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On the basis of the de Boer model for the F center, one can obtain expressions for the coupling constants
in the hyperfine interaction of the ¥ electron with a nucleus of the lattice. These constants can be determined
experimently by means of ‘“‘electron nuclear double resonance.” The comparison of the theoretical expres-
sions and the empirical values permits an estimate of the importance of the several factors determining these
coupling constants. The formal similarity between the magnetic dipole-dipole constants and the contribution
of the F electron to the electric quadrupole coupling constants is exploited. The measured magnetic constants
are used in the discussion of the quadrupole constants. It is shown that the polarization of the lattice, as a
result of the displacement of the ions in the first few shells around the negative-ion vacancy, is important in
determining the electric quadrupole coupling constant. This conclusion is in qualitative agreement with
Kojima’s calculations in LiF. It also explains the fact that while the magnetic interaction shows negligible
deviation for “axial” symmetry at sites of lower symmetry, this is not true for the electric quadrupole
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interaction.

I. INTRODUCTION

HE de Boer model of the F center in ionic crystals
assumes this defect to consist of an electron
trapped by a negative-ion vacancy. The model implies
the occurrence of a hyperfine interaction of the F elec-
tron with the nuclei at the lattice sites. The general form
of the interaction with any specific nucleus is well
known. Using the transformation properties of “‘spheri-
cal tensors,”! one can easily establish the dependence of
the various terms in the spin Hamiltonian on the rela-
tive orientations of the radius vector from the vacancy
to the given site, the principal axis of the “electric field
gradient” tensor, and an external constant magnetic
field. The electron-nuclear double resonance (ENDOR)
technique? has been used by several investigators® to
observe the hyperfine spectrum of the F center. The
specific angular dependence of the observed absorption
lines permits ready identification of the lattice sites
responsible for them. Besides the qualitative verification
of the de Boer model, these experiments suggest the
possibility of a more detailed check for the theory. The
most obvious program is to calculate the isotropic
coupling constant which is proportional to the square of
the magnitude of the F electron wave function at the
given site. This was done by Adrian and Gourary* and
by Kojima.? Both assume the F-electron wave function
to consist of a spherically symmetric component, cen-
tered on the vacancy. This function is orthogonalized

* The research was made possible by the support extended to the
University of Illinois Coordinated Science Laboratory jointly by
the Department of the U. S. Army (Signal Corps), the Department
of the Navy (Office of Naval Research), and the Department of the
Air Force (Air Force Office of Scientific Research) under a Signal
Corps contract.
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with respect to the core orbitals centered on all the
lattice sites. The complete, orthonormalized F electron
wave function ¢r has the following form

or(r)=N[¥r(r)— Zl (F|nl0appnn(r—Ra)], (1)

where NV is a normalizing constant. (%,/) assumes values
appropriate for core orbitals, o labels the lattice sites.
The overlap integrals involving two core orbitals cen-
tered at two different sites are neglected. The spherically
symmetric function Ny is calculated from a variational
ansatz. The results of this calculation suggest that most
of the charge of the F electron is concentrated within the
volume of the (missing) negative ion, and that the
major contribution to this charge arises from the
spherically symmetric density (V¢ r)?. The other terms
in ¢ largely determine the values of | ¢r|? outside of
the vacancy, i.e., the “contact” hyperfine constant.®

We shall discuss the magnetic dipole-dipole and the
electric quadrupole hyperfine constants. We shall show
that the preceding description of ¢ is consistent with
observation and that it implies that the polarization of
the lattice by the F center is an important factor in the
electric quadrupole hyperfine interaction. This con-
clusion is in agreement with the calculation of Kojima.
Kojima’s calculation suggests that the main contribu-
tion to this polarization is due to the displacement (re-
laxation) of the ions in the first few shells into the
vacancy.

In the following paper it is shown that the sign of the
electric quadrupole coupling constant can be determined
from the “ENDOR” (electron nuclear double reso-
nance) data. Thus, the experiment permits an estimate
of the sign and magnitude of the ion displacements. The
displacements calculated by Kojima seem to have the
correct sign and magnitude.

An interesting “by product” of the theory is the

%8 The preceding discussion and the rest of this paper applies
only to the ground state of the electron.
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HYPERFINE

evidence it gives that the calculated asymptotic value
of the nuclear quadrupole antishielding factor for Cl~ is
too large.

In Sec. II, we introduce a general spin Hamiltonian
to describe the hyperfine interaction of the F electron
with a given nucleus; in Sec. ITI, the magnetic dipole
term is considered in detail. In Sec. IV, the electric
quadrupole term is considered, and an approximate re-
lation for the corresponding coupling constant is derived.

II. THE HYPERFINE SPIN HAMILTONIAN

In this section we shall introduce the formalism and
Hamiltonian on which we shall base the discussion in
the main sections of this paper.

The interaction of an electron with a stationary
nucleus can be formulated in terms of two types of
coupling, magnetic and electric. These correspond, re-
spectively, to the interaction of the nuclear magnetic
and electric multipole moments with the magnetic and
electric fields associated with the electron. The ordinary
Coulomb interaction of the electron with the nuclear
charge (electric monopole moment) is always treated
separately, the other interactions are lumped together
and are referred to as the hyperfine interaction. The
dominant terms of this interaction involve the nuclear
magnetic dipole and electric quadrupole moments, re-
spectively.® These are coupled to the magnetic field and
electric field gradient due to the electron.

The magnetic field associated with the electron arises
from its orbital motion and from its intrinsic magnetic
dipole moment. The latter is also associated with an
anomalous ‘“‘contact” interaction, due to the possible
overlap of the electronic wave function with the nucleus.
This contact interaction is well known from the theory
of the Dirac equation where it characterizes ‘“S” states.
In the present problem it is convenient to include the
contact term all contributions due to that part of the
electronic wave function which is spherically symmetric
about the given nucleus. Evidently, then the “ordinary”
magnetic dipole-dipole interaction is associated only
with that part of the electronic wave function which is
not spherically symmetric about the center of the given
nucleus (i.e., vanishes at that point).

The quantum-mechanical discussion of the hyperfine
interaction is greatly simplified by the use of the concept
of the irreducible spherical tensors. Such a tensor of
rank L consists of 2L+ 1 functions which, under a space
rotation, transform among themselves according to the
Lth irreducible representation of the three-dimensional
rotation group.” In particular, if L is an integer, these
2L+1 functions transform like the spherical harmonics
of order L. The hyperfine interaction evidently has to
consist of sums of invariants or contractions of pairs of
tensors of equal rank.

6 Recall that parity conservation excludes permanent nuclear
magnetic 22* poles and electric 22#*1 poles.
7 Sections 17 and 18 of reference 1.
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The Wigner-Eckart? theorem permits a simple calcu-
lation of the matrix elements of spherical tensors be-
tween states of sharp angular momentum, and leads to
an explicit separation of the features of the interaction
depending on the detailed physical description from
those that are geometric in character (symmetry proper-
ties).® In particular, this theorem asserts that the
matrix elements of all tensors of rank L=integer, be-
tween states belonging to the same angular momentum
J, are proportional to a tensor of the same rank con-
structed from J. These tensors, for L=1; 2, are listed in
Eq. (3). In the present problem, we are concerned with
a representation in which the nuclear and electronic
spins (I,S) are each conserved. As a final preliminary
remark, we recall that an interaction spin Hamiltonian
is calculated by taking the expectation of the complete
Hamiltonian within a given manifold of states of the
unperturbed Hamiltonian. This amounts to an appro-
priate averaging over all the space variables in the
complete Hamiltonian.

We shall now deduce expressions for the several terms
in the hyperfine spin Hamiltonian which will be par-
ticularly convenient for the following discussion.

The ordinary magnetic dipole-dipole interaction is
usually written as

3(ue 1) (uy 1) —go unr?

5
’ 3S-0)I-1)—S T
= 2gnBBN p ,
r

where u,=28S=the electronic magnetic dipole opera-
tor, uy=gnByI=the nuclear magnetic dipole operator,
and r=the electronic coordinate measured from the
(point) nuclear dipole as origin.

Equation (2) can be rewritten as a contraction of two
spherical tensors of rank 2:

16 2
—S—gNBBN 2 (=D)"V.20,0)/r*Y-n®@S), (3)
2

m=—

where Y,® are the symmetrized solid harmonics of
order 2, listed below.
(3m) Y@ (L,S) = (3)1184s,
Y@ (LS)= (V3/2) (1S£1+11:S0),
$m) Y@ (1,S) =3 (3LSo—1-8),
and
$mIY® (D) =Lu=F B I=ily),
$m)1Yo@ (D =IL=L.

The corresponding spin Hamiltonian is obtained upon
taking the expectation of Eq. (3) in the electronic state

8 Section 18 of reference 1.
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Y.(r), and is
16w

—S—gNﬁBN Z (“ 1)m

m=—2

x| [T 00 e [yo0s). @
The contact (isotropic magnetic) interaction is
8w 8r
U vy [¥.(0) l“’=~3‘2gNBBN|‘//e(0) 8- (5)

The electric quadrupole-quadrupole interaction is (by
analogy to the classic expression) written as

3(1'9 . rN)2—re2rN2
f pupr—————————drary, (©)
¥e

where p.(r.) and py(ry) are, respectively, the electronic
and nuclear charge densities, and r,/ry>1.

Equation (6) can be written as a contraction of two
spherical tensors of rank 2:

161 2
5 (—m[ [ (1) |20 ® (ae,%)r;adf]

5 4
x| / O e0) Y- Ol | 1)

This expression reduces according to the Wigner-
Eckart” theorem to

__—_e?— : (=)™
AI(2I—1) 5 m—s

x[ / lwem)|Zm<oe,¢e>r;3dn}y—m<2><I>, ®)

where Q is the nuclear quadrupole moment, defined as
the expectation of ¥¢® (fn,¢n) in the state with sharp
spin I and M;=1.

It is convenient to interpret Eq. (8) as the contraction
of the electric field gradient tensor of the electron with
the nuclear quadrupole moment tensor operator. The
integrals in Eqs. (4) and (8) are identical, this similarity
between the dipolar and quadrupolar coupling constants
will be utilized in Sec. ITL.

If the given electron interacts with the nucleus of an
ion, a more careful calculation is necessary to account
for an important second-order effect. In this case the
electron distorts the closed shells of the ionic core and
the nucleus interacts with an “effective” field gradient.
The theory of this effect has been worked out by
Sternheimer and co-workers.? They were able to show

9 R. M. Sternheimer, Phys. Rev. 84, 244 (1951); H. M. Foley,
R. M. Sternheimer, and D, Tycko, ibid. 93, 734 (1954).
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that the effective field gradient due to a charge density
p(r) can be associated with an effective charge distribu-
tion [1—+(r)Jo(r). The function v (#) and its asymptotic
value as » tends to infinity, ., have been reported for
several ions.?10

For the present problem, we have to include in the
effective field gradient two additional factors: the
effective positive charge associated with the negative
vacancy, and the polarization of the lattice as a result
of the defect.! Thus, using Eqs. (4), (5), and (8) the
complete hyperfine spin Hamiltonian for the interaction
of the F electron and the nucleus at a site a can be
written in the following form:

m=—2

4r\t 2
Ra=aas'la+2<?) Z (—1)’”bm,a‘y_m(2)(l,,,S)

+E(ﬁ>% S (=)0 n® (1), (9)
3\5/ ns '

where the following abbreviations have been introduced
for the coupling constants:

aa=2gn 85 (87/3)| or(Ra) |2
=the contact (isotropic) magnetic coupling

constant, (10)
bm,a=gN,aﬁ:8N<§oF ’ 2(4'”'/5)%1/7”(2) (0a,(pa)/7aa i <PF>
=the magnetic dipole-dipole coupling con-
stant (tensor), (11)
3e’Qe
Qm,az " qm,«
41,(21,—1)
=the electric quadrupole coupling constant
(tensor), (12)
and
gm,a=[2(57) (—1)"Y_u® (=00, — 00) Y¢® (0,0)/R.*
+¢m,a(pol.) J(1—7w,a)
—(er| (1=7a(r))2(37) Y u® (Oa,0a) /74" | o)
= the effective electric field gradient tensor at
site a. (13)

In Eq. (13) the first term accounts for the effective
charge of the vacancy at (Ra,00,¢0) and ¢m,«(pol.) is the
field gradient associated with the lattice polarization.
The integrations indicated in Egs. (11) and (13)
become improper when the range of integration includes
the ath site (r=R,). In this case these integrals are to
be interpreted as Cauchy principle parts. This is equiva-
lent with the more common statement that one is to
exclude in these integrals the contribution from the part
of the F-electron charge density which is spherically

(1;)516{). M. Sternheimer and H. M. Foley, Phys. Rev. 102, 731
1 These points are discussed in Sec. IV.
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symmetric about Ra? (74,04,¢.) are the coordinates in
a local coordinate system with its origin at the ath site.
In the following we shall, whenever possible, simplify
the notation by dropping the subscript a.

It is convenient to impose on the local coordinate
system the condition that its polar axis be directed
toward (or away from) the vacancy. This choice does
not necessarily make the local coordinate system unique,
but any such system has the merit of permitting a
simple statement of the restrictions imposed on the
tensors b, qa, by the symmetries of the ath site.®

Specifically, if the ath site lies on a plane of reflection
symmetry, then the local polar axis is normal to that
principal axis of these tensors which is normal to the
symmetry plane. Hence

b1,6=TFb_1,q,
b2,a= :Fb—2,a,

a=$ —1l,a
91, q 1,0y (14)
g2,a= :FQ—z,a-

If the ath site lies on an #-fold axis of rotation symmetry,
then the local polar axis is itself a principal axis, hence

bi1,6=0=q41,0, (15)
and
b2,a=b—2,a; q2,¢x=q—2,a- (16)
Furthermore, if #> 3, then we have also
b:l:Z.ﬂ=0=q:l:2,a' (17)

For a fcc lattice, if we denote the vacancy by (000), then
the site symmetries listed in Table I are easily verified.

III. THE MAGNETIC DIPOLE-DIPOLE COUPLING
CONSTANT TENSOR

In this section we shall use the approximate F-electron
wave function Eq. (1) to obtain approximations for the
tensor b defined by Eq. (11). We shall use these together
with some experimental results to estimate the contribu-
tions to b arising from the F-electron charge density
inside and outside of the volume of the ath ion. These
estimates will be used in the next section in the dis-
cussion of the contribution of the F electron charge
density to the “effective” field gradient tensor acting at
the ath site [Eq. (13)7].

RatR: —1
Io,,,=—21r/ dr/ 72N ()
Ro—Ri (r%+Ra®—R:?)/(2rRq
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TasLE I. The symmetries of site in an fcc lattice.

Symmetry
Site type Site location group of site
(r00) Fourfold axis of Cap
rotation symmetry
(wnn) Threefold axis of Cso
rotation symmetry
(nn0) Twofold axis of Cao
rotation symmetry
(nm0), (nnm) Plane of reflection Cs
m#En, it symmetry

Consider first the zero component of b:

bo 3 cos?.—1
= / o (t)————dr
gnBBn 7o

92 2(1
_v / er*(r') i
9zt J |r—r|
where the integral in Eq. (18a) is to be interpreted as a
Cauchy principal part.!?! r is the radius vector from
the center of the vacancy (origin).
(Nyr) is spherically symmetric about the vacancy,

hence its contribution to by can be determined with the
help of (18b). It is

(18a)

r=

47
+—0r*(Re), (18b)
R, 3

8w
N2¢F2(7)dT—?N2\[/F2(Ra). (19)

R,3 Jr<Ra

We shall now estimate the contribution to bo,. due to
the part of Ny which does not overlap the ath ion. For
this purpose we shall restrict the region of integration
for the integral in Eq. (18a) to the space outside of a
sphere of radius R;(=1onic radius) about R,.

From Eq.. (18b) we conclude that the integral over
the region 7> R,+R; vanishes. The integral over the
region r<R,—R; is just

where x=cosf. The integration with respect to x is elementary, and leads to

1
Iy,0= (Z/R,,?)Ii— / N% g (r)dr+
Ra~Ri<r<RatRi

12 See Appendix A for additional comments.

— N2 (r)dr. (20)
Re® Jr<Ra—R:
It remains to evaluate the integral
3(rx— R.)*— (”P—2rRx+R.?)
dx, (21)
(12— 2rRx+R2)}
r
o)~ ir ] (22
Ra—RiSTSRa‘f'Ri Ri

13 The symmetries of a site consist at any subgroup of the lattice point group which maps the vacancy and the site into themselves.
The invariance of € under these transformations I' requires that 7b71=b. The known transformation laws for spherical tensors
immediately lead to the results quoted above (see reference 1, Chap. V).

14 The identity of the right sides of Egs. (18a) and (18b) is proved in O. Kellogg, Foundations of Potential Theory (Dover
Publications, Inc., New York, 1953), pp. 152-155. .
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N M-

(23)

A similar calculation can be made to determine I, the contribution to by, of the part of Ny » which overlaps the
ath ion. However, if we consider Eq. (19), it is evident that

211 1 r
Ii.a:"‘['/ N2¢F2(’>d‘r"—/ Nzl//FZ(’)dT—/ N2‘//F2(7)f(”“)d‘r:|
ReL2 J Re—Ricr<Ra 2 J Ra<r<RetRi Ra—Ri<r<RatRi R;

Combining Eqgs. (18a), (20), (22), and (24), we obtain
bo,a 2

gN,aﬁﬂN Ra3

— (8/3)N*r*(Ra).  (24)

1
=—[/ Nzlﬁpz(?’)dT'}—— N2'/’F2(7)d7'+c1.a(Ri)]
r<Ra—Ri 2 J Ra—Ri<r<RatRi

2r1 1
—I—[—[~/ N2¢F?(r)dr——/ N2¢p2(r)dr—C1,a(R,-):|
ReL2 J R Ri<r<Ra 2 J Ra<r<RatR:

In Eq. (25), the group of terms in the first pair of square
brackets represents the effect of the part of Ny r which
does not overlap the ath ion. It is shown in Appendix B
to be less than

/ Ny g?(r)dr<1.
r<Ra

The terms inside of the curly braces represent the effect
of the part of Ny » which overlaps the ath ion.

7
Cl,a (Rl) = N2¢F2 (V}f(’—*)dT (26)
Roa—Ri<r<RatRi R;
and C:,. accounts for the contribution of the part of
| or(r)—Nyr(r)|? which is centered on the ath site.
The remaining contributions to bo,, consist of two- or

three-centered integrals involving at least one core

TasLE II. Comparison of the experimental by, » with the
theoretical asymptotic expression.

(Rofa)?» 1 2 3 4 5 6
Material I:h (2gnBBN/Ra?) (bo, )t

LiF Li 1.19 1.08 1.18

LiCl Li 1.06 cee e

NaF Na cee 0.48

NaCl Na 0.30 e

KCl K 0.13 0.73

KBr K 014 .-
LiF F cee 022 1.03 0.91
NaF F cee 1.21 cee
LiCl Cl 0.18 1.00 1.04
NaCl Cl 0.13 e
KCl Cl 0.18 0.28 0.57

& ¢ =interionic distance.

—<87r/s>N2¢F2(Ra>]+cz,a. (25)

orbital on a site other than a. These contributions are
assumed to be negligible.

In estimating the contribution of the F-electron
charge density to the electric field gradient at the ath
site, we shall have to distinguish the part of ¢#(r) which
overlaps the ath ion from that which does not overlap
the ath ion. Hence we shall have to return to Eq. (25).
No such distinction is necessary for the discussion of
b9, For this purpose it is, therefore, more convenient to
rewrite Eq. (25) in the form

bo,o/gnBBN= (2/Ro®)Cs3,a+bo,o/, (27)
where
Crram / N (), (28)
r<Ra
bo,o'=— (87/3) N r*(Ra)+C2,a (29)

The calculations of Kojima® and Adrian and Gourary*
suggest that
0.8<Cs,.<1. (30)

In order to estimate bo,«’ we calculated (2gnB8nx/R.?)
X (bo,o)™* using the values of bo,» determined by
“ENDOR?” experiments.!® The results are tabulated in
Table II. Evidently

| B0,a—2gnBBn/Ra?| (Bo,4) <0.9.
Furthermore, it seems that
bo,a"’ngﬁﬁN/Ras,

may be a good asymptotic relation. This relation is
suggested by the exponential decrease of b,/ with R,
due to the corresponding decrease in ¢r.

16 The data were taken from reference 3, Table I.
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To conclude our discussion of the magnetic dipole-
dipole coupling constant (tensor), we shall now consider
the other components of b:

Fbii,e c0Sf, sinfd, exp(iga)
——" (6 / on(®) dr, (31)
gN.aﬁﬂN ras

bis,a sin20, exp(£2ip,)
= (%)%/w(r) dr. (32)
gN.OtBﬂN ras

Evidently, only those components of ¢#*(r) which
depend on ¢. can contribute to bm,s, m#0. But this
implies that dum,q, =0 consist of sums of multicentered
integrals involving at least one core orbital centered on
a site other than a. Thus, we might expect these com-
ponents of b to be extremely small. This conclusion is
confirmed by the fact that no experimental determi-
nation of these components has yet been reported.
Feher? seems to be the only worker who actually looked
for “axial asymmetry”’® in the magnetic hyperfine
interaction [of (1,1,0) sites]. He found that his resolu-
tion was insufficient to observe b2,110.1”

IV. THE ELECTRIC FIELD GRADIENT
(QUADRUPOLE COUPLING)
TENSOR

In this section we shall utilize the similarity of the
magnetic coupling tensor b, Eq. (11), and the contribu-
tion of the F electron to the effective field gradient
tensor Eq. (13). The experimentally determined mag-
netic coupling constant and the theoretical discussion of
this constant in Sec. III will be used to obtain an esti-
mate of the importance of the several factors con-
tributing to the electric quadrupole coupling constant.

The field gradient at the ath site in a cubic lattice with
an F center arises from four factors: First, the effective
unit positive charge associated with the negative-ion
vacancy'8; second, the F electron charge density; third,
the equilibrium lattice polarization associated with the
F center; finally, the gradient of the Madelung field in a
perfect lattice evaluated at the displaced position of the
ath ion.

A. The Lattice Polarization

The lattice polarization results from two different
effects, first the radial relaxation of the ions about the
vacancy, which lowers the symmetries of all sites other

16 Axial asymmetry refers here to the independence of the spin
Hamiltonian of ¢g.

17 Note that the symmetries of sites for which (R,/a)?=1, 3, 4
imply that bm, =0 for m 0. It is, however, quite possible that a
more careful analysis of presently available “ENDOR” data will
permit a determination of by, 110.

18 All available evidence indicates that alkali halides are very
peelxrlly ideal ionic crystals. Thus, the charge at each lattice site
is [e].
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TasLE III. Kojima’s calculated polarization of LiF.

Dipole moment

Displacement of ions induced on ions

Shell® into the vacancy (core distortion)
1 0.074a 0.002ae
2 0.026a 0.006ae

a The set of ions located at a distance R = (n)"a from a given site are called
the nth shell (of neighbors).

than the vacant one. Second, the electric field associated
with the vacancy leads to a small distortion of the ion
cores, i.e., induces an electric dipole moment on them.
Kojima® calculated both effects for the first two shells
of ions about the vacancy. His results are summarized
in Table ITI.

The contribution of the displacement and core dis-
tortion of ions in the two first shells to the components
of the field-gradient tensor at sites in these shells were
calculated from Kojima’s results, as shown in Table IV.

In the following we shall always combine the gradient
of the Madelung field with the field gradient due to
lattice polarization. We shall refer to the resultant term
as the polarization field gradient. Table IV suggests
that the contribution of the lattice polarization, and
particularly the displacement of ions, to the field-
gradient tensor is of the same order as that of the

. vacancy charge. Since the main contribution appears to

be due to the ion displacement, we shall henceforth
neglect the contribution of the distortion of the ionic
cores to the field gradient. Table IV suggests further-
more that the sign of ¢um,«(pol.) might be determined by
the direction of the displacement of the ions. In order to
investigate the validity of the preceding observation,
we calculated the field gradient at sites in the first two
shells due to the displacement. of the ions in the first six
shells. The field gradients were calculated to second
order in the fractional displacements ¢,. That is, (af.)
is the displacement of the ions in the ath shell towards

TaBiE IV. Field gradient due to lattice polarization calculated
from Kojima’s results for LiF.

gm(pol) (/R P

Due to Due to
displace- Due to displace- Dueto Gradient
ment of core dis- ment of coredis- of the
ionsin  tortion ions in tortion Madelung
Shell m® shell1 inshelll shell2 inshell2 field®
10 0.156  —0.004 0.110 0.025 —0.118
2 0 0.831 —0.023 —0.109 —0.025 —0.010
24 0276 —0.008 —0.005 —0.001

a The components not listed, vanish identically because of the symmetry
of the sites.
b The field gradient is normalized to the gradient of the field due to the
effective positive charge of the vacancy.
¢ Here we used the Madelung potential for ionic crystals of the structure
(l)f éga(clgsge;lculated by F. W. de Wette and B. R. A, Nijboer, Physica 24,
1
d g9, 0 =(1/e4/6) (82V [bxa2 —862V /634%). The local ¥ axis is chosen in the
(}1101(8 plane through the vacancy and the ath site (located in the second
she
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the center of the vacancy.

oa(pol.) (Z/Ry)™
=[(1.78¢1+4.415:2) — 21.6{+%]
+ (3.20¢24-0.41¢ 2>+ 13.82¢0¢1)
— (1.14¢5+0.25¢ 2+ 1.75¢ 5¢1)
— (3.04¢4+6.11¢2—12.30¢ 1)
— (0.01¢5--0.38¢ 2 — 1468 4¢)
1 (0.52¢64-0.6T¢ 2 — 1.3686¢1).  (33)

Here (—21.6{1)2/R:® is the Madelung field gradient,
and we neglected the effect of the distortion of the ionic
cores. If {1<X0.104, then the contribution of displace-
ment of the ions in the first shell is larger than the
Madelung field gradient. Hence in this case the net
contribution of the displacement of ions in the first shell
has the same sign as {;. But the contribution of the
displacements of ions in the second shell has the same
sign as {» (and {;). Hence even when {; slightly exceeds
0.104, the signs of ¢o,1(pol.) and of {; are probably equal.
It has been observed that it may not be consistent to
include the effect of the displacement of ions in the
second shell, while neglecting the effect of the displace-
ment of ions in the third and fourth shells. However,
even if we make the rather extreme assumption that
fe=03={4={, and ¢;=0.104, the signs of ¢o,1(pol.) and
of ¢ are equal, provided that {<0.356. This seems
rather conclusive evidence that, for the displacements to
be expected in practice, ¢o,1(pol.) and {; have the same
sign. In particular a positive go,;(pol.) always indicates a
positive (inward) displacement of the ions.

Using the same notation as in Eq. (33), we obtain the
following expression for go s(pol.):

qo.2(pol.) (2/R)
= (10.38¢,—0.37¢ 2+33.70¢ 152)
—[(4.07¢ 24 3.68¢2)+15.18¢57]
— (4.00¢ 35— 3.81¢+20.05¢ 5¢5)
+ (1.24¢4+0.108 24-2.69¢ o)
— (116854 7.10¢ 2+ 19.55¢5¢2) R
4+ (2.75¢6+5.94¢ 62— 1.80¢6f2).  (34)
Here (—15.18:2)(2/R,%) is the Madelung field gradi-

ent. Again the most important contribution is due to the
displacement of the ions in the first shell. Hence the

TaBLE V. Values of the parameters Cj, , defined by Eq. (26).

Ci1 Cy3
Gourary Gourary
and and
Crystal Adrian Kojima Ci e Adrian Kojima
LiF —0.203 cee —0.024 cee
—0.086* +40.009 e —0.002* —0.022
KCl —0.160 .- —0.016 —0.006 e

a These entries were calculated using the results of the improved calcula-
tion of Gourary and Adrian. The other entries were calculated using the
results of the simple point ion lattice calculation of Gourary and Adrian.
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signs of {1 and go,2(pol.) are equal for any displacements
to be expected in practice. Note that a negative go s
always indicates a negative (outward) displacement of
the ions.

Finally, using the convention that the (local) y, axis
lies in the (100) plane through the vacancy and the ath
site, we have

g2,2(pol.) (2/R2")
— (3.390,4-2.33¢24-6.29¢185) — (0.16¢241.00¢2)
+ (5.93¢ 5+ 1.19¢ 2+ 16.85¢5¢)
+ (1745 +1.06¢ 2+ 1.918 48 5)
— (6.62¢5+13.95¢52—23.2¢ 5¢2)
— (1.08¢s4+0.92¢2-+2.75¢63).  (35)

Again, the sign of ¢,2(pol.) and of {; are equal for the
expected displacements, and a negative ¢s 2(pol.) always
indicates a negative (outward) displacement.

B. The Approximate Effective Field Gradient

We have already noted in Sec. I that if a nucleus is
embedded in an ion, then the nuclear quadrupole moment
interacts with an “effective” field gradient. Foley and
Sternheimer show that this effective field gradient can
be calculated by replacing the actual (source) charge
density p(r) by an effective density [1—~(#) Jo(r).!® The
calculations of these authors show that 1—vy(r)=1 for
r<theionicradius. Furthermore, v (r) reaches its asymp-
totic value, 7., very rapidly. Hence, a reasonable ap-
proximation of the effective field gradient is just to
correct the field gradient due to charge densities outside
of the ionic volume by multiplying it by (1—+,,). This
approximation enables us to use the approximate ex-
pression for b, derived in the preceding section, to
estimate the contribution of the F electron to the
effective field gradient at the ath nucleus. If we substi-
tute Eq. (25) into Eq. (12) and combine the result with
Eq. (13), we obtain the following approximation for ¢o,q:

2 i ) [< bo,a 2Ca)
G0, a= 1™ Y0,a) ™ -
-Roz3 gN,aﬂﬂN Ru3

2C,
L 1ye) [ranctpol) 17, 36)
where :

Ca=/ N g*(r)dr
r<Ro—R;i

1
4

2 J RaRi<r<Ra—R:

Z\nlﬁp‘?(f)dT‘,‘CLa, (37)

Cra= / NY420) f(r/ R (26)
Ra—Ri<r<RatRi

19 See R. M. 'Sternheimer and D. Tycko, Phys. Rev. 93, 734
(1954); Eq. (12).
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TaBLE VI. Parameters of the spherically symmetric part of the
F-electron wave function.

kla k2(l
Gourary Gourary
Crystal and Adrian  Kojima and Adrian  Kojima
LiF 2.26 1.86
2.6112 2.96 2.637= 1.626
KCl 2.37 244

a These values are the results of the improved calculation. The other
values quoted from Gourary and Adrian result from the simple point ion
lattice calculation.

The three sets of terms in Eq. (36) represent, re-
spectively, the contributions of the effective positive
charge of the vacancy, the F-electron charge density,
and the lattice polarization. A regrouping of terms in
Eq. (36) leads to a more convenient expression for ¢o,q,

q0,a=4q0,a (POl) (1'—700.01)——‘ [(bo,a/gN,a:BﬁN)_ (2/Rﬂ3)]
+(1—Ca) (—¥w,0) (2/RJ1).  (38)

We shall now proceed to estimate the parameter
(1—C,). This requires in turn the calculation of the
parameter Ci,, defined by Eq. (26), (c.f. Table V). To
calculate this parameter one requires the analytic ex-
pression for Ny r. Kojima and Gourary and Adrian used
similar expressions in their calculations of Ny . Kojima’s
expression is

sinkyr
NYp(r) e« , r<0.9a
7
xe k¢ >0.9a. (39)
Gourary and Adrian use
sinkyr
NyYp(r) < , r<Xa
r
e kor
o« , r>Xa (40)
7

where ¢ is the interionic distance. x=1 in all cases ex-
cept the improved calculation for LiF. In the latter
case, x 1s used as a variational parameter and deter-
mined to be 0.9. Some values of k:¢ and k.a are listed in
Table VI.

The limits of integration for the integrals which de-
termine C, involve the ‘“‘ionic radius” R;. The value
chosen for this parameter was a/2. The error involved
in this approximation is of the same order as that
introduced by approximating 1—+(r) by a step func-
tion. This approximation will now be discussed in some
detail.

Foley and Sternheimer plot 1—+/(r) for Cst, Rb*, and
Cl=.20 In all three ions 1—v(r)=1 for small distances

2 Reference 9, Fig. 2. in the second paper. The curves are incor-
rect, and the correct asymptotic values, 1—7v,, are reported in
reference 10. Still the qualitative features of the curves are
probably reliable.
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from the origin, it has a small negative minimum at
r=~0.8 A and then rises rapidly. 1—y(»)=~0.9(1—7,,) at
r~2.2 A for the alkali ions, and at »=~2.7 A for the
halogen ion. At the ionic radii suggested by Gourary and
Adrian* 1—y()=0.7(1—~,) for the alkalis, and
1—v(r)=0.5(1—v.,) for the halogen. This suggests that
a reasonable estimate of the error introduced by ap-
proximating 1—~(r) by a step function can be obtained
by comparing the resulting value of C, with the value
obtained by approximating 1—+(7) by three line seg-
ments. [ The second approximation does not change the
form of Eq. (38), though it requires a re-definition of
C..] This calculation was done for C; in KCL. The
nuclear antishielding factor was written in the form

1—y(r)=1; r<r=1.06A4A
r—17y
=1—'y°° ’ rlsrsr2=2'65A
r—r
=1—7; 72 <r.

In this approximation C;=0.839. In the step-function
approximation,

1—y(r)=1; r<R;
=1—7,; >R

This result suggests that in view of the inaccuracy of
1—v(r) and Nyr any refinement of the step-function
approximation of 1—+(r) is probably unwarranted. We
may conclude further that the values of C, calculated
in the step-function approximation are slightly too large
for halogen ions and probably slightly too small for the
alkali ions. These conclusions are evidently unaffected
by the further approximation of letting R;=a/2.

In Table VII, we list values of (1—C,) for KCl and
LiF. For LiF we compare the values calculated from
Kojima’s results with those obtained from both the
“simple” and the “improved” point ion lattice calcula-
tions of Gourary and Adrian.

In Table VIII we list the values of the several terms
in Eq. (38), calculated for Li* sites in the first shell of
LiF. “ENDOR?” data were used to calculate the second
term, the other terms were calculated from the theory.

TaBLE VIL. Values of the parameters 1—C, defined by
Eqgs. (37) and (38).

1-C 1-C. 1-Cs
Gourary Gourary  Gourary
and and and
Crystal Adrian Kojima Adrian Adrian Kojima
LiF 0.609 0.069
0.369*  0.284 0.015*  0.036
KCl1 0.541 0.122 0.029

a These entries were calculated using the results of the improved calcula-
tion of Gourary and Adrian. The other entries were calculated using the
results of the simple point ion lattice calculation of Gourary and Adrian,
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TasrLe VIII. The calculated field gradient in LiF at Li* sites in the first shell.
(1=C1) (=7.)(2/RS) o (e2Q/4h)qo in kc/sect
Gourary Gourary Gourary
go,1(pol.) (1—v,)® —[(bo/gnBBN)— (2/Rs?)] and Adrian Kojima and Adrian Kojima and Adrian  Kojima
0.031¢ 0.039 —0.1114 e —0.041 e +35.7 e
0.031 0.039 —0.065° —0.050 +0.005 +0.020 +4.4 —174
0.019¢ 0.039 —0.111d e —0.053 e +46.2 e
0.019 0.039 —0.065° —0.050 —0.007 +-0.008 +6.1 —7.0

s The entries in the first four columns are in 102 cm~2,
b =—0.1 X1072 cm2
¢ Calculating go,1(pol.) from Table VI, and using v, =0.259.

d Using the results of the point ion lattice calculation of Gourary and Adrian.

e Using the results of the improved calculation of Gourary and Adrian.

f This value includes the contribution of the displacements of the ions in the third and fourth shells, assuming these to be equal to the displacement of
the ions in the second shell. This overestimates the effect of the farthersions, and constitutes a lower bound on go(pol.).

Equation (33) shows that ¢o,1(pol.) is over estimated if
one includes only contributions due to the displace-
ments of ions in the first two shells. The displacements
of ions in the third and fourth shells tend to decrease
¢o,1(pol.). Hence, the assumption that the displacements
of ions in the second, third, and fourth shells are all
equal, and that the displacements of ions in the farther
shells may be neglected probably underestimates
go,1(pol.).

To date no experimental determination of the electric
quadruple coupling constant for Lit in LiF has been re-
ported. This suggests that the simple point-ion lattice
calculation results in a Ny which is too diffuse. How-
ever, both the improved point-ion lattice results and
Kojima’s calculation seem in accord with the experi-
mental evidence. On the other hand, even a small
outward displacement of the ions would, because of the
reversal of the sign of go,1(pol.), lead to a calculated
value of ¢o,1 which is probably too large to be consistent
with the experimental evidence. Thus it is evident that
the contribution of go,1(pol.) to go,1 is important.

C. Estimates of the Polarization Field Gradient

Of particular interest is thefact that Eq. (38) enablesus
to estimate go,(pol.) from the experimental (“ENDOR”)
data.?! Such an estimate is subject to three sources of
uncertainty.

First the nuclear quadrupole moment, Q,, is only
known to within 20%,. This means that the experimental
value of ¢, is only determined within this accuracy.

Second, there is an uncertainty about the reliability
of the calculated values of v,. This complication seems
to affect mainly the halogen ions. Thus, molecular ob-
servations seem to suggest that for Cl* (1—7v,)=10
rather than the calculated value of 57.6. The same
observations show, however, reasonable agreement with
the calculated values of (1—v,) for the alkali ions.?

2 In order to calculate go(pol.) from Eq. (38), it is essential to
know both magnitude and sign of go. The “ENDOR” data are
known to determine [Qgo|. In the following paper it is shown that
the same data also determine the sign of this parameter.

22 Charles H. Townes in Handbuch der Physik (Springer-Verlag,
Berlin, 1958), Vol. 38/1, p. 416.

Rewriting Eq. (38) as

qo,DI(pOl'): {Qo,a+[(b0,a/gN,aﬁBN)“ (Z/Raa)]
~(1—=Ca) (—Yeo,0) (2/Ra3)} I=Yu.a) ™

it is evident that an error in v,,, may lead to an error in
the sign of the ¢o,«(pol.) deduced from the experimental
of values of o, and bo,o. We shall return to this point.

The third source of uncertainty in the estimate of
go,o(pol.) is due to the uncertainty in the parameter C..
This uncertainty is primarily due to the uncertainty in
Ny . Other factors contributing to it are the uncertainty
in 1 —v(7) and the step function approximation of this
function. This point has already been discussed. The
uncertainty in 1—C, affects the estimated magnitude of
go,«(pol.) : It may also lead to an error in the sign of the

(41)

.estimate of ¢g,«(pol.). With the possible exception of

lithium salts this problem does not seem to occur for
ions in the first shell. This is'because in this case the
third term in Eq. (41) does not seem to determine the
sign of ¢o(pol.). The rapid decrease of 1—C, with R,
suggests that the uncertainty in this factor may be of
little consequence for sites in the third and farther
shells.

To illustrate the preceding discussion, Eq. (41) was
used to estimate go,1(pol.) and go2(pol.) in KCl. The
values of the various terms in Eq. (41) (divided by
2/R.3) are listed in Table IX.

The positive sign of ¢o,1(pol.) is certain. In fact 1—Cy
is probably overestimated. As already noted, the step
function approximation of 1—v(7) inherently leads to
such an overestimate. Furthermore, the Ny r used in
calculating C; was obtained by a simple point-ion lattice
calculation. Theoretical considerations, and the results
of the improved calculation in LiF suggest that such
Ny tend to be too diffuse. Finally, the error in the
calculated value, 1—+v,,1=13.8 is probably small and
certainly not sufficient to affect the sign of go,:1(pol.).
Thus, we conclude that the ions in the first shell displace
into the vacancy.

In calculating the entries in the second row of Table
IX the calculated value of 1—7,,e=57.6 was used. The
negative sign of ¢o,2(pol.) implies, if correct, an outward
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TasLe IX. The experimental values of the lattice polarization field gradients in KCl.

Shell ) (q0,) @/R)™ - Lbg a/gn.abBy) — 2/Ra)] —(1=Ca) (=7.) g0, (pol.)
(o) (€Q/2h) g0, in Mc/sec X (1—vx) XL2/RS) (1=va) I X (1—=ya)™ X (2/RA™
1 0.40¢ 0.37 0.45 —0.50 0.32

2 #0.013P =+0.007 0.083 —0.120 —0.030, —0.044°

8 Quoted in reference 3. Sign is determined in the following paper.
b Quoted in reference 2. Sign is not determined.

¢ Uncertainty is due to the undetermined sign of go,2. It will be shown below that go,: is in fact positive. (See footnote 23.)

displacement of the ions. As already noted, the step
function approximation of 1—C, tends to underestimate
this factor. Thus, the only way in which the sign of
go,2(pol.) can be made positive is by decreasing the value
of 1—4.,2 by a factor of at least 1.3 or 1.6 depending on
the sign of ¢o,2. It is, of course, possible that an improved
calculation will lead to a Ny r which is concentrated
enough to reduce 1—C, sufficiently to assure a positive
sign of ¢o,2(pol.). However, the previously mentioned
data on polar molecules®® seem to suggest that the
calculated value of 1—1,,,, is indeed too large.

The same approximation as used in deriving Eq. (38)
for go,« can be applied to the other components of the
effective field gradient tensor. Using the step function
approximation for 1—v(r), we obtain, on substituting
Eq. (11) into Eq. (13),

m a:Eqm,a(pol.)_bm,a”/gN,aﬁﬁN](l_’Yw,a)
—bm,o'/gn,BBr; mF0. (42)

Here b, is the contribution to b,,, of that part of
or(r)— Ny r(r) which overlaps the ath ion. As noted in
the discussion of the magnetic coupling constants,
bm,o’ consists of sums of two-centered integrals, in-
volving two core orbitals, one centered on the ath site
and one on a different site. bm,o’" is the contribution to
bm,« of that part of ¢p(r)—Ny¢r(r) which does not
overlap the ath ion. It consists of sums of two- and three-
centered integrals, involving two core orbitals centered
on sites 8 and v where a7, v. In view of the factor 7,
in the integrands it is reasonable to assume that
b, Db, (1 —Ye0,a)-

As noted previously, the constants b,, m3<0, are
probably negligibly small. Hence one might expect the
major contribution to gm,«, 7520, to be due to ¢m,« (pol.).
Thus, we obtain the following approximate expression
for qm,a,

qm.a=9m,a(P01-) (1'—700,01)) m=0. (43)

Equation (43) implies that if w0 then the signs of
@m,e and gm,«(pol.) are equal. But, Eq. (35) suggests
that the signs of {1 and gs,2(pol.) are equal. Hence we
may expect ¢,» and the displacement of the ions in the
first shell to have equal signs.

According to Feher, in KCl, b;,,~0 and

| (&2Q/2k)(6)%gs,2| =0.077 Mc/sec.?

This suggests that the approximate expression, Eq. (42),
might be applicable in this case. We may thus infer

from the positive sign of go,1(pol.) that ¢s,2>0. Hence
we may resolve the uncertainty in the sign of go 2.2

V. CONCLUSIONS

It was shown that a wave function such as Eq. (1)
leads to a consistent interpretation of the observed
hyperfine interaction constants of the F electron with
the lattice. Specifically, the conclusion that most of the
F-electron charge density is spherically symmetric and
concentrated within the vacancy is consistent with the
observed magnetic dipole-dipole coupling tensor b, How-
ever, for the first few shells the contribution of the F-
electron charge density within the volume of the ath ion
is of the same order as that of the (spherically sym-
metric) density concentrated in the vacancy. An asymp-
totic expression was derived for by, This expression is
independent of the F-electron density at the ath site and
of the properties of the ath ion. It depends only on the
distance of the ath site from the vacancy.

It was shown that the polarization of the lattice leads
to an important contribution to the effective field
gradient tensor, and probably accounts for any ob-
servable deviation of the electric quadrupole interaction
from axial symmetry. Kojima’s calculations suggest
that the distortion of the ionic cores is a minor effect,
and that the main contribution to the lattice polariza-
tion field gradient q(pol.) is due to the displacement of
the ions in the first few shells (into the vacancy). Hence,
the experimental values of q might be useful in investi-
gating this displacement. Using the experimental data,
it has been shown that in LiF and KClI the ions displace
into the vacancy. This agrees with Kojima’s calculation
for LiF.

Additional “ENDOR” experiments are required to

% Feher quotes

Qv Q&Y
2% 92 2% 9y

Since he could not observe | (eQ/2%)32V/9z?|, he assumes that

=0.032 Mc/sec, =0.045 Mc/sec.

2 2 2
[ego,s| = % (sz (;;: < ) (0.013) Mc/sec,
and hence
_|ov_av| _ (o)
[4/6egs, 2 ot oy (Zh) (0.077) Mc/sec.

Thus gs,2>0 implies that
2V /3y2<0, 9V /9x2>0,
and hence,

32V /922 = — (eQ/2#)1(0.013) Mc/sec<O0.
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complement the available data on the hyperfine inter-
action constants b and q. These data would be helpful
in checking the asymptotic expression for by,, and the
validity of our conclusion that for m#0 bm,e is negli-
gible. From the electric quadrupole coupling tensor one
could calculate q(pol.). These results could in turn be
used to estimate the ion displacements in the shells
close to the vacancy. Specifically, one might proceed as
follows: Assuming first that only the displacements of
ions in the first shell contribute to ¢o,100(pol.), this dis-
placement can be deduced from the deserved value of
q(pol.). Next, one could calculate the ion displacement
in the first three shells, on the assumption that they are
the only factors determining the observed q(pol.) at
sites in the first two shells. (This would require the solu-
tion of three equations involving the three unknowns.)
Proceeding in this way one should be able to estimate
the limits to which the calculated ion displacements
tend.

Finally it has been shown that the calculated value of
1—+, for Cl~ is probably too large. This conclusion
probably applies also to the other halogens.
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APPENDIX A

Classically the potential energy of interaction be-
tween the electronic magnetization density w.| ¢r(7)|2
and the nuclear magnetic point dipole ux can be written
as

: 1
lim[—/ u.or(r)- (Va~yNVa—)d1'
0 Jr—Ral>¢ Ta

1
—un- Va/ veor?(r): Va—d'r]. (A1)
Ir—Ral <€ Ta

If ¢r%(r) is differentiable this reduces to*

3 92 1
> uei;w,-[ﬁm f (1) ——— —dr
|r—Ra|> €

i =1 € 0%a,i0%q,; T

—4—"¢F2<Ra)a,~] (a2)
3 J

=2gNﬁﬁN[ Y Sl

lim or (1)
i,7=1

|r—Ral> €
3%a, Xa,i— 0 e’ 4
—-—————dr—;go;rz(Ra)SJ:I. (A3)

7a®

It is a simple matter to verify the following:

T. E. FEUCHTWANG

(1) If o#*(r) is spherically symmetric about R., the
integral over |r—R|> e vanishes.

(2) If p#*(x) is not spherically symmetric about R,,
it vanishes at R,.

Thus we may identify the second term in Eq. (A3)
with the contribution of the component of ¢#%(r) which
is spherically symmetric about R,. It is usually included
in the contact interaction. Thus the ordinary magnetic
dipole-dipole interaction in the hyperfine Hamiltonian
may be interpreted either as associated with that part
of the electronic wave function which does not overlap
the nucleus, or alternatively as associated with the part
of the wave function which is not spherically symmetric
about the point nucleus. The argument in the case of the
interaction between the gradient of the electric field due
to the electronic charge density e|¢r(r)|2 and the
nuclear electric (point) quadrupole moment Q follows
the same lines and will be omitted.

APPENDIX B

We propose to prove that

r
Cra= / N () f(—)dr
Ra—Ri<r<RatRi R;

1
<= f N ()dr
2 J Re—Ri<r<Ra

1

- / N (s, (B1)
2 J Ra<r<RatR:

()l @) -GG ]
GG -1IE)
S ORICAE (R
<@ -G+
(GG o
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Differentiating f(r/R.) with respect (r/R;), we obtain Hence, combining Eqgs. (B4)-(B7), we have

f’<£—¢) [( ) l:( ) and conseil(lletelis_% v s o
=G ) T o O

%

l( ) [(R) 3+2<__) S—% / N2 (r)dr. (BY)
Ra<r<RatRi

R, —2 Now,
X((E) )] }( ) - (B3) J(Re—=Ri/R;)=3%. (B10)
Hence Hence combining Eqgs. (B4) and (B10), we have
f’(L)<0 for (R"_R">2<<L>2 f(r/R)<} if R.~Ri<r<R,, (Bl
RJ R; / T\R:
and consequently
1
LG +(G) ) F o ’
3 f N2y (r) f(-)df
and Re—Ri<r<Ra R;

r Ra\? Ra\? ] 1
f’(——)>0, for [(-) +3+2(<——> +3) ]~ < / N2 (rdr, (B12)
Ri Rv» Rz 3 2 Ry—Ri<r<Ra

< < r >2< (Ra—l'Ri)?. (BS) and combining Eqs. (B9) and (B12) we obtain (B1).
R/~ . This concludes our proof. Inserting Eq. (B1) into Eq.
But (25) it is evident that the terms in the first pair of
F(R/R) = —A[4(Ro/RP+31(R/R) <—3 square brackets is bounded by
if R.,>R; (B6)
and f N 2(r)dr.
JRat+Ri/Ri)=—3%. (B7) =Fa




