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The effects of a local change of mass on lattice vibrations of cubic systems are discussed for simple Bravais 
lattices, on the basis of the harmonic theory of crystal dynamics. It is shown that the change of any extensive 
property, as well as the values of the discrete frequencies, are given in terms of simple expressions involving 
only the distribution function Go(w2) of the square frequency for the unperturbed lattice; the theoretical 
expressions are found to be equivalent to those holding for linear chains, provided that the distribution 
function is normalized to one. Perturbative techniques are discussed in some detail; it is found that a 
perturbative expansion of the change of any extensive property converges to the right value, provided the 
fractional change of mass, e— — (M'—M)/M, lies inside the range from — <*> to + § . Some applications are 
carried out starting from Overton's distribution function for a fee lattice: a discrete frequency, threefold 
degenerate, is found to occur for e^ 0.215, and the self-entropy of a substitutional impurity (neglecting the 
influence of the elastic distortion) is shown to be related only to the structure of the distribution function, in 
the high-temperature limit; this change of entropy is evaluated for several light impurities. Finally, argu­
ments are presented which suggest that the contribution to the self-entropy of a vacant lattice site, arising 
from the loss of coupling with the neighbors, may be higher than was estimated by Huntington and 
coworkers. 

1. INTRODUCTION 

IN recent years, the influence of point defects on 
lattice vibrations has received particular attention.1 

The general theory has been developed by Lifschitz, 
Koster and Slater, Montroll, and others, and some 
applications have been made to linear chains or to 
simple-cubic lattices with nearest-neighbor interactions. 

The aim of the present paper is to show tha t : (i) 
the effects of a local change of mass in cubic monatomic 
lattices (such as simple cubic, fee, and bec) with any 
order of neighbors interactions may be studied simply 
in terms of the distribution function Go(co2) of the 
square frequency of the vibrational modes; (ii) a 
perturbative expansion of the change of any extensive 
property, which converges to the right value, can be 
found, provided the fractional change of mass 
e= — (M/—M)/M lies inside the range from — <x> to 
+ J ; (hi) the change of entropy due to the loss of 
coupling around a vacant lattice site may be higher 
than estimated by Huntington and coworkers2 some 
years ago. For the applications presented here use is 
made of Overton's calculations3 for the distribution 
function. 

* Now at the Institute di Fisica "A. Volta", Universita di 
Pavia, Pavia, Italy. 

f Now at Centro Magneti Permanenti, Milano, Italy. 
1 1 . M. Lifschitz, Suppl. Nuovo cimento 4, 716 (1956)—a review 

article of Soviet papers; G. F. Koster and J. C. Slater, Phys. Rev. 
94, 1392 (1954); Phys. Rev. 95, 1167 (1954); G. F. Koster, Phys. 
Rev. 95, 1436 (1954); E. W. Montroll and R. B. Potts, Phys. Rev. 
100, 525 (1955) and 102, 72 (1956); A. A. Maradudin, P. Mazur, 
E. W. Montroll, and G. H. Weiss, Rev. Mod. Phys. 30, 175 
(1958); M. Lax, Phys. Rev. 94, 1391 (1954); F. Stripp and J. G. 
Kirkwood, J. Chem. Phys. 22, 1579 (1954). 

2 H . B. Huntington, G. B. Shirn, and E. S. Wayda, Phys. Rev. 
99, 1085 (1955). 

3 W. C. Overton, Jr. and E. Dent, Naval Research Laboratory 
Report-5252, Washington, D. C. (unpublished). 

2. PRELIMINARY REMARKS 

For monatomic Born-von Karman lattices the normal 
modes equation for the vibrational amplitudes x is 

E AxAr-r')xx'(t')-ZMlX
x(r) = 0. (I) 

AXX'(r— r') are the coupling coefficients between the 
nuclei at the lattice vectors r, r ' ; a lattice vector r is 
defined by t='%2izJ1ri&i, where a* are the principal 
translations of the Bravais lattice, and Yi are integers; 
Mt = M are the atomic masses, and z^co2 is the square 
frequency. We use x=x1, x2, x2 to label the Cartesian 
components. When a foreign atom of mass M' is 
substituted at the lattice site r = 0 , we have 

Mt = M(l-e50,r), 

-M')/M=-AM/M, and 

(2) 

where 6=(M—M')/M=—AM/M, and 50,r is the 
Kronecker symbol. If there is no change in the coupling 
coefficients around the impurity, the normal-modes 
equation for the perturbed lattice may be written, in 
the matrix notation, as 

O - s ( / - 6 A ) ] x = 0, (3) 

where Lxx*(t—tf)=(l/M)AXX'(r—tf), and A ^ f a r ' ) 
= f>xz'8o,t8o,T'- L may be treated as an unperturbed 
operator, and zeA as a local perturbation (e is not 
supposed to be small). The eigenfunctions of L are the 
plane waves 

X. i k°.*(r)=(l/iV)*w.,ka fexp(*-r)s< ;r;r |v.;k>, (4) 

where vs tk
x are the scalar components of the (complex) 

polarization vector of the lattice wave having wave 
vector k. s = l , 2 corresponds to transverse waves and 
s = 3 corresponds to longitudinal waves. (1/iV)* is the 
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normalization constant, N being the total number of 
atoms in the lattice. Imposing the periodic boundary 
conditions, the values of k are confined to the first 
Brillouin zone (B.z.). The eigenvalues of the unper­
turbed operator are the squares of the vibrational fre­
quencies of the lattice 2=co2=a>s

2(k). The square fre­
quency is then 

cos
2(k) = i : E (t>.yO*£««'(rXk'' exp(A.r). (5) 

r xx' 

For large crystals, as N tends to infinity, the un­
perturbed operator has a continuous spectrum extending 
from zero to a well-defined maximum zi?. 

It is well known that the presence of a local pertur­
bation leads to two kinds of effects: first, the elastic 
waves propagating in the crystal are scattered and 
the perturbed waves are given by the superposition of 
the incoming and diffusing wave; secondly, new modes 
of oscillation may be possible, in the sense that wave 
packets, localized around the impurity, could have 
standing character. The frequencies of these new modes 
lie outside the interval (0,2z,°) of the unperturbed 
spectrum. 

3. DISCRETE FREQUENCIES EQUATION 

When z lies outside the unperturbed spectrum, the 
inverse of the operator (L—z) exists, and Eq. (3) may be 
written 

M=-*«(Z-*)-iA|x>, (6) 
or 

[ / + S 6 ( £ - * ) - I A ; | | X > = 0 . (60 

In the present case, A is a third-rank operator, so that 
the three scalar components of the perturbed modes at 
the lattice site r=0 are involved in the right-hand 
member of (6). We may write4: 

A|x)= £ (l/2x)»/"<ft|v.;k><k;v.|A|x>, (7) 

substitution of (7) and (8) into (6) gives, for the scalar 
components with respect to the Cartesian axes, 

X*(r)= -*e E X*(0) Z (1/2TT)3 ( dk (v9,k*')*v9tk* 
x' s=l J 

(B .z . ) 

X C c o ^ - s ^ e x p ^ k - r ) . (10) 

In particular, for r=0, 

X«(0)= -ze Z M O ) £ (V2TT)3 

where 
(B . z . ) 

<k;v.|A|x> = E(vO*X.(0). 

If | vs; k){k; vs | indicates the direct product of the 
SiV-dimensional vector | vs; k) times its imaginary 
conjugate (k;v, | , the inverse operator (L—z)~l is 
given by the following expression: 

(L-z)->= E (l/2x)3 [dk | v.; k> («. , k
2 - z)-1(k; v81. (8) 

(B.s.) 

Remembering the orthonormality conditions for the 
unperturbed normal modes, 

<k;v,|vs,;k'>=SSS'(2,r)»S(k-k'), (9) 
4 Hereafter we neglect the normalization factor (1/iV)*, and 

we assume as unity the volume a1-a2Xa3 of the unit cell of the 
lattice. 

X (dk (v8>k*')*v8tk*(a>3ik
2-z)-K 

(B .z . ) 

The integral in the right-hand member of the above 
expression may be written as 

(1/2TT)3 (dk (».fk*')*^ik
x(c«).>k

2-s)-1 

(B.z.) 

-f s'Cs'-s^flW 

X (dS\Vc*sKk)\-l(v*Mx')*vs,k*, (11) 

( W 2 = Z ) 

where dS is the differential area on the constant-
frequency surface in the k space, and zs° is the maximum 
square frequency in the sth band. Taking into account 
the symmetry properties of vs ,k in the k space, one can 
see that, for cubic lattices, the surface integration of any 
mixed component of the tensorial product (va,k)*v«tk 
vanishes, whereas the surface integration of the diagonal 
components yields the same result, for either xlxl, 
x2x2, or $x*, owing to the equivalence of the coordinate 
axes. We have 

(1/2TT)3 (dS\ Vco/(k) | " W * ' ) V k * = 5*'*iGo'(s), (12) 

(cos2c=z) 

where 

Go5(s) = E (1/2TT)3 (dS\ V«.a(k)l-1^.,^)*^.^ 

= (l/2ir)8/"dS'|V«-
2(k)|-1 

(C05
2 = 2) 

is the distribution function of the square normal 
frequency for the unperturbed sth band. Substitution 
of (12) into (10) yields the "discrete-frequency 
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equations": 

Ize dz'GQ(zr
t 

Jo 
){z-z')~\ (13) 

for CO — 00 , OC , #3; GQ(Z) is the distribution function for 
the entire vibrational branch, i.e., 

Go(s)= EGo ' (« ) . 

Therefore, if there are discrete frequencies, they are 
threefold degenerate. The critical value €cr for the 
appearance of discrete frequencies is 

6«r=l/[l*L° f LdzGo(z)(ZL°-z)--1\ (14) 

If one remembers that for a three-dimensional lattice 
the distribution function is normalized to 3, the 
expressions (13), (14) are seen to be identical with those 
given previously by the quoted authors for simple 
lattices with all the oscillations polarized in one 
direction. 

4. EFFECTS OF THE PERTURBATION IN THE RANGE 
OF THE CONTINUOUS SPECTRUM 

I t has been pointed out by I. M. Lifschitz and by 
M. Lax that the change of extensive properties arising 
from the effect of a finite-rank operator A on the un­
perturbed operator L, having a continuous spectrum, 
may be evaluated by means of / functions £,-(z), 
(j= 1, 2, 3, • • •, / ) , of the continuous eigenvalue z. J is 
the rank of the perturbing operator. The physical 
meaning of this set of functions is the following: Let F 
be an additive function of the eigenvalues of L, so that 

JP0=Sp^(L), 

2 ? = S p ^ ( L + A ) , 
(15) 

where <p(z) is a given scalar function, and A is the 
perturbation. The change of this property is then 

8F^F-FQ = S p [ > ( L + A ) - *>(£,)] 

Jo 
N dzAGQ(z)<p(z) 

JV-»oo 

= [ dz£h(z)<p'(z). (16) 
Jo *-i 

<p'(z) is the first-order derivative of <p] by Sp- • • we 
mean the spur of the operator.5 From the two last 
expressions it appears that 

£ U*)A~N ( dz'bG,(zf) 
J ^ 1 l JO ) N^>x> 

Outside the range of the continuous spectrum the 
functions £,-(2) may have a step character, and this 
corresponds to discrete eigenvalues. 

In place of the actual operator L, it is more con­
venient for the present purposes to work on a sequence 
of operators Ly, defined by the same continuous set of 
eigenvectors | v s; k) of the original operator, and by 
discrete eigenvalues \n=ny, n being the integer part of 
\jJis,\?/y~}, 7 is a real parameter(7>0). In the complex 
2-plane the inverse operator (Ly—z)~l is given by 

where 

(Ly-z)-^ £ (X.-jO-kPfr.,, (17) 

#(Xn)^ E / d k | v s ; k ) < k ; v s | 

is the projection operator on the subset of eigenvectors 
for which Xn^cos,k

2<Xn+i; rs(\n) is the correspondent 
region in the k space. The summation in the right-hand 
member of (17) is extended to the total number of 
distinct eigenvalues, n=l, 2, •••, Ny=\jtL°/y2* The 
influence of the perturbation on the eigenvalues of L 
may be discussed by putting z~\m+y£(\m) in Eq. (6Q. 
In the I x; r) representation, our perturbation zeA is a 
third-rank matrix, so that the determinantal equation 
that one obtains from (6;) is again equivalent to a 
third-order equation. In the limit for 7—>0, it then 
follows that 

d e t ( / - 0 6 7rcot[x£(s)]E (V2TT)3 

X [dSlVafQtil-1?.^.,** 
(COS2-*) 

rzi? 3 
+zeP dz'W-z)-1^ (1/2TT)3 

Jo «-i 

xfo|Va>.2(k) | -1v.,kV. f k*} = 0. (18) 

(cos2=2') 

By P we mean the principal value of the integral. In 
this determinantal equation cot(7r£) plays the role of 
eigenvalue, and z is regarded as a real parameter; J (2) 
is assumed to range from — | to + 2 -

The symmetry properties of vs ,k in the k space reduce 
the above determinantal equation to three equivalent 
scalar equations. The solutions are 

{(*) = &(*) = fc(s) = &(*) 

1 
= - arctan 

IT 

|7rseGo(s) 

5 The last expression is the well-known "Trace formula" given 
by Lifschitz (see reference 1). 

reL° 
1-izeP dz'iz-zT'Goiz') 

Jo 

(19) 
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If we let 

Go(z)^P > dz'{%-%'. 

4<30[2) 

r'Goiz'), 

we may write, finally 

1 \zeGQ{z) 
Z(z) = — arctan TT . 

7r l~lzeGo(z) 

(20) 

(19') 

This expression is still equivalent to that obtained for 
simple lattices with polarized oscillations. 

We assume both Go(z), and Go(z) to be continuous 
functions; the points of discontinuity of %(z) are then 
confined to the values of z for which the denominator 
in the expression in the right member of (19') vanishes. 
Let fi, (fc=l, ••*,*') be the zeros of 1 — \zeG§{z) 
inside the range (0,ZL°) of the continuous spectrum; 
£(z) shows v jogs, respectively at z = fi, fo, ''' •> f*- We 
note that at every jog 

(or + J ) 

( o r - J ) 
ls*G\-)l = 1: (21) 

in view of this property, let us call f4- "points of in­
version" of £. 

For a random solid solution of a finite concentration 
c, the perturbed distribution function could show small 
peaks (or small valleys) at the inversion points. 

In the present paper we assume that G0(z) is repre­
sented by the function plotted in Fig. 1. This distri­
bution function is deduced from Overton's calculations2 

for a fee lattice with twelve nearest-neighbor central 
interaction. Figure 2 shows Qo(z), as it is obtained by 
machine calculations from the above GQ(Z). Finally, 

uo«*t 
*£= 3 . 8 4 1 6 ^ 

FIG. 1. Distribution function Go(z) of the square frequency 
2=co2 for a fee lattice with nearest-neighbor central interaction. 
(From Overton and Dent.3) 

2^* 3.841600 K ^ 

FIG. 2. Plot of Go(z) deduced from G0(z) with the aid of 
a USS 90 Remington computer. 

%zGo(z) is plotted in Fig. 3 ; the zeros of l — %zeGo(z) 
are the intercepts of this curve with the line y=l/e 
parallel to the z axis. Remembering (13), one sees that 
the intercept lying outside the continuous interval 
gives the discrete frequency. IZGQ(Z) shows several 
maxima and minima; the absolute maximum occurs at 
Z=ZL°, and for 0 < e < € c r , £(z) does not show inversion 
points. For € c r<e<0.216, £(z) shows an inversion point 
very close to ZL°; for 0.216 <e<0.242, there are three 
inversion points between 0.9275ZL° and ZL°, two of 
which collapse when e== 0.2424, and then disappear for 
e>0.2424. For 0.2424<e<0.5606, £(z) shows again a 
single inversion point between 0.5lsz,0 and 0.9275SL°; 
finally, for values of e increasing from 0.5606 to 1, the 
number of inversion points increases up to a maximum 
of seven (for e=0.971), and then falls to five for e = l . 
For negative values of e, there is always an even 
number of inversion points, or none, as it is expected; 
the number of inversion points increases from two 
(for e < - l ) , to six (for e < - 2 8 . 5 ) . Plots of £(*) for 
€=0 .1 ; 0.25; 0.5; 1, are shown in Fig. 4(a), (b), (c), 
and (d). 

5. RELIABILITY OF PERTURBATION TECHNIQUES 

On the basis of the present distribution function it 
follows that zGo(z) is a bounded function when z lies 
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on the real axis. For values of e sufficiently close to where e and A have been already defined. We expand 
zero one may suppose that the argument of the inverse 
trigonometric function in (190 is smaller than one, in \-i__ v" / Unrfr \-i\lifr w 
absolute value, for any point z in (0,sL°). In this case (L+A-z) - ^ {~l)\{L-z) A_\n(L-z) , 
£ (z) may be evaluated by means of a Taylor expansion; 

one obtains s o t n a t 

^z) = ze(l/3)GQ(z) + (zey(W9)Go(z)Go(x) ( Z + A - s ) " 1 - (L-z)~l= - {L-z)^K{z)(L-z)-\ 

-(2e)8(l/27){Go(2)[(5o(.))2+(7r2/3)(Go(s))2]} w h e r e 

+ . . . = £ c«{(»>(2)/ (22) K{z)= E ( - l )*A[ (L-* ) - iA]» . (27) 

The change dF of an extensive property is then given by In the | v s; k) representation, the matrix elements of 
A are 

where 

6F= E W(n\ 

dF^=enX3 / dz <p'(z)^(z). 

(23) 

The factor three in the right-hand member of the above 
expression comes from the threefold degeneration of the 
perturbed levels. In particular 

8F^=e dz<p'(s)zG0(z), 

(k; v„ | A | v,/; k ' )= eW-1w,,k(v,,k | vs< ,k>)av ,k<. (28) 

Substitution of (28) in (27) gives: 

<k ;v . | £ (* ) | v . . ; k ' ) 

= £ (-D"(e'/A0B+1a>.,,k'(v.,,k| E E |v81,kl) 
n=0 si • • -sn ki • • -kn 

X « . l f k i 2 ( a J S 1 ; k i 2 — ^ ( V ^ l . k l l • • • |v,nfkn)w8Wfkn
2 

X(0>SnMn2~z)~l(ysn,-kn\Vs>,k>)0)s',k>. 

3 Jo 
5/7(2) = — / dz<p'(s)£Go(z) 

0 0 

XP(L dz'(z-z')-'G,{zf). (24) 
Jo 

The range of values of e for which the expansion (23) 
converges to the exact expression (190 is given by the 
two following conditions: 

izeG0(z) 

1 — %zeGo(z)\ 

| l - i S € S o ( * ) | < l . 

(240 

I t would be interesting to compare (23) with the 
correspondent expression obtained by perturbative 
techniques. A perturbative expansion may be deduced 
from 

8F= — <p <p (z) S p [ ( L + A - s ) ~ 1 - (L-z)~l~]dz, (25) 

expanding the inverse operator (Z,+A—z)~l in powers 
of the perturbation A. C is a counterclock-wise contour 
in the complex s-plane, enclosing all the eigenvalues of 
L and L+A, but none of the poles of <p(z). A is defined 
by6 

AE= € 'L*AL*; € r = e / ( l - 6 ) , (26) 
6 See I. M. Lifschitz, reference 1. 

2 In units i 

2^3.841600 4^ 

FIG. 3. Plot of (1/3)*G0(*). 

file:///-i__
file:///-i/lifr
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FIG. 4. Plot of £(*) versus z, (a) for e=0.1; (b) for e=0.25; (c) for e=0.5; (d) for 6=1.0. 

As before, it is more convenient to work on the sequence eigenvalue, and we assume 
of operators Ky(z): Ny 

EGo(A<) = 3. 

Ky(z)= t ( - 1 ) ^ A [ ( L 7 - ^ A ] - (270 
"=° / is the unit operator in a three-dimensional space. 

we have• ^ e m a t " x elements of Ky(z) are then 
< k ; v s | Z 7 ( z ) | v s < ; k ' > 

T. E iV-1|v.lk>«.,k*(«.lk*-8)-1<T.fk| 
«=I k 

Ny 

limJEGoMXiCXi-s)-1/, 

= iV-V«.,k<v.>k| E ( -1 ) " 

xr/(i-**£ («-x()-
1Go(x.-))/]-

where NG0(\i) is the degeneration factor of the X, X|v...k>.M t,. (29) 
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The infinite series in the right-hand member of (29) 
may be summed, and the result is 

E ( - l ) " [ Y < l - * s E ( s - A ^ G o O w ) ) / ] " 

1 
x - plane 

1 + € ' ( 1 - ^ L ( s i - X ^ G o M ) 
«-=0 

= / -

1-fce E ( s -XO- 'GoM 

-. (30) 

By use of (27') and (30), the spur of the operator in the 
integrand of (25) is readily obtained; we have: 

S p [ ( L r + A - « ) - 1 - ( L , - * ) - 1 ] 

= - S p C ^ - z ) " 1 ^ ^ ) ^ - ^ ] 

= - E ( X ~ 2 ) - % G o ( X y ) 
3=0 

x-
l - 4 » e E (2-Xi)-

1Go(Xi) 

(31) 

I t is easy to see that the last expression in (31) behaves 
like 

Ny 3 *y 3 

E E + *(*), (32) 
/«o 2— (Xj+7f (Xi)) ?=° *—Xy 

where l?(z) is a regular function, and £(Xy) are the 
roots 0*=0, • • •, iV7) of 

l - i * € E (2-Xm)-1G0(Xj = 0, (33) 

when we put s=Xy+7£(Xy), and assume | £ | < i only 
for the values of Xy which lie inside the continuous 
spectrum. Substitution of (32) in (25) gives 

8F= = — <f<p(*)\ I 

FIG. 5. Contour of integration in the z plane. 

where z is the root of (S3) lying outside the continuous 
spectrum. If one remembers that, in the present case, 
£i(2) = £2(2) = £3(20, (34) is seen to be nothing but the 
"Trace formula," (16). 

In the derivation of (34) from (25), a critical point is 
the convergence of the infinite series in (29) to the 
analytical expression (30). If the contour of integration 
C in the complex plane is chosen as in Fig. 5, then for 
any point z on C we have 

Ny 

and the critical point for the convergence lies at z=0, 
where the left-hand expression reaches unity. I t follows 
that the above expansion converges to (30) if and only if 

*-os-(Xy+7f(X/)) 
*7 3 

- E -

| e ' | < l , or 
1-

< 1 . (35) 

R(z) \dz 
3=0 Z~Xj 

Ny Ny 

E 3?(XH-7$(Xy)) ~ E 3V(Xy) 
?=o y=o 

(Ny-l) 

= 3 E *'(Xy)7*(X/) + 3 [ * ( s ) - * ( X * 7 ) } 

For e<0 , this condition is always fulfilled, while, for 
e>0 , this condition holds for e < J . 

On the other hand, substitution of (27') in (25) gives 

6F= E («F(n))P.tii.. (36) 

Taking the limit for y —» 0, we finally obtain 

rzL° 
5F=3 dz <p'(z)Z(z) + 3 [ > ( * ) - *(sLo)l (34) 

Jo 

The right-hand member of (36) corresponds to an 
expansion in powers of e'; its radius of convergence is 
l e ' ^ l . This corresponds to a range of values of e 
which is always larger than the range given by (24') for 
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FIG. 6. Values of discrete frequency z vs values of e. 

the convergence of the analogous expansion (23) in 
powers of e; one may conclude that (36) is a more 
useful expansion than (23). From (25), (270, and (29) 
one obtains 

for n= 1, (52^)p . th.= e / dz <p'(z)zGQ(z), 
Jo 

and, 

for w=2, (5F'2>)p.th.= (e02(V3) / dz <p'(z)zGo(z) 
Jo 

XP f L dz' z'iz-z')-^*')- (37) 
Jo 

If one remembers the normalization condition for 
Go (2), these expressions are seen to be equivalent to 
(24) when powers of e beyond the second are neglected. 

6. APPLICATIONS 

Expressions (13) and (18) solve the eigenvalues 
problem for a local change of mass in any monatomic 
cubic lattice. The solution is given in terms of the 
unperturbed distribution function for the square 
normal frequency. For numerical applications, the 
usefulness of the above expressions is limited by the 
uncertainty in our knowledge of the actual distribution 
function. The main difficulty concerns the principal-
value integration of (z—zr)Go(zf); in fact, point dis­
continuities in the distribution function itself, or in its 
first derivative could affect to a large extent the value of 
the integral and then the denominator in the right-hand 
expression of (19); in this case new inversion points 
could occur. However, the change of extensive properties 
of the lattice is probably quite insensitive to this kind 

of effects. The present calculations are based on the 
distribution function plotted in Fig. 1, which was 
obtained by Overton and Dent3 with the aid of an 
electronic computer for a fee lattice with a twelve-
nearest-neighbor central interaction. The intervals on 
the z axis are in units of 2a/M, where a is the force 
constant and M is the atomic mass. This distribution 
function corresponds to the superposition of three 
bands corresponding, respectively, to the two transverse 
and to the longitudinal modes of vibration. 

We deduced Go{z) from G0(z) with the aid of a USS 
90 Remington computer, dividing (0,zL°) into hundred 
intervals and rectifying the profile of Go(z) by linear 
segments in every interval. The resulting curve is 
shown in Fig. 2. 

a. Discrete Frequency 

The discrete frequency is given by the root of (13) 
which lies outside the continuous spectrum; the value of 
ecr is found to be 0.215. In Table I the values of the 
discrete square-frequency (in units of zL°) are reported 
for some values of e, and the curve discrete-frequency 
vs € is plotted in Fig. 6. We note that for values of e 
very close to + 1 the square frequency approaches the 
asymptotic value (1 — e)""1(4o;/lf), which corresponds to 
the frequency of an uncoupled oscillator. For e —> 1 one 
obtains from (13) the asymptotic expression: 

(g)M l (4a/M); 
1 — € 

(37) 

therefore the Einstein approximation overestimates the 
discrete frequency. 

b. Change of Extensive Properties 

According to (15), (19'), and (13), the change of an 
extensive property is given by 

8F -3f 
Jo 

dz <p'(z)t(z) + 3 | > ® - <p(zL«n m) 

where z is the discrete square frequency. %(z) depends 
on the value of e; plots of £(2) corresponding to e=0.1 , 

TABLE I. Discrete frequencies z (in units of ZLQ) 
for increasing values of e. 

z 

1.000 
1.010 
1.020 
1.030 
1.040 
1.050 
1.100 
1.150 
1.200 
1.250 

€ 

0.2148 
0.2756 
0.2978 
0.3159 
0.3317 
0.3459 
0.4024 
0.4454 
0.4805 
0.5103 

z 

1.300 
1.350 
1.400 
1.500 
1.600 
1.700 
1.800 
1.900 
2.000 
2.100 

e 

0.5361 
0.5589 
0.5792 
0.6141 
0.6432 
0.6680 
0.6893 
0.7080 
0.7245 
0.7392 

z 

2.200 
2.300 
2.400 
2.500 
3.000 
3.500 
4.000 

€ 

0.7523 
0.7642 
0.7749 
0.7848 
0.8232 
0.8500 
0.8698 
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TABLE II . Entropy of substitutional impurities of mass M'— (1 — e)M. 

From the con- From the dis-
tinuous spectrum crete frequency Total 

dS/k 
Einstein 

approximation 
Pert. theorya 

up to 2nd order 
Pert. theoryb 

up to 2nd order 

e=0.1 -0.1578 ••• -0.1578 
e=0.25 -0.2437 -0.075 -0.3187 
€=0.5 -0.5422 -0.3136 -0.8558 

Loss of coupling (e= 1) Present calculation 5S/k = +0.978 

-0.1580 -0.1575 -0.1574 
-0.4315 -0.4219 -0.4167 
-1.0397 (-0.9375)c (-0.7502 )c 

Huntington's estimate 8S/k = 0.09d 

a By use of (23) and (24). 
b By use of (36) and (37). 
c Parentheses are used when the perturbative expansion does not converge. 
d See reference 2. 

0.25, 0.50, 1.00 are shown in Fig. 4. £(2) is a dimension-
less function closely related to the structure of Go (2) 
which, in turn, depends essentially on the symmetries 
of the lattice. On the contrary, it does not depend on 
the physical constants of the lattice, i.e., the force 
constant a, or the atomic mass M, which give only the 
unit (2a/M) on the 2 scale. I t then follows that the 
(classical) self-entropy of a substitutional impurity 
(neglecting the influence of the change in the local 
force constants) is given by a general expression which 
does not involve any physical constant of the lattice. 
The classical entropy (T—•» QO) may be evaluated by 
use of 

<p(z) == <i (z) = - k In(fa*/kT), (39) 

where k is Boltzmann's constant and fi is Planck's 
constant. We have from (38) 

regarded as the entropy of a lattice of N—l particles 
plus a vacant lattice site (regardless of the change in 
the force constants on the neighboring sites). One 
obtains: 

(&S*)coupl = ( S ^ - ^ h o l e - So^V 

= 3/ <fe </(*)&-!(*) 

+ I dza 
Jo 

(z)Go(z) - 3a(zL°) 

Jo 
f A / dzz~l^i(z) 

+ik dzln(zL°/z)Go(z). (41) 

dS=-
Jo 

dz(l/z)X£(z)~ U ln(s/zL°). (38r) T h e numerical result is reported on Table II . 

Numerical results for e=0.1 , 0.25, and 0.50 are reported 
in Table I I ; in the last three columns the changes of 
entropy according to either the Einstein approximation 
or the second-order perturbation theory are also 
reported. 

c. Change of Entropy Due to the Loss of 
Coupling around a Vacancy 

Some years ago, Huntington2 suggested that the loss 
of coupling around a vacancy should not affect ap­
preciably the self-entropy of the defect itself. On the 
basis of the above expressions it is now possible to 
estimate this contribution. When e tends to unity, the 
discrete frequency approaches the Einstein frequency; 
this means that the lattice does not participate in the 
high-frequency localized vibrations. Let So(N) be the 
entropy of a perfect lattice of N particles, and Se

(N) be 
the entropy of the same lattice when one of the atomic 
masses is changed from M to M'= (l — e)M. From the 
above considerations it follows that Se-»i(N) may be 
split as 

S„i™=(S<»-»)tote+3cr(z), (40) 

where (5(Ar~1})hoie does not depend on e, and may be 

7. COMMENTS 

We have shown that the change of extensive proper­
ties of monatomic cubic lattices, as well as the discrete 
frequencies due to a local change of mass, can be 
evaluated by expressions (13), (15), (19') involving 
only the distribution function Go (2) for the square 
frequency of the perfect lattice. This result follows 
from the point symmetries common to the cubic 
systems (sc, fee, bec), and its validity is subjected only 
to the reliability of the harmonic approximation of the 
interatomic potential. 

The above theoretical expressions are found to be 
identical with those holding for linear chains, provided 
the distribution function Go(z) is normalized to one. 

From Table I I it appears that for e>0.1 both the 
perturbation theory and the Einstein approximation 
overestimate, in absolute value, the self-entropy of a 
substitutional impurity. Nevertheless the Einstein 
model gives a good estimate of the discrete frequency 
for very light substitutional impurity (i.e., e>0.9), as 
can be seen from (37). 

The last point treated here concerns the contribution 
to the self-entropy of a vacancy arising from the loss of 
coupling between the vacant site and the neighboring 
lattice sites. The method presented here gives this 
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entropic contribution when changes in the force 
constants are neglected at all. In a more realistic 
situation when both loss of coupling and elastic dis­
tortion are taken into account, it is not certain that the 
total self-entropy may be split into two terms which 
depend separately on these two kinds of perturbation. 
I t then follows that our result cannot be added to the 
entropy change coming from the perturbation on the 
force constants only. From Table II , it appears that 
the present value is an order of magnitude higher than 
Huntington's previous estimate; this fact suggests that 

A. INTRODUCTION 

IT is well known that the linewidth of absorption and 
emission lines in paramagnetic solids is generally 

much larger than the inverse of the natural lifetime of 
these lines. This condition holds even when zero tem­
perature is approached (0°K). To be sure, the linewidth 
tends to decrease with temperature at fairly high tem­
peratures; but below some temperature, generally in 
the range 35-80°K, the decrease stops. 

Recently Schawlow1'2 and others have given some 
compelling evidence for the Ri and R% lines of Cr3+, that 
the residual linewidth is chiefly due to strains in the 
crystal. Strains in chromium-doped MgO have been 
discussed rather thoroughly in reference 2 with the con­
clusion that the low-temperature linewidth may be due 
to this cause. 

Due to strains, different ions are subjected to different 
local crystalline fields. By annealing ruby and MgO 
crystals doped with Cr3+ the linewidth has been 
decreased by an order of magnitude. (Annealing can 
remove only macroscopic strains; that is, where many 
neighboring ions have identical fields but ions in distant 
parts of the crystal "see" different fields.) I t is not clear 

* This research was supported by the Air Force Systems 
Command, U. S. Air Force. 

1 A. L. Schawlow, J. Opt. Soc. Am. 51, 472 (1961). 
2 A. L. Schawlow, A. H. Piksis, and S. Sugano, Phys. Rev. 122, 

1469 (1961). 

the usual calculations, which neglect the influence of 
the loss of coupling might underestimate the actual 
entropy of a vacancy in monatomic lattices. 
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whether the residual excess linewidth after annealing is 
due to remaining macroscopic strains, microscopic 
strains (differences in crystal field of neighboring Cr3+ 

ions) or other causes. 
In the low-lying states of paramagnetic ions in 

crystals, the natural radiative linewidth is always 
negligible. However, nonradiative relaxations will often 
broaden lines when the states concerned interact directly 
with the lattice oscillators, and the energy separations 
are favorable. This broadening is the analog of spon­
taneous emission, with phonons replacing photons. As 
an example, it would be conceivable in ruby that the 
upper doublet of 2E (the R2 level, often designated 2 A) 
could be broadened by direct relaxation to the Ri level 
(E). This would require the spontaneous emission of 
phonons at low temperatures. That this does_not occur 
is due to the fact that no vibrations couple E to 2A in 
first order. The higher order relaxation of 2A —» E is 
discussed in reference 3. 

In the rare earths, on the other hand, there are 
typically groups of closely spaced energy levels (the 
typical crystal field splitting of a Stark manifold 
~ 10-200 cm-1) which are coupled directly by the 
crystal field. In such a case we expect direct relaxations 
within a Stark manifold to play a role in broadening of 
the lines. The 4JP2 state of ruby is another example of 

3 J. Singer, Quantum Electronics (Columbia University Press, 
New York, 1961), Vol. II, (paper by A. Kiel). 
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Temperature-Dependent Linewidth of Excited States in Crystals. I. Line 
Broadening due to Adiabatic Variation of the Local Fields* 
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The effect of strains on the linewidth of the optical spectra of paramagnetic ions in ionic crystals is briefly 
discussed and applied to the 2E state of ruby. A mechanism for the broadening of spectral lines in crystals 
at elevated temperatures is introduced. This mechanism assumes that the linewidth is due to "slow" varia­
tion in the local electric field of an individual ion. This theory should hold for states which do not interact 
with the crystal field to first order and is applied to the 2E states of ruby. The agreement between theory 
and experiment is quite good. 


