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The eikonal method is extended to waves with several components propagating in inhomogeneous aniso­
tropic media. Formulas are derived for the motion of wave packets, the change in amplitude along a ray 
path, and the corrections due to diffraction. The method is applied to pure magnetohydrodynamic dis­
turbances, and the problem of computing ray paths in the ionosphere is discussed in some detail. One result 
is that the fraction of the energy of an isotropic disturbance that eventually gets as low as 200 km drops 
from 0.99 at 200 km to 0.2 at 450 km, rises again to 0.99 at 700 km, drops to 0.5 at 3000 km, and continues 
dropping at greater altitudes. Energy trapped between 200 km and 700 km oscillates around 450 km with 
period 8.5 sec (at the geomagnetic equator). The eikonal method is also applied to a very general problem 
involving coupled magnetohydrodynamic, electrodynamic, and acoustic modes. 

I. INTRODUCTION 

FOR a long time mathematical physicists have known 
how to deal with certain special cases of the propa­

gation of waves in mildly inhomogenous media. The 
eikonal (or WKB) method has been employed for one-
component waves, and has also been extended to multi-
component waves1 in isotropic media. 

However, this is not adequate to handle magneto­
hydrodynamic disturbances, where the "medium" is 
always anisotropic. For this reason we have developed 
a full generalization of the eikonal approach, which we 
describe in Sees. IV through VII. 

To exemplify the method, we first treat in Sees. II 
and III some problems that are complicated enough to 
motivate the general treatment, yet simple enough to 
keep the algebra tolerable. In Sec. II we consider pure 
magnetohydrodynamics, and develop some applications 
to the behavior of disturbances in the ionosphere. 
In Sec. I l l the eikonal approach is applied to the 
coupling of magnetohydrodynamic, electrodynamic, and 
acoustic modes in an inhomogeneous plasma of finite 
conductivity. 

Some attempt has been made to keep the discussion 
in Sees. II and III self contained, and the reader with 
no interest in magnetohydrodynamics or in generalities 

* Permanent address: Physics Department, University of 
California, Berkeley, California. 

1 M. Born and E. Wolf, Principles of Optics (Pergamon Press, 
New York, 1959), p. 109. 

may, respectively, skip the first or the second part of 
this paper. 

Many of the results obtained here have perhaps been 
known for some time. Our purpose is to show that the 
eikonal method is very general, and that these (and 
other) results may be derived in a systematic way for 
any problem involving a medium whose properties 
change only slowly in space and time. 

One explanatory word about earlier work seems called 
for here. It is well known that shock waves propagate 
according to the same equations as surfaces of constant 
phase for ordinary disturbances. The eikonal treatment 
of shock waves has been discussed previously both for 
acoustics2 and magnetohydrodynamics.3 Our interest 
here is not in discontinuous shocks, but in continuous 
modes of propagation. The two problems seem closely 
related as far as calculating trajectories is concerned, 
but quite different when it comes to finding the change 
in amplitude along a ray path. It may be that the 
analogy is even closer than is realized by the author, 
but at any rate we shall use the language here of 
ordinary waves rather than of shock waves. 

II. PURE MAGNETOHYDRODYNAMICS 

We shall consider here the propagation of disturb­
ances in an inhomogeneous medium of high conductivity 

2 Evry Schatzman, Ann. astrophys. 12, 203 (1949); J. B. Keller, 
J. Appl. Phys. 25, 938 (1954). 

3 J. Bazer and O. Fleischman, Phys. Fluids 2, 366 (1959). 
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permeated by a varying magnetic field. Effects of 
pressure^ viscosity, displacement current, finite con­
ductivity, etc., are neglected here, but in the next sec­
tion we show how to take them all into account. 

The unperturbed system is stationary, and has mass 
density p(x) and magnetic field B (0)(x). A disturbance 
is characterized by a small electric field E(x), velocity 
u(x), current J(x), and a small increment B(x) to 
B ( 0 )(x); all these small fields have time dependence 
e~io}t. The equations describing the system are 

- i c V X E = w B , 

- i c V X B = - 4 7 r i J , 

E = - ( l / c ) u X B « » , 

-iwpu=(lAOJXB<°>. 

Equations (2)-(4) immediately give 

c o c E = - i V x V X V X B , 

where V is the vector Alfven velocity, 

V=B»>/(4irp)*. 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

Here and below when we write a string of cross 
products like a X b X c X - - - , we shall always mean 
a X { b X [ c X • • • ] } • 

The zeroth order eikonal approximation is obtained 
by setting 

E=E 0 e i S , B=B„e' s , 

and neglecting all variations in E and B except in the 
common factor eis. Equations (1) and (5) then give 

where 

ckXE0=wB0, 

cocE0=VXVXkXBo, 

k=VS. 

(7) 

(8) 

(9) 

The solutions are of two types: 

I. Alfven Mode: 

cE0= (VXVXk)(/ 0 /F& sinfl), (10) 

«B 0 = - (k-V)(VXk)(/0 /Fft sin0), (H) 
0-Z)o-(k-V) 2 -co 2 . (12) 

II . "Fast" Mode: 

dEo=(VXk)(go/F£sin0), (13) 

coBo- - (kXkXV)(go/Vk sinfl), (14) 

0 -P 0 =k 2 V 2 - co 2 . (15) 

Here 6 is the angle between V and k. Formulas for /o 
and go will be derived later in this section. (There is 
also a "slow" mode with E0 and B0 parallel to k, but in 
our approximation it has w = 0.) 

Clearly neither (12) nor (15) suffices to determine the 
vector k; we must use the additional requirement that 

V X k = 0 . The general solution is obtained by construct­
ing ray paths x(/), k(t) (see Sec. IV) satisfying 

(16) 
dx 

dt 

dk 

dt 

dD0 ,dD0 

dk/ doi' 

dD0 /dDQ 

dx 1 do) 
(17) 

For the Alfven mode, the group velocity is the 
Alfven velocity, 

dx/dt=V (18) 

and a disturbance travels only on magnetic field lines; 
the propagation vector changes at a rate 

db/dt=-kiWi. (19) 

For the fast mode, the group velocity is 

dx/dt = F2k/co - V (k/k), (20) 

so that again its magnitude is V but its direction is now 
that of k. The propagation vector k changes at a rate: 

dk/dt= - (o)/V)VV= -kVV. (21) 

Combining (20) and (21) we obtain for the equation of 
motion of a disturbance: 

1 d^ 

V2 dt 
X = 4VF- 2 . (22) 

The geometrical orbit of any wave packet in this mode 
is identical to that of a mass point moving in a gravita­
tional potential 

4 > = - J F ~ 2 . (23) 

To see how these equations for the motion of a fast-
mode disturbance may be used in a practical problem, 
let us first suppose that the Alfven velocity V in the 
ionosphere may be regarded as a function of altitude 
Z alone. Then according to (21) the horizontal com­
ponent of k is constant; its magnitude is k simj, where 17 
is the angle between k and the upwards vertical. How­
ever, o)~kV(Z) is also constant, so that 

sin (rj)/ V (Z) — const (24) 

along any trajectory. If a disturbance starts at altitude 
Z with angle 77, it will be reflected back towards Z at an 
altitude Zf if 

F (Z0 = F ( Z ) / s i n « . (25) 

The condition that a disturbance starting down at Z 
reach the "bottom" of the ionosphere4 at Z 0=200 km 

4 The altitude 200 km is the "bottom" in the sense that below 
this height effects of dissipation and finite conductivity become 
important, and also the properties of the ionosphere change so 
rapidly that the eikonal method could only be used at these heights 
for phenomena (e.g., "whistlers") with frequencies very much 
greater than 1 sec-1. By actually integrating the full wave equa­
tions, connection formulas have been obtained to link disturbances 
as high as 550 km with effects on the ground. See W. E. Francis 
and Robert Karplus, J. Geophys. Research 65, 3593 (1960). 
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before being reflected upwards is that sinr) < V(Z)/ V(Z0), 
where at geomagnetic latitude X, the Alfven velocity5 is 

F(Z 0 )^ (227 km/sec)/(X), (26) 

/ ( X ) = ( l + 3 s i n 2 X ) i (27) 

Hence, at altitudes between 700 km and 3000 km, 
where V>V(Zo), any disturbance starting downwards 
will reach 200 km, while any disturbance starting up­
wards will be reflected back downwards (and reach 
200 km) if s in r 7 >F(Z) /F(Z 1 ) ; ^ = 3 0 0 0 km is the 
altitude of maximum Alfven velocity and 

F(Zi )^ (5180 km/sec)/(X). 

Therefore, the proportion of the energy of an isotropic 
disturbance at 700 k m < Z < 3 0 0 0 km that reaches 
"bottom" is 

1 1 r*>2 

> = — | — / sinrjdr] 
2 2 J sin~1[V(Z)/V(Z1)] 

K 1 + ( 1 - C F ( Z ) / F ( Z 1 ) ] 2 ) ^ , (28) 

which drops from (P^0.99 at Z=700 km to <9=\ at 
Z=3000 km. 

For altitudes above 3000 km, V(Z)>V(Zo), so any 
disturbance starting downwards will get to "bottom", 
unless reflected before reaching 3000 km. Waves start­
ing upwards will not be reflected back, but will leave 
the earth's environs. The proportion of an isotropic 
disturbance reaching "bottom" is thus 

^Mi-a-cn^/n^i)]2)*} (29) 

which drops from ( P = | at Z=3000 km to (P^0.02 at 
Z = 10 000 km. 

For altitudes between 200 km and 700 km, a dis­
turbance directed downwards reaches 200 km if 
sin77<F(Z)/F(Z0), while one directed upwards is re­
flected downwards if smrj>V(Z)/V(Zi), and reach 
200 km if sinrj<V(Z)/V(Zo). Hence the proportion of 
an isotropic disturbance reaching bottom from these 
altitudes is 

' = * < ! - •( l -CF(Z)/F(Zo)] 2 )*} 

+ i { ( l - C F ( Z ) / F ( Z 1 ) ? ) i 

- ( l - [ T ( Z ) / F ( Z o ) ? ) i } 

^ l - ( l - [ F ( Z ) / F ( Z 0 ) ] 2 ) i , 

(30) 

(31) 

which has a minimum (P=0.2 at about 450 km and 
rises to (P^0.99 at 200 km and 700 km. 

What happens after a wave packet reaches 200 km 
cannot be analyzed here because the effects of finite 
conductivity become important. These effects are dis­
cussed in the next section. 

5 All Alfven velocities given here are taken from a table pub­
lished by A. J. Dessler, W. E. Francis, and E. N. Parker, J. 
Geophys. Research 65, 2715 (1960). 

If a disturbance initiated between 200 km and 700 km 
has sinr/>F(Z)/F(Zo), it will be trapped, oscillating 
back and forth around the altitude Z 2=450 km of 
minimum Alfven velocity, between two points Z' satis­
fying (25). As we have seen, about 80% of the energy 
of an isotropic disturbance at 450 km gets caught in 
this way. The period of oscillation can be easily esti­
mated, if we approximate 

F ( Z ) ^ F 2 [ l + ( Z - Z 2 ) 2 / 2 ^ ] , 

V2^ (133 km/sec)/(X), (32) 

h^lSO km. 

Then (22) becomes 

d2Z/dt2^- (V2
2/h2) (Z-Z2), 

and the period of oscillation about Z2 is 

T= 2irh/V2^%.5 sec//(X). (33) 

Actually, the results here are at best a fair approxi­
mation, since the Alfven velocity does depend on the 
geomagnetic latitude X as well as on the altitude Z. In 
polar coordinates (22) becomes, in the general case, 

(34) 
d2r 

du2 

d2\ 
r—+2 
du2 

(d\\2 

— rl — ) —r cos2X 
\duJ 

dr d\ 
Y sinXcosX 

du du 

d2ip dr dip 
r cos(X)- \-2 cosX 

du2 du du 

dip d\ 
+ 2 r sinX = 

du du 

/d<p\2 

\duJ 

/d<p\2 

\du) 

1 

1 dV 

73 d r ' 

1 8V 

rV* d\ 

dV 
— n 

rV3 cosX dip 

— , (35) 

where <p is the geomagnetic longitude, and 

du= VHt. 

(36) 

(37) 

There are two useful integrals of the motion, an 
" energy'' 

1 = F 2 

1 

V2 

V/dr\2 /d\\2 fdip\2 

— ) +A — ) +r2 cos2X f — ) 
du/ \du) \duJ J 

dr\2 Jd\v 

dtJ \dt) 
rL coŝ  

\dtJ 

and an "angular momentum" 

1 cos2X-
dip r2 cos2X dip 

du 

Combining them, we obtain 

V2 dt 

V2L2 

1 = -
f4 cos4Xl 

/dr\2 /d\\2 

[ — J +r2[ — ) +r2 cos2X 
\dipJ \dipJ 

(38) 

(39) 

(40) 

file:///dipJ
file:///dipJ
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A similar formula has been given by Francis, Green, and 
Dessler6 for the special case of the geomagnetic equa­
torial plane, where A = 0 is fixed. Their derivation made 
use of Fermat's principle, which is valid here (see Sec. 
VII), but would not be valid for the more complicated 
problem treated in Sec. I I I . Equations (16) and (17) 
are always valid, even when Fermat's principle is not. 

There is one conclusion that we can draw without 
solving any of these equations. If we define x to be the 
angle between the propagation vector and due east, 
then according to (40), 

L = r cos(X) cos(x)/F. 

Hence, a disturbance beginning at a point r, X, <p with 
angle % from due east, cannot reach a point r^ Ao, cpo 
where the Alfven velocity is Fo, unless 

cosx<Vr0co^(\o)/Vor cos(A). (41) 

Of course, not all disturbances satisfying this condition 
do reach ro. 

After this excursion into calculating orbits, our next 
task is to say something about the amplitudes /0, go 
[defined by (10) and (13)] of the two types of mode. 
Let us write 

E = ( E o + E 1 ) ^ l 

B=(Bo+B 1 )«« 

where S, E0, B0 are given by (9), (10), (11) or (9), (13), 
(14). Inserting these formulas in the fundamental Eqs. 
(1) and (5) we obtain 

c k X E i - c o B i = i c V X [ E 0 + E i ] , (43) 

- « c E i + V X V X k X B i = i V X V X V X C B o + B i ] . (44) 

The first conclusion to be drawn is that Eo and B0 are 
larger than Ei and Bi, respectively, by a factor kh, 
where h is roughly the scale length within which V 
varies appreciably. Hence, if khy>l we will be justified 
in dropping Ei and Bi on the right sides of (43) and (44). 
This is just the point where the characteristic WKB 
approximation enters in our approach. We now have 

c k X E i - w B i = & V X E 0 , (,,s 

- o t f E x + V X V X k X B ^ i V X V X V X B o . l j 

Although these equations involve the unknown Ei 
and Bi, they have an important consequence for E0 and 
Bo. If we multiply (43) and (44), by B0 and (c/F2)E0, 
respectively, and add, then the right side gives 

d8o kXEi-coBo Bi 
- ( c o ^ / ^ E o - E x - ^ E o - k X B i , (47) 

where we have used the fact that Eo is perpendicular to 
V. Now this expression is unchanged by the substitution 

E0<->Ei, B0<->Bi, (48) 
6 W. E. Francis, M. I. Green, and A. J, Dessler, J. Geophys* 

Research 64, 1643 (1959), 

and hence vanishes because the right sides of (43) and 
(44) vanish when we replace Ei and Bi by Eo and B0. 
We have thus proven that 

B o - V X E o - E o - V X B 0 = 0 , (49) 

or in other words 
V-EoXB 0 =0. (50) 

In the next section this equation is seen to hold even in 
the presence of dissipative effects. 

We will now show how to use (50) to obtain / i and go. 
For the Alfven mode 

dE 0 XB 0 =±V/o 2 , (51) 
so that 

V-(V/O
2) = 0, (52) 

and hence 

( V - V ) l n / 0 = - i V - V . 

Using (18), this becomes 

( r f / * ) l n / o = - i V - V . (53) 

But noting the solenoidal character of B(0), we have 

V • V = - i V • V lnp = -\(d/dt) lnp (54) 

and hence along any ray path 

/op""1=const. (55) 

The magnitudes of Eo and Bo vary along a ray path as 
Vp+* and p% respectively. This result has been known 
for a long time.7 

For the fast mode, 

coc(E0XB0) = kgo2, (56) 
so that 

V - ( V ) = 0, (57) 

and hence 

( k . V ) l n g 0 = - i V - k . 

Using (20), this becomes 

(d/dt) lng0= - (V/2k)V k. (58) 

Here there is no trick available, and we must resign 
ourselves to actually doing an integral to get go. 

We see that (45) and (46) contain enough information 
about Eo and Bo to allow us to obtain / 0 and go. We now 
use these equations to solve for the first-order fields, 
obtaining for the Alfven mode 

-iV2a> 
E i = (VXk) 

c(k2V2-a>2)2 

X K V X k ) . { v X B o + - k X v X E o [ l (59) 

7 C. Walen, Arkiv mat. astron. Fysik 30A, No, 15 (1944), 
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and for the fast mode 

iV2 

Ej= ( V x V x k ) 
c[o>2-(k-V)2]2 

X (VXVXk)- v X B o + - k X v X E 0 : [ ( V X V X k ) - { )} 
The magnetic field Bi is, in both cases, 

coBi = c k X E i - f c V X E 0 . 

(60) 

(61) 

An equally good solution could be obtained by a term 
parallel to VXVXk to (59), or a term parallel to VXk 
to (60). Such terms, which are in the direction of Eo, 
can clearly be ignored compared to E0. 

From (45) and (46) we may also derive an exact 
formula 

0 = B 0 - V X [ E o + E 1 ] - E o - V X [ B o + B 1 ] , (62) 

so that 

V-(EoXBo) = E o - V X B i - B 0 - V X E 1 . (63) 

Inserting (59) or (60) and (61) on the right side yields 
a formula for the diffraction loss along a ray path. We 
will not venture on an adequate treatment of diffrac­
tion in this paper. 

III. MAGNETO-ACOUSTI-ELECTRO-HYDRODYNAMICS 

We shall now extend the development of Sec. I to 
cover the interplay between magnetohydrodynamic, 
electrodynamic, and acoustic modes in an inhomo-
geneous neutral plasma at rest in a nonconstant mag­
netic field. 

The plasma has mass density p(x), and complex 
characteristic frequency cop(k), where 

cop2 = (Airne2/ m e) [co/ (co+too c) J. (64) 

Here n(x) is the electron number density and uc(x) is 
the collision frequency; both may depend on position. 
The unperturbed magnetic field is B (0 )(x). A disturb­
ance is characterized by a small electric field E(x), 
current J(x), ion velocity u(x), and an increment 
B (x) to B (0) (x); all these quantities have time depend­
ence e~io,t. The system is described by the equations 

- ^ V X E = c o B , (65) 

-icVXB= -coE-47riJ, (66) 

-47riojJ=cop2[E+(lA)uXB(°)], (67) 

- & ) p u = . ( l A ) J X B W + F ( n ) , (68) 

where F is the sum of pressure, gravitational, and viscous 
forces. We are neglecting a term in (67) proportional to 
the cyclotron frequency, though it could easily be 
taken into account. 

In the zeroth-order eikonal approximation these equa­
tions become 

ckXE0=coB0, (69) 

ckXB 0 = -coE0-47riJo, (70) 

-47riooJo = cop2[E0+ (l/c)u0+B<°>], (71) 

-iuPuo= (l/c)J0XB<°>+F(iio). (72) 

Also, to this order 

F = (p /co)[- ia2k(k-uo)-co^2uo], (73) 

where a(x) is the local speed of sound and v(x) the local 
kinematic viscosity. The exact expression for F in an 
inhomogeneous medium is much more complicated. 

Equations (69), (70), and (71) may be solved to give 

Eo 
0)p* 

c (cop2—co2) 

B 0 = 

X r B < « X u „ + ( V x k X B ( 0 ) X u 0 l , (74) 
L W2-co2+c2£2/ J 

kxB<°>Xu0, (75) 
COp" 

C O ( C O P 2 ~ C O 2 + ^ 2 ) 

-47riJo = 

X 

c (cop2—co2) 

B<°>Xu0+ 
W ( C O P 2 - C O 2 + C 2 £ 2 ) / 

k X k x B « » x uo , 

(76) 

and inserting these and (73) in (72) yields 

co(co+^2)uo= cz2k(k- u0) + 
COp^ 

X 
or 

-VxVXu-
cop* 

where 

- V X k X k x V X u o , 
cop2-co2+c;2F J 

(77) 

(78) VsB<°>/(4irp)*. 

There are two types of solution 

I. Uo- (VXk) (79) 

0 = Do=co(co+i^2)(cop2-co2)(cop2-co2+^2) 
- (V-k)2cop4+^2cop2(F2/c2) (coP

2-co2+c2&2). (80) 

I I . u 0 - { a 2 k [ F 2 ^ 2 - ( V - k ) 2 ] 
+VXVXk[6Z2^2-co(co+^2)]} (81) 

0 = Z>o= (cop2-co2){c2co(co+i^2) 
X [ ^ V - C O ( c o + i ^ 2 ) ] (C0p2- C 0 2 + ^ 2 ) 

+cop 2 (co 2 -^ 2 ) [a 2 (k-V) 2 - F2co(co-H^2)]}. (82) 
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These formulas for Do suffice to determine the path of 
any disturbance, according to the equations (see 
Sec. IV) 

dx dDo/dk 

dt dDo/dJ 
(S3) 

dk dD0/dx 

dt dD0/du 
(84) 

Clearly the group velocity dx/dt will lie in the plane 
spanned by V and k, though in general it will not lie 
along either direction. 

For simplicity, from now on we shall neglect pressure 
and viscosity effects, setting a = 0 and v = 0. I t should be 
emphasized that this is not an essential omission; such 
effects could readily be handled. Also, we are not as­
suming here that dissipation is absent, since cop may 
have a complex part due to collisions. The two modes 
are now defined by 

I. uo= (VXk)[/0/F^(sin(9)(4xp)*] (85) 

0 = Z)o=co2(coPV+c:^2) 

X (cop2[l+F2/c2]-co2)-cop4(V-k)2; (86) 

II . u 0 = (VXVXk) (go/^pVk sinfl) (87) 

0 = Po=cop2F2(co2-^2)+coV(cop2-co2+(;2F). 

(In I I we are assuming co^cop and co^O. Here 0 is the 
angle between V and k.) The equations of motion (83) 
and (84) are quite messy here, partly because Do has 
such a complicated co dependence. (Even cop depends 
on co.) We will not give them explicitly. 

In order to obtain further information about the 
behavior of the fields, we write as in Sec. I 

u(x) = [u 0 (x)+ui(x)>* s (x) (89) 

and likewise for E, B, and J. Here u0 given by (85) or 
(87), and UI<£MO. The fields Eo, Bo, Jo are related to Uo 
by (74), (75), (76). The exact Eqs. (65)-(68) may now 
be rewritten (with F assumed zero) 

c k X E i - c o B ^ t c V X (Eo+Ex), (90) 

ckXBi+«Ei+4i r i J i = fcVX (B0+Bi), (91) 

-47ricoJ1-cop2[Ei+(l/c:)uiXBW] = 0, (92) 

- icoPUi-( l /c)J iXB ( 0> = 0. (93) 

By multiplying, respectively, by Bo, — E0, (47ri/cop2)J0, 
and — 47riu0, and adding, we can show that again, 

Bo-VX(E 0 +E 1 ) -Eo-VX(B 0 +B 1 ) = 0 

or in other words 

V-(EoXBo) = E 0 - V X B i - B o - V X E i . (94) 

Neglecting Ei and Bi on the right gives us 

V.(E„XBo) = 0, (95) 

which determines the variation of /o or go along a ray 
path, as we now shall show. 

In mode I, 
EoXB0=/o2P, (96) 

cop (V-k) 

coc(cop2—«2) (cop2—co2+c2&2) 

X 
r c2(V-k)k -i 

V -
L (up2-a>2+c2£2)J 

and in mode II , 

EoXB0=go2Q, 

CCP4F4 

.2-co2+c2£2)' 

; (97) 

(98) 

(99) 

I t is important to note now that in both cases, EoXBo 
is in the direction of the group velocity. If for conven­
ience we define a parameter u by 

then in mode I 

dx 

du 

du=-2dt/(dD0/du), (100) 

= tfc2(uAl+— | -co2Jk-cop4(V-k)V=aP, (101) 

-CO3C(COP2-CO2) ( c o P
2 - c o 2 + ^ 2 ) 2 ( c o p 2 [ l + F 2 A 2 ] - c o 2 ) 

cop4(V-k)2 

(102) 
and in mode I I 

^x/^=c;2(co2c;2-cop2F2)k-/3Q, (103) 

c3co(co2e:2-cop2F2) (cop2-co2+c;2&2) 

0=-
cop" 

For mode I, V • (/o2P) = 0, so 

(d/du)lnfo=-±aV-?. 

For mode II , V • (g0
2Q) = 0, so 

(d/du)\ngo=-^V-Q. 

(104) 

(105) 

(106) 

Hence the evaluation of /o or go along a particular ray 
path is accomplished just by performing an integration. 
The integrands are complicated, and there is no simple 
trick available like the one used in the case of a pure 
Alfven mode. 

In order to find the small corrections Ui, Ei, Bi, Ji, in 
terms of the (presumably) known E0 and Bo, it is now 
necessary to solve the algebraic Eqs. (90)-(93), neglect­
ing Ei and Bi on the right sides of (90) and (91). In 
order to evaluate the diffraction corrections to (105) 
and (106), we must insert these solutions for Ei and Bi 
into the right side of (94). We will not actually do any 
of this here, though in principle it is straightforward. 
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IV. THE GENERAL EIKONAL METHOD 

We will consider here a set of n coupled linear 
homogeneous partial-differential equations, which may 
be written 

M(x, - i v ) ^ ( x ) = 0. (107) 

The field ^(x) has n components (e.g., \p might consist 
of E, B, J, and u) characterizing a small disturbance, 
and M is an nXn matrix characterizing the undisturbed 
medium. 

For problems in which M is time independent, we may 
assume that yp depends on time through a factor e~iat; 
then M depends on co as well as on the position x. On the 
other hand, if the properties of the medium (and hence 
M) depend upon time, then x must be regarded as a four-
vector, and V as a gradient in space-time. 

By suitably introducing field derivatives as new com­
ponents of \f/, it is always possible to rewrite (1) as a 
system of first-order equations, 

[ - i A ( x ) . V + ^ ( x ) > ( x ) = 0. (108) 

For example, the single second-order equations, 

[ V 2 + £ 2 ( x ) > = 0 

may be replaced by the four first-order equations, 

i V ^ - ? J = 0. 

From time to time we will refer to (108) for illustrative 
purposes. 

The zeroth order eikonal approximation consists of 
assuming that M depends so weakly on x that all the 
spatial dependence of the components of ^(x) is essen­
tially given by a common factor expp5(x) ] . With 
this assumption, (107) becomes 

AT(x,k)*=0, (109) 
where 

k ( i ) s v S ( x ) . (110) 

Equation (109) has, in general, a number of solutions. 
We will pick out a particular one which we call ;/% and 
will assume that the vanishing of M\j/o entails a condi­
tion on k of the form 

Z>0(x,k) = 0. (HI ) 

A convenient way to define \po and Do is to define 
t^o(x,q) and Z>o(x,q) for general q as particular solutions 
of the eigenvalue problem 

ilf(x,q)^o(x,q) = Po(x,q)^o(x,q), (112) 

and then define k(x) by using the restriction (111). 
With (112), the determinant of M is just the product 
of the Do for the various solutions. 

Of course, Eq. ( I l l ) alone does not determine k; 
we must use the additional fact that k is a gradient. 
The solution to the problem of constructing an irrota-
tional k satisfying a condition of form (111) has been 

known since the work of Hamilton a century ago. [ In 
one dimension, where the single Eq. ( I l l ) does deter­
mine k uniquely, the condition that k is a gradient 
carries no information. The rest of this section is needed 
only for problems in more than one dimension."] 

To construct k, we begin by introducing a family of 
ray paths through "phase space": 

X = x(r) , k = k ( r ) , 

defined [for any initial conditions x ( n ) , k ( n ) ] by the 
equations 

dxi/dr=dDo/dki, (113) 

dki/dr=-dDo/dXi. (114) 

The parameter r has no direct significance. 
Clearly, along any ray path J90 will be constant, since 

dDo/dr— (SDo/dXi) (dXi/dr) 

+ (dDo/dki) (dki/dr) = 0. (115) 

If we choose at T=T\ an xi and ki satisfying the 
condition 

A)(xi,ki) = 0, 

then x and k are determined for all r, and (111) stays 
satisfied. 

Now we must ask for any given x what initial condi­
tions we impose to determine the path through x and 
hence k(x). Let us consider an "initial" surface T in 
coordinate space with unit normal n(x), and suppose 
that for each Xi on T the conditions 

A>(xi,ki) = 0, (H6) 

k 1 / | k 1 | = n ( x 1 ) , (117) 

determine a unique ki(xi). Equation (117) ensures that 
VS is normal to T on T, so that S is constant over T. 
For any given x there will be a unique ray path leading 
from T to x, defined by the conditions 

x ( n ) o n r , k(ri) = ki(x(ri)) . (118) 

Then k(x) is given as 

k(x) = k(r2) , (119) 

where TI is the value of r for which 

x(r2) = x. (120) 

In order to show that this solves the problem we will 
construct S(x) and show directly that its gradient is 
k(x). The formula for S(x) is 

S(x)= f \{r)'x(r)dr. (121) 
JTl 

Here a dot means d/dr. 
If x is varied by an amount 5x, we get a new ray path 

X ' ( r ) = x ( r )+Ax( r ) , 

k'(r) = k(r)+Ak(r). 



1906 S T E V E N W E I N B E R G 

We may hold n fixed but then r2 will be changed by 
Ar2; from (119) we see that 

Ax(r2)+x(r2)Ar2=Sx. 

The variation of S(x) is 

$S(x) = k(r2)-x(r2)Ar2 

+ f 2 Ak(r) '±(r)dr+ f " k(r)Ax(r)^r 
J T\ J Tl 

= k (r2) • [x (r2) A T 2 + A x (r2) ] - k (ri) • Ax ( n ) 

+ [ 2 [ A k ( r ) - x ( r ) - k ( r ) - A x ( r ) ] i r 
. /Tl 

= k( r 2 ) -5x-k( r i ) -Ax(r i ) 

+ / ( — Aki+ AxAdr. (122) 

The last term is the integral of AZ)0, and vanishes since 
JDO=0 for all paths. The penultimate term vanishes 
because A#(n) is the difference between two vectors 
on T and hence is tangent to T, while k ( n ) is normal 
to T. Hence, 

SS(x) = k(x)-5x, (123) 

and so k is indeed the gradient of S. 
By definition k(x) is always normal to the surface of 

constant S passing through x. [Y is one such surface, 
defined by (121) to have 5 = 0 . ] I t should be noted that 
the direction of a ray path, x, is not in general the same 
as that of k. For instance for an Alfven wave (see 
Sec. II) 

A)=(V-k)2-co2 , 

where V is the Alfven velocity (in the direction of the 
magnetic field), and so here 

dx/dr = 2coV. 

On the other hand, in geometric optics, 

D0=c2k2-nW, 

so that the tangent to the ray path, 

dx/dr=2c% 

is in fact in the direction of k. 

V. SOLUTION FOR THE AMPLITUDES 

Having constructed the rapidly varying phase 5(x), 
we must now say something about the spatial depend­
ence of the direction and normalization of *A(x). Let 
us write 

*(x) = DMx)+* i (x ) ] exp[iS(x)} (124) 

where t̂ o satisfies 
M(x,k)^ 0=0. (125) 

We expect that \f/oS>\pi, and that both \(/Q and \pi will 
vary much more slowly than S. 

Inserting (124) in (107) gives the exact equations 

0 = Jf (x, k - i V ) t y o ( x ) + ^ i ( x ) ] , (126) 

or, using (125), 

M(x,k)^(x) = C A ( x , k ) . V + C ( x , k ) + . • • ] 

XOoW+^k) ] , (127) 
where 

A*=(dM/dki), (128) 

1 d2M dkj 
C = . (129) 

2 dkidkj d%i 

For example, the first-order system (108) gives exactly 

( A . k + £ ) i ^ = f ( A - V ) ( * o + * i ) , (130) 

the matrix C and higher derivatives vanishing in this 
case. 

Clearly (127) shows that \pi is less than ^0 by a 
factor kh, where h is the typical scale length within 
which M varies appreciably. If kh^>l, then we 
may neglect ^1 on the right-hand side; also neglecting 
terms of the same order in M we have the " W K B " 
approximation: 

A t y i = i [ A - V + C > o . (131) 

We will now make a new assumption, that M is a 
symmetric matrix. This assumption is not very restric­
tive, since even if M is not symmetric, we can usually 
rewrite the system of equations (1) as M'\l/=0, where 
M'=NM and TV is a matrix chosen to make M' sym­
metric. In the complicated example treated in Sec. I l l 
M could be juggled into a symmetric form, though it 
was not Hermitian because of the presence of dissipation. 

Multiplying (131) on the left by the row vector ^oT 

now gives 
^o r(A-V+C)iAo=0, (132) 

where we make use of the symmetry of M and the 
vanishing of M\po. I t is Eq. (132) that determines the 
spatial dependence of ^0. Actually the solution is much 
easier than it looks. 

The vector ^0 is partially determined by the condition 
M\//Q=0. We will assume here that D0 is a nondegenerate 
eigenvalue, so that the direction of ^0 is fixed by this 
condition, and its magnitude is to be found by inte­
grating (132). (Actually, in the geometric optics of iso­
tropic media, M has twofold degenerate eigenvalues.1 

In the examples treated in Sees. I I and I I I there is no 
degeneracy.) 

To integrate (132) it is convenient to capitalize on 
the fact that we already know the direction of ^0; 
we define 

^o=/o<^o, (133) 

where <po is some solution of .M<po=.£Wo with arbi­
trarily chosen normalization (e.g., ^0

T<^0=1) and / 0 
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is an amplitude to be found. Then (132) gives 

OoTA<p0)-V l n / 0 = - ^ o r ( A - V + C ) ^ o . (134) 

To simplify this further, let us go back for a moment 
to Eq. (112). Differentiating with respect to q and then 
setting q=k(x) we obtain 

Afo+Mdto/dk= (dD0/dk)$0. 

Multiplying by yp^ gives then 

(^o T A^o)=(^o /ak ) (^ 0 ^o) 

and hence 
(<poTA<£>o) dDo 

- _ 
(<PoT<Po) 

dx 

dr 
(135) 

The circumstance that <PQTA<PQ points in the direction 
of the tangent to the ray path allows us to write now 
instead of (134), 

(d/dr) lnfo=-<poT(A'V+C)<p0/<poT<po (136) 

and /0(x) can be found by a single quadrature if it is 
given at any point on each ray path. 

I t is the particular form of (136) that allows us to 
speak of disturbances being propagated along ray paths. 
For if we pick an initial surface T (on which the phase 
S is zero) we are free to give /0(x) any arbitrary values 
for x, on T. The value of /o(x) is then given by (136) 
for all points; its value at x depends only on the value it 
has at the point xi, where the ray path through x 
intersects T. 

Frequently our Eq. (136) for / 0 may be regarded as 
the expression of a simple conservation law. Let us 
suppose that 

d W ( x , k ) / d ^ d ^ = 0 , (137) 

so that 
V-A = 2C. (138) 

[For the system of first-order equations (108) for 
which C = 0 , this condition becomes 

V - A = 0 (139) 

which is satisfied in geometrical optics and the problem 
of Sec. I l l because A is constant, though of course B 
is not . ] Using (138), Eq. (132) becomes a conservation 
condition 

V-110=0, (140) 

where the conserved current n 0 is 

n 0 = ^ o % . (141) 
If we now choose <po so that 

then using (136) and (138) [or directly using (139)] we 
have in place of (136) 

(d/dr) l n^ 0 = - V • (<poTA<po) = - V • (dx/dr). (142) 

The obvious significance here is that / i changes along 
a ray path only because the paths converge or diverge. 

In some special cases the integral for /o may be done 
trivially. A famous example is the one-dimensional 
Schrodinger equation 

ld2/dx2+U2(x)^(x) = 0} 

where M= — k2+U2 and hence 

A = -2k, C=-(dk/dx). 

Here (136) (choosing <po=l) becomes 

(d/dr) lnfo=dk/d%. 

Since in this case Do= —k2-\-U2, 

dx/dr~—2k, 
and we may write 

(d/dr) l n / 0 = (-l/2k)dk/dr, 

with solution 

fo\/k = const. 

The conserved flux here is 

n 0 =^o 2 =-2£ j f 0
2 . 

The Schrodinger equation may also be written as a 
first-order system 

where 

(-iAd/dx+B)x=0, 

r H%) i 
l-W(x)A x= 

< :i -[ U
2 0-| 

0 1J 

The conserved flux here is again 

n0=x0^x0== -iMo'^fyo2-

I t may be noted that I I 0 is conserved only in the lowest 
eikonal approximation. There is a different current 
Im^oV'? which is conserved exactly, but only if U 
is real. 

Another important case where f0 may be evaluated 
immediately is that of the Alfven mode in magneto-
hydrodynamics, discussed in Sec. I I . 

I t should be emphasized that no assumption of reality 
has been made anywhere. In fact the phase 5(x), the 
propagation vector k(x), and the amplitude ^o(x) may 
all be complex. Equation (136) tells us how both real 
and imaginary parts of fo vary along a ray path. 

Having presumably been able to calculate /0 , it is 
now just a matter of algebra to solve the equation 

Mf^iiA-V+Qfo 

to get fa. I ts solution, which we will symbolically write 

^ = fJf- i(A-V+C)^o, (143) 
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is clearly unique up to a term in \p, parallel to 1/% which 
can be ignored since it makes a small contribution to yp. 

We can go on and derive higher-order equations. For 
example if we write the first-order system (108) in the 
form (130), and insert (143) on the right side, we obtain 

^ o r ( A - V ) [ l + i ( A - k + ^ ) - 1 A . V > 0 = 0 (144) 

and, hence, setting \p0= fo<po, 

d 1 
— ln / 0 = 
dr (<PoT<Po) 

<Po 
r A-V <Po 

+^Vor(A.V)(A.k+^)-1(A-V)^0/o (145) 

The second term on the right represents the change in 
fo due to diffraction of the disturbance from one ray 
path into another. Its evaluation is again straightfor­
ward, in spite of its unpleasant appearance. 

VI. TEMPORAL BEHAVIOR 

One way to approach the problem of the time de­
pendence of \p is to regard all the manipulations of the 
previous sections as referring to space-time vectors 
rather than just positions. Then to the equations deter­
mining the spatial orbit of a disturbance, 

dx/dr=dD0/dk, dk/dr=-dD0/dx, (146) 

we must add a fourth pair: 

dt/dr=-dD0/du, dw/dT = dD0/dt, (147) 

which relates the time t to the parameter r. The sign 
changes in going from (146) to (147) are due to the 
fact that in following the conventional definition of co 
we must set 

u=-dS/dt. (148) 

If we use t instead of r to parametrize the path of a 
disturbance, then (146) and (147) give 

dx dDo/dk 

dt dDo/du 

dk dDo/dx 

dt dDo/du 

du dDo/dt 

dt dDo/du 

(149) 

(150) 

(151) 

Equation (149) is the general formula for a group 
velocity; in the one-dimensional case it reduces to the 
familiar expression du/dk. Clearly (149), (150), and 
(151) are unchanged if we replace D0 by any decent 
function of D0, although this will alter the definition of r. 

I t may be of some interest to see how the formula for 
dt/dr actually expresses the time taken in the transit 
of a wave packet along a ray path. We shall consider 

here a time-independent medium, for which dDo/dt=0 
and co is constant. The wave function \p is then a linear 
combination of form 

• / • 
lKx,*)= / da> <£o(x,w) expi[5(x,w)-co/]. (152) 

We will assume that \po(x,oi) varies slowly over a range 
of co within which S(x,oo) varies rapidly. Then the only 
values of x and t for which yp(x,t) is appreciable are those 
for which S—oot is stationary, i.e., 

t=(d/da>)S(x,u). (153) 

Hence, near a point Xi on the initial surface T, where 

S^k(co,Xi)-(x-x,) , 
we have 

Cdk(co,Xi)/dco]- (x-Xx). 

This shows that the wave packet we have constructed is 
one that is essentially confined to T at t=0; Eq. (153) 
tells how long it takes to reach x. 

The evaluation of dS/du follows along the same lines 
as the evaluation of VS in Sec. IV. If co is varied by 5co, 
the paths x(r) , k(r) will be varied by Ax(r), Ak(r), 
giving again Eq. (122). This time 5x=0, and again 
k(r i) 'Ax(ri) = 0 for the same reason as before, so here 
the first two terms of (122) vanish. However, now the 
third term is not zero, but instead (since ADQ=0) 

Thus 

5 S ( x , a O = - f 
J Tl 

dS(x,u) 

>dD0 

dco 
-Scodr. 

t = -
dco 

pT2 

J Tl 

dDo 

dco 

and the relation between t and r is 

dt=-(dD0/du)dT. 

VII. FERMAT'S PRINCIPLE 

(154) 

(155) 

The derivation of Eq. (123) shows that if we vary 
the ray paths holding the end point x and the value 
Do=0 (but not r2) fixed, then 5S=0. I t is natural to ask 
whether the principle of stationary S implies a principle 
of least time. In fact it does, for sufficiently simple time-
independent problems in which D0 is a homogeneous 
function of k and co, i.e., in which 

D0(ak,aa>)^amD0(k,G)) (156) 

for arbitrary values of k. 
For example, in geometric optics Do—c2k2—n2u2, 

so m—2, while for the Alfven mode we could take 
Z?o=V-k—co, with m=l. 

To derive Fermat's principle we differentiate (156) 
with respect to a and then set a = l , obtaining Euler's 
relation: 

(dDo/dk) 'k+(dD0/dca)o)=mD0=0. 
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Hence 
k-dx=k-(dD0/dk)dr 

= —o)(dDo/do))dr 

= udt (157) 
and therefore 

S=uL (158) 

If the medium is time independent co is just a constant, 
so 8t=0 follows from 55=0 . 

In more complicated problems there appear param­
eters, such as a plasma frequency cop, a collision fre­
quency coc, a viscosity v, etc., which destroy the homo­
geneity of DQ and hence invalidate Fermat's principle. 
We can only use Fermat's principle if the medium is 
entirely characterized by a set of velocities, like the 
local speed of light, or of Alfven waves, or of sound. 

I. INTRODUCTION 

TH E idea of particle pairing, which is the basis of 
Bardeen, Cooper, and Schrieffer's (BCS) theory 

of superconductivity,1 naturally leads us to ask whether 
this condensation could also obtain by forming pairs in 
a finite angular momentum state instead of the s state 
considered by BCS. Many authors2 - 5 have agreed, on 

* Part of this work was performed while this author was at the 
Bell Telephone Laboratories, Murray Hill, New Jersey. 

1 J. Bardeen, L. N. Cooper, and J. R. Schriefler, Phys. Rev. 
108, 1175 (1957), hereafter referred to as BCS. 

2 K. A. Brueckner, T. Soda, P. W. Anderson, and P. Morel, 
Phys. Rev. 118, 1442 (1960). 

3 V. J. Emery and A. M. Sessler, Phys. Rev. 119, 43 (1960). 
4 L. P. Gor'kov and V. M. Galitskii, J. Exptl. Theoret. Phys. 

(U. S. S. R.) 40, 1124 (1961) [translation: Soviet Phys.—JETP 
13, 792 (1961)]. 

5 P. W. Anderson and P. Morel, Phys. Rev. 123, 1911 (1961). 

(In particular, Fermat's principle could be applied to 
Sec. I I but not in Sec. I l l of this paper; its use by 
Francis, Green, and Dessler6 was actually justified.) 
At any rate, the only use usually made of Fermat's 
principle is in deriving Eqs. (146) and (147), and these 
equations are always valid. 
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theoretical grounds, that this is indeed possible pro­
vided that the interaction potential is favorable, i.e., 
produces a larger binding energy in a finite / state than 
in the s state. The interaction potential between two 
bare helium-3 atoms comprises a strong repulsive core 
and a weak long-range attraction; consequently, the 
effective interaction in the liquid is thought to be attrac­
tive for two quasi-particles in a large relative angular 
momentum state.6 Actual computations3,7 showed that 
this interaction is indeed the most attractive in the d 
state (1=2), although it is repulsive for 1=0 and 1. The 
existence of a condensed state of liquid helium-3, stable 

6 L. P. Pitaevskii, J. Exptl. Theoret. Phys. (U. S. S. R.) 37, 
1794 (1959) [translation: Soviet Phys.—JETP 10, 1267 (I960)]. 

7 K. A. Brueckner and T. L. Gammel, Phys. Rev. 109, 1040 
(1958). 
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The condensation of a Fermion system by forming d-type bound pairs is discussed with the help of time-
dependent correlation functions both at absolute zero and finite temperatures, for the purpose of applying 
this study to the case of liquid helium-3. We use essentially Gor'kov's method, suitably generalized to take 
into account the anisotropy of the bound pairs and also the finite lifetime of the quasi-particles which make 
up the pairs. The treatment proposed here goes one step further than the Hartree approximation in the 
sense that the finite decay rate of the quasi-particles is introduced by means of a model spectral density for 
the renormalized propagator (Green's function). This model features a single broad peak instead of the 
infinitely sharp peak which characterizes the Hartree approximation. Considerable care is taken to relate 
this microscopic model to the available experimental data on the scattering probability in liquid helium-3. 
It is concluded that the effect of scattering on the condensation can be adequately described by a cutoff A 
of the order of 1°K, limiting the domain in momentum space of the quasi-particles which participate effec­
tively in the condensation process. This entails a reduction of the transition temperature estimated previ­
ously on the basis of the Hartree approximation, down to a value of the order of 0.02-0.03 °K. 


