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Assuming that a nonrelativistic wave-function description of
the nucleon-nucleon scattering system is valid at low energy and
large distances, we investigate the analytic properties of the
nuclear (i.e., total minus Coulomb) partial wave scattering ampli-
tudes as a function of the c.m. momentum g¢. For singlet states,
we find that the essential singularity at ¢>=0 can be treated
exactly in the partial wave dispersion relation. The remaining
singularities are branch points located at the same position as for
the non-Coulomb case. The discontinuity across the one-pion
exchange cut is a simple multiplicative factor (which goes to
unity as e goes to zero) times the discontinuity in the absence of
Coulomb scattering. From this structure we derive an integral
equation for the partial wave scattering amplitude.

We investigate the consequences of these corrections in the 15,
state. For ¢2<—u?, there will be additional electrodynamic cor-
rections to the interaction produced by multipion exchange, which
we cannot compute. However, these should be at most of the order

I. INTRODUCTION

INCE Mandelstam’s! proposal of a two-dimensional
representation for elastic scattering amplitudes, it
has become feasible for dispersion relations to play the
role of a dynamical theory for elastic scattering proc-
esses. For the nucleon-nucleon problem, several authors
have formulated various schemes of calculation.?? So
far, electromagnetic interaction between the nucleons
has been neglected. However, it is well known that, at
low energies, the static Coulomb effect for p-p scattering
is quite important. It is therefore highly desirable that
one incorporates, at least, the static Coulomb correction
into the dispersion theory framework. We shall show
that the “outer part” of the Coulomb force can be taken
into account exactly, including the Coulomb correction
on the one-pion exchange force. Our study of the one-
pion force also indicates that the Coulomb effect on the
two-pion and shorter-range forces is quite negligible.
We can therefore relate the p-p, n-n, and n-p phase
shifts if charge independence of the nuclear force holds.
Conversely, experimental information can be inserted
into the dispersion relation for a test of charge inde-
pendence. In this paper, only the singlet amplitudes are
considered. The present approach should be applicable
to the triplet problem with no difficulty in principle.
Although the “nuclear” phase shift is defined as
“total minus Coulomb,” there is still an essential
*Work supported in part by the U. S. Atomic Energy
Commission.
1S. Mandelstam, Phys. Rev. 115, 1741 (1959).
2 M. L. Goldberger, M. T. Grisaru, S. W. MacDowell, and D.
Y. Wong, Phys. Rev. 120, 2250 (1960).

3D. Amati, E. Leader, and B. Vitale, Nuovo cimento 17, 68
(1960); 18, 409, 458 (1960).

of the 33% mass difference between charged and neutral pions.
Our statement of the charge independence hypothesis is therefore
that any phenomenological treatment of the multi-pion exchange
should differ by at most 3% between #n-p and p-p scattering.
Representing this interaction by a single pole, but including
excatly single-pion exchange, and the charged-neutral pion mass
difference in that exchange, we show that low-energy 1Sy #-p and
p-p scattering are consistent with charge independence. This
result is firmer than that previously obtained with phenomeno-
logical potential models because of our a priori estimate of re-
sidual charge-dependent effects. Assuming exact charge symmetry,
we predict an n-n scattering length of —27+1.4 f. Since a de-
parture from charge symmetry of =59, would vary this prediction
between —18 f and —53 {, we conclude that a measurement of this
quantity will provide a sensitive quantitative test of charge
symmetry.

singularity at zero kinetic energy. However, it is possible
to construct a function of the ‘“nuclear’” phase shift
which is free of singularities in the neighborhood of zero
kinetic energy. In Sec. I, we shall arrive at this function
of the “nuclear” phase shift by studying the low-energy
limit of Coulomb wave functions.

To investigate further the analytic structure of the
partial wave amplitudes, we consider the example of an
Yukawa potential (— f2 exp(—p7)/7) plus the Coulomb
potential. The partial wave amplitudes are shown to
have branch cuts starting at ¢?= —n%u?/4, n=1,2, -+ -,
as expected. The discontinuity across the first branch
cut is linear in the coupling constant f? and is identified
as the one-meson exchange term since such an identifica-
tion is known to be correct in the absence of the Cou-
lomb force. The calculation of the exact discontinuity
across the one-meson cut is given in Sec. III. Except
near ¢*= —u2/4, it differs from the no Coulomb case by
less than 59 over most of the negative axis (in ¢?).
Beyond the second branch point {¢?= —u?), this differ-
ence is less than 39, reflecting the fact that the Cou-
lomb effect becomes less significant in the short-range
region. In Sec. IV, we assume the branch cut on the
negative axis to be known and construct the partial
wave amplitude in terms of the solution of an integral
equation which also guarantees the correct threshold
behavior. In Sec. V we discuss the charge independence
of the 1Sy state. If the branch cut along the negative ¢
axis is assumed to be approximately equal for the »-p
and p-p singlet amplitudes, then a simple effective-range
formula gives the difference of the #-p and p-p scattering
lengths and effective ranges in fair agreement with ex-
perimental values. A more careful study of the charge
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independence treats the one-meson cut exactly, and the
charge and neutral pion mass-difference is also taken
into account. The “far away’’ cuts (two-pion, three-pion
exchanges, etc.) are assumed to be identical for the
n-p, p-p, and n-n states. Numerical results are given
near the end of Sec. V.

II. ANALYTIC STRUCTURE OF “NUCLEAR”
PHASE SHIFTS NEAR ¢?=0

For sufficiently small kinetic energy in the c.m.
system, a wave-function description of the two-nucleon
system at large distances can be written as

Ui(g%r)=N[cotdi(()Ur(¢3 )+ Ur(g%r)], (2.1)

where U; is the wave function for the /th angular mo-
mentum state (we only consider uncoupled states in
this paper, although a generalization to include coupled
states should not be too difficult), Uz and Uy are the
regular and irregular Coulomb wave functions, re-
spectively, NV is a normalization factor, and §; is the
“nuclear” phase shift. Asymptotically,

Ur— sin[gr—3wl—n In(2gr)+¢.],
Ur— cosgr—3iml—n In(2¢r) -+,
where n= (Me?/2q) and ¢; is the phase of T'(l414-in).

The connection between Ug, Uy, and the confluent
hypergeometric functions is given by*

(2.2)

Ugr=Ae 2P (a,c; x), (2.3)
2T (21+2)
UI—_—Ae—z/ZchZI:______.___.
' (i+1—1in)

X emr=iT (I (a,,(;; x)—i(I)(a,c; x)}; (24)

where a=14+141n, c=2142, x=—2i¢r, and
A=3[T(+1—in)/T (20+2)] exp[zim (I+1) +igs— gm0 ].

From Egs. (2.3) and (2.4) one can see that Ug is an
analytic function of ¢ at ¢=0 whereas U has an essential
singularity at that point. Since U;(¢%7) defined by (2.1)
must be reducible to a combination of the zero-energy
Coulomb wave functions as ¢ — 0, one sees that cotd;(¢%)
must also have an essential singularity at ¢g=0 in order
to compensate for the singularity in Uy. It was shown
by Breit, Condon, and Present® that a more convenient
function of the “nuclear’ phase shift in the zero-energy
limit is given by [C?g cotd;+Q] where
C*=2mn/[exp(2mn)—1],
Q=Me[3¢ (in)+3¥ (—in)—Ing ],
¥ () =T"(Zin)/T (Fin).
4 A. Erdelyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi,
Higher Transcendental Functions (McGraw-Hill Book Company,
Inc., New York, 1953), Vol. 1.

§ G. Breit, E. U. Condon, and R. D. Present, Phys. Rev. 50,
825 (1936).

(2.5)
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In fact, [C%qcotd;+(Q7] is analytic at ¢=0. We shall
prove the analyticity as follows. First, we rewrite
Eq. (2.1) in the form

Ui(gn)=N'L(Cq cotdr+-QUr(¢)+ UL (¢)], (2.6)

with N'=N/C?% and U/ =C?U;—QUpk.
From Egs. (2.3) and (2.4), one obtains the zero-
energy limit

Ur(¢r) — Ao(in) "yl (y),
Ur'(¢r) = — Ao(in) ™ (2M ) yK 2141 (),

where y=2(e2M7)*; I3 and Koy, are Bessel functions
of the second kind.

It can be shown that ylsa(y) and yKapa(y) are
indeed the regular and irregular zero-energy Coulomb
wave functions, respectively. Furthermore the limit
given by (2.7) is independent of the path along which ¢
approaches zero. Thus (C% cotd;+Q) must be regular
at ¢=0. A close examination of the hypergeometric
functions, however, reveals that Ur(¢%7) contains a
sequence of poles at ip=—1, —2, -+, —I[. Finally,
we are led to consider

2.7)

Sz(<12)=x13(1+712/>\2)q”(c2q cotbibQ)  (2.8)

as the function which possesses the maximal analyticity
in the neighborhood of ¢=0. The requirement of time
reversal invariance further restricts S; to be an even
function of ¢. Hence S; is analytic in ¢? except for singu-
larities arisen from ‘“nuclear” interactions (¢S —u?/4)
and possible zeroes in the phase shift.

III. ANALYTIC STRUCTURE OF SCATTERING
AMPLITUDES FROM A COULOMB PLUS
A YUKAWA POTENTIAL

We have already made use of the fact that at low
energy the asymptotic wave function can be approxi-
mated by the nonrelativistic Schrodinger Coulomb wave
functions to find what function of the phase shift has
no singularities near ¢?=0. We now carry this analysis
further by noting that the singularity due to single-pion
exchange is the same (except for relativistic kinematic
factors) as that given by the Born approximation for
the static Yukawa potential of strength — f2. We there-
fore feel justified in assuming that if we can calculate
the static Coulomb modification of this singularity from
the Schrédinger equation, our result will be correct
except for #?/¢? relativistic corrections and nonstatic
radiative corrections of order e*/#c. This belief is
strengthened by the result obtained below that this
correction is given exactly by the first Born approxima-
tion; terms of higher order than f2 contribute only to
that portion of the singularity coming from multiparticle
exchange.

The Schriodinger equation for a Coulomb plus a
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Yukawa potential can be written as
U =Un()— M / Glrlro) (= /r) U ro)dro, (3.1)
0

where the Green’s function for the scattering problem
is simply
1(Ur(r)Ur(ro);
G(r|ry)=- {
Ur(r)Ui(ro);

q
Consequently, we can write the tangent of the phase
shift to first order in f2M as

M 2T (414D (I+1—1n)

7‘> 7o
g (3.2)
7 <7o.

tand, P = — ——
4q [r(2/4-2) 1
Xe—fn—ir(l+l)l ( ),
B33
Il(l])= (e—yro/ro)e%qm(_.ziqu)QH-?

XP2(I+-1-+14n; 21425 — 2igro)dr,.

Since we are interested in the singularity in this quantity
for ¢*< —u?/4, we let g=1k(in= Me2/2k). It is sufficient
to consider only the upper half-plane of ¢ (the physical
sheet in ¢%). The change of variable ¢= 2kr, reduces the
integral to a form which can be evaluated in terms of
the ordinary hypergeometric function F.*

I(q) =T (21+2) (u/ 2k) 222014/ 2k)>
XF(I414in; 14-14-in; 214-2; 4k2/2).  (3.4)

Since F has a singular point at 4k%/u?=1, we displace
this by means of the identity,*

F(l4-1+ian; 14-144n; 2042, 4k2/u2)
=T (24+-2)T (= 2in) /[T (I+1—in) T
XF(I+1+1in; I4+1+4in; 14-2in; 1—4k2/u?)
+ (1—4F2/u?)~20 (204-2)T' (2n) /[T (I4-1+41n) P

XE(+1—in; i4+1—in; 1—2in; 1—4k2/2),  (3.5)
to obtain the result
MfZ 4_k2 +1
tan613=+———(~—> {exp[—mn4-inr (I41)]}
4g \ p?
2k 201 2B\ "2
x[<1+—> H(in)+<1——> H(—m],
122 M
(3.6)
. T(+144m)T(—2in)
H(in)= -
I(l+1—1n)
XFE(IH1+in; I4+-14in; 14+2in; 1—48°/u2).
3.7

We can now see directly that neither F nor the I" func-
tions are singular for ¢?< —u2/4, and that we must only
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find the discontinuity in (1—2k/u)~2% as we approach
the negative real ¢* axis from above. This is given by

q=1ik-+e€

[(1 - Zk/ﬂ)_%ﬂ]q:ik——e

2k —Mek wMe?
=<——1> (—Zi sin ) (3.8)
U k

Motivated by the result obtained in Sec. II, we now
consider the function

et sing;  tand;/I,C?%
Ai(gh)= = A
chz(] 1—7 tané;

3.9)
with

=TT (L-7/%).

A=l

We note that to first order in f2M ,the discontinuity in
this function for ¢*< —p?/4 is the same as that in
tand;B/I1,C?%. Since in this range in=Me¢*/2k <0.05, we
are justified in dropping terms of order 52 to an accuracy
of better than 19,. Making this expansion, we find that

tand, Bt 2MN /2k —Me*k
el ) o)
IL,C% 4 4R /\ u

Me?

u u?
X[Pl<1——)+~——@z<l—-~>:|, (3.10)
2k? k 2k?

where @; is the polynomial given by

(Pz(z)=l:%Pl(Z) ln(z—t;)w,(z)].

P and Q; are Legendre functions of the first and the
second kind, respectively. One sees that Eq. (3.10)
reduces to the familiar expression for the one-meson cut
in the zero-charge limit. ,

If we now look at the second Born approximation for
tand;, we can locate where singularities may occur for
¢*< —u?/4 by looking at the exponential factors in the
double integral when the iterated wave function is
inserted into the integral equation (3.1). The only such
term for —u?<¢? turns out to be proportional to the
square of tand;®. If we expand the denominator in (3.9)
we find that the coefficient is such that this singularity
is precisely canceled by the (f2M)? term in the expan-
sion; in fact, we can see that this cancellation persists
to all orders in f2M, just as occurs in the absence of
Coulomb forces. We conclude, therefore, that we have
succeeded in computing the entire modification of the
single-particle exchange discontinuity in the amplitude
(3.9) due to eléctrostatic interaction. We further note
that this modification is numerically less than 3.5%,
for ¢*< —p?. Since there is no hope at present of com-
puting the two-pion exchange discontinuity to this
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accuracy, and since such a calculation would in any case
be subject to charge-dependent corrections of the order
of a few percent due to the #%=—=° mass and, possibly,
coupling constant differences, we feel that this accuracy
is more than adequate. We conclude that at this level,
the problem of charge independence can be stated as
that of showing that the phenomenological or theoretical
discontinuity due to multi-pion exchange which re-
produces experiment differs by less than 3.59), among
neutron-proton, proton-proton, and neutron-neutron
scattering in the same state.

So far our treatment applies only to singlet scattering.
Since the static approximation for triplet scattering
gives a 1/7* singularity, only the first Born approxima-
tion converges, and the above treatment can be carried
through only to first order in f2M. If a cutoff is intro-
duced,® the cancellation of higher-order terms would
presumably go through as before. For the uncoupled
states, the Coulomb modification is certainly the same
as in the singlet case. In order to handle the coupled
states it will be necessary to construct the analog of the
singlet case in terms of a 2)X2 matrix. Since 3Py and 3P
are uncoupled, and present data do not determine the
3P,—3F, parameters at low energy, we defer this treat-
ment until experimental accuracy warrants it.

IV. INTEGRAL EQUATION FOR PROTON-
PROTON SCATTERING

In the last two sections, we have seen that S;(¢?) is
analytic in the neighborhood of ¢?=0 while 4,;(¢?) is
singular at ¢?=0 but has branch cuts directly related to
exchange forces. Our present task is to construct the
phase shift assuming the branch cut for 4;(¢%) on the
negative ¢* axis is given. If we approximate the left-hand
branch cut of 4;(¢%) by a sequence of poles, then S;(¢?)
is a rational function of ¢ with coefficients determined
by the discontinuity across the branch cut. As the
number of poles tends to infinity and the spacing be-
tween poles approaches zero, we obtain an integral
equation similar to the N/D equation for the no-
Coulomb problem.” We shall give explicit formulas only
for the S wave. The generalization to higher angular
momentum is quite straightforward.

For convenience we introduce the variable x=
—u?/4¢® (wo=mass of the neutral pion); hence
in=Mex?. In terms of this notation, the scattering
amplitude becomes

€7 sind .,

App(x)= = l/ESpp(x)_‘"%x_%f(x)])
with
fx)=2M ezx%li;-'—. cot (M e2x?)+vy+1In(Me2at)

B ()} 0

6§ H. P. Noyes and S. P. Pandya, Phys. Rev. 102, 269 (1956).
7H. P. Noyes and D. Y. Wong, Phys. Rev. Letters 3, 191 (1959).

(4.1)
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Here,
v=0.57721 -, Me?=0.0507 (uoc?=135 Mev). (4.3)

We have introduced this notation so that we can com-
pare directly with #-p scattering by taking f(x)=1
(Me*=0). For the same reason we define

(d/dx) (52 () = — 3R (), (4.4)

(=M 2[ w2Me%x 9} i A M4y ] (5)
gla)y=Met| —————2}—> ———— | (4
sin2 (7 M ex?) n=1 (n2— M?2e*x)?

and the Coulomb modification of the cut
R(x) = (x-d—1)2M e, (4.6)

Our requirement on the function is that if the #n-p
amplitude has the discontinuity 2mp(x), then the p-p
amplitude has the discontinuity 2mp (x)%(x) for 0< x< 1.
This Coulomb modification is exact for the one-pion
cut and is less than 39, in the multipion region.

We now recall from Sec. IT that S,,(«) has no singu-
larities in the neighborhood of ¢?=0. Therefore the
essential singularity and the unitarity cut starting at
¢*=0 must come entirely from the term $x~*f(x), and
we are free to choose S,,(x) so that it will force 4 ,,(x)
to have the known discontinuity computed for 0 < x< 1,
provided this introduces no additional singularities else-
where. But the discontinuity across a branch cut can be
represented to arbitrary precision by a finite set of
poles distributed along the cut. Therefore S,, can be
represented to arbitrary precision by the rational
function

Spp(@)=[1+2 i/ (wim ) J/[—22Z: B/ (xi—2)]. (4.7)

To insure that 4,,(x) has the cut in the correct place,
we must take 0< x;< 1 for all 4, and require

;=303 f(x:)B:. 4.8)

Since the residues of these poles must be p(xx)%(x1)Ax;,
if Az, is the distance between the poles, we must also
require

aSpp
dx

Taking the limit as ¥ — x; in the derivative requires
a little care, but can be shown to give

— 3 ig(ar)=[p(xr)h (i) Awi T

=Tk

(4.9)

dSyp
= ak/xk+1+ Z
dx gy, ik X;— X,
X (ai—akﬁi/ﬁk):'/xkﬁk. (4.10)
We therefore have derived the equation
1B Bi
=1+3 2 [wi fimxid fi]
pkhkAxk ik Xy — X
B
+—A2fk—g:] (4.11)
430];%
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Since

lim [(wdfi—aid i) ]/ (wi—ai)= (2fr—gu)/ 204}, (4.12)
TiTk

the term involving (2f—g) is just the missing term in
the sum. Therefore we can define a new function
E(x)=x8(x)/p(x)h(x)Ax and pass to the limit Ax — 0,
giving the integral equation

E(x)=1

(4.13)

1 h H — gt
+2 / dyp(y) WLy /() xf(x)]E )iy,

y(y—wx)

Substituting this back into our expression for .S and
changing back to the physically interesting variable ¢?,
we have finally that

12g /1 dyp(y)h(y)f(y)E(y)
0 y(1+4¢%y)

/1 W (Mh()E(y)
0 ’ y(14-4¢%)

This is identical with the expression for (¢ cotdn,) pre-
viously derived by us,” if we let f=g=/h=1. If we wish
to supplement a theoretical calculation of p(x) by
empirical information on the phase shift, we can add a
series of delta functions and adjust their residues® (which
is equivalent to adding phenomenological poles to the
cut). We can use this trick also to insure that S; goes
as ¢~% when ¢>— 0.

(C?q cotdpp+Q)= . (4.19)

V. CHARGE INDEPENDENCE OF THE 1S,
NUCLEON-NUCLEON STATE

It was first shown by Breit, Condon, and Present®
that the same phenomenological potential would ap-
proximately account for #n-p and p-p scattering in the
LS, state. This is not immediately apparent if we com-
pare the shape-independent approximation to the
effective-range expansion for #-p scattering

[g cotdny=—(1/@np)+37npg*]
to that for p-p scattering
[C?q cotdpptQ=— (1/app) +37 0147 ],

since experimentally @,,=—23.74 f while ¢,,=—7.8 1.
If, however, a particular phenomenological potential is
adjusted to fit the p-p scattering length and effective
range with €2/ included in the Schrddinger equation,
this same model predicts a~—17 f when the €?/7 term
is dropped.®

Schwinger®® attempted to explain this residual dis-

8 H. P. Noyes, Phys. Rev. 119, 1736 (1960).
( "g. )D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77
1950).

10 J. Schwinger, Phys. Rev. 78, 135 (1950).
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crepancy by noting that the #-p and p-p systems also
differ because of the magnetostatic interaction between
their magnetic moments. For singular potentials such
as the Yukawa potential, he showed that inclusion of
this effect could explain the residual discrepancy ; since
the magnetostatic interaction varies like 1/7 as r — 0,
most other phenomenological models do not produce
sufficient differences to explain the discrepancy
although a few have been found.!'? ‘“Hard core”
potential models exclude enough of the important 1/73
region to make them incompatible with charge inde-
pendence.® The situation was rendered unambiguous
by Riazuddin,* who pointed out that the extended
magnetic moment distribution measured in electron-
nucleon scattering'® shows that the 1/7* singularity is
absent, and hence that the magnetostatic correction is
negligible regardless of the nature of the nuclear force.
He!'%17 and Sugie'® noted that the #*—x® mass difference
gives a difference between #-p and p-p scattering which
is an order of magnitude larger than the magnetostatic
effect, but could not compute this correction with any
precision. We will see that our present approach allows
a more precise statement to be made.

Before discussing the results of more elaborate calcu-
lations, it is interesting to find that we can explain 909,
of the difference between the n-p and p-p scattering
lengths simply in terms of the known average range of
nuclear forces. As already noted,” the usual ‘“‘shape-
independent” effective range approximation is equiva-
lent to assuming that the dynamical discontinuity in the
scattering amplitude due to particle exchanges can be
replaced by a simple pole. This pole falls in the region
of two-pion exchange, so it is reasonable to assume it
has the same strength and position for both #-p and
p-p scattering. We therefore assume that p(x)k(x)
=T6(x—2), giving

T[2f(z)—g(z
E,y(2)= 1+—£—f—(—:—;—g—(—§Em (2). (5.1)
Zi
Further,
C?q cotdpp+Q=—1/ap,+3755¢% (5.2)
with
—1/app=2/T—[2f(z) —g(2) 1/42* (5.3)
and
7pp=421f(2)—82/app. (5.4)

Since, as already noted, the corresponding results for
n-p scattering are obtained by putting f=g=1, we
obtain the remarkably simple result that

—(1/app—1/any) =27 1+g(2)— 21(z) ],
Yor—Tnp= 25" g(2)—1].

11 J, Shapiro and M. A. Preston, Can. J. Phys. 34, 451 (1956).
2 M. A. Preston and J. Shapiro, Phys. Rev. 96, 813 (1954).
1B E. E. Salpeter, Phys. Rev. 91, 994 (1953).
14 Riazuddin, Nuclear Phys. 7, 217 (1958).
15 R, Hofstader, Revs. Modern Phys. 28, 214 (1956).
16 Riazuddin, Nuclear Phys. 2, 188 (1956).
(1175R)iazuddin, Nuclear Phys. 7, 223 (1958); 10, 96 (Erratum)
959).
18 A. Sugie, Progr. Theoret. Phys. (Kyoto) 333 (1954).

(5.5)
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If we fit the p-p phase shifts at 1,397 and 2.425 Mev,®
2=0.226, corresponding to an average range of
7=2/uec=0.4754 neutral pion Compton wavelengths.
In these units we therefore predict a value of 0.1373
for —(1/app—1/a+p). as compared to the measured
value of 0.1250; we also expect the n-p effective range
7ap to be greater than the p-p value by 0.051, a 239,
effect which is within the uncertainty of our calculation.

We now investigate whether this result can be im-
proved by taking explicit account of single pion ex-
change, and whether it is sensitive to the part of the
interaction coming from multiparticle exchange. To
start with we note that because of electromagnetic
effects and in particular the fact that these produce a
mass difference between charged and neutral pions,
there are four physically distinguishable coupling con-
stants for pseudoscalar pions which are involved. These
are Gip, Gin, Gop, and Go,, where the first subscript
refers to the pion and the second to the nucleon, (we
write = for the charged pion since by crossing symmetry
these constants are equal; similarly, if we replace
nucleons by antinucleons, the G must not change). We
see that single pion exchange measures Gopon? In
proton-proton  (neutron-neutron) scattering, and
2G4 pGrn—GopGon In neutron-proton scattering. We
always measure quantities in terms of the neutral pion
compton wavelength, and ignore the neutron-proton
mass difference, so the quantity f2M in our equation for
proton-proton scattering is to be interpreted as

*p “*n
0.06 0.07 0.08 0.0

COUPLING CONSTANT f, f,
0.05 9 1.00
i —[ 1 l 1 I T ‘

20 _x ]

» GoP ]
" A / i
L Gof i

Gop?=GypGyn _

0.5

RATIO OF p-pTO n-p POLE STRENGTH
T
\
g
%
o
T
=]
1

] l | | l | | l ]
0 Il iz 13 14 15 16 17 18

COUPLING CONSTANT G, Gyq

F1c. 1. Ratio of the multiparticle exchange pole strength re-
quired to fit low-energy p-p scattering to that needed to fit the
n-p scattering length as a function of the coupling constant for
charged pions to neutron and proton, for fixed coupling constant
for neutral pions to protons.

1 D. J. Knecht, S. Messelt, E. D. Berners, and L. C. Northcliffe,
Phys. Rev. 114, 550 (1959).
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Fic. 2. Prediction of the #-n scattering length, assuming
exact charge symmetry or a 5%, departure from it for multiparticle
exchange.

Gop2(w?/4M ), and for the 1S, state the discontinuity is
simply p(x)= f2Mx. For neutron-proton scattering in
this state we have two cuts of different length. The
cut due to charged-pion exchange will have p.(x)
=[2G 1,Gun(ud/4M) - (@2/ue®)x]  for 0L (ue?/w?),
while that due to neutral pion exchange will be of the
same magnitude as for proton-proton scattering but of
opposite sign, and extend up to x=1. For neutron-
neutron scattering, we simply replace Go,2 by Go.? and
set f=g=h=1 in the proton-proton equations.

We see that in the framework there are two possible
unknown sources of charge dependence, the possibility
that Gyp,G.7%Go,? or that the multimeson exchange
singularity differs for #-p and p-p scattering. We repre-
sent the multipion exchange by a single pole” and for
assumed value of Go,? adjust the position and strength
of this pole until the phase shifts predicted by the solu-
tion of the integral equation agree with the p-p experi-
mental values at 1.397 and 2.425 Mev.!* For #n-p
scattering, since the effective range is not well known
experimentally, we keep the multimeson pole at the
same position, and for assumed values of G.,G.. and
Go,Gor adjust the pole strength to fit the #-p scattering
length (we assume charge symmetry to the extent that
Gop=Goy,). The results of the calculation are presented
in Fig. 1. We see that if Go,2=G1,G1r, then the multi-
meson exchange pole strengths are also required to be
equal within the expected limits of 339,. Since Breit
et al. have shown? that the coupling constants in ques-
tion are equal, we conclude that the multimeson ex-
change part of the interaction is charge independent
within the expected limits. (It is not clear to us whether
we should not have assumed fo,2= fi,fin» instead; for-
tunately, this assumption is also consistent with the

2 G. Breit, M. H. Hull, Jr., K. Lassila, and K. D. Pyatt, Jr.,
Phys. Rev. Letters 4, 79 (1960).
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charge independence of the multimeson exchange as is
shown by the dotted curve in Fig. 1.)

If we knew Gy,?, we could use these results to predict
the #n-n scattering length, using charge symmetry to
evaluate the multipion exchange pole parameters. In
principle Gon could be obtained from an analysis of
photoproduction of #”s from neutrons, but such an
analysis is currently unavailable. If we assume charge
symmetry (Go2=Go.2 and T',=T,n,), we obtain the
predictions given in Fig. 2. At present Go,? can be
obtained more accurately from p-p scattering than from
photoproduction of #%s from protons or pion-nucleon
scattering. Unfortunately the value of 122 obtained
by MacGregor, Moravcsik, and Stapp® at 310 Mev is
suspect, since Signell* has shown that the same data
do not give the correct value of the neutral pion mass.
He shows that the mass is correctly given by the 95-Mev
data if only S, P, and D waves are treated phenomeno-
logically, but again the coupling-constant value is
suspect because it is not stable when the coupling
parameter & is included in the analysis.?? Consequently
the best available value is that of 13.54-0.9 obtained
by the energy-dependent analysis of Breit ef al.2; It is
difficult to estimate how much this uncertainty should
be increased for the arbitrariness arising from the initial
values of phase shifts used in their search, which is

2 M. H. MacGregor, M. J. Moravcsik, and H. P. Stapp, Phys.
Rev. 116, 1248 (1959).

22 P, Signell, Phys. Rev. Letters, 5, 474 (1960).

% M. H. MacGregor, M. J. Moravcsik, and H. P. Noyes,
Phys. Rev. 123, 1835 (1961).
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difficult to treat statistically, and from the presumed
systematic errors which exist in some of the data used.
Making the optimistic assumption that these uncer-
tainties are minor, and assuming exact charge symmetry
for multipion exchange, we predict an n-n scattering
length of —27+£1.4f. We note that if the multipion
pole departs by as little as 59 from charge symmetry,
the scattering length could lie anywhere between —53
and —18f, so that a measurement of this quantity
gives a very sensitive test of charge symmetry. Recently
Tlakovac, Kuo, Petravi¢, and Slaus* have measured
D (n,p)2n at 14.4 Mev and shown that, using a simplified
analysis, the n-n scattering length is —22f with a
statistical uncertainty of only 2 f, which would indicate
a slight departure from charge symmetry. It would
therefore be of interest to see if the uncertainties due
to three-body effects in the final state are sufficiently
manageable to put this result on a firm theoretical
basis. It might turn out to be easier to perform the
experiment proposed by McVoy,?® which is somewhat
more tractable from the point of view of analysis.
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