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Based on Van Hove’s formalism, a general discussion of scattering in liquids has been given. The scattering
cross section has been expressed in terms of velocity correlation functions; in particular, for the incoherent
scattering cross section it is shown that in the Gaussian approximation for Van Hove’s G, (r,?) function, only
a knowledge of the velocity autocorrelation function (v(0)-v(#))r is necessary. The departure from the
Gaussian approximation is expressed in terms of higher order velocity correlation functions. A derivation
of an approximate formula for the width function of the Gaussian G;(r,t), suggested earlier by the authors,
has been given. The frequency spectrum of the velocity autocorrelation function has been introduced, and
it has been shown that, as a consequence of the fluctuation-dissipation relations, the spectral representation
of the width function is formally identical with that obtained earlier for a harmonic solid. The first few
moments of the energy transfer have been discussed. Some of these moments have been shown to satisfy
certain relations which involve only experimentally observable quantities; and hence, these relations can
be used as a check on the internal consistency of the experimental data.

I. INTRODUCTION

HE theory of neutron scattering by an interacting
system in terms of the space-time correlation
function G(r,t) has been given by Van Hove.! Besides
being elegant, Van Hove’s formalism has the merit that
it is very useful for interpreting the scattering data for
systems such as liquids for which an exact calculation
of the scattering is too complicated. This possibility
arises from the fact that the function G(r,f) in the
classical case has a very simple physical meaning and
it has known limiting forms for both small and large
times. These considerations have led and guided many
authors®™” in recent years to propose certain dynamic
models of the liquid state to interpret the scattering
data.

Instead of discussing the scattering in terms of Van
Hove’s G function, it is often more convenient to dis-
cuss it in terms of what we call the intermediate scat-
tering function F(x,f) which is the space transform of
the function G(r,f), #x being the momentum transfer.
The corresponding transform of the self-part of G(r,s)
is denoted by F(x,t). It is shown in Sec. V that F,(x,t)
can be written as an exponential, the exponent being
an infinite series in «% The coefficient of x? in this series
is simply related to the two-velocity correlation func-
tion (v(0)-v(#))r and the coefficient of x* to the four-
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velocity correlation function and so on. The behavior
of Fi(x,) for the two limiting cases: (i) t— 0 and
(ii) ¢ — o is discussed. The condition under which the
Gaussian approximation for the G, function is valid,
has been derived. The «* term in the series is the first
term in the non-Gaussian correction. So far, it has not
been possible to calculate the magnitude of this correc-
tion; however, it should be possible to estimate this
correction experimentally.

In the Gaussian approximation a rigorous quantum-
mechanical expression for the width function is derived
(Sec. VI). This width function is complex. By making
use of the fluctuation-dissipation theorem, discussed in
detail in Sec. III, the scattering cross section Sine(%,w)
can be expressed as a Fourier transform of a real
function H,(x,f). A very good approximation is ob-
tained for the width function of H,(x,f), expressed in
terms of the classical two-velocity correlation function.
In the Gaussian approximation, the problem of calcu-
lating the incoherent scattering cross section for almost
all liquids is thus reduced to a classical calculation of
the velocity autocorrelation function (v(0) -v(#))r.

It is shown in Sec. VII how in a natural way one
can introduce in the formalism the frequency spectrum
f(w) of the velocity autocorrelation function. In fact, by
making use of the fluctuation-dissipation theorem one
notices that the width function of H,(x,) for a liquid
has exactly the same form as that for a harmonic solid.
Thus it is legitimate to characterize the dynamics of a
liquid by this frequency distribution function ana-
logous to the case of a solid.

The first four moments of Sine(x,w), first given by
Placzek,® have been rederived in Sec. IV in a simple
manner and further, relations between the second and
the third moments and between the second and the
fourth moments are given which do not contain the
potential and involve only experimentally measurable
quantities. In the coherent case, a similar relation be-
tween the second and the third moments is established.

8 . Placzek, Phys. Rev. 86, 377 (1952).
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SLOW NEUTRON SCATTERING BY LIQUIDS. I

These relations may be of utility in checking the in-
ternal consistency of the experimental data.

Section II contains a general discussion of the basic
mathematical formulae, and also a discussion of Vine-
yard’s “convolution approximation” for coherent scat-
tering. A recent article by Nelkin® contains a review
of certain aspects of the material discussed in Sec. II,
II1, and IV.

II. MATHEMATICAL FORMULATION

According to Van Hove! the scattering cross section
can be written in the following form:

B0 oon/ A= N aeon? (k) F)S con (,0), 1)
Bine/ A= Naind(k/k0)Sine (%,w), (2)
where
1
Seon (,00) =E~ / exp[i(x-r—wt) |G(r,t)drdt,  (3)
™

St ==~ [ explite =G, e )i, (8
ino K,w)—2 expl[i (k- 1—wi) ]G, (r,t)drdL.

s

The cross section has in the conventional way been
separated into a coherent and an incoherent part and
the two scattering lengths are denoted by @eon and @ine.
#iw and %k are the energy and momentum transfers, and
they are connected to the incident and final wave
vectors of the neutron, ko and k, respectively, through
the relations

K'-:kg—k,

©)
w= (h/2m) (k—k?),
where m is the neutron mass and N denotes the total
number of atoms in the scattering system. For sim-
plicity, we restrict ourselves to monatomic systems.
The introduction of the G functions by Van Hove was
mainly due to the fact that these functions could be in-
terpreted directly in simple physical terms.!?® It is,
however, for many purposes more convenient to
analyze the space transform of G(r,?),

Fx,t)= / exp(ix-1)G(r,0)dr, (6)

and the corresponding transform of G,(r,?), henceforth
denoted by F;(x,t). The scattering functions Seon(%,w)
and Sinc(x%,0) are then simply the time transforms of
F(x,t) and F,(x,f), respectively. In fact, in the deriva-
tion of the scattering cross section one normally arrives
at F(x,t) first.

The general definitions are:

9 M. S. Nelkin, Proceedings of the Symposium on Slow Neutron
Scattering, International Atomic Energy Agency, Vienna, 1960
(unpublished).

10L,. Van Hove, Physica 24, 404 (1958).

987
1
F(ep)= ¥ 2 (expl—ik-n(0) ] expliw-r;() Dr,  (7)

1
F,(x,1) =; ; {exp[—ix-1;(0)] exp[ix-1:(8) I)r.  (8)

Here r;(Z) is the position vector of the /th atom in the
Heisenberg representation. {---)r means that both
quantum mechanical and statistical averages should be
taken. In (7) summation over all atoms 7 is performed
and finally an averaging over all atoms /, and in (8)
only this averaging has to be made. For a system in
statistical equilibrium the final averaging is immaterial
if surface effects are neglected. The properties of the
functions F (x,t) and G(r,f) for t=0 are well known and
need no comment. However, it is worthwhile to recall
that for |¢| — o« both F(x,) and F,(x,t) tend to zero
except in the case of a solid, and in that case, they tend
to a finite limit with the remarkable consequence that
both \Seon(¥,w) and Sine(%,w) have a §(w) singularity. It
is experimentally well established that a finite fraction
of the neutrons are scattered without any energy
change. In a liquid, where diffusion cannot be neglected,
we do not have any elastic scattering in the same sense
as for a solid. This, however, does not exclude the
possibility of having a pronounced peak in the energy
spectrum with a finite width around the incident energy.
It is obvious that the width of this “quasi-elastic” peak
depends sensitively on how F(x,f) [Fs(x,t)] tends to
zero for |t|— . On the other hand, scattering corre-
sponding to large energy transfers will mainly depend
on the properties of F(x,f) [Fs(x,t) ] for small times.

To analyze the F functions in more detail, it is con-
venient to express them in terms of velocity correlation
functions. For that purpose, we rewrite F(x,t) in the
following way'!:

F(x,t) =2 ; (exp{—ix-[1o(0)—r;(0) ]} exp[—ix-1;(0)]
Xexp (iHt/%) explix-1;(0) ] exp(—iHi/h))r
=exp (i?/2M) 2 ; (exp{—ix-[1ro(0)—1;(0) ]}
Xexp (iH' t/h) exp(—iHt/h))r, )

where H';=H+#%(%-v;), H being the Hamiltonian of
the system and v; the velocity operator of the jth atom.
We have here made use of the relation

exp(—ix-1) f(p,r) exp(ix-1) = f(p+7x,x), (10)

f(p,r) being any function of the momentum and position
operators.

Taking the term j=0 in (9), we obtain the corre-
sponding expression for F,(x,f). This alternative defini-
tion of F(x,t) and of F,(x,f) has often been used before.

Before we conclude this section, in which up to now
we have been concerned with the formal aspect only,
we shall mention briefly the approximations which have
been used for F(x,f) and for F,(x,?).

11 We are here dropping the averaging (1/N) Z; in Eq. (7) and

‘putting index I=0. .
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Making the assumption that the bracket in Eq. (9)
can be broken up into a product of two factors

(exp[—1x- (ro—r;) Drlexp (iH' jt/h) exp(—iHt/h))r,

we obtain the following relation between F(x,f) and
Fy(x,t):
(11)

This is the “convolution approximation” first used by
Vineyard* to take care of interference effects in an
approximate way. From Vineyard’s derivation, it is
clear that this approximation holds for very small
values of k. For large «, on the other hand, the inter-
ference effects are negligible and this is indeed in ac-
cordance with Eq. (11), for F(x,0) — 1 when x — o,
In most experiments using cold neutrons, the conditions
have, however, been such that « is neither very small
nor very large.

Equation (11) has been used earlier in calculating the
scattering from lead.” As has been mentioned there, even
for intermediate values of k the observed variation with
k of the scattered intensity for small energy transfer
can be accounted for reasonably well on the basis of
this approximation.

It is a fact that Vineyard’s approximation violates
the following classical relation between the second
moments of Seon(¥,w) and Sine(x,w)!21:

F(x,t)=F(x,0)F;(x,0).

00 O

/ w? coh(k,w)dw=/ @%S'ine (¥,0)dew, (12)

x being kept constant during the integration. However,
this fact should not be used as an argument for a com-
plete rejection of the approximation because, as men-
tioned above, it may be of some utility in the region of
small energy transfer. This region does not contribute
significantly to the integrals in Eq. (12). It is certainly
true that for larger energy transfer the approximation
is not valid; it overestimates the interference effects!t;
the reason being that instead of Eq. (11) we have for
{=0, in the classical limit

&EF (1) /det=dF,(x,0)/dE. 13)

This leads directly to Eq. (12). Egelstaff'® has suggested
a modification of Vineyard’s approximation for small
times in such a way that Eq. (13) is satisfied and
furthermore the corresponding relation between the
fourth time derivatives of F(x,f) and F,(x,t) for =0 is
approximately fulfilled.

In most applications made so far, one has also made
simplifying assumptions about F;(x,f).2~7 One can ex-
pand the bracket {---) in Eq. (9) (§=0) in powers of

12 See the following section on moments.

13 P, G. De Gennes, Physica 25, 825 (1959).

14 See reference 7, Fig. 4.

5P, A. Egelstaff, Proceedings of the Symposium on Slow
Neutron Scattering, International Atomic Energy Agency,
Vienna, 1960, paper IS, p. 7 (unpublished).
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«2 as follows (See Sec. IV):

<eiH’L/he—th/‘h>T

= 1_K2/ dllf 1 dlz <7)x(l2>vn(ll)>T+ e (14)

All the coefficients of the odd powers of x involve an
average of an odd power of the velocity and thus dis-
appear. In (14) v.(#) stands for the velocity component
along the direction of x. In Sec. V, it will be shown how
one can treat in a consistent way the infinite series in
(14) and obtain as a first approximation

<ei11’t/he——th/h>T

=eXp{ —1(2/‘ di1ft1 dfz <‘Z)K(i2)7),¢(l1)>7’ . (15)
0 0

Using this approximation in the expression for F,(x,z)
we get the so called “Gaussian approximation”

F-‘?(Krt) =exp[-—x2'yl(t):|, (16)

where

'yl(t)=——i(ht/2M)+%/ t—t)(v(0)- v(t))rdts. (17)

In going from (15) to (16) and (17) we have made use
of the isotropy of the system and the time translation
invariance of (v(fs) -t1(v1))r. A further discussion of v;(¢)
is given in Sec. VI.

III. THE FLUCTUATION-DISSIPATION THEOREM

It was first pointed out by Schofield*® that there
exists a simple relation between the real and the
imaginary parts of Van Hove’s G function, and that a
violation of that relation leads to a violation of the
condition of detailed balance for the scattering cross
section. In the treatment of transport properties ac-
cording to Callen and Welton,'” Kubo,'® and others, a
relation connecting the fluctuations and the dissipation
in a system plays an important role. That relation is a
consequence of the Hermiticity of the quantities in-
volved. The relation obtained by Schofield is a dissipa-
tion-fluctuation theorem, which was rederived in an
earlier paper!® using the technique of Callen and Welton.
Van Hove! did connect the imaginary part of his
G function with the linear response in the density of
the system due to the interaction with the incident
neutrons, but he did not show how such an analysis
leads to a considerable simplification of the scattering
problem.

It can be shown' that the imaginary and real parts
of Fy(x,t) are related as follows:

16 P, Schofield, Phys. Rev. Letters 4, 239 (1960).

17H. B. Callen and T. A. Welton, Phys. Rev. 83, 34 (1951).
18 R. Kubo, J. Phys. Soc. Japan 12, 570 (1957).

VK. S. Singwi and A. Sjslander, Phys. Rev. 120, 1093 (1960).
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/ et ImF (x,t)d!

= —1 tanh(Bw)

-0

eiot ReFy(x,)dl, (18)

where 3=17/2kpT; Eq. (18) implies the following formal
relation

ImF,(x,t) = —tan(B8d/dt) RelF;(x,i). (19)

The same equation holds, of course, also for G,(r,),
which is obtained from F,(x,f) through a Fourier trans-
formation in . It is obvious from Eq. (19) that any
assumptions regarding ReF,(x,f) imply automatically
through (19) a certain assumption about ImF, ().
From the definition, it follows that ReF(x,t) is an even
function of £.2

When applying Eq. (19), a considerable simplifica-
tion can be made by introducing a new function

H,(x,t), defined by
H(x,t)=F,(x, t+16). (20)

Expanding F, in powers of 8 and making use of Eq. (19)
leads to the following relation:

H(x,t) =exp(id/dt) Fs(x,b)

=sec(Bd/dt) ReF,(x,5). (21)

A less formal expression is obtained by taking the
Fourier transform in ¢ of Eq. (21), and one obtains an
equation of the same type as (18).

Due to the fact that sec(8d/dt) is a real operator, the
function H,(x,t) will be real. This is a consequence of
Eq. (19). On the other hand, the reverse is also true;
assuming H,(x,?) real leads to Eq. (19). The latter for-
mulation is more useful when calculating the scattering
cross section. By simply modifying the path of integra-
tion while taking the time Fourier transform of F,(x,z)
the scattering cross section Sine(%,w) can be written in
the form

1 0
Sinc(“,w)=€ﬂw5" / e H,(x,t)di, (22)

™

originally given by Schofield.'¢

H,(x,t) is a real and an even function of ¢ and thus
the integral above is even in w. The exponential factor
efe is essential to satisfy the condition of detailed
balance. It is now possible either to try to find approxi-
mate expressions for H,(x,t) directly or, which seems
more suitable, first to find ReF(x,f) approximately and
then determine H(x,) through Eq. (21).

The same arguments as used for F,(x,f) can be
applied to F(x,f) and the relation between the real and
imaginary parts holds unchanged.

2 In an unpublished paper, R. Becker has recently discussed the
fluctuation-dissipation theorem in greater detail and has ex-
plicitly given a number of different relations connected to Eqs.
(18) and (19).
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The fluctuation-dissipation theorem is most often
given for Hermitian operators. If 4 (f) and B(¢) are two
Hermitian Heisenberg operators and Boltzmann’s sta-
tistics is applicable, Eq. (19) holds for the statistical
average (4(0)B(#))r.2* This more general formulation
will be used when we discuss the Gaussian approxima-
tion for F,(x,t).22

IV. THE MOMENTS OF S(x,0)

The first four moments of Sin.(%,w) were first given
by Placzek® using an expansion of F,(x,f) in powers
of t. We shall here give a simpler derivation of these
moments.

Incoherent Case
The moments of Sine(x,w) can be derived very simply
by using the expression for F,(x,t), obtained from Eq.
(9) by retaining the self-term j=0. Introducing the

notation
A(w,t)=exp(tcH't/%) exp(—iHt/%), (23)

it is easy to derive the following equation for A4 (k) :
A (x,t)/ 0t=1kA (x,t)v.(£), (24)

v¢(¢) being the projection of v(¢) along x. Equation (24)
can be solved by iteration, giving the formal solution

P t 13t
A(K,l)= Z ('LK)"/ dh/ dtz' v
0 0

n=0

/ Tl (1) 0 (1)), (25)

Denoting %?/2M by wg, we have from (25) and from
the definition of Sine(%,w)

/ expi (w—wr)t ]S ino(¥,w)dw
o .

-% (o[ aie

n=0

x/ " oot - uu(t))r. (26)

Due to thermal averaging, all odd powers of v, have
disappeared.
We shall introduce the notation

<f(‘*’)>inc= f(w)Sinc (K,w)dw.

—o0

27

Then by repeated differentiation of Eq. (26) with

21 See W. Bernard and H. B. Callen, Revs. Modern Phys. 31,
1017 (1959).

2 The relation between the real and imaginary parts also holds
for the case Bf=4, even though 4 may not be Hermitian if the
operators depend only on the position coordinates. This fact has
actually been used in the derivation of Eq. (18).
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respect to ¢ and finally putting =0, we get

(Dine=1,
((w—wr))ine=r(v)r=0,
((0—wr))ine=Xvd)r,
((w— wR)3)im= —_ il(2<7),(d‘l)x/dl>71,
(0= wr)Yine= kX0 r— kX0, d*0,/dE) .

It is then possible to show that if U is the potential
energy of the system and z is the component of the posi-
tion vector of a particle in the k-direction,

((w—wr)®ine= (wr/M)(3*U/32%)r,
((w—wr)ine= kv )r+ (&/M*){(0U/82)%r.  (29)

These are the same as the expressions given by Placzek
where (w™)ine are given instead of {(w—wg)™)ine as above.

Neglecting wg, and calculating the statistical averages
in (29) classically, leads to De Gennes® expressions for
the moments of Sine(%,w).

The utility of the above moments from the experi-
mental point of view is that they provide a relation
between various observable quantities and hence a
check on the accuracy of the experimentally obtained
Sine(¥,w). This will be seen from the following.

Using a theorem? which gives the quantum me-
chanical correction to the classical statistical average of
any dynamical variable, one has

(v&r=(ksT/M)
X {14 @/ 12M k5T (0U /03t - - -}, (30)

where (- - -)e1 means the classical thermal average. To
this approximation, the velocity distribution has been
shown to retain its Maxwellian form (see the foregoing
reference) and hence

(WHr=3)r*=3ksT/M)?
XA{1+ #/6MEsT((8U/92))) o+ - - }.
(08U 02)2) 1=k sT{32U / 351, (32)
and eliminating (82U/3z%)r in Eqs. (28) and (29), we get
<(°~’—‘*’R)2>inc

(28)

(31)
Using

= (20pksT/N)+ (/6ksT)((w—wr))inet- -+, (33)
and
((0—wr)Dine= (2wrksT/h)
—wR2+ (h2/12kB2T2)((w'—wR)4>inc+ LN (34)

Coherent Case

The algebra here is more involved than in the above
case due to the presence of the term exp[ —ix- (to—1;)]
in Eq. (9).

Using the notation v(x) for [F(x,0)—1], a quantity
which is obtained from x-ray or neutron-diffraction

28 See for instance L. D. Landau and E. M. Lifshitz, Statistical
Physics (Pergamon Press, New York, 1958) p. 102.
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experiments, we first get

<1>coh= 1+ (),
((0—wr))en=—wrY (%),
{(w—wr)Men=k*2_; (tx0 exp[—ix- (to—1;) Joi,)r,
((@—wr)*)eon=r" 3" ; (v exp[—dx- (to—1;) Joe A7,
— i 3 i (veo exp[—i%- (ro—1;) Joes)r.

(Note that the second of these equations implies
(@) eon=wr={(w)ine.)

Again using the theorem mentioned above, it can be
shown that

((0—wr)Deon= wrksT/%)+wry (x)
+ (fwr/6Mk5T) 3. {exp[—ix- (ro—1;)]

(35)

X (0°U/9z00z))rt -+ (36)
((w—wr))eon= (wr/M) 3 j{exp[—ix- (ro—1;)]
X (0°U/0z00z))o1t - - -
Hence
((0—wr))eon= (20rksT/7)+wr?y (x)
+ (/6kpT){(w—wr))er.  (37)

In Egs. (33), (34), and (37), we have taken into
account the recoil term wz and the first-order quantum
correction to the value of (v2)7. The recoil effect can
certainly not be neglected whenever the mass of the
atom is small. As regards the quantum correction to
(vd)r it is negligible in most liquids. By using the ex-
pression for a solid with an appropriate value for the
Debye temperature, we can roughly estimate this
quantum correction. We get

(vAr— (02 a= (vHa/20) (0/T)%, (vHa=ksT/M. (38)

In the exceptional case of liquid Neon (Ta=24°K,
9p*id=64°K) and possibly in the case of liquid Argon
(Tu=84°K, 0p*14=80°K) we may expect the quantum
correction to be significant.

V. TRANSFORMATION OF F;(x,f)

To be able to analyze the scattering function Sine(x,w)
in greater detail, we will bring it in a form which, at
least in some cases, is more suitable than that given
in Eq. (9). We are primarily interested in the thermal
average of 4 (x,t) given in (23). Using the expansion in
Eq. (25), we get

(4 (¢>)T=§0 (—x?)"[:d,:l/otl dly- - -

X / " dn (0utan) -+ vty (39)

We will adopt a time-cluster expansion which is very
similar to the cluster expansion in distance introduced
by Ursell** and Mayer? when discussing the thermo-

#H. D. Ursell, Proc. Cambridge Phil. Soc. 23, 685 (1927).
% J. E. Mayer, J. Chem. Phys. 5, 67 (1937).
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dynamic properties of dense systems. We express the
higher order correlation functions in terms of those of
lower order as follows:

(Weta) - -0 (W))r
= (g (La )tz (b2, 1) + 2 ({,02) 12 (8,01)

+u2 (t4,ll)u2 (t;;,lg)}+M4(l4,t3,t2,ll), (40)
(0e(te) - - - ve(t1))r
={u, (ts,lg;) o (Laybs)ts (t2,ll) +---
A {wa(to,ts,l0,t5) ua(fat)+ -+ -}
+u6 (16:t5,t4)t3712)t1)' (41)

Here us(f2,61) = (v (¢2) v (f1))r and the higher order func-
tions #s, #s, etc., are successively defined by the above
equations. The dots in the first curly bracket in (41)
imply that all possible products of #; functions have
been taken. Similarly, in the second bracket in (41) all
possible products of #; and %, functions are implied.

The # functions are defined in such a way that they
are essentially zero unless all the times involved are
close together. For instance, in (40) whenever one of
the times is far from the other three, (v, (fs) - - - v, (¢1))7 is
zero; and when the four times cluster together in pairs
so that the pairs are far from each other, this bracket
breaks up into one of the products appearing inside
the curly bracket in (40). Thus #4(ls,ts,ts,1) vanishes
except when all four times are clustered together.
We notice that in Eq. (39) we have the restriction
20212 - for t>0, and < H S LS - - for £<0.

In the general case, we write

(ve(t2n) - - 0 ()7
=2 (py - tp) Upy - tps) -+ (Up,” - -ttp,).  (42)

Here (v(f2x) - - - vc(t1))r is broken up into products of
lower order correlation functions #,({,---#) in all
possible ways, and the summation is extended over all
possible products. We shall use the convention that the
times within a # function are for £>0 ordered so that
the earlier times stand to the left and later times stand
to the right in successive order, and for £<0 we shall
prescribe the opposite ordering. This is the same rule as
that used for {v,(¢,) - - - 0. (1)) 7.

7, shall denote the number of times the function #,
appears in a product. We can thus characterize a
product by the partition (s,%4, - -). All products corre-
sponding to the same partition can be obtained from one
of the products by simply permuting the times involved.
To conserve the number of #’s appearing in each product
one evidently has

Plﬂpl"}"ﬁznm—f" cee=2n. (43)

When using Eq. (42) in Eq. (39) and considering
t— oo, the major contribution to each integral comes
from the term in which (¢1,f5), (¢3,t4), etc., are taken
together. This allows the distance in time between all
the pairs to be large but the times within a pair have
to be close together, how close being determined by the
rapidity with which #s(fs,)) — 0 as [fa—t1|— . All

991

the other terms in (42) contribute to a lower power of .

For ¢ — 0, on the other hand, the integrals in (39) are
given by the values of (v2")p, which for a Maxwellian
distribution of the velocity can be written

L@m)l/2mn! ] ((02)r)™. (44)

Exactly the same results is obtained by using (42) and
assuming that all the u,, p>1, vanish. In fact, by
neglecting these correlation functions one obtains the
“Gaussian approximation” given in Eqs. (16) and (17).
From the arguments above, we would expect this
approximation to be good either when the scattering
cross section depends entirely on the behavior of the
system over a very short period of time or when the
behavior for large times plays a dominant role. One
might hope that the same approximation should be
reasonably good for intermediate values of time as well.

We shall proceed by taking into account the higher
correlation functions also and thus get the corrections
to the Gaussian approximation. First, we notice that
the number of products in (42) corresponding to a
given partition is?

]\7(1’1/2,%4,756, v )
= (2n)1/ (2D) "2 (4) 24! (61) "ng!- - . (45)

The integrations in (39) can be simplified considerably
so that a partial summation of the series is possible. To
show this it is convenient to extend the time region
within which the velocity correlation functions have
been used so far, namely #3, < f2n1< -+ - LHh <t for £>0
and fsn2ten—12 -2t 2t for ¢<0. We introduce a
new set of functions f,(¢,, - - -#1) such that

foltn, - -t)=uy(ty, -+ -t1), (46)

in the regions mentioned above and define them to be

invariant for permutations of the times (¢, ---#).
Using (42), it follows that
t {1 tan—1
/ d11/ dt2' . / dl2n <'Ux(t2n) ot ’vn(tl»T
0 0 0
t a1 tan—1
=/ dlf1/ de"'[ df2n2(fp1"'fpl)”'
0 0 0
1 . . X(fm"'fpv)
= Aty | dton S o fo) - -
(2%) | [) 1 /0 2 fm fm
X (fpv' : ’fpv)- (47)

26 To indicate how one arrives at (45) let us consider Eq. (41).
In the first curly bracket, we have taken all products of %, func-
tions which correspond to the partition (3,0, ). By permuting
the times involved in a product we get 6! terms. However, per-
mutations leading only to a re-ordering of the #, functions should
not be counted. We thus get 6!/3! different permutations. Due to
our convention of time ordering in each # function, we have also
to discard any permutation of the times inside the # functions.
This leads to another denominator (2!)3.

In the second curly bracket, all terms corresponding to the
partition (1,1,0,- - -) are included. The total number of permuta-
tions is 6!, and we have to divide this number by 2!, the number of
permutations inside #s; and by 4!, the number of permutations
inside %.
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Each product belonging to the same partition now
gives an equal contribution to the integral. We shall
introduce a shorter notation v,(#) for the basic quanti-
ties as follows:

1 ¢ ¢
777(1>='(‘2;)—!ﬁ diy- - [] dlap fap(lap, « = 11)

t W b1 tap—1
=/ dtl/ (ifg . [ (l’fg,, ’Ltgp(fgp, . 'll). (48)
0 0 0

Using (45) and (47) in Eq. (39), (4(¢))r can be
brought into the following form:

A= 3 5 {iwmw] {iww)“] -

ne=0 n4=0 7'12! %4!

=exp{ 5 <—x2>n~yn<z>}. (19)

n=1

The first term in the series in the exponential gives the
Gaussian approximation mentioned above. An alter-
native expression for the first few v, is given below and
is obtained in a straightforward manner from the defini-
tion of the #s, functions.

- / iy / dts (0u(1)0e (1) z

72(1)2/;&1/051 dy-- -[:3 s (0u(t) - - -0 (1)

=3P,

t 131 5
va() = / ity f dly- - - / dls (0u(ls) - - -5, (1))
0 0 0

—v1()y2(t) —5[v1 () .

[Later we shall redefine v (#) to include a
term (—dht/2M).]

(50)

We could have obtained these functions in a simpler
way by expanding the right-hand side of Eq. (49) in
powers of 2 and comparing it with expression (39)
term by term. In fact such an attempt has been made
before.8 We have preferred to use the above procedure
because some essential properties of the v, functions
are then revealed more clearly.

It is not possible to calculate v.(f) without a more
detailed knowledge of the correlation functions in-
volved. However, some important properties do not
depend on the particular choice of the system. IFor
instance, using the property

u?n(t2n+t) ) tl+t):u2n(t2m T tl)) (51)

RAHMAN, SINGWI, AND SJOLANDER

and introducing a new set of time variables
b=li—ly,

by =to—lon,

(52)
bon1'=lbon_1—lon,
l2n,: t2n,
one time integration can be carried out. We get
t tan—1
’Yn<l)=/ dil' . / dizn
0 0
Xt3,(0, Lan—1—1zn, *+ +, t1—12n)
¢ ' t'an—2
=f dtl’/ dty’ - - / at'sn
0 0 0
t—ty/
X/ d/‘,’n, u?n(o, l?nﬁl,, Y [ll)
¢
t t1’
=/ (t—tl’)dll’{/ aty - -
0 0
tan—2’
X/ dlzn_l, 1t2n(0,t2n_1’, s ,ll/) . (53)
0
tan(Oyban—t, -+, t//) — 0 for |4'| — o and it seems

reasonable to assume that the decrease in its magnitude
for increasing time is rapid enough to make the follow-
ing quantities converge.

0 ty’
D= / an / -
0 0

tan—a’
X/ Alon—1" %9y (0ton1", -+ 11),
0

(54)
0 ty’
Cn:—/ llldh,/ dfgl' .
0 0
tan—g’
X/ dt2n_1, M2n<07t2nv1’7 tte ;1‘1/)'
0
It then follows from (53) that
Yu(t) = Dpt—C,p, (55)

for £ — o, and since F(x,f) is the complex conjugate of
F(x, —1) we get

Yalt) = D¥|1] —C* (56)
for t— — o,

For small times we can directly expand v,(f) in a
power series in ¢ using (48) and the definition of #gn.

Thus we get

')’n(l) - ’l/tzn(0,0, ] 0)t2n/(2n)!
for £ — 0.

(S7)
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In special cases, of course, some of the constants
above may vanish. For instance, all #,,(0,0, - - -, 0) for
n>1 are zero if the velocity distribution function is
Mazxwellian. This is always true for a classical system,
if the interaction is velocity independent, and as shown
in Landau and Lifshitz (see earlier reference) it is also
true if the quantum corrections up to order #? are in-
cluded. According to Schofield® y.(#) starts in a classical
treatment as %, whereas in the same treatment v;(f)
starts as . This can be seen from Eq. (50) without
much difficulty.

If we use the expression for (4 ({))r given in Eq. (49)
together with the term j=0 in Eq. (9) we get for
Sine(x,w) the following

1 © ®
Stne (i) =— / et exp( S (=0}, (58)

™

where for #2>2, v.() are defined in (48) and in an
alternative way in (50). v1(¢) is re-defined to include
the factor exp(s#ix®/2M) in Eq. (9). Henceforth the
notation vy1(#) will stand for

ya(t) = —i(ht/2M) + / (1= (0O (1)) ndls,  (59)

which for an isotropic system can also be written in
the form given in Eq. (17). Hence D;, introduced in
Eq. (54), shall be redefined as

D,= —1’(%/2M)—}—/0o (v4(0), (1)) rdts. (60)

Using the fact that F,(x, {+18) is real, and hence
that y.(t4+14B) is real, we immediately conclude that
all D, are real and that

ImC,=BD,; B=%/2ksT. (61)

D, can be shown to be the diffusion constant.

The result obtained in Eqgs. (55) and (56) for large
times may seem to contradict what was said earlier,
namely that the Gaussian approximation should be
good both for small and for large times. It is certainly
true that (4 (f))r does not in general go over into the
expression (15) when |¢|]— «. However, we are not
directly interested in (4 (#))r or F.(x,) but in its
Fourier transform Sin.(%,w). To reach experimentally
the time region where (55) or (56) is valid k must be
chosen small and consequently the non-Gaussian con-
tribution will be negligible. To see this more clearly let
us first estimate the order of magnitude of D,. We get
from the definitions in (54)

|Da| S (u)r)mratnt,

where 7, is the time region within which #,, is different
from zero. Assuming that 7,’s are all of the same order

(62)
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of magnitude we have for || large

> (=) yul))~—eDy]
n=1
X{ 1‘l"dzk?(WK?)T”Z+d4x4<v,‘4>7”‘4+ <}

where d, are constants of order unity or lower. It is
obvious that to have the main contribution to the
integral in (58) from a time region #>7; the value of
& must be such that «2Dy71=~¥(22)r72K1 in which case
the non-Gaussian part in Eq. (63) is small. Here we
have made the assumption that the infinite series be-
haves properly; it should be positive for all values of
and be of the order unity or higher. This certainly has
not been proved and remains an assumption.

It is of interest to see whether Van Hove’s G,(r,t)
function tends to a Gaussian form in r when |{|— .
We therefore write

(63)

Gi(r)=(2m)~ | exp(—ix-1) exp[ —«*v1())]

Xexp[i;z (=) ()T (64)

Let us for the sake of simplicity consider the first order
correction to the Gaussian approximation. Expanding
the second exponential in (64) and retaining only the
first two terms, we get

Gs(rt)= (2#)_3/ exp(—ix-r)

Xexp[ — k2 y1(0) {1 +ry2()+ - - - Jdx
=[4ry:1(0) 1 exp[—r*/4v:(D) ]
XA+ (0)/v1()*I((15/4) = 5[r*/4v1(1) ]

+H[/ 4O+ -} (65)
For |¢|]— o the correction term tends to
(Do/ D2 |1 )L(15/4)—5(*/4D12])
+(/4D1¢])*]. (66)

Thus for the region of interest, namely where 72/4D, |t
is not too large, the correction term tends to zero for
large times as 1/|¢|. The higher order corrections de-
crease even more rapidly. From the estimate in (62)
it is now obvious that after a certain time the function
G,(r,8) is Gaussian and satisfies the simple diffusion
equation, and that in order of magnitude 7 is the same
as the relaxation time of the velocity autocorrelation
function (v(0)-v(¢))r. Experiments on some simple
liquids have given for r a value of the order 10~
to 1072 sec. ]

In spite of the fact that F,(x,f) tends to a Gaussian
form for ¢t— 0, this approximation is not in general
valid for Sine(x,w) for k — o, This is clearly seen from
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Eq. (58) after making a change of integration variable,
y=xt, and expanding the v, functions in powers of y.
We can write

00

1
Sinl) = / expl—iy(oon)/s]

TK

Xexp{ é g (0))dy, (67)
where

§1(9)=—*/2)Hr+0(1/x),
2:(3) = /20 [(2Hr—3(2Hr)*]H0(1/x), etc., (68)

and wg=7x*/2M.

The g.’s for > 1, obviously do not tend to zero for
x— o if the velocity distribution is non-Maxwellian.
However, as mentioned earlier the distribution is Max-
wellian even if quantum corrections up to order #2? are
taken care of. We can, therefore, expect the correction
to be extremely small except for very low temperatures.

We shall end this section by considering a system
where the velocity of an atom can be considered as a
superposition of a large number of components £,(),
which are dynamically independent. Each component
is supposed to give a contribution of order N—%, NV being
the number of components. We can thus write

vx(t)=N~% Zs és(t)-

This condition is exactly fulfilled for a solid in the
harmonic approximation.
The velocity autocorrelation function is given by

(69)

(et v (1)) r=N"1 2 (€, (t2) € (1)) (70)
For wa(ls, - - -, t1) we get
ws(ty, -, )=N"22, {(&:(ta) - - & (W))r
—‘<£.s(t‘l)és(t3)>T<és(t2)£s(tl>>T_ 0 '}; (71)

and similar expressions for the higher correlation func-
tions. This leads to

v:()=0(1/N), 7:()=0(1/N?), etc.,  (72)

and hence they can be neglected if IV is large, a result
which is also a consequence of the central limit theorem.

We have in this way proved the Gaussian form of
F,(x,t) for a harmonic solid without explicitly making
use of the particular properties of the eigenstates. If we
had done that we would, in fact, have found that
va(f) for »>1 vanish exactly independent of the
value of V.

If the anharmonic effects are not too large, one might
expect that the functions v.(f) decrease rapidly in
magnitude for increasing values of #. It would, in fact,
be interesting if one could test the Gaussian approxi-
mation for a solid by measuring the x dependence of
the Debye-Waller factor at high temperatures. Accord-
ing to Eq. (58), it should have a form
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exp(—3 (=)'Ca, (73)

where C,’s are the same constants as in Eq. (55);
diffusion having been neglected all D,, must vanish and
all C, are real. ,

In the case of a liquid, the anharmonic effects are
certainly large but here new phenomena such as diffu-
sion are responsible for giving more randomness to the
motion. This may have a decreasing effect on v, for
n>1. It is important to try to estimate the magnitude
of the non-Gaussian correction. The effect is most
clearly revealed by plotting InF(x,f) vs «* and deter-
mining how much the curve deviates from a straight
line. Such an analysis has been made by Egelstaff!s
using the experimental data of Brockhouse and Pope?
for liquid lead.

VI. GAUSSIAN APPROXIMATION

In most computations made so far, the Gaussian
approximation has been made. An argument in favor
of this is that it is known to hold exactly in certain
special cases : a harmonic solid, an ideal gas and a system
for which the motion of the atoms is governed by
Langevin’s equation; it seems reasonable to make the
the same approximation for other systems as well.
This is particularly attractive since the interpretation
of the experimental data is considerably simplified.

We shall discuss the Gaussian approximation in
greater detail starting from the expression given in
Egs. (16) and (17). We have seen that in this approxi-
mation the scattering is completely determined by the
function

v1(f) = —iht/2M+% / (=t ){v(0)-v(t))rdts. (74)

To satisfy the fluctuation-dissipation theorem we use
the formulation in Eq. (22) with
H, (K)t) = exp[—— K2p (l)l

where p(f) =v1(t+18).

As it stands p(£) is not in a very convenient form and
we will therefore bring it into a form, more suitable
for direct application. For that purpose we first consider
the second derivative

@p(0)/dP=d*y:(t4-48)/dP=3(v(0) -v (t+1iB))r. (76)

By making use of the dissipation-fluctuation theorem
[Eq. (21)] we can replace {v(0) -v(£))r by its real part
and after integration we get

1 ¢ d
p()=p(0)+ / (=1 sec(ﬁzh—l)

XRe(v(0)-v(t))rdty.  (77)

2 B. N. Brockhouse and N. K. Pope, Phys. Rev. Letters 3,
259 (1959).

(75)
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As mentioned earlier, p(¢) is an even function of ¢ and
hence no linear term in ¢ should appear in (77).
The constant p(0) is obtained by making use of the

0(0)="1(i8) = exp(iBD)v:(0)
=cos(8D) Rey1(0)—sin(8D) Imvy;(0)

d cos(BD)—11 &2
=—6{—Im71(t)} +52{——~—-——[——
dt £=0 B82D? ag
_ 7 . { cos(BD)— 1L sin(8D)—BD
AMEpT 62D B82D2

For sufficiently high temperatures we can expand
p(0) in powers of 1/T giving

P, )

P (0) = T
48k 5313

h2
{ (19)
8MEkgT
where {a?)r is the mean-square acceleration of a particle.
The second term above can be estimated. Assuming

{a*)r to be the same as for a Debye solid with a Debye
temperature 6 one can easily show that

TRM{a?) 7/ 48k 5 T3 =1 (/AT )2, (80)

This is certainly very small compared to unity for any
reasonable values of 6 for a liquid, except possibly liquid
neon and argon.

If we retain only the first term in Eq. (79) and the
first term in the expansion of the differential operator
in (77) and further if we replace Re(v(0) -v(8))r by its
classical analog (v(0)-v(#))e, we obtain an expression
which was suggested in an earlier paper.?®:?8

2

p(t)=

1 t
et f (1= 1)v (0) v (t)adin.  (81)

For a solid, the approximations suggested for the
integral in Eq. (77) imply retaining only the first term
in the expansion

1 1
—— (-t -),
sin(Bw) Bw

where w is a phonon frequency. We can neglect the
quantum correction whenever 62/2472<1. The small-
ness of this term for temperatures higher than the Debye
temperature indicates that we should be able to neglect
completely the quantum corrections for most liquids.
We, therefore, except Eq. (81) to be a good approxima-
tion for most liquids.

(82)

28 By definition p(#) here differs from that in reference 19 by a
factor two.

tan(8D) } Re(v(0) - v())r/e=o.
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reality of p(0) and the fluctuation-dissipation theorem
[Eq. (19)]. Denoting the differential operator d/d:
by D, we have

sin(8D)—BDr d*
eyt ] ——-—[— Im’Yl(t)] }
=0 B2D? as £=0

(78)

The problem thus reduces to that of calculating
{v(0) -v(#))e based on Newton’s equation. One approach
would be to solve these equations directly for a large
number of particles. This, of course, requires a high
speed computer, but it now seems feasible. Another
approach would be to assume a certain form for the
autocorrelation function with some adjustable param-
eters and try to fit the calculated scattering cross section
to the experimental data.

VII. SPECTRAL REPRESENTATION OF v,(¢)

In analogy with the case of a solid, Egelstaff et al.?
have suggested the introduction of a frequency spec-
trum fora liquid ; this spectrum being that of the velocity
autocorrelation function. Here we shall show how this
can be done in a natural way without any reference to
a solid.

We define two frequency spectra related to the real
and imaginary parts of the velocity correlation function :

3n
Im(v(O)-v(t)>T=Eﬂ-} / wf(w) sin(w)dw, (83)

K7/
Re(v(O)-v(l))T=2MB / g(w) cos(wt)dw. (84)

From the fluctuation-dissipation theorem (Eq. 19)
it now follows that

g(w)=Pw coth (Bw) f(«).

The integral of f(w) can be evaluated by integrating
both sides of Eq. (83). The right-hand side gives

S wd i i td—sh ) )d:
—ZE'/(; t[) wf(w)sm(w)w——ﬁfo flw)dw,

2 P, Egelstaff, S. J. Cocking, R. J. Royston, and I. M. Thorson,
Proc. Symposium on Slow Neutron Scattering, International
Atomic Energy Agency, Vienna, 1960, paper IS, p. 10.

(85)
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and the integration of the left-hand side leads to
0 1 ©

/ Im(v (O)-v(l))Tdt=; / {([9200); 1) Dr-- - - Yt
0 P

= (1/28){{[v(0) ; 72( ) Dr
—~{[22(0); 72(O) Dot - -3,
=3h/2M,

U4, Uy, U, are the three Cartesian components of v and
74y Ty, 7, ave the corresponding components of the posi-
tion vector; and where commutation rules for position
and velocity operators have been used.

We thus have
/ flw)dw=1.
0

Using the above spectral representation in Eq. (74),
it can easily be shown that

oo flw
'Yl(l)Z—“ ,f(_)
2M

(86)

0 w

X {coth(Bw)[1—cos(wl) ]—1i sin(wi) }dw. (87)
This is exactly the same expression as obtained earlier
for a harmonic solid.*® We thus see that this particular
form for v:(f) is not a consequence of the harmonic
nature of the motion but purely a consequence of the
fluctuation-dissipation theorem. The system is here
characterized by a velocity spectrum f(w), which in
the case of a harmonic solid is identical with the fre-
quency distributions of the normal modes.

For p(f) we get the form which has been used by
Egelstaff and Schofield in a recent paper®

[/ ® f(w
p(t)y=— / Q tanh (Bw/2)dw
2M 0 w

N ()
.
2M Jo w sinh(Bw)
Again, if we approximate tanh (Bw/2) by Bw/2 we arrive
at the first term in Eq. (79).
3 See A. Sjolander, Arkiv Fysik 14, 315 (1958).

31P. A. Engelstaff and P. Schofield, Nuclear Sci. and Eng. 12,
260, (1962).

(88)

[1—cos(w?) Jdw.
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As shown by Egelstaff ef al. the value of f(0) is
uniquely determined by the diffusion constant. We can
see this easily by inverting the Fourier transforms in
Eqs. (83) and (84):

1) 4M 1
w)=——
(/

3mh w

/ i Im(v (0) - v(¥))r sin(wt)dt (89)

4M tanh (Bw)
3k

w

/ Re(v(0)-v(t))r cos(wt)dt.  (90)
0
Since the diffusion constant D is given by

D~1 Re(v(0 d 91
—3/ e(v(0) - v(£))rdt. 2]
We get

f(©)=2MD/xksT.

If we assume that (v(0)-v(f))r decreases rapidly
enough for t — e, we can conclude from Eq. (89) that
f(w) can be expanded in powers of «?

92)

f(@)=2MD/wkpT+co?+ca*+- - -, (93)
where
e {2n -v(l A
" 3 (2nt 1)) /0 VS v e

Assuming (v(0) -v(¢))r to have all its time derivatives
continuous everywhere and tending to zero for{ — 4= o0,
we also conclude from Eq. (89) that f(w) decreases more
rapidly than any power of 1/w for w — <,

GENERAL REMARKS

In the present investigation, we have covered in
detail only a part of the scattering problem. For in-
stance, no attempt has been made to calculate or even
estimate the non-Gaussian contribution to the scatter-
ing. Furthermore, we feel that a better approximation
for the coherent correction is needed in order to be able
to analyze the experimental data in greater detail
However, in the calculation of the incoherent scattering
cross section in the Gaussian approximation one re-
quires a knowledge of the velocity autocorrelation
function only. The classical autocorrelation function
has been calculated on the basis of a simple model of a
liquid, and these results are reported in the following

paper.



