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When a semimetal is placed in crossed electric (E) and magnetic fields (H), both electrons and holes drift
in the EXH direction with velocity E¢/H. A sound wave propagating in this direction with velocity s may
be amplified if Ec/H >s. The effect is similar to that described by Hutson, McFee, and White, except that
the present arrangement for semimetals allows one to obtain conditions of amplification at much lower
current densities, since the magnetic field limits the current flowing in the electric field direction. The theory
of sound amplification in a semimetal has been worked out for the above conditions, assuming the field
produced by the sound wave can be described by a deformation potential. Because of the relatively large
carrier densities in semimetals such as bismuth, it is found that large amplification factors can be obtained.

INTRODUCTION

ECENTLY, Hutson, McFee, and White! have
shown that ultrasonic amplification is possible in

CdS crystals, when the drift velocity of optically ex-
cited electrons in an electric field is greater than the
velocity of sound. Substantial acoustic gain is observed
in CdS even though the number of free carriers is rela-
tively small, because of the strong piezoelectric inter-
action between the carriers and long-wavelength ultra-
sonic waves. In principle, there is no reason why the
above mentioned effect could not also be observed in
materials which are not piezoelectric,2 but which have
higher carrier concentrations. The chief practical diffi-
culty in these cases arises from the fact that by the time
the carriers have drift velocities comparable to the
velocity of sound, the current density is very large.
For example, in bismuth, a drift velocity of 10° cm/sec
implies a current density of about 6X10? amp/cm? at
2°K, whereas for materials with higher carrier con-
centrations the corresponding current densities are
even higher. In the present paper, we offer an alternate
arrangement, suggested by a recent experiment of
Esaki,® appropriate for observing ultrasonic amplifica-
tion in semimetals, which largely overcomes the above-
mentioned practical difficultly. The new scheme em-
ploys perpendicular electric E and magnetic fields H.
With this arrangement, both electrons and holes drift
in the EXH direction with velocities Fc/H (¢=velocity
of light). We shall presently show that an ultrasonic
wave propagating with velocity s in the EXH direction
may be amplified by the current carriers when Ec/H
>s. Although there is a qualitative similarity between
our scheme and that used by Hutson et al,! there are
important differences between these approaches. First
of all, when Ec/H>s (a necessary condition for ampli-
fication), the drift velocity n the direction of the electric
field is of the order s/w.r, where w, is the cyclotron fre-
quency and 7 is the scattering time. The current densi-
ties required for amplification are, therefore, smaller
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than those required in the technique of Hutson ef al.!
by a factor 1/w.7. In bismuth, for example, where w,r
~10% is attainable at low temperatures, the required
current density is 6 amp/cm? instead of 6 X 10® amp/cm?.
On the other hand, the power densities required for the
onset of amplification are the same in the two methods—
approximately 100 watt/cm? for bismuth at low tem-
peratures. Nevertheless, the application of a magnetic
field raises the impedance level of the sample and
thereby reduces contact and series resistance problems.

Essential to the present technique is the fact that
no appreciable Hall voltage is set up for materials with
equal electron and hole concentrations, when the ap-
plied magnetic field is large. A similar effect should be
observable for materials with just one type of carrier,
in arrangements where no Hall field is allowed to build
up (e.g., Corbino disk).

From the theoretical point of view, the present tech-
nique should help to clarify the band structure of
semimetals by making it possible to study ultrasonic
effects such as cyclotron resonance and geometrical
resonance? under conditions of amplification rather than
attenuation. Resonance effects will appear, as they do
in the absence of an electric field, when the cyclotron
orbit radius 7, or frequency w. is comparable to the
wavelength A, or frequency w, of the ultrasonic wave.*
However, when an electric field is present, the effective
frequency, wesr, of the wave is

|

Ec/H
Wett= w|: 1—

because of the carrier drift velocity. In this paper we
shall present the theory of ultrasonic amplification in
the presence of crossed electric and magnetic fields using
the dc expressions for the carrier mobility and diffusion
constants. Such a treatment is wvalid for A\>>7, and
wess<Kw,. Extension of the present theory to resonance
conditions will be the subject of a future publication.
We have mentioned above, that according to the
theory to be presented, an ultrasonic wave traveling
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in the EXH direction will be attenuated by the carriers
when Ec¢/H <s. Since under this condition the carriers
are continuously taking energy from the wave, it is
clear that our theory can apply in a strict sense only to
vibrational modes of large amplitude, i.e., modes which
are not in thermal equilibrium with the rest of the
crystal. In a qualitative sense, however, the theory may
also be used to discuss amplification in a thermal en-
semble of phonons. If we consider an increase in the
number of phonons in a mode due to statistical fluctua-
tions, the electron-phonon interaction will tend to
reduce this number towards the average value of
kT /hw if Ec/H <s. However, if Ec/H > s, the electrons
will cause the fluctuation to grow until some new effect
(anharmonic effects, nonlinear recombination, etc.)
prevents further growth. This qualitatively describes
the effect observed by Hutson ef al.! when no input
signal is used. We believe that the recent observations
by Esaki® of a discontinuity of the conductivity of
bismuth, when F¢/H~s, is also related to this “heating
up”’ of certain modes of vibration.

CALCULATION OF ATTENUATION CONSTANT

In calculating the average rate of energy transfer per
unit volume (dW/dt), we shall represent the effects of
the sound wave on the electrons, #, and holes, p, by
deformation potentials. We will consider a dc electric
field E to be applied in the x direction, and a constant
magnetic field H applied in the —z direction. Under
these conditions, electrons and holes will drift in the y
direction with velocity Ec/H (assuming fields H, such
that w>>1). The electron and hole deformation
potentials V, and V,, due to an acoustic wave of wave
number % and frequency w traveling in the y direction
may then be written:

V(,8) =e8 e expi(ky—owt), (1a)

(1b)

where &, and &, are deformation potential constants,
measured in volts, for electrons and holes, respectively,
and e is the strain accompanying the wave. Both &,
and &, will depend in general upon the directions of
propagation and polarization of the wave, but since we
are dealing with only one mode, we have chosen to use
the simplified notation of Eq. (1). The effective electric
fields acting on the electrons and holes as a result of
the acoustic wave will be

En: 6nekei(ky—wl+%1r)’

Ep= §pekeithv—ottin,

Vo(y,t)=e8,e expi(ky—wt),

(2a)
(2b)

In order to simplify the calculation of the electron
and hole currents, we shall use an approximation
commonly used in dealing with space-charge effects in
materials of high carrier density. We shall represent the
deviations from space-charge neutrality as giving rise
to an additional electric field E,(y,f) but apart from this,
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we will treat the crystal as being space-charge neutral
(r=p). The validity of this approximation may later
be verified, insofar that it is possible to calculate how
large a deviation from space-charge neutrality would be
required to maintain the field £,. The electron and hole
current densities in the y direction are then

[&DM EAE) | Ga)
.n:: —e| n———Lpy——Nup(Liy Es ], 3a
7 H dy

) Ec an
]pzel:”E_Dz);;"l‘”Mp(Ep_*'Es):l- (3b)

In Egs. (3a) and (3b), D,, D, are diffusion constants
and p,, pp are carrier mobilities, all in a transverse
magnetic field. As discussed in the introduction, we
shall represent these quantities by their values for 2=0
and wers=0. We then have

etn 1 erp, 1 (42)

M=~ Mp=— 4a
2 (wcn'rn)z’ ’ My (wczo'rp)z,

eD=3 nbtn, er=%§pﬂp7 (4b)

where 7, is the electron scattering time, m,, the electron
effective mass, {» the electron Fermi level, and w,, is
the electron cyclotron frequency. Similar definitions are
valid for the holes. We shall assume that conditions at
the surfaces of the sample are such that concentration
gradients in the y direction may be ignored. The con-
tinuity equations for electrons and holes are then,

an n—mno dj,
e—=—¢ — Sa
dat T dy ’ (Be)
dn n—mno djp
=, (5)
dt Tr ay

where 7, is the equilibrium electron (or hole) concen
tration and 7, is the recombination time. Multiplying
Eq. (5a) by up and Eq. (5b) by p, and adding we obtain
an equation for » independent of the space-charge
field E,: '

dn n—mng FEcdn Ddzn
at B Ty H dy d—Z
Y dn d
+”’[En—E1’]“+nﬂ““[En—Epl (6)
where
1 1 1
D=[upDntu.Dyp]/ (untpp); —=——.
M Mn Mp

Once Eq. (6) is solved for #, the space-charge field
E,(y,t) may be determined from the relation 7, 7,=0.
In order to solve Eq. (6), we replace # by #, in the last
term and ignore the term w(E,—E,)dn/dy, since it is



1976 w. P.

small compared to the last term if we make the reason-
able assumption that #—n¢&Xn,. Then putting n—mn,
= Aethv—ottinl we find

A ikﬂo,u. (En"‘Ep)
[DR(1/r) ALk (Ee/ H)—o T

(e () o

The corresponding space-charge field is
B (Dp""Dn)dn/dy_”(ﬂnEn+ﬂpEp)
' n(untp 12)

The deviation from charge neutrality required to set
up this field is

(©)

k dE;

(=) =—

) ©)
4me dy

where « is the dielectric constant. It is readily verified
that the deviation from charge neutrality implied by
Eq. (9) is normally small compared to (n—n,), as
given by Eq. (7). For example, for D,=D,, u,=puy,
and Ec/H=s=w/k, we find

n—p [ we\? 1
)

N— 70 \Wp Tr
where w,?=4mne?/mk. For bismuth at low tempera-
tures H~10' gauss, w,~102% sec™, w,~10¥ sec™?,
D~0.5 cm?/sec, 7~1079 sec, 7,~107? sec, one obtains
(n—p)/ (n—mno)~1 for k~5X10° cm™. The above
method of treating space-charge effects is therefore
satisfactory for frequencies somewhat lower than 10*
Mc/sec. It is to be noted that the criterion for validity
is not strongly dependent on the magnitude of the
magnetic field since Dw.? is independent of H.

The average energy transfer per unit volume,
(W /dt) is now readily calculated from Egs. (2), (3),
and (7), using the relation

aw
—=3 Re[j.'Es*+ 7, Ep*]

d
l —1 R (=) (EF—EH]. (10)

In Eq. (10), the primes denote the ac parts of the corre-
sponding currents. We find

dW> _enu[ 8,— 8, Tk
a/ 2
1/kr.(Dk+1/kr.)—s(Ec/H—s)
(11
X[ (Dk+1/k7,.)* 4 (Ec/H—s)? :I ()

The corresponding attenuation constant o for the
acoustic wave is obtained from a=— (1/sW){dW/dt),
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where W =}ps?e® (p=density) is the energy of the wave.
Thus,

enou(8,— 8,)2k*

3

a
ps

XI:l/krr(Dk‘i-l/krr)—s(EC/H—s)} 12
(DE+1/k7,)+ (Ec/H—s)2 1

In the limit 7,— % (no recombination), this result is
similar to Eq. (1) of Hutson et al.! Acoustic gain is in
this case obtained when Ec/H> s, provided attenuation
resulting from other sources may be ignored. However,
for finite recombination times, Eq. (12) shows that the
onset of acoustic gain is somewhat delayed. The condi-
tion for onset of gain is, in this case,

Ec irbD 142

(]

H sLr. \kr,
DISCUSSION

The magnitude of the attenuation constant « is
primarily determined by the factor outside the brackets
in Eq. (12). As an example, we shall consider a trans-
verse mode in bismuth with s=10% cm/sec and £~ 10*
cm™ (#2100 Mc/sec), and H=10* gauss. The deforma-
tion potential constants &,, §, are not known, however,
as a reasonable value we shall take 8§,—&,=10 v for
purposes of estimating. Using u=>50 cm?/v sec, we find

(13)

Qo= enou (5,,— 8p)2k2/p83&30 cm™L

Moreover, the minimum value of the bracketed quan-
tity is in a typical case ~—2.5 (see Fig. 1) so that the
maximum negative value of « is ~—75 cm™.

This acoustic gain is large enough to overcome losses
due to other effects, so that net acoustic gain of the
order of 300 db/cm is attainable.

The attenuation constant « is plotted for k=10¢
cm™l, s=10° cm/sec, D=1 cm?/sec, and 7,~10% sec
in Fig. 1. This value of 7, is not unreasonable for bis-
muth at low temperatures, although it is possible that
7, is considerably longer. A larger value of 7, would
result in a higher peak than is shown in Fig. 1. It
should be possible to obtain a value of the bulk re-
combination time 7, from observing the shift of the
onset of acoustic gain with frequency [see Eq. (13)].
If 7. and D are known, the above experiment might
also be used to study the dependence of the velocity
of sound on sample orientation.

Note added in proof. Hopfield has recently treated this
problem, [Phys. Rev. Letters 8, 311 (1962)7], consider-
ing only the effect of the deformation potentials on
local recombination. He correctly assumes that the
carrier distributions will relax to equilibrium values
determined by the local strain. If we incorporate a
strain dependent recombination process into our theory
the following changes will occur. For #—#¢&#n, it can
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Fi16. 1. Plot of bracketed term in Eq. (12) for the following

values of parameters: D=1 cm?/sec, 7,=1078 sec, k=10* cm™,
s=105 cm/sec.

be shown that the recombination rate will be given by
dn/dt=(—1/1,)[(n—no)+N.e(E,— 6,) ],

where N, is a reduced density of states given, in terms
of the density of states at the Fermi level in the conduc-
tion and valence bands, by N, '=N4N,% If we
use this recombination rate in Eqs. (5a) and (5b), the
amplitude of n—n, is altered and in Eq. (7) the factor
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nop is replaced by (nop+N./k?r,). The form of the
attenuation constant is not altered, but an additional
term given by

eN,(8.— &,)?
al — ———
Topsd

DE[Dk+(1/kr,)1— (Ec/H)[ (Ec/H)~—s]
[Dk+(1/kr,) P+ (Ec/H)—sT

is now present and should be added to that given in
Eq. (12). o/ is similar to the expression given by Hop-
field if diffusion is ignored. Because of the term
—Dk[Dk+ (1/k7,)], & can be negative corresponding
to amplification for Ec/H slightly less than s.

The ratio of the two contributions to the attenuation
constant is approximately given by o/a’'=r.mouk?/N.
=7, Epuk® where Ep is the average Fermi level in the
valence and conduction bands. For sound waves with
small £ it is clear that the recombination which caused
term o will dominate the attenuation, whereas the
transport term « will dominate at higher values of %.
The value of 7, which enters the ratio a/a’ is presently
unknown, although it is thought to be large (~10~% sec)
since recombination employing phonons should be
negligible at temperatures at which amplification
should be observed and scattering by impurities
between states far apart in momentum is highly
improbable.
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The physical mechanisms which can produce second-order dielectric polarization are discussed on the
basis of a simple extension of the theory of dispersion in ionic crystals. Four distinct mechanisms are de-
scribed, three of which are related to the anharmonicity, second-order moment, and Raman scattering of
the lattice. These mechanisms are strongly frequency dependent, since they involve ionic motions with
resonant frequencies lower than the light frequency. The other mechanism is related to electronic processes
of higher frequency than the light, and, therefore, is essentially flat in the range of the frequencies of optical
masers. Since this range lies an order of magnitude higher than the ionic resonances, the fourth mechan-
ism may be the dominant one. On the other hand, a consideration of the linear electro-optic effect shows that
the lattice is strongly involved in this effect, and, therefore, may be very much less linear than the electrons.
It is shown that the question of the mechanism involved in the second harmonic generation of light from
strong laser beams may be settled by experiments which test the symmetry of the effect. The electronic
mechanism is subject to further symmetry requirements beyond those for piezoelectric coefficients. In many
cases, this would greatly reduce the number of independent constants describing the effect. In particular,
for quartz and KDP there would be a single constant.

HE recent observation by Franken, Hill, Peters,
and Weinreich! of second-harmonic light gener-
ation in quartz raises the question of the physical

1P. Franken, A. Hill, C. Peters, G. Weinreich, Phys. Rev.
Letters 7, 118 (1961).

mechanism involved in nonlinear dielectric polarization
effects at optical frequencies. The purpose of this paper
is to discuss briefly the possible types of mechanism, and
to point out the special properties of one mechanism
which may permit it to be experimentally separated



