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The general kinematic properties of vertex functions which 
follow from the transformation properties of the initial and final 
single-particle states, and of the vertex (current) operator under 
proper and improper Lorentz transformations, are studied for the 
pseudoscalar (pion) and vector (electromagnetic) vertices. The 
treatment, which relies strongly on the helicity representation for 
the states of a relativistic particle introduced by Jacob and Wick, 
is fully relativistic, and applies to particles of arbitrary spin. The 
number of independent vertex functions or form factors is de­
termined in each case, and the analogs of the nonrelativistic multi-
pole expansions are obtained. One obtains thereby a complete 
specification of the dependence of the matrix elements on the spins, 
helicities, and relative parities of the particles, and some informa­

tion on the limiting behavior of the form factors for small mo­
mentum transfers. A theorem first proved by Ernst, Sachs, and 
Wali in the special case of spin J, that the matrix elements of the 
4-divergence of the electromagnetic current between states of the 
same (single) particle vanish independently of the assumption of 
gauge invariance or current conservation, is extended as a by­
product of the general results to the case of arbitrary spin and 
to any vector current having the same transformation properties 
as yM. Finally, the parametrizations obtained for the pseudoscalar 
and vector vertex functions are used to calculate the cross sections 
for the general two-particle scattering process a-\-b —> c-\-d in the 
single-quantum-exchange approximation for relativistic particles 
of arbitrary spin. 

I. INTRODUCTION 

TH E calculation of transition matrix elements for 
a number of processes such as the emission and 

absorption of radiation by nuclei, or the scattering of 
particles in a single-quantum-exchange approximation, 
can be reduced to the calculation of matrix elements of 
the form 

(pYX'lilpsA) 

(vertex functions), where the initial and final states 
each involve only a single free particle of the indicated 
spin and momentum, and j is a "current" operator 
with known properties under Lorentz transformations. 
The present paper is concerned with a systematic study 
of the kinematic structure of such vertex functions, 
that is, with the study of those properties of vertex 
functions, such as the dependence on the particle spins, 
which can be deduced from the character of the states 
and of the operator j under Lorentz transformations. 
We will obtain thereby a parametrization for the general 
matrix element in terms of a number of independent 
quantities, the form factors for the vertex in question. 

A familiar example of the parametrization of a vertex 
function is provided by the multipole decomposition of 
matrix elements of the electromagnetic current in the 
nonrelativistic theory of nuclear radiative processes. 
By invoking the general properties of j M and the initial 
and final states under rotations and reflections, it is 
possible to treat by the same methods transitions be­
tween states of any spin and parity, and in fact, to 
obtain some information about the limiting behavior 
of the multipole form factors for small photon momenta. 
However, the significance of these results in relativistic 
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problems, at least with respect to the definition of the 
multipole form factors, is perhaps not clear from the 
usual point of view. I t has therefore been customary to 
introduce instead, appropriate representations for the 
states of relativistic particles, and to express the matrix 
elements in a manifestly covariant form. For example, 
the matrix elements of the electromagnetic current 
operator for a particle of spin J, mass m, charge e, and 
anomalous magnetic moment K, may be written in the 
form1 

W M I * > = ^ ( P 0 [ 7 * W ) 
+ W2m)F2(q^aliV(pf-p)Mp), 

using the Dirac spinor representation for the states. 
Here q2 is given by (p'—p)2. The Dirac and Pauli form 
factors Fi and F2 in this expression can be shown to be 
linear combinations of the charge and magnetic mo­
ment form factors for the system. The explicit pa­
rametrization of vertex functions in this fashion be­
comes more difficult for higher spins, and a return to 
global methods appears to be desirable. However, 
general studies have apparently been confined simply 
to the verification that there are the same number of 
independent matrix elements connecting two states in 
the relativistic, as in the nonrelativistic theories.2 

The present work, as noted, consists of a systematic 
study of the kinematic structure of vertex functions. 
Results are obtained specifically for the pseudoscalar 
(pion) and vector (electromagnetic) vertices, but the 
methods are easily generalized to the other cases of 
interest. The study is greatly facilitated by the use of 
the helicity representation for the states of a relativistic 
particle developed in the elegant paper of Jacob and 

1 G. Salzman, Phys. Rev. 99, 973 (1955). 
2 D . R. Yennie, M. M. Levy, and D. G. Ravenhall, Revs. 

Modern Phys. 29, 144 (1957). 
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Wick.3 Because we will need a somewhat more explicit 
construction of the states than was given by those 
authors, the definition and properties of the helicity 
states are considered in some detail in Sec. I I . The re­
sults are applied in Sec. I l l to the discussion of the 
properties of the matrix elements of the pion current 
between states of arbitrary spin and momentum. A 
complete parametrization of the general matrix element 
is obtained in terms of the matrix elements in a special 
Lorentz frame, the so-called brick wall frame. The 
restrictions on the spin and helicity dependence of these 
matrix elements which follow from the properties of j v 

and the helicity states under proper and improper 
Lorentz transformations are determined. These condi­
tions permit all the matrix elements to be expressed 
in terms of a smaller set of independent matrix elements, 
for which relativistic multipole-type expansions are 
then derived. Several examples are considered, including 
the calculation of the scattering cross section for the 
process a+b —> c+d in the one-meson-exchange ap­
proximation for arbitrary spins of the initial and final 
particles. The results are extended in Sec. IV to the 
vertex functions associated with the electromagnetic 
current, and multipole expansions of the independent 
matrix elements are again derived. A theorem first 
proved by Ernst, Sachs, and Wali4 in the special case 
of spin | , that the matrix elements of the 4-divergence 
of the electromagnetic current between free states of 
the same (single) particle vanish independently of the 
assumption of current conservation or gauge invariance, 
is extended as a byproduct of the general results to the 
case of arbitrary spin and to any vector current with the 
same properties as j M under proper and improper Lorentz 
transformations.5 Finally, the parametrization of the 
electromagnetic vertex function is applied to the familiar 
problem of nuclear radiation, and to the calculation in 
the single-quantum-exchange approximation of the 
cross section for the scattering process a+b —>c+d 
for relativistic particles of arbitrary spin. 

I t should be emphasized that some of the present 
results either are not new or are new only in the context 
of the relativistic theory. On the other hand, it is felt 
by the authors that a unified presentation of all the 
material is worthwhile in itself, and serves furthermore 
to illustrate more clearly the power of the global 
approach to the present, essentially kinematic, problems. 

II. DEFINITION AND TRANSFORMATION 
PROPERTIES OF THE HELICITY 

STATES 

a. Definition of the Helicity States 

The characterization of the state of a free particle 
in terms of its helicity and momentum is discussed 

3 M. Jacob and G. C. Wick, Ann. Phys. (New York) 7, 404 
(1959). 

4 F. J. Ernst, R. G. Sachs, and K. C. Wali, Phys. Rev. 119, 
1105 (1960). 

5 P. C. DeCelles, L. Durand, III, and R. B. Marr, Bull. Am 
Phys. Soc. 6, 59 (1961). 

systematically in the paper of Jacob and Wick.3*6 We 
shall follow the conventions of those authors. The 
construction of the helicity states is based on the as­
sumption that the wave function of a free particle trans­
forms under proper Lorentz transformations according 
to an irreducible unitary representation of the inhomo-
geneous Lorentz group. (Extensive accounts of the 
representation theory are given in the papers of 
Wigner,7 Bargmann,8*9 and, more recently, Shirokov.10) 
Thus, if \pi and yf/y are the wave functions of the particle 
in the Lorentz frames I and /', and if the transition from 
/ to /' is effected by a Lorentz transformation L, then 

1^ = tf(L)*i, (1) 

where U(L) is a unitary operator. In particular, the 
wave function of a particle in an arbitrary Lorentz 
frame can be generated from the wave function in a 
given frame by an appropriate Lorentz transformation.7 

We shall make use of this fact to construct the helicity 
representation for the states of particles with a positive, 
nonzero rest mass. [The case of massless particles is 
discussed by Jacob and Wick,3 and by Chou Kuang-
Chao.11] The natural Lorentz frame in which to start 
the construction is in this case the rest frame of the 
particle in question. 

The rest states of a particle of mass m may be classi­
fied according to the irreducible representations of the 
total angular momentum J2 and the z component of the 
angular momentum 73.7 The basic states \m;s,X) for 
a particle of spin s and z component of the spin X then 
satisfy the familiar eigenvalue equations12-14: 

J21 m; s,\) = s (s+1) | m; s,\), (2) 

Jz\m; s9\) = \\m; s,\). (3) 

[The total angular momentum operator reduces in the 
rest frame to the spin operator.] In addition, these 
states satisfy the relations 

Po\tn'isi\) = tn\in;s,\), m > 0 , (4) 

6 A considerably more detailed discussion is given by L. Durand, 
III , in lectures on the Helicity Representation for Angular Mo­
mentum presented at the Summer Institute for Theoretical Physics 
at the University of Colorado, to be published in Lectures in 
Theoretical Physics (Interscience Publishers, Inc., New York), 
Vol. 4. 

7 E. P. Wigner, Ann. Math. 40, 149 (1939). 
8 V. Bargmann, Ann. Math. 48, 568 (1947). 
9 V. Bargmann and E. P. Wigner, Proc. Natl. Acad. Sci. U. S. 

34, 211 (1948). 
10 Iu. M. Shirokov, J. Exptl. Theoret. Phys. (USSR) 33, 861, 

1196, 1208 (1957); 34, 717 (1958); 35, 1005 (1958); [translation: 
Soviet Phys.—JETP 6, 664, 919, 929 (1958); 7, 493 (1958); 8, 703 
(1959)]. 

11 Chou Kuang-Chao, J. Exptl. Theoret. Phys. (USSR) 36, 909 
(1959); [translation in Soviet Phys.—JETP 9, 642 (1959).] 

12 E. P. Wigner, Group Theory and Its Applications to the Quan­
tum Mechanics of Atomic Spectra (Academic Press Inc., New 
York, 1959). 

13 A. R. Edmonds, Angular Momentum in Quantum Mechanics 
(Princeton University Press, Princeton, New Jersey, 1957). 

14 M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, 1957). 
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and 
P21m ; s,\)= —m2\m; s,\), (5) 

where Po is the energy operator, and P2 is the invariant 
square of the 4-momentum operator, P2=P2—Po2 . 
Equations (4) and (5) in essence define the rest system 
of the particle. In the future, we will suppress the mass 
parameter, and denote the rest states simply by \s,\). 
The states defined above can be normalized, and satisfy 
the spin orthogonality relations 

<*',A'|*,\) = Sss,Sxv. (6) 

The relative phases of the states | s,\) for different values 
of X may be fixed, following Jacob and Wick,3 by using 
the standard conventions for the matrix elements of 
the raising and lowering operators, 

(J1±iJ2)\s,X)=l(s±\+l)(s^\ms, X=bl>. (7) 

The 2s+l states \s,\) form a complete set in the rest 
system of a particle of spin s, and may therefore be used 
as the basis for the construction of the states in an 
arbitrary Lorentz frame, Eq. (1). The procedure which 
we shall use is that of Jacob and Wick.3 The construc­
tion makes use of the fact that a Lorentz transformation 
along a given axis does not affect the component of the 
angular momentum along that axis,15 

[JiyKi] = i€ijkKk, (8) 

where K{ is the generator of the ordinary Lorentz 
transformation to a coordinate system moving along 
the i axis. Thus, if we apply a Lorentz transformation 
e-itK$ w i t n v e i o c i t y v in the positive z direction 
{£ = smh~1\j)/(l--v2)i~],£>0} to one of the rest states 
\s,\), we obtain another state with the same value of 
X. However, relative to the fixed coordinate system, the 
new state has momentum p = m sinhf along the posi­
tive z direction, and energy pQ=m coshf. This is easily 
verified using the commutation relations15 of K with 
the 4-momentum operator PM, 

LPi,Kd = iP<fiij, (9.1) 

lP,,K^ = iPh (9.2) 

and the result given in Eq. (4). We will denote such a 
state by | p0s\), 

\p0s\) = e-i^\s,\), (10.1) 

^smh-^p/m). (10.2) 

The second argument in the symbol \p0s\) indicates 
that the motion of the particle is along the positive z 
direction. The helicity of a particle is defined as the 
projection of the total angular momentum of the par­
ticle along its direction of motion, that is, the eigenvalue 
of J-p, with p a unit vector, and is therefore equal to 
X for the state | p0s\). 

15 See, for example, the discussion of the commutation relations 
given by Shirokov in the first papers of reference 10. 

I t remains only to construct the helicity states for an 
arbitrary direction of the particle momentum p. This 
may be accomplished by applying an appropriate rota­
tion to the states | p0s\). If ft makes an angle 6 with the 
z axis, a convenient choice is the rotation through the 
angle d about the normal to the plane which contains 
ft and the z axis, with the sense of the rotation such 
that the z axis is carried into the direction p. This rota­
tion may be expressed in terms of the usual Euler 
angles as R (<f> ,0, — <p), where 

R(af3y) = e~
iaj3e~^j2e-^Js, (11) 

and <j> is the azimuthal angle of ft relative to the (arbi­
trary) x direction. With this convention for the rota­
tion, we define the helicity states for a particle moving 
with momentum p in the 0, </> direction in terms of the 
helicity states | p0s\) as 

| ^ X ) = J?(0,0, -<t>)\p0s\). (12) 

For brevity, we will occasionally denote this state by 
|psX). Using the commutation relations of the 3-
momentum operator P with J,15 

lJi,Pj2 = ieijkPkj (13) 

it is easily verified that the state | pdcfrsX) has the indi­
cated momentum. Because the helicity operator J-p 
transforms as a scalar with respect to rotations, the 
rotated state clearly has the same helicity X as the origi­
nal state \p0s\). As a consequence of our having re­
stricted the discussion to the unitary representations 
of the inhomogeneous Lorentz group, the states | pdcfrsX) 
furthermore satisfy the same orthogonality conditions 
in spin space as the rest states, Eq. (6). The corre­
sponding inner product in Hilbert space is 

<pYX' | psX) = 5ss,Sxv (27r)353(p'- p)po/m; (14) 

this relation is Lorentz invariant. We note also the 
corresponding completeness relation 

/

d3p m 
—- -|itfX><ii5X|*>. (15) 

(2TT)3 po 

The normalization of the states | psX) is such that the 
density of states in momentum space is given by the 
Lorentz invariant quantity (in/po)d?p/(27r)z. 

6. Symmetry Properties of the Helicity States 

In addition to the translations and rotations in space-
time, the full inhomogeneous Lorentz group contains 
the discrete operations of space and time reflection. 
The properties of the helicity states under these sym­
metry operations are easily derived. Under a reflection 
of the space coordinates x —•> — x, the angular mo­
mentum operator J transforms as a pseudovector, 
while the operators P and K transform as vectors. Thus, 
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denoting the parity operator by (P, 

(PJcp-^J, 

G>P(p-i=-P, 

(PKcp-^-K. 

(16.1) 

(16.2) 

(16.3) 

unchanged, 
rpr-^-P, 
nr-^-J, 
TKT-^K. 

(24.1) 

(24.2) 

(24.3) 

According to Eq. (16.1) and Eqs. (2), (3), and (6), 
application of (P to one of the rest states \s,\) can at 
most result in the multiplication of that state by a 
factor of unit modulus, 

^k^H^kA), IIPI = I . (17) 

The phase factor rjp depends on the intrinsic parity of 
the particle, but does not depend on the spin projection 
X [<P commutes with the raising and lowering operators, 
Eq. (7)]. On the other hand, if (P is applied to a helicity 
state \pOs\)y the original state is not reproduced; the 
new state is easily seen to have momentum — p and 
helicity —X. I t is, therefore, more convenient to con­
sider instead of (P the reflection Y in the x-z plane, 
x —» x, y —* — y, z —» z. Y can obviously be expressed in 
terms of (P and a rotation through IT about the y axis, 

From the relation12-14 

e~irJ*\s,\)= (-l)s-x\s, - X ) 

and Eq. (17), it follows that 

F | s , A > = ^ ( - l ) * - ^ , - A > , 

(18) 

(19) 

(20) 

or, since P 3 and Ks are unchanged by the F trans­
formation, 

Y\p0s\) = 7]p(-iy-x\p0s - X ) . (21) 

The transformed state has momentum p in the positive 
z direction, but the sign of the helicity has been changed 
relative to that of the initial state. For a general helicity 
state | p6(f)s\)y one obtains 

Y\pd$s\)=Vp(-iy-*\pe, -0, s, -x), (22) 
and the transformed momentum differs from the initial 
momentum only in the sign of its y component. 

The operation T of Wigner time inversion12 is anti-
unitary, T consisting most generally of a complex con­
jugation K followed by a unitary transformation U, 
T=UK. An arbitrary state \p composed of a sum of 
helicity states, 

* = £ x f l x | i ^ X > , (23.1) 

therefore transforms according to the relation 

Tt=Y,xax*T\pe<f>s\). (23.2) 

The time-reversed helicity states T\pd<t>s\) may easily 
be expressed in terms of normal helicity states. The 
operators P and J change sign under T, while K is left 

I t is evident from Eq. (24.1) that the time-reversed 
state T\p0s\) is a state with momentum p in the nega­
tive z direction. Since J-ft is invariant under T, the 
transformed state has the initial helicity, X, and must 
therefore be proportional to the helicity state | pwOsX) 
with momentum p in the negative z direction and heli­
city X, 

T\p0s\)=\p0sX)T 

= rjT\pTr0s\) 

= VTe~iTj2\p0s\). (25) 

The constant of proportionality T\T is of unit modulus, 
and is independent of X and p? In the remaining dis­
cussion, we will take advantage of the arbitrariness of 
the over-all phase in the definition of the basic states 
\s,\) to choose rjT=l for all particles. The rest states 
then have the familiar properties under time reversal12-16: 

and 

T\s,\) = e-i*J*\s,\) 
= ( - l ) -x |* , -A> , 

r2|,,x>=(-i)2*U,x>. 

(26.1) 

(26.2) 

The generalization of Eq. (25) to the arbitrary helicity 
states is readily shown to be 

T\pd<j>s\)-=TR{<t>fiy -<f>)\p0s\) 

= R(4>,6, -(t>)e-iTj^\p0s\). (27) 

The time-reversed state T\pd<j>s\) has its momentum 
directed oppositely to that of the state \pd<j>s\), corre­
sponding to the physical description of the time-reversal 
transformation as a reversal of the direction of all 
motions. The helicities of the states are of course the 
same. We note finally a useful identity which follows 
from the form T= UK, namely, for arbitrary states ^, <£, 

(r^re)=(*,*)*. (28) 

c. Properties of the Helicity States under 
Lorentz Transformations 

The properties of the helicity states under arbi­
trary proper Lorentz transformations are also easily 

16 The import of the present definition of the time-reversal 
states may be illustrated by using the spherical harmonic f}ix l,m 
as the representative of the state \l,m) for a particle of integral 
spin. Then 

TviYi.m^vme-^^Yi^ 
=r)iVT(-l)l-mYi,-m 
=mr}T(-l)lYi,m*. 

The choice >7r=l and the usual requirement that the time-
reversed state be the complex conjugate of the original state are 
satisfied by the choice of the phase factor rji=il. This is equivalent 
to incorporating into the spherical harmonics the factors il which 
appear in the expansion of a plane wave. 
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derived.17 Let G be such a transformation, 

G 

OCfi ? OCfi , W I T J L L OCJJ, •== dfipOCp. 

Then the 4-momentum operator transforms under G~l 

according to 
G~lPiXG=aVilPv. (29) 

Thus, if pp is the 4-momentum of the initial helicity 
state | ps\), the transformed state clearly has 4-mo­
mentum p^avv,pv referred to the fixed coordinate 
system, 

pfl'G\ps\)=PliG\ps\) 

= aVfipvG\ps\), (30) 

and can therefore be expanded as a linear combination 
of the helicity states with this momentum, 

G\ P^XHLx' IflwX'XgpsX'\G\ ps\). (31) 

We have used the symbol gp for the 3-momentum of 
the transformed state, gpi=aVipv. Denoting by # ( p ) 
the Lorentz transformation used to define the helicity 
state \ps\)=\pd<j)s\), 

|ps\)=H(p)\s9 \ ) = R(4>A -*)<r***|*,X>, (32) 

and by H(gp), the defining transformation for the state 
IgpsX), we can rewrite Eq. (31) in the form 

G\ ps\) = j:y\gVs\f)(sy\H-^gp)GH(p) \s\). (33) 

Since the Lorentz transformation H~1(gp)GH(p) con­
nects two states in the rest frame of the particle, it can 
at most represent a rotation Rg, 

Rg=H-i(gp)GB(p). (34) 

The transformed helicity state may therefore be ex­
pressed in the form 

G | l » X ) = E v k l w X , > ^ v x c ' ) ( ^ ) , (35) 

where the D's are the familiar representation coeffi­
cients of the rotation group in three dimensions,12-14*18 

Z W s ) ( £ ) = £x 'X ( s ) (^ 7 ) 
= (s\'\R(ai3y)\s\). (36) 

The result given in Eq. (35) may be extended at once 
to include improper Lorentz transformations. I t is 
most convenient in this case to factor the reflections 
out of G, so that these may be applied directly to the 
initial or final state using the results of Sec. 11(b). 

The transformation formula for the helicity states 
given in Eq. (35) is remarkably simple. I ts physical 
significance is furthermore clear. The 25+1 initial 

17 The authors are indebted to Professor G. C. Wick for an 
illuminating discussion of the properties of the helicity states 
under arbitrary Lorentz transformations. 

18 The representation coefficients Dm>mW(a(3y) denned in Eq. 
(36) agree with the convention of Rose.14 The definition of 
Edmonds13 and that given in the translation of Wigner's book12 

correspond to Dm'm^i—a, — 0, —y) in the present convention. 
Jacob and Wick,3 also used the D's as defined by Rose. 

states \ps\) represent plane waves, with the 2 s + l 
possible values for the projection of the total angular 
momentum of the particle along its direction of motion. 
The transformed states |gpsX') again represent plane 
waves. If the quantization axis for these states is taken 
as the new direction of motion, as in the helicity repre­
sentation, there are again only 25+1 possible values for 
the spin projection X'. The helicity in the transformed 
state may nevertheless be different from the helicity 
in the initial state. The resulting unitary transformation 
on the helicity indices is described by the matrices 
Z)(s), and is of an essentially geometrical character. 

Simple illustrations of Eq. (35) are provided by pure 
rotations and by ordinary Lorentz transformations 
along the direction of motion of a particle. Since the 
helicity operator J-p transforms under rotations as a 
scalar, a rotation does not change the helicity of a state. 
I t may, nevertheless, change the phase of the wave 
function. One easily verifies that if 6,$ and 6', <£' 
specify, respectively, the initial direction of the mo­
mentum p and the direction resulting from a rotation 
R(afty), the rotation Rg of Eq. (34) is a rotation about 
the z axis, and is given by 

Rg=r***=BrK4>'&, ~4>f)R(^y)R(<i>fi, - 0 ) , (37.1) 

whence 
R(aj3y)\pdcj>s\) = ei^\pdf<l>fsX}. (37.2) 

In the case of a Lorentz transformation G—e^Kz which 
reverses the direction of the momentum of the helicity 
state | p0s\), the rotation Rg is again easily evaluated, 
and is found to be eiirJ% 

Z W ' W ^ t - l ^ v . - x . (38) 

Thus the sign of the helicity is reversed, as would be 
expected from the observation that the Lorentz trans­
formation does not affect the z component of J&, but 
reverses the direction of the momentum. 

The transformation law for matrix elements in the 
helicity representation follows at once from Eq. (35). 
Let A be an operator with known properties under 
Lorentz transformations, 

GAG-^AG. (39) 

Then the matrix elements of A and the transformed 
operator A g are related by the equation 

(pV/i 'Mlp^) 
= {pV/i' I G~'A GG | psn)=LAV Z>XV (S'}*GO 

X(gp's'\'\AG\gps\)D^(Rg). (40) 

The rotations Rg and RJ are defined separately for the 
initial and final states in accordance with Eq. (34). The 
foregoing result is of great utility; it is often much 
simpler to evaluate the matrix elements of A in some 
particular Lorentz frame than it is in a general frame. 
We shall in fact make use of this observation in the 
following sections. 
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III. PROPERTIES OF VERTEX FUNCTIONS: 
THE PION CURRENT 

In the remainder of this paper, we will be concerned 
primarily with the properties of matrix elements of the 
form 

{p's'fx'\A\psv) 

("vertex functions") which follow from the properties 
of the operator A and of the helicity states under in-
homogeneous Lorentz transformations. As a first, and 
relatively simple, example, we will consider the matrix 
elements between arbitrary single-particle states of the 
current operator for the neutral pion, defined by 

i . , o = ( D + ^ 2 ) 0 o , (41) 

where 0o is the T° field operator. I t will be convenient 
to use Eq. (40) and the scalar character of jr,Q under 
proper Lorentz transformations to express the general 
matrix element in terms of matrix elements in a special 
Lorentz frame, the so-called "brick wall" or Breit frame. 
In this frame, the initial particle has momentum p in 
the positive z direction, while the outgoing particle, 
which may or may not be the same, has momentum p 
in the negative z direction. The only rotation which 
appears in the definition of the helicity states is then a 
trivial rotation e~iTj2 in the final state. We therefore 
write for the momentum space matrix element in a 
general coordinate system 

(PV/IJV.OIP^) 

= Exx' Av ( a ' )*(^ /)n. 'X'S .xDxM ( a )(i2a), (42.1) 

where the functions IIs>x>;sX are the matrix elements of 
^V,o in the brick wall coordinate system, 

tts>x>;sx=(pOs'\'\e™J*jr,o\pOs\). (42.2) 

We turn now to the study of these functions. 

a. Symmetry Properties of the Vertex Functions 

A number of properties of the matrix elements 
IIS'X';sx can be deduced at once using conservation laws 
and invariance under the symmetry operations of the 
inhomogeneous Lorentz group. Conservation of J% 
implies that X+X'=0, and that |X |<$ , s\ Since Jz 
commutes with the operator jV.o and changes sign 
under a rotation through w about the y axis, we have 

x i w ; sX=(pos'y | eM*j*t*Ji | p0s\) 

= - X ' I W ; s X . (43) 

Thus either X+X' = 0, or n s 'X> ; sX=0, as stated. Since 
|X | <s and |X' | <s', we obtain the desired result, 

ns>x';Sx=Sx>,_xIIs,,_x;Sx, |X| <s, sf. (44) 

The change in the sign of the helicity between the initial 
and final states corresponds to the opposite directions 
of motion of the two particles; the scalar operator jZto 

does not change the projection of J along the fixed z 
axis, but the final state is quantized along — z. 

The pion current transforms as a pseudoscalar under 
reflections, 

yjr.oY-^-jr.O, (45) 

where Y is the reflection in the x-z plane, Eq. (18). 
Utilizing the transformation properties of the helicity 
states given in Eq. (21), and the fact that J is a pseudo-
vector YJ2Y~1 = J2, we obtain 

iw ;.x=(pos'y | ^ " • F - K F / V O F - 1 ) Y \ posx) 

X(p0s' -X'le^j^olpOs - X ) . (46) 

Using the relation X+X'=0 and the definition of the 
functions II, this may be written as 

I W ; s X = (-l)S+S '+-+1ns%_X';S,-X, (47) 

where the factor 7)p*rip which specifies the relative 
parity of the initial and final states has been replaced by 
(—1)T, 7r=0 (1) for even (odd) relative parity. 

I t remains only to consider the restrictions on the 
matrix elements which follow from time reversal. The 
neutral pion current changes sign under this operation 

Tj^oT'^-j^o. (48) 

Applying the identity given in Eq. (28), and using 
Eq. (25) to relate the time reversed helicity states to 
the ordinary helicity states, we obtain the result 

n.,X'; ,x*=T(pos'\' l T V ^ V , or-11 posxy 
= - (pOs'X' | ei7rJ*jT>0\ pOsX) 

= -n . , X ' ; . x . (49) 

We have again used the fact that jV.o transforms as a 
scalar with respect to rotations, and have chosen T)T— 1 
for all particles in Eq. (25). Summarizing the foregoing 
results, we find that the imposition of the symmetry 
operations of the full inhomogeneous Lorentz group 
leads to the following set of relations among the matrix 
elements of jTto in the brick wall coordinate system: 

n./X';.X=«X'i-Xn^l-X;..X, 1*1 <*, *'> W (44') 

ns%_v;S,-x=(-i)8+8,+7r-,-1n^v;sx, (F) (470 
n.,X';.x*=-n.,X';.x, (T). (490 

These conditions severely restrict the number of inde­
pendent vertex functions. If we label the rows of the 
matrix HvX';5X by X;, and the columns by X, we obtain 
a matrix with 2 ^ / + l rows and 2 s + 1 columns, which 
could in general have (2s+l)(2sf+l) complex entries. 
However, according to Eq. (490, the matrix elements 
are pure imaginary numbers, and the nonzero entries are 
restricted to the skew diagonal, X/+X = 0, Eq. (440-
Finally, the parity condition of Eq. (470 relates the 
matrix elements with opposite signs of the helicities. I t 
is a simple matter to determine the remaining number 
of independent matrix elements; the results are sum-
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TABLE I. The number of independent vertex functions for the 
7T° current is given for the different types of incoming and out­
going particles and the two values of the symmetry parameter 
(— 1)Y. Here 7 is equal to ( S + S ' + T T + I ) , with (— 1)T the relative 
parity of the initial and final states, and j is the lesser of s and s'. 

Type of particles ( - 1 ) ? = + 1 ( _ 1 ) Y = - 1 

Fermions 
Bosons 

j+h 
i + i j 

marized in Table I. The matrix elements of ^ , 0 in a 
general coordinate frame are completely specified in 
terms of those in the brick wall frame by Eq. (42.1); 
the number of independent vertex functions is therefore 
precisely the number of the independent functions II. 

Simple examples of the foregoing results are provided 
by the N-N-ir° and the iV-iV*-7r0 vertices [the 
first nucleon isobar TV* is regarded as a stable particle 
for illustrative purposes]]. Applying the conditions im­
posed by Eqs. (44'), (470, a n d (490, o n e obtains as the 
matrix representations for the vertex functions: 

U^x^(ja (?) "real; 

N->N*+ir»: *=£ , *' = §, TT=0, 

n, X ' ; J X " 

f 0 
0 

-ib 
I 0 

0] 
ib 
0 
0 J 

b real. 

(50) 

(51) 

The matrix elements a and b in these examples are 
functions of the momentum p of the particles in the 
brick wall frame. 

b. Multipole Decomposition of the Pion 
Vertex Function 

While the results of the preceding section are quite 
general, the parametrization of the vertex functions in 
terms of specific matrix elements for different values 
of A is somewhat inconvenient. We shall therefore con­
struct the analog of the usual nonrelativistic multipole 
expansion of the matrix element in Eq. (42.2). We begin 
by expressing the helicity state | p0s\) in the brick wall 
system in terms of the rest states \s,\) using Eqs. 
(10.1) and (10.2). The matrix elements may then be 
written in the form 

tts'^sX^ipOs'X'le^j^olpOsX) 

= ( - 1 ) * ' - X V , -X\JT.<*ri«+*')K*\s,\). (52) 

We have used successively the fact that If 3 changes sign 
under a rotation through T about the y axis, the scalar 
character of jT,o under proper Lorentz transformations, 
and the relation given in Eq. (19). The Lorentz trans­
formation parameters f and f' are equal, respectively, to 

smk~l{p/m) and s inh - 1 (^/W), where p is the 3-momen-
tum of the incident particle in the brick wall frame. The 
sum f+f ' , for which we shall use the symbol v, can be 
expressed conveniently in terms of the 4-momentum p 
and p' of the initial and final particles in the Lorentz 
invariant form 

^ = f + f ' = s i n h - 1 [ ( # - ^ 7 w w 0 2 - l ] * . (53) 

The form of the matrix element given in Eq. (52) is 
similar to that which would occur in a nonrelativistic 
theory of particles with structure. This suggests that we 
follow the usual procedure and expand the exponential 
in a series of tensor operators. We therefore write 

jT,oe ,—ivKz 
(~iv)n 

-JT,OKZ", (54) 

and decompose the products jTt0Kzn into sets of spheri­
cal tensors. The irreducible tensor operator Tj of rank 
J is a set of 2 / + 1 operators TJ,M which transform 
under rotations in the same fashion as the spherical 
harmonics YJtMj

u 

RTJ.MR-^HM' TJ,M>DM,M
(JKR), (55) 

and which consequently satisfy the commutation 
relations 

IJZ,TJ,M1=MTJ,M, (56.1) 

C/id=i/2, TJ§M] = t(J±M+l)(J=FM)']tTjtM±i. (56.2) 

The product j\toKd
n, composed of the scalar jV.o and 

the ^-fold product of the third component of the vector 
operator K is readily seen to be a sum of tensor operators 
of rank J<n having M—0, 

(«) (57) 

Furthermore, only those terms contribute to the sum 
in Eq. (57) for which / is even (or odd) accordingly as 
n is even (or odd). This may be shown at once by apply­
ing a rotation through TT about the y axis to both sides 
of Eq. (57), and using Eq. (55). 

The irreducible components of the mixed tensor 
jw,oKzn can be constructed using the transformation 
relation given in Eq. (55) and the orthogonality condi­
tions for the representation coefficients Z) ( J ),12-14 

Dmi,m^\R)Dmim«\R)dR 

8TT2 

(58) 
2 7 + 1 

The integration in Eq. (58) is extended over the entire 
group space of the rotation group, 0<a<27r , 0</3<7r, 
0<7<27r, where R=R(afiy), and dR represents the 
volume element dad(co$l3)dy. Thus, applying a rotation 
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R to the operator jTtoKzn, and integrating over the group 
space with the weight DM,oiJ)*(R), we obtain from Eqs. 
(57) and (58) the representation for the tensor operator 
Tj,MW 

2 7 + 1 r 
TJ,MM= / DM^J)*(R)Rj«,*K^RrHR. (59) 

8TT2 J 

Substitution of this result in Eq. (54) and summation 
over n, leads to the desired decomposition of jv,QerivKs 

into a series of irreducible tensor operators, 

i r . o ^ ' ^ E Z V . o , (60.1) 
j-=o 

where 
oo 2 7 + 1 (-iv)n C 

Tj,o= Z D0,o^*(R) 
n=J Sir2 n\ J 

XRj*,oKz«R-WR, ( - l ) » = ( - l ) ' . (60.2) 

Thus, from Eq. (52), 

I W ; s X = ( - l ) s ' - x , f ; (sf, -\'\Tj,0\s,\) 

= ( - l ) 2 s ' Z ( , )W\\Tj\\s). (61) 
J=o\\' O X / 

In the last line, we have used the Wigner-Eckart 
theorem13 to express the matrix elements of the tensor 
operators TJto, taken between rest states, in terms of the 
Wigner 3j symbols12,13 (symmetrized vector coupling 
coefficients) and the reduced matrix elements (s'HTVHs). 
Equation (61) gives the desired multipole-type decom­
position of the matrix elements ns'X';sx. The 3j symbols 
vanish unless the sum of the lower indices is zero, that 
is, X+X' = 0, and also if s, s', and J fail to satisfy the 
triangular inequalities, s+J>s', sf+J>s, s+sf>J. 
Equation (61) may be inverted through the use of the 
orthogonality relations for the 3j symbols12,13; the re­
sulting equation expresses the reduced matrix elements 
as linear combinations of the IPs, 

<A\TJ\\S) 

= (~1) 2 * ' (2 /+1) Z( S S W-X;*,A. (62) 
x \ - X 0 X / 

Those properties of the reduced matrix elements 
which follow from symmetry considerations are easily 
deduced. From time-reversal invariance, it follows that 
the matrix elements ns>x';sx, hence also the (s'HTVHs), 
are pure imaginary numbers, Eq. (49'). The parity con­
dition of Eq. (47') a n d the symmetry relations for the 
3j symbols,12 >13 

/ s' J s \ / s' J s \ 

I )= (_!).'+*/( \ (63) 
\ - x ' -M - x / \ v ii x / 

O F V E R T E X F U N C T I O N S 1889 

imply that the only nonzero reduced matrix elements 
are those for which / is even or odd accordingly as the 
relative parity of the initial and final particles is odd or 
even, ( - l ) / = (—1)T+1. Thus Eq. (61) becomes 

ns^sx=(-i)2*'E(' * V l » > , t N 
^ ( A x ' O X / (61) 

( _ ! ) / = (_ l ) -+ i only. 

These restrictions, together with those which follow 
from the properties of the 3j symbols mentioned above, 
are sufficient to determine the number of nonvanishing 
terms in Eq. (61), that is, the number of independent 
matrix elements, as given in Table I. We note finally 
that the condition (— l ) w =(— 1)J which restricts the 
powers of v which appear in Eq. (60.2) may be restated 
for the nonvanishing matrix elements in terms of the 
relative parity of the initial and final states as (— l)n 

= (—l)71"1"1. The inverse hyperbolic sines which enter 
the definition of v, Eq. (53), are odd functions of the 
3-momentum p of the particles in the brick wall co­
ordinate system. Furthermore, v vanishes linearly with 
p for p—>0, v—^p{m+mf)/{mmf) for p<£yn,mr. The 
nonvanishing reduced matrix elements (s'HTVHs) are 
therefore even or odd functions of p for odd or even 
relative parities of the initial and final particles, and 
vanish as pJ for p —> 0. These properties of the reduced 
matrix elements with respect to the possible values of 
J and the powers of p are precisely the same as would 
be obtained in a nonrelativistic theory in which matrix 
elements of the pion current multiplied by the usual 
retardation factor e* (p"p, ) , r were calculated between 
nuclear states with angular momenta s and s' and rela­
tive parity (—1)T. 

I t should be emphasized that the reduced matrix 
elements (s'HZVHs) are dynamical quantities, which 
depend in value on the details of the mutual inter­
actions of the particles s, s', and the pion field. Dynami­
cal considerations are beyond the scope of this paper. 
The number and symmetry properties of the matrix 
elements, and some general requirements on their de­
pendence on p, are nevertheless determined by purely 
kinematical requirements relating to Lorentz invari­
ance. These properties of the matrix elements and the 
parametrization of the general vertex function given in 
Eqs. (42) and (61) are quite useful in the analysis of 
certain types of experiments. 

c. Generalizations and Examples 

The discussion of the preceding sections was confined 
to the properties of matrix elements of the neutral pion 
current operator jVto. The results may easily be ex­
tended to include the charged pion current. Let T, T% 
and Tf, T-i denote the total isotopic spin and its third 
component for the initial and final particles, and let 
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j \ , q denote the q component of the pion current, 

jrtq=(n+mf)4>g, g = 0 , ± l . (64) 

The indices #= + 1 , 0 , - 1 refer, respectively, to the 
positive, neutral, and negative pion fields. The matrix 
elements of j v , q between single particle states may be 
reduced through the use of the Wigner-Eckart theorem 
applied to the matrix elements in isotopic spin space, 

(rT*'\jr,q\T,Tz) 

= (_!)*'-*.'( VriiMir), (65) 

where we have suppressed the remaining quantum 
numbers. This reduction depends first on the fact that 
the isotopic spin operators satisfy the commutation re­
lations for angular momentum, and second, on the inde­
pendence of the internal isotopic spin symmetry, and 
the properties of the fields under Lorentz transforma­
tions. The reduced matrix elements (T^I^Hr) may be 
expressed at once in terms of the matrix elements of 
the neutral pion current for some particular choice of 
the initial and final charge states, say T%—t equal to 
the lesser of T and Tf. In the notation of the preceding 
sections, we then write 

(pOs'X'rtle^j^olpOsXTt^Ils^s^T'tT). (66) 

Comparison of this definition with Eq. (65) indicates 
that the reduced matrix elements (T^I^Hr) are related 
to the IPs by 

= (-i)T'-i ) n,x..x(r,r). 
\ - t 0 t I 

(67) 

Consequently, the number of independent matrix ele­
ments (T^'H^HT) is the same as the number of inde­
pendent functions ns>x';sx, Table I, and no new vertex 
functions are added by the generalization from the 
neutral to the charged pion fields. I t is clear that these 
results can be extended without difficulty to incorporate 
other internal symmetries relative to the initial and 
final states, for example, the conservation of strange­
ness and baryon number, or, in symmetry models for 
the strong interactions, global symmetry. 

The reduction techniques which led to the multipole 
decomposition of the matrix elements ns'X';sx, Eqs. 
(60) and (61), are quite general, and permit the simul­
taneous discussion of matrix elements between states of 
arbitrary spin. In the simple cases of spins 0, J, and 1, 
the same reduction may be carried through fairly easily 
by constructing explicit representations for the states. 
The general methods are perhaps best illustrated in 
these familiar cases. We shall therefore apply the general 
techniques to the reduction of the pion-nucleon vertex 
function using the standard Dirac representation for 
the nucleon spinors. While this representation for 

spin \ is nonunitary, contrary to our assumptions, a 
consistent scheme is obtained by replacing the adjoint 
states (p§X| by the Dirac adjoint spinor ^(p,X) 
— ^+(P>X)Y4, and the states | pJX) by the spinors w(p,X). 
The requisite normalization of the spinors according to 
Eq. (14) is the invariant normalization w(p,X)^(p,X') 
= 5\x'. From Eq. (61), we obtain for the matrix element 
of jVto between nucleon states 

n •*X';iXs = (-
oo 2J+1 r 

- 1 ) - X ' E D00^(R) 

J=o Sir2 J 

X(h -X'lRj^oe-^R-m^dR, (68) 
where R=R(afty), and dR=dad(cos^)dy. We remark 
first the Doo(J)(R) = Pj(cos0). Furthermore, the rota­
tion e~l^n commutes with e~2i^KS and thus drops out 
of Eq. (68). The rotation e~iaJZ may be applied directly 
to the states, and the integrals over a and y may then 
be performed. There results the simpler expression 

n*x';*x= (-i)»x8v.-*i:(J+h)fpj(* cos/5) 

X <§,X I e-Wtjr.tfrtttxteW* | |,X>d (cos/3). (69) 

At this point, we shall introduce the Dirac representa­
tion for the states and use the standard form for the 
pion current to lowest order in perturbation theory, 

jv,o=ig$y&T$l/. (70) 

Using the additional relations Kz—^y^y^ and J2 

= —i737i, the operator in Eq. (69) may be brought 
into the matrix form 

km , 
— (p/in)<r3 cos/5 (po/m) + (p/m)<ri sin/5> 

(po/m) + {p/m)<ii sin/5 — (p/m)<Jz cos/5 
(71) 

where the corresponding Dirac spinors are expressed in 
terms of two-component Pauli spinors X\ quantized 
along the positive z axis by 

«(p,X) = 
1 / (po+m)iXx \ 

(72) 

Multiplying out the matrices and performing the inte­
gration over /3, one finds that only the J—I term sur­
vives (P-wave pion-nucleon interaction), and IliX'^x 
may be represented as a matrix in helicity space by 

P / 0 1\ 
n§X';JX-»ig-- <T0>( 

m \ 1 0 / 
(73) 

This result, which is of the form given in Eq. (50), 
provides the necessary connection between the lowest 
order pion-nucleon interaction expressed in the helicity 
representation, and the standard Dirac representation. 
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The same result can be obtained with a trivial amount 
of effort by computing directly the matrix element of 
jTto in the brick wall coordinate frame, using the Dirac 
spinors of Eq. (72). [Note, however, that the quantiza­
tion axes are different in the initial and final states.] 
The use of the general method in the present case is 
obviously unnecessary; it may nevertheless be useful in 
more complicated problems. 

As a second example, we shall apply the results of the 
preceding sections to the calculation of the differential 
cross section for the scattering of particles of arbitrary 
spin in the one pion exchange approximation, corre­
sponding to the diagram of Fig. 1. For simplicity, we 
will suppress any isotopic spin dependence, and con­
sider only the exchange of a neutral pion. The contribu­
tion of this diagram to the scattering amplitude M may 
be expressed in terms of the pion vertex functions for 
the pairings a, c and b, d of the incident and final par­
ticles, and the pion propagator, which we shall approxi­
mate by its leading term, £(pa—pcY+^^Jr1,19 

^XcXd;AaX6 = (2v)W{pa+pb-pe-pd) 

XKPa-pcy+mST'F^a;^ (74) 
where 

•*yAcXd;XaX& 

= (VeS<}ic\jv,o\paSjia)(PdSd\d\JT,o\pbSbkb) 

Xa'X&'Xc'Xrf' 

D^c^)*(Rc)D^Xa^(Ra)DWXb^KRb) 

X Z V x / s d ) W n S c V ; W nsdXd';S&x6'. (75) 

The second form for F follows from the transformation 
properties of the vertex functions given in Eq. (42.1). 
The differential cross section for the scattering of un-
polarized particles is obtained from M by a familiar 
calculation, 

da= (2TrYbA(pa+ph-pc-pd) 

mc md dzpc dzpd mamb 

X-
P*OPM(2V)*(2V)Z f 

£(pa-pc)*+mr*T 

X(2sa+iri(2sh+l)'1 Z l^xcxd;x0xj2, (76) 

where / is the Miller factor, 

f=i(pa-pb¥-(mambyj (77) 

and we have assumed that the final helicities are not 
observed. The seemingly complicated sums over the 

19 The transition matrix element should actually be expressed 
in terms of the truncated vertex functions of H. Lehmann, 
K. Symanzik, and W. Zimmermann, Nuovo cimento 2, 425 
(1955), and the complete pion propagator DFr{pa—pc)> However, 
the truncated matrix elements are related to the n ' s of the present 
paper by II*=.DJF'(.D.F /) -1II for the initial and final particles on the 
mass shell. In the approximation DF~DF> which should be valid 
f° r I (Pa—pc)21 ~WTT2, the two sets of functions are the same, and 
one obtains Eq. (74). The approximation used neglects all vacuum 
polarization-type diagrams on the exchanged pion line. 

FIG. 1. The diagram con­
sidered in the discussion of 
scattering processes in the 
single-quantum-exchange ap­
proximation. 

helicities simplify considerably when use is made of the 
unitary character of the representation coefficients 
[cf. Eq. (36)], 

Ev£>xx<w*(i?)ZV (8 )(i?) = 8,x. (78) 

The resulting expression involves no D functions, and 
it is consequently unnecessary to determine the rota­
tions Ri. Substituting finally for the functions the 
multipole decomposition given in Eq. (61), and using 
orthogonality relations for the Sj symbols,12,13 one ob­
tains for the sum 

2L/ | ^X c Xd;X a Xt | 
XaX&XgAd 

XaX&X<;X<j 
-ITscXe; s a X a | | H s d ^ d l s&X& | 

= Zl(2J+i)(2J'+l)J+\(s.\\Tj(pac)\\sa)\* 
JJ' 

X\(sd\\Tj,(pbd)\\sb)\\ (79.1) 

where the summation indices J and / ' are restricted to 
the values 

\SaSo\<=J<Sa+Sc, ( ~ 1 ) J = ( - 1 ) ^ , ( 7 9 . 2 ) 

\sb-sd\<J'<sb+sd, ( - 1 K = ( - 1 ) ™ . (79.3) 

Substitution of Eq. (79.1) in Eq. (76) yields the desired 
expression for the cross section. The (trivial) generaliza­
tion necessary to include the exchange of charged pions 
is left to the reader. Specialization to the case of pion-
nucleon scattering using Eq. (73) leads to familiar 
result for that problem in lowest order perturbation 
theory, 

do-=8A(pa+pb-pc-pd)d
zpcd

spd(m
2/pocpod)m2/F 

X4(^2/4m2)2G4[g2+m7r
2]-2, (80) 

where G2=g2 /47r^l4, and q2 is the invariant square of 
the 4-momentum transfer, q2= (pa—pc)2. Note that p2, 
the square of the 3-momentum of any of the particles 
in the appropriate brick wall coordinate system, is 
equal to \q2. 

I t is clear that the methods which we have used to 
study the general kinematic structure of matrix ele­
ments of the pion current are applicable also in the case 
of other pseudoscalar or scalar currents. The symmetry 
properties of the matrix elements will, of course, be 
different if the properties of the current in question 
under parity and time reversal differ from those of the 
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pion current. Cases of interest include the iT-meson 
vertex (pseudoscalar), and the vertices associated with 
the (hypothetical) scalar K and ir mesons. The parity-
condition analogous to that in Eq. (470 must, however, 
be treated with some care for the strange mesons, be­
cause for these unstable particles, the parity is defined 
only relative to the baryon systems. For example, one 
can speak of the parity of the K meson relative to the 
UN system, but not of an absolute iT-meson parity. 
The factor (—1) in Eq. (470 which arose from the ir-
meson parity would consequently be absent in such a 
case, and the factor (—l)71" would represent the parity 
of the combined system. 

IV. PROPERTIES OF VERTEX FUNCTIONS: 
THE ELECTROMAGNETIC CURRENT 

We will complete our discussion of the properties of 
vertex functions in the helicity representation by study­
ing the matrix elements of the electromagnetic current 
between single-particle states. This is in some respects 
a more interesting case than that of the pion current, 
if only because of the greater utility of the results 
which follows from the relative weakness of the electro­
magnetic interactions. The electromagnetic current 
transforms as a 4-vector under proper Lorentz trans­
formation; thus, if a transformation of the coordinate 
system is specified by with x/ = aflvxv, jfj, trans­
forms as 

GjllG-1 = alivjv. (81) 

The matrix elements of j ^ in a general Lorentz frame 
may be related through Eq. (40) to the matrix elements 
in the standard brick wall frame, but in contrast to the 
case of the scalar field, the transformation now depends 
explicitly on the matrix a^, 

(pV/x'|yM|p^M) 

^ ^ A y ^ ^ W r ^ . x ^ W ^ ) , (82.1) 

where IVx'jsX^ is the matrix element of j v in the brick 
wall system, 

IVx-sx^ = (pOs'X | eirJ*jv | pQsk). (82.2) 

a. Symmetry Properties of the Vertex Functions 

I t will be convenient in the ensuing discussion to use 
spherical components for the spacelike part of j ^ ; these 
are related to the Cartesian components of j = (ji,J2,jz) 
as 

1 
i ± i = = F — U i ± i J 2 ) , i s = i 3 . (83) 

V? 

We will use the symbol jo for the Hermitian fourth 
component of j M , that is, for the charge density opera­
tor. The spacelike part of jM transforms under rotations 
as a polar vector, while jo is a scalar. Under the reflec­

tion Y in the x-y plane, j% changes sign, 

while under time reversal, j changes sign, 

Tj»T~i= (-jh -J2, - i s , jo). (85) 

We note finally the usual assumption of current 
conservation, 

dJ^O. (86) 

Of the matrix elements of jp in the brick wall frame, 
the simplest is that which involves jo. The results ob­
tained in Sec. I l l (a) for the pion vertex function may be 
taken over at once, with simple changes in sign in the 
relations which arise from the reflection and time in­
version symmetries. The results corresponding to those 
of Eqs. (440, (47r), and (490 are then 

r s ^ s x ( 0 ) = Sv,_xIY,_x;Sx(0\ (Jz) (87) 

IV,_v ; s , -x ( 0 )= ( - l ) s ' + s + ^Vx' ; S x ( 0 ) , (F) (88) 

rs>x';Sx(0)* = IVv ; sx
(0 ). (T) (89) 

From Eqs. (87) and (89), the matrix elements of jo 
between single-particle states are real, and vanish un­
less X+A' = 0. The parity relation, Eqs. (88), serves as 
in the case of the pion current to reduce the number of 
independent matrix elements to roughly one-half of the 
nominal number. 

The matrix elements of jz may be obtained from those 
of 7*o using the equation of current conservation, Eq. 
(86). This may be rewritten in momentum space in 
the form 

(P'-P),(P'\J,\P) = 0. (90) 

In the brick wall frame the initial and final particles 
move along the positive and negative z axes with equal 
momenta p. Equation (90) therefore yields the relation 

2i>IVv,sx
(3)= (#o-£o ,)r . 'v, .x ( 0 ) , (91) 

and the matrix elements T(3) are seen to be multiples of 
the r ( 0 ) . If the masses of the initial and final particles 
are different, then po^po, and the matrix elements of 
jz are nonzero. On the other hand, if the initial and final 
particles are identical or if they have the same mass, the 
matrix elements of jz vanish identically. The vanishing 
of' T(3) for identical particles is in fact independent of the 
assumption of current conservation:*^ This remarkable 
result is easily proved. Because jz is unchanged by 
rotations about the z axes, \jz,Jz] = 0, and 

rsv;Sx (3) = 5v,_xrs,_x;Sx(3). (92) 

From the properties of jz under space and time inver­
sions, Eqs. (84) and (85), one deduces in addition that 

r s x ; s , -x ( 3 ) =(- l ) 2 s r s ,_x ; s x ( 3 ) , (F) (93) 

20 The special case of spin | particles was considered by Ernst, 
Sachs, and Wali.4 The generalization to arbitrary spin was first 
given in reference 5. 
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and it follows that 

IY_ X;sX 
( 3 ) * =rs._x 

v ( 3 > (T) ( 9 4 ) r s , x , s x ( ± 1 ) = ^,-X^Fir^,_XTl;S>X (±1) , 

But because we are dealing with matrix elements of a 
Hermitian operator between states which describe the 
same particle, the last relation can be re-expressed as 
follows: 

v < 3 ) *=(pOs -Xle^jzlpOsX)* 

= (pOs\ | jse-i7rj21 pOs - A ) 

= (-l)2s+1(pQs\\eM*j\\p0s - A ) 

= (- l )2 s + 1r s ,X ; , , -x (3) 

We have used the fact that 

#*iJ% | pQs\) = ( - l)2 s | pOs\), 

(95) 

(96) 

and have noted that j% changes sign under a rotation 
through 7r about the y axis. Comparing Eq. (95) with 
the combined results of Eqs. (93) and (94), we see at 
once that rsx' ;sx

(3) = 0. Because the matrix elements of 
the scalar quantity d ^ , the 4-divergence of the current, 
are equal in the brick wall frame to 2^IVx';Sx(3), it 
follows that the matrix elements of this quantity vanish 
in any Lorentz frame, independently of whether the 
current j M is conserved or not, (d«j)=0.20 

I t is clear that this result will be valid also for general 
vector currents which carry additional internal quan­
tum numbers, provided the internal symmetries of the 
current and of the initial and final states do not alter 
their assumed space-time transformation properties. 
The theorem would apply, for example, to the very 
interesting case of a charge independent interaction of 
the [unstable] T—\ vector meson p21 with the nucleon 
field, as well to the interactions with nucleons of the 
T=0 vector mesons co22 and rj23 To the extent to which 
one can neglect differences in the masses of particles 
which are presumably of electromagnetic origin, it is 
applicable to the vector current of beta decay theory. I t 
would not apply to the axial vector beta decay current 
because of a changed sign in Eq. (93). 

The discussion of the symmetry properties of the re­
maining matrix elements is quite straightforward, and 
the details will for the most part be omitted. From the 
commutation relations of a vector operator with / 3 

[this is a special case of Eq. (56.1)], 

UhJo]=qJQ (97) 

21 See, for example, E. Pickup, D. K. Robinson, and E. O. Salant, 
Phys. Rev. Letters 7,192 (1961), and the numerous references con­
tained therein. 

22 B. C. Maglic, L. W. Alvarez, A. H. Rosenfeld, and^M. L. 
Stevenson, Phys. Rev. Letters 7, 178 (1961); N. H. Xuoung and 
G. R. Lynch, ibid. 7, 327 (1961); and the references to theoretical 
papers given therein. 

23 A. Pevsner, R. Kraemer, M. Nussbaum, C. Richardson, P. 
Schlein, R. Strand, T. Toohig,[M. Block, A. Engler, R. Gessaroli, 
and"!C. Meltzer, Phys. Rev. Letters 7, 421 (1961). Also A. Pevsner 
et al.} Bull. Am. Phys. Soc. 6, 433 (1961). 

| A | 0 , |X ' |<* ' , (/8) (98) 

while, from the properties of j under the Y transforma­
tion, Eq. (84), we obtain 

r^,_V;S . -X ( d t l )=(-l)S + S ,^r s ,X ' ;SX ( = F l ) . (F) (99) 

The factor (—-l)*" again represents the relative parity 
of the initial and final states. Note that the upper 
indices are interchanged in this relation corresponding 
to the interchange of ji and j _ i under F . Finally, the 
time-reversal transformation, Eq. (85), implies that the 
matrix elements are real, 

x(±«*=r. X ' ; * X (±1) (T) (100) 

In the special case in which the initial and final particles 
are the same, we may derive an additional relation, 
analogous to that obtained above for T(3), by using the 
Hermitian character of the operators ji and j 2 to re-
express the left-hand member of Eq. (100) in the form 

r sv ; sx
(±1)*=(-i)2s+1r sX;sv

(db l ) , s'=s. (loi.i) 
Combining this result with that of Eq. (100), we obtain 
the extra condition in the convenient form 

r s V ; S X ( ± 1 ) = ( - l ) 2 8 + 1 r s X ; s X ^ ± 1 ) , S'^S. (101.2) 

The symmetry relations given in Eqs. (87)-(89) and 
(98)-(101) limit the number of independent vertex 
functions for the vector current. The matrix elements 
of jz, if nonzero, can be expressed in terms of the matrix 
elements of jo using Eq. (91); in addition, Eq. (99) 
relates the matrix elements of j - \ to those of j+i. To 
obtain a complete parametrization of the vector vertex, 
it is therefore necessary only to specify the matrix ele­
ments of jo and j+\. The possible numbers of inde­
pendent nonzero matrix elements of these operators as 
determined from the symmetry conditions are sum­
marized in Table I I . The number of matrix elements of 
each kind in the present, relativistic theory is, not un-

TABLE II. The number of independent vertex functions for the 
components jo and j + \ of the electromagnetic current. Here j is 
the lesser of s and s', and y is equal to s'+s+ir, where (— 1)T is 
the relative parity factor for the initial and final states. The total 
number of independent vertex functions is equal to the sum of the 
numbers for jo and j + \ . The results are applicable to general con­
served vector currents which transform like j ^ . The definition 
of identical particles can in this case be broadened to include 
particles which differ only in an internal quantum number. 

Type of particle 

Nonidentical fermions 

Nonidentical bosons 

Identical fermions 
Identical bosons 

Spins 

sf — s 
S'T^S 
s' = s 
S'T^S 
sf = s 
s' = s 

( -1> 
jo 

i+h 
j+i 
y+i 
7 + 1 

i + i 

*=+i 
i+i 

2i 
2/ + 1 
V 
2/+1 

J 

(-D-
jo 

/+* 
j+i 
j 
j 
j+i 

r = - l 

j+i 

2/ 
2.7+1 
2/ 
2 / + 1 

m 
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expectedly, the same as occurs in the nonrelativistic 
theory of multipole radiation.24 

b. Multipole Decomposition of the Electro­
magnetic Vertex Function 

I t is natural at this point to seek a multipole decom­
position of the electromagnetic vertex function analo­
gous to that which is familiar in the nonrelativistic 
theory.25 The procedure to be followed is similar to 
that which was used in the discussion of the pion vertex 
function, but slight complications appear because the 
operator j M , in contrast to jVto, does not commute with 
the proper Lorentz transformations. Thus, expressing 
the matrix element rs 'X' ; s\

(0), Eq. (82.2), in terms of 
the rest states \s,\) for the ingoing and outgoing par­
ticles by using the definitions of Eqs. (10), we obtain 

IVx'; sx
(0) = (s',\' I eX'Xie^jtf-xx* \ s,\) 

X^-t( , /2)2C8 |^X) , (102) 

where v is defined in Eq. (53), and we have written 
the result in a form symmetric with respect to the 
initial and final momenta and energies. The operator 
jo is defined by a Lorentz transformation, 

y 0 ' = ei(<rl2)Ksjoe-i(al2)KB 

= ioCosh(o-/2)+y3sinh(o-/2) (103) 
where 

f (m,2-m2) Kp'py- (mm'fj] 
d ^ f - r ^ s i n h - 1 . (104) 

I mm' —(P+P')2 J 

The matrix element of jz can be written in a similar 
form, 

rs^;Sx(3)=(-i)s,-x'(^-v -i{vl2)Kzjzr 

with 
Xe-^'^^\s,X\ (105) 

j 3 ' = i o sinh(o-/2)+j3 cosh(cr/2). (106) 

One may now use the current conservation relation, 
Eq. (91), or in the case of identical ingoing and out­
going particles, the fact that T(3) is equal to zero whether 
the current is conserved or not, to eliminate the 
operator j 3 between Eqs. (102) and (105), obtaining 
thereby 

r^v;sX
(0)-TF(^ ,)(~i)s,-x,(^-x/|^M)X3io 

the 4-momenta p and p', 

W(p,p') = \coM<r/2)+— " sinh(cr/2) 
L 2p 

(108) 

For initial and final particles of equal mass, W=l. A 
more compact, but less symmetric form for Eq. (107) 
can be obtained by commuting one of the remaining 
Lorentz transformations with j 0 , and again eliminating 
jz by using the connections between T(3) and r ( 0 ) . 

The multipole decomposition of r ( 0 ) may now be 
constructed by expanding the exponentials in Eq. 
(107), and expressing the result in terms of irreducible 
tensor operators. The construction is similar to that 
given in Sec. 111(b), and the details will be omitted. 
The result is 

/ 
• s 'A'; sX 

(0) = :(-
/ S' J S \ 

D 2 s ' E , n )QJ(S',S), 

( - 1 ) ' = ( - 1 ) » . (109) 

The sum is restricted to even or odd values of / ac­
cordingly as the relative parity of the initial and final 
particles is even or odd, the restriction following from 
the Y symmetry. The form factors Qj(s's) are real 
functions of p, the 3-momentum in the brick wall 
frame, 

QAs',s) = (s'\\TjW\\s), (H0.1) 
with 

j» 2 7 + 1 (-iv/iy 
TJ>M

(0) = W(p,pf)T, 
-J 8TT2 

"jD, M) *(R) 

m=Q\m/ 
( - 1 ) » = ( - 1 ) ' . (110.2) 

For nonidentical particles in the initial and final states, 
the Qj have the significance of charge transition form 
factors. On the other hand, for identical particles, J = 0 , 
2, • * • 2s only, and the form factors Qj describe the 
electric charge (monopole), quadrupole, and higher 
charge moments of the system. I t is interesting to note 
in this case that for a vanishing 4-momentum transfer, 

TjtM
(0) —> joh,o^M,o, p —> 0. ( I l l ) 

Therefore, the form factors Qj vanish for J > 0 , and 
Qo is simply related to the total charge of the particle. 
From Eqs. (107) and (109), 

W(p,p') is a kinematic factor which is symmetric in Qo—>(2s+l)%{s,\\jo\s,\)=(2s-\-l)h, p—>0. (112) 

24 A proof of this result was apparently first given by Yennie, 
Levy, and Ravenhall, reference 2, in the special case of identical 
initial and final particles. The generalization to different initial 
and final states follows easily from their results. 

25 See, for example, the treatment of multipole fields given in 
M. E. Rose, Multipole Fields (John Wiley & Sons, Inc., New 
York, 1955). 

One may easily deduce the connection between the 
remaining Q's and the static multipole moments of the 
particle in the usual nonrelativistic theory by identify­
ing the irreducible tensor operators in the two cases.25 

Similar identifications can, of course, be made for the 
transition moments. We remark finally that the form 
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factors Qj(s',s) vanish in general as pJ for p—>Q, 
p<<im,m\ 

The multipole decomposition of the matrix elements 
of the transverse components of the current, j±%, is 
also easily accomplished. In this case, there is no diffi­
culty with the Lorentz transformations, j±i, commuting 
with Kz, and the matrix elements may be brought into 
the form 

IVx' ; sx
c±1)= ( - 1 ) S ' ~ X V , - X ' l i i i ^ ' * | * , * > , (113) 

where v is again defined by Eq. (53). However, it is 
clear from the commutation relations of j±i with 73, 
Eq. (97), and Eq. (56.1) that the operator in Eq. (113) 
is the ± 1 component of a reducible tensor operator. 
The multipole decomposition of the matrix elements 
consequently assumes the form 

/ s' J s \ 

rs^sx
(±1)=(-i)2s'E( ) 

M \ X ' ± 1 X / 
X</ | |2V±i) | | , ) , (114) 

where the irreducible tensor operators TJ,M(±1) are 
defined by 

oo 2 / + 1 {-iv)n r 
TJ)M

(±1)= E DM,±i<J)*(R) 
n=J-l 87T2 %\ J 

XRj±iKfBrHR. (115) 

The summation index n is restricted in those operators 
which lead to nonvanishing reduced matrix elements to 
odd or even n values accordingly as the relative parity 
of the initial and final states is even or odd, (— l ) n 

= (— l)7r+1. This restriction on n may be derived by 
substituting in Eq. (113) the identity 

j±1e~ivK*= eiTj*fele+ivKH-i7rj2, (116) 

and applying the rotations to the rest states using the 
result given in Eq. (19). One obtains in this fashion the 
alternative expressions for T(±1) 

r . , v ; . x l ± l ) = ( - l ) H - ' + 1 ( - l ) ' / + x / 

X < 5 , , X , | i T l ^ ' ^ | ^ - ^ > - (1 1 7) 

But from Eqs. (99) and (113), we obtain also 

r^W^M-i)*''^-!)''**' 
X(sfX\hie-^\s,-X). (118) 

Expansion of the exponentials in Eqs. (117) and (118) 
and comparison of the results indicates that only those 
terms can contribute to the matrix elements for which 
the powers of v are odd (or even), if the relative parity 
of the initial and final states is even (or odd). This is 
the stated restriction. 

I t is convenient to separate the tensor operators of 
Eq. (115) into two classes accordingly as (— 1) J= (— l)n 

or (— f K = ( — l) w + 1 ; (— l)n is the orbital parity ab­
sorbed at the vertex by the transverse, (odd parity) 

part of jft. Noting that (—l)w= (— l)T+l, we therefore 
write 

/ s' J s \ 

/-A x' i x / 

X { i [ l + ( - l ) / + ' ] £ / ( ^ ) 

+ f [ l - ( - i y + - ] M ^ V ) } . (119) 

The form factors Mj and Ej correspond to the mag­
netic and electric transition multipole moments of 
radiation theory.25 The matrix elements r ( - 1 ) may be 
obtained from the T (+1) using Eqs. (99) and (63), 

/ s' J s \ 

r^!.x
(-1)=(-i)2-'E( ) 

J -AX' - 1 X / 

-Kl-(-l)J+*lMj(s',s)}. (120) 

In the special case in which the initial and final 
particles are the same, the matrix elements T ( ± ) satisfy 
the extra symmetry relation given in Eq. (101.2). I t 
may be shown through the use of the symmetry rela­
tions for the 3j symbols13 that this restricts / to odd 
values in Eqs. (119) and (120). The form factors Ej 
are consequently zero in this case, and we obtain 

/ s' J s \ 
1 V V ; S X ( ± 1 ) - ± ( ~ 1 ) ^ E ( )Mj, 

A x ' d=i x / 
s'^s, J odd. (121) 

An elementary particle for which time reversal and 
parity are symmetry operations cannot, therefore have 
any electric multipole moments Ej. 

From Eq. (115) and the restrictions on J and n, 
it follows that the form factors Ej(s',s) and Mj(s',s) 
approach zero, respectively, as pJ~l and pJ for p —> 0, 
pOn,fn'. For example, the form factor E\ can approach 
a constant value for p—>0, Mi and E2 vanish as p, M% 
and Ez vanish as p2, and so forth. This behavior is 
necessary. I t is, of course, possible for the form factors 
to vanish more rapidly. This is generally the case in 
nonrelativistic problems involving the emission or ab­
sorption of radiation by complex nuclei. The current 
operator connecting states \f/s\ and i/vx' is then of the 
(approximate) form26 

+ipyX(*. 'X'** j*.x)l (121.1) 

i o = £ y ^ . ' A ' Y . x . (121.2) 

The single-particle momentum operators p3- effectively 
introduce an additional power of p into the limiting 
powers given above for the multipole form factors Ej 

26 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952). 
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and Mj, leading to the familiar nonrelativistic esti­
mates for the momentum dependence.25'26 The limiting 
forms for the Qj are not changed. On the other hand, 
the limiting powers of p are actually those given above 
in the case of elementary particles with the intrinsic 
charge and magnetic multipole moments defined by 
the Qj and Mj. 

The multipole decompositions of the matrix elements 
IVx';sx(v) which we have given in this section can be 
generalized to the matrix elements of any vector current 
with the same transformation properties as j ^ . However, 
if that current is not conserved d^^O the vertex 
functions r ( 0 ) and T(3) are independent, and a new set 
of multipole form factors must be introduced for the 
latter. Internal symmetries of the system may be in­
corporated in the manner discussed in connection with 
the pion current. Cases of interest include the vertex 
functions for the currents associated with the unstable 
p,21 co,22 ?7,23 and Kv27 mesons, if such currents exist, and 
with the vector current of beta decay theory. With 
simple modifications, the results may be extended to 
the case of axial vector currents as well. 

c. Applications and Examples 

The foregoing results are of immediate utility in the 
description of many processes which involve the cou­
pling of particles to the electromagnetic field. If the 
coupling is sufficiently weak, the interaction may be 
regarded as a perturbation, and, to lowest order in e, 
one is led to calculate matrix elements of — j-A. Since 
j-A is a Lorentz scalar, the analog of Eq. (82.1) may 
be written 

(p's'v'\-j-A\psp) 

= - £ ^ x v ( s , ) * W ) r S ' v ; s x ( " M , 2 V s ) 0 O , (123.1) 
« XX' 

where, suppressing the spin indices for simplicity, 

-T^Av = T^Ao-T^Az+T^A+1 

+ r ^ + 1 ) ^ _ i . (123.2) 

An is here the electromagnetic field in the brick wall 
coordinate system. The photon [real or virtual] which 
is emitted at the vertex travels along the positive z axis 
with 4-momentum q— (2p, p0—p0

r) and helicity speci­
fied by the index on V. The current conservation rela­
tion, Eq. (91), may be used to write the matrix element 
of j-A between "brick wall" states in the obviously 
gauge-invariant form 

(p0sf\'\e™J*(-j-A)\p0s\) 

= r . , V ; . x c o ) [4o - (#o -#o , M3/2#] 

+r . ,V; .x a ) 4_i+r . , V ; .X ( - 1 ) i4 + l . (124) 
27 M. Alston, L. W. Alvarez, P. Eberhard, M. L. Good, W. 

Graziano, H. K. Ticho, and S. G. Wojcicki, Phys. Rev. Letters 5, 
11, 520 (1960). M. A. B. Beg and P. C. DeCelles, ibid. 6, 145, 
428(E) (1961). 

The gauge transformation A^—» A^+d^Xy or, in mo­
mentum space, Ay, —> A^+q^x, does not affect the trans­
verse components of the field A±i, while the terms 
added to Ao and A% drop out when combined as in 
Eq. (124). We remark also that the term in Eq. (124) 
which involves A$ and A% does not contribute to the 
emission of real photons. The field in that case satisfies 
the transversality condition q • A = 0 with q2=0, and only 
A±i contribute to the radiation. The emission of real 
radiation therefore involves in lowest order, only the form 
factors Ej and Mj for the transverse current, and then 
only for a fixed value of p for each transition. The charge 
form factors Qj can of course contribute to processes 
such as the Auger effect, the internal conversion of 
radiation, or electromagnetic scattering, which involve 
virtual photons. The matrix elements for these processes 
are usually labeled by the multipolarity as EJ, for 
example, the E0 processes in internal conversion. We 
have chosen in the present paper to use a different 
nomenclature to emphasize the fact that the charge 
matrix elements Qj are fundamentally different from, 
and independent of, the matrix elements Ej and Mj 
which are associated with the transverse components of 
the current. 

A simple example is provided by the radiative decay 
of a polarized particle. Let the initial particle have spin 
s and helicity X along the positive z axis in its rest 
system, and let the final particle, with spin sf and heli­
city A', emerge in the direction specified by the angles 
0, (f). The transition matrix element for the decay is 
then given to lowest order in the electromagnetic 
coupling by 

M .'X ';.x= (2Tr)W(p'+q-p)Fs,x>;sh (125.1) 

where 

Fs>x>;Sx=(p'Ocl>sf\r\-j'A\s,\). (125.2) 

One easily sees that the appropriate transformation to 
the brick wall frame is given by 

G=e-i!K*e-M*R-1(<l>,d, - 0 ) , (126) 

with f=sinh"~1(^/w), p the 3-momentum of either 
particle in the brick frame. The rotations Rg and RJ 
of Eq. (123) are then found to be 

Rg = e-^R~^A-^) (127.1) 

and 

Rg'=l. (127.2) 

We may therefore express FS'X';sx in terms of the T's as 

* V X ' ; . X = £ M (p0s'\'\e™J*(-j'A)\p0s[x) 

X ( ~ l ) s + ^ V s ) ( M - 4 > ) . (128) 

We have omitted the term in Eq. (124) which cannot 
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contribute to the real radiative process. The transition 
probability for the decay is proportional to the absolute 
square of FS'\>;s\, summed over the helicity indices of 
the photon and the final particle if those helicities are 
not observed. I t is a simple, if tedious, matter to verify 
that the usual angular distributions for multipole 
radiation are obtained when appropriate terms in the 
multipole expansions of the T's are substituted in Eq. 
(128). The details of the calculation are left to the 
reader. We shall only note, first, that the natural Lorentz 
frame in which to consider the angular distributions is 
the center of mass frame of the outgoing particles, that 
is, the rest frame of the initial particle, and second, that 
multipole form factors and multipole radiation appear 
naturally in the relativistic theory. However, the multi-
pole form factors are defined by matrix elements of 
certain irreducible tensor operators calculated in an 
unphysical system, the common rest system of the 
initial and final particles. 

An interesting application of Eq. (128) which involves 
in addition to the results given so far, the notation of 
the polarization of a relativistic particle, occurs in the 
discussion of the radiative decay 2°—»A°+7 for po­
larized S's. The correlation between the polarization 
of the A0 and the linear polarization of the 7 provides a 
test for the 2)°—A0 relative parity.28 The necessary dis­
cussion of polarization phenomena is given by Jacob 
and Wick.3 The calculation, which will be left to the 
reader, leads quickly to the well known result of Feld-
man and Fulton.28. 

As a final example, we shall calculate the cross sec­
tion for the electromagnetic scattering of particles of 
arbitrary spin to lowest order in the fine structure con­
stant. The interaction may be represented by the dia­
gram of Fig. 1. The calculation is similar to that which 
was carried out in Sec. III(c) for the scattering of 
particles of arbitrary spin in the one pion exchange 
approximation. The transition matrix element for the 
electromagnetic scattering can be written in the form 

X[(^a-^c)-2]Fxcxd ;xax6 , (129) 
where 

^XcXd; XaX&= — (pc^cAc I jfi I pa^aXa) 

X (pdSdkd I J/11 VbSb^b). (130) 

The individual matrix elements may be expressed in 
terms of the matrix elements in the brick wall system 
using Eq. (82.1). The (unitary) representation coeffi­
cients Z)(s) disappear in the expression for the cross 
section for the scattering of unpolarized particles, if the 
final helicities are not observed, and one is left with 

28 G. Feldman and T. Fulton^ Nuclear Phys; 8, 106 (1958). A 
different parametrization for this problem which uses explicitly 
the properties of photons and spin \ particles under Lorentz 
transformations, is given by L. Michel and H. Rouhaninejad, 
Phys. Rev. 122, 242 (1961). 
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expressions of the form (a} c vertex) 

= V F x x 0*)r x x (")* 
/Lu x scAc;saAa •*• Schc'jSciKa 

X«XC 

= £ { ( r S c X c ; S o X o
( 0 ) ) 2 C ^ 0 ^ 0 - ( ^ 0 « - # 0 c ) 

XaAc 

X (5Mo8y3 + 5 M 3 5 „ o ) / 2 / > « c + (pOa—pOc)2 

X5M35,3/(2^c)2]+(rScxc;Saxa<+1>)2 

'X[^dfXV~d^dvz
Jrdflodvo2}' (131.) 

Equation (131) holds in the brick wall system of 
particles a and c. I t may be generalized to an arbitrary 
frame rather easily. Let us introduce two orthogonal 
4-vectors, 

P»=(pa+pc)r (132.1) 
and 

^M= (pa-pch-PAmf-m*)/!*, (132.2) 

K-P=0. (132.3) 

In the brick wall frame, JPM has only a time like com­
ponent ; the only nonvanishing component of K^ is the z 
component, with the magnitude +2pac. We may conse­
quently replace the delta functions in Eq. (131) by 
appropriate combinations of P and K. The resulting 
expression gives the desired generalization of SpV(scs<d 
to an arbitrary Lorentz frame,29 

X«Xc 

X {m2-ma
2)/K2-K,Kv{m2-m2f/K^ 

+ (rScXc; saxJ+1))2Ld,v- KJC/K*- P»PV/P*~]} • 
(133) 

I t is easily verified that S^ satisfies the conditions of 
current conservation or gauge invariance, 

(pa-pc),Sfiy=Sflv(pa-pc)V = 0. (134) 

The remaining sums over the helicities X« and Xc may 
be performed using the multipole decompositions of the 
vertex functions r ( 0 ) and T(+1) given in Eqs. (109) and 
(119), 

JL~I \ X SCAC; sa\a / 
XaXc 

= E(2/+1)~1 £[l+(-l)J+*-?]<Mw«), (135.1) 
J 

2—t v-*- sc\c; saXa / 
XaXc 

= E(2/+l)- 1{!D+(-l) J + W ]£ . / 2 (^a) 
J 

+i[l-(-l)/+'«3Afjs(w,,)}> (135.2) 
29 This result was given for the special case of elastic scattering 

by Yennie, Levy, and Ravenhall, reference 2. 
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where in each case \sc—sa\ <J<sc+sa, and 7 > 1 in 
Eq. (135.2). 

Combining the result given in Eq. (133) with the 
analogous result for the by d vertex, and supplying the 
appropriate kinematic factors, we obtain for the electro­
magnetic scattering cross section to lowest order in the 
electromagnetic coupling 

mc md dzpc d*pd manth 

X [ (pa- pc)2T2 (2Sa+ l ) " 1 (2*6+ l )" 1 

XSfiV(sCjSa)Sflv(sd,sb). (136) 

This expression encompasses both elastic and inelastic 
scattering, and is completely covariant. The result may 
obviously be generalized to the case of scattering by the 
exchange of a single vector meson associated with a 
conserved vector current jp by making the appropriate 
change in the propagator30,31 in the transition matrix 
element in Eq. (129), 

where q^— (pa—pc)n= (pd—pb)», and m is the mass of 
the meson. The calculation of the vertex functions and 
the summations over the helicities of the initial and 
final particles are carried out as before. I t is necessary 
only to note that, because of the conservation condi­
tions given in Eq. (134), the ^-dependent terms in the 
numerator in Eq. (137) do not contribute to the final 
result. The generalized cross section may therefore be 
obtained from Eq. (136) simply by replacing the factor 
[ (£«-£c) 2 ] - 2 by [_(pa-pc)2+n?J-\ The internal sym­
metries which may be involved in the transitions if the 
vector meson carries additional quantum numbers, such 
as the isotopic spin in the case of the T— 1 vector meson 
p,21 on the isotopic spin and strangeness in the case of 
the strange T=% vector meson Kv27 may be treated 
as in the discussion of the pion vertex function, Sec. 
III(c).32 The matrix elements T(y) are then to be re-

30 For a discussion of the theory of vector mesons, see, for 
example, N. N. Bogoliubov and D. V. Shirkov, Introduction to the 
Theory of Quantized Fields (Interscience Publishers, Inc., New 
York, 1959). 

31 See, however, the remarks in reference 19 on the use of the 
complete vs the free propagator, and on the complete rather than 
the truncated vertex functions. 

32 To the extent to which it is reasonable to consider a sharp 
scattering resonance as representing an unstable particle, and to 
treat that particle as stable in some approximation. 

garded as reduced matrix elements with respect to the 
internal symmetries, and Eq. (136) must be generalized 
to include the specification of the internal quantum 
numbers. We recall also that the parity conditions must 
be treated with care in the case of the strange mesons. 

Considerable simplifications result in the factors S^ 
in Eq. (136) if attention is restricted to elastic proc­
esses. I t is a simple matter to check, for example, that 
Eq. (136) reproduces the well-known Rosenbluth cross 
section33 for the scattering of electrons by protons. The 
necessary relations between the charge and magnetic 
moment form factors QQ and Mi for the proton, and the 
customary Dirac and Pauli form factors Fi and F 2 

in the expression for the current1 

(pf\j,\p) = ieu(pf)L7,F1(q") 
+ (K/2nt)F2(qZ)aliv(p'-p)v~]u(p), 

q2=(p'-p)2, (138) 
are as follows2,34: 

Qo(p) =^e[_Fi~ K(p/m)*Fi\, (139.1) 

Mi(p) = 2-6h(p/m)lF1+KF2]. (139.2) 

We have noted that q2=4p2, where p is the 3-momentum 
of the incident particle in the brick wall system. In 
the case of the electron, K, the anomalous part of the 
magnetic moment, is equal to zero, but Mi is not zero 
because of the Dirac magnetic moment. These relations 
may be derived either by reducing the expressions in 
Eq. (138) to two-component form, or by making a 
formal reduction using the definitions given in Eqs. 
(110), (114), and (119), and the techniques which were 
illustrated in Sec. III(c). 
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