a/ as a/ —> 00 and further it can be shown 
that crossing symmetry — M(k' , k, — a/) = Jf(k,k',a/)> 
implies h(—a/)==iA(a/). We can therefore write 

1 rmK+2»~8 G(x)dx 
hW+irj) = ~ / 

7T J mj^—8 

1 

X+a) 

+ 
If J mn 

G(x)dx 

mK+^H—8 X-f-O) 

F(x)dx 
(8) 

mK+fi-8 X — 0) —17} 

where G(x) and F(x) are suitable weight functions given 
in terms of the discontinuities of h(o)f) across the left 
and right cuts, respectively. We now approximate the 
first term on the right of Eq. (8) as follows: 

with 

and 

1 r^K+^s G(x)dx 

7T J mKs x+o)e x+M 

1 mK+2fi~8 

G(x)dx, (9) 

M ^ W K - 5 + / X . 

We have replaced this small piece of the cut by a pole 
at its midpoint. In this approximation the quantity c 
can be estimated in terms of the residue of the Born 
approximation for h(uf-\-iri) at the pole. We obtain 

(J*\( P V 4 0 V 4 \ 1 flm m 

C\4T/\4wfi2)\27A3)mK
2Jo E(E-8)2 

where /w^(18/x2)i I t is most important to note at 
this point that c contains two small multiplicative 
factors, ( / 2 / 4 T T ; K 0 . 0 8 and ( / x

2 /4x)~0.35 (for an 
effective pseudoscalar coupling between K meson, A, 
and nucleon of (g2/47r)^5). A very approximate 
estimate of the integral in (10) gives 

c-2.3(/x
2/47r)(/2/47r iu

2). (11) 

At this point we may proceed to follow precisely the 
development of the effective-range formulation of 
P-wave pion-nucleon scattering.14,15 Define a function 

g(a>'+iy) = g(z) = 
{z+M)h(z) 

(12) 

15 One simply constructs a unitary amplitude (in the elastic 
scattering approximation) from what is essentially the Born 
approximation, Eq. (7). 
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This function satisfies the following equation: 

(z+M) r™ /Pl(x) P2(x)\ 

YN. We obtain 

« (*)=! -
C7T 

with 
J p \x—z x-\-z/ -z X-\-ZJ 

Pi(x)=-c2q*/(M+x)2, 

where X 2 = ^ 2 + M 2 ? and 

— A 3 | g ( _ x _ ^ ) | 2 

(13) 

P^)=-
g(x+irj) (M+x)-

From Eqs. (7) and (12) we have 

c(kJcotS(k') 
Reg(w') = -

o'+M 
(14) 

Using Eqs. (13) and (14) with approximation of the 
"crossed" term, we have 

c(kj cotS(k') 

•a'+M 

(M+co') 
P / 2cqHx/ (x+M)2(x-a>f) 

J P 

(15) 

* l - ( M + c o ' > , 

where P denotes the principal value, xm is some cutoff, 
and r is an approximately energy-independent effective 
range given by16 

irr~P / 2cqHx/x(x+M)\ (16) 

This should be compared immediately with the (3,3) 
effective-range of Chew-Low theory14: 

/ f2 \qHx / 1 \ 
irr^P I 4 ) ^ W. 

\4TTM2 / X" \2 2fxJ 
(17) 

Inserting (11) into (16) and comparing with (17), we 
find r<r% as a direct consequence of ( / K 2 / 4 7 T ) < 1 . 
Equation (15) thus indicates that a low-energy reso­
nance could develop in the P3/2 7r-A state. Indeed, if we 
identify such a state with the Fi* at co'^270 Mev, we 
obtain r~l/5.25/z which is decidedly smaller than r3. 
We may go even further and make a direct comparison 
of the width of a resonant state described by Eq. (15), 
TA, to the width of the (3,3) pion-nucleon resonance, 

16 We have estimated the contribution to r from the cut in 
Tk(k',l) arising from the (3,3) pion-nucleon isobar. Since this 
represents an additional attraction, r tends to increase. This in­
crease is less than ~ 1 0 % because of the relatively narrow width 
of the isobar. 

r, CQA* 

TN l(/2/4V)g^3 
(18) 

where q& and qN are the center-of-mass momenta at 
resonance in the w-A and 7r-iY systems, respectively. 
We see that, even for comparable #A and q^y the fact 
that c/ (/2/47r) CC (/K2/47T) < 1 gives immediately a 
narrowing of the x-A resonance. With a value of r/r% 
~c/(/2/47rM2)~ 1/2.4, Eq. (18) gives r A ~ 0 . 5 l V In 
this model there is a direct connection between the 
smaller P-wave effective-range for ir-A scattering as 
compared to TT-N scattering and the narrowing of the 
7r-A resonance; both are connected to the smallness of 
the effective pseudovector coupling of K mesons to A's 
and nucleons. From Eq. (4) we see immediately that 
the effective range in the Py2 TT-A state is negative 
and therefore the corresponding effective-range formula 
implies no resonance in this state.17 

We would like to summarize. The entire derivation 
is crude, but Eq. (15) does suggest that a low-energy 
7T-A resonance in the P3/2 state can arise as a consequence 
of the well-known pion-nucleon resonance and the fact 
the A can dissociate virtually into a K meson and a 
nucleon. A modified effective-range formula [Eq. (15)] 
can be applied; the effective-range is smaller than in 
the pion-nucleon case and the width of the 71--A reso­
nance is narrower than the TT-N resonance. Both of 
these facts follow simply from the fact that the effective 
pseudovector coupling of K mesons to A's and nucleons 
is likely to be less than unity (if the K were scalar 
relative to AN, the scalar coupling would also likely be 
less than unity and the calculation goes through with 
small modification). Direct pion-hyperon couplings have 
been neglected. Therefore the model is the logical oppo­
site of that of Amati et al.,s in which a 7r-A P3/2 reso­
nance is produced as a consequence of special forms of 
Yukawa couplings of pions to A's and S's, with neglect 
of i£-meson and pion-nucleon effects. I t would seem 
that since a 7T-A P3/2 resonance may be expected on the 
basis of Eq. (15), its existence may not be a clean indi­
cation of the validity of certain models of direct pion-
hyperon couplings. The other experimental data sup­
posedly bearing on the nature of these couplings is that 
concerning the hyperon-nucleon interaction.6 I t is not 
clear that the theory of these processes can distinguish 
between direct coupling mechanisms and strong 27T-A 
interactions arising from the general graph of Fig. 1. 
We would say that a direct experimental determination 
of the relative 2-A parity must still be viewed as crucial 
in pointing the way to fruitful theories of pion-hyperon 
interactions. 

17 One can show that inclusion of all of the Born terms in 
Tk(kV) does not alter the conclusion as to the absence of a P\ 
resonance. 
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