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and the Theory of Magnon Drag 

M. BAILYN* 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 

(Received November 16, 1961) 

A maximum variational principle is shown to be applicable for conduction problems (including "drag" 
effects) in the presence of a magnetic field. The part of the diagonal tensor element that is even in the 
magnetic field is maximized. The relation between the "high-field" work of Chambers, Lifshitz, and co­
workers and the variational method is pointed out, the latter being applied to accommodate open orbit 
effects, and to obtain interpolation formulas to span high- and low-field solutions (keeping in view the 
phonon drag effects). It was found that standard operator expansion techniques are useful for obtaining 
solutions for the high-field limit. Symmetry considerations are facilitated by use of some of the operators 
suggested by the variational problem, and it is shown that if no drag effects are present and a time of relaxa­
tion permitted, some new relations emerge for the cross coefficients connecting the charge flow and tempera­
ture gradient. Finally, because the scattering by spin waves is analogous to the scattering of phonons, (since 
double-magnon processes are shown to be negligible at low temperatures), the theory of "magnon-drag" 
follows precisely that of phonon drag, and the effects can be automatically incorporated in all the expressions. 

1. INTRODUCTION 

THE main effort of this paper is to produce a 
maximum variational principle that applies to 

conduction problems in a magnetic field. 
The work of Ziman,1'2 Garcia-Moliner and Simons,3 

Tsuji,4 and Bross,5 and others has indicated some in­
trinsic difficulty that prevented a true maximum prin­
ciple when in the presence of a magnetic field, as for 
example holds for the electrical conductivity in the 
absence of a magnetic field.6 This difficulty has been 
related by Ziman to a zero contribution to a kind of 
entropy production. The definition of entropy in the 
problem was, however, adjusted by Ziman and he was 
able to arrive at an extremal principle; but still a 
maximum principle remained elusive. It is not clear to 
what extent the entropy interpretation is significant; 
nevertheless the difficulty is a real one, since it is 
reflected in the mathematical theorems that can be 
proved. Tsuji, on the other hand, has provided a 
maximum principle, but what is maximized does not 
involve the magnetic field directly, and the principle has 
the curious feature that the Boltzmann equation's exact 
solution appears in the side condition, this solution kept 
unaltered during variations, and then (after the varia­
tions are taken) set equal to the trial function and solved 
for. Tsuji's resulting equations and Ziman's are the 
same (and equal to Kohler's7 for spherical energy 
surfaces), and we feel that the setting equal of the exact 
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solution to the variational trial function after variations 
are taken in Tsuji's work, is essentially an assumption 
about convergence that is equivalent to the non-
maximum nature of the Ziman formulation of the 
problem. (Tauber's8 work resembles Tsuji's in this 
respect.) Thus it has appeared as if a conspiracy exists 
against a true maximum principle in the presence of a 
magnetic field. 

Our result is that a maximum principle does hold in 
the presence of the magnetic field, but what is maxi­
mized is the part of the diagonal conductivity tensor 
element that is even in the magnetic field. We should 
like to acknowledge a conversation with Professor T. 
Holstein in which he remarked that a true maximum 
principle might have to do with something even in the 
magnetic field. We had previously separated the Boltz­
mann equation into even and odd parts, but had lost 
interest in the problem until stimulated again by 
Professor Hoistein's remark. 

A second effort of the paper has been to relate the 
variational formulation of the problem with the recent 
work of Kohler,9 McClure,10 Chambers,11 Lifshitz et 
al.,12,13 and others who solved the Boltzmann equation 
with a view to effects in large magnetic fields. This 
relationship is discussed in Sec. 5, and in fact the varia­
tional principle can be used to provide interpolation 
formulas that accommodate open orbit effects. The 
problem as we have envisaged it resolves itself into con­
sideration of the inverse operator 1/(L+M), where L 
is the ordinary collision operator (involving drag effects) 
[Eq. (A14)], and M the magnetic operator [~Eq. (2.3)]. 

8 G. E. Tauber, Can. J. Phys. 36, 1308 (1958); see also Dorn, 
Z. Naturforsch. 12a, 739 (1957). 

9 M. Kohler, Ann. Physik. 5, 99 (1949). 
10 J. W. McClure, Phys. Rev. 101, 1642 (1956). 
11 R. G. Chambers, Proc. Roy. Soc. (London) A238, 344 (1956). 
1 2 1 . M. Lifshitz, M. Y. Azbel', and M. I. Kaganov, Soviet 

Phys.—JETP 4, 41 (1956). 
13 M. Y. Azbel', M. I. Kaganov, and I. M. Lifshitz, Soviet 

Phys.—JETP 5, 967 (1957). See also G. E. Zil'Berman, Ibid. 
2, 650 (1956). 
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The high-field expansion regards M greater than L, but 
one of the eigenvalues of M is zero. A method for over­
coming the difficulty associated with this is discussed in 
Sec. 5 and Appendix E for the case when a time of 
relaxation exists, and the natural extension of the 
method to the situation when such an assumption is not 
valid is presented in Appendix F. 

In dealing with the maximum principle, operators 
were found which directed our attention to symmetry 
considerations. The Onsager relations have long ago 
been shown by Kohler14 and Meixner16 to be satisfied by 
the solutions of the Boltzmann equation. We present a 
shortened proof containing drag effects, and, in so doing, 
uncover some apparently new symmetry relations [Eq. 
(4.7)], that are valid when a time of relaxation exists 
and the drag effects can be neglected. Presumably these 
could be verified by measurements on impurity scatter­
ing at temperatures below which drag effects are 
important. 

Finally, it is shown in Sec. 7 that spin waves stimulate 
magnon-drag effects almost exactly analogous to 
phonon-drag effects. The analogy with phonons is al­
most exact, since double-magnon processes are shown in 
Appendix G to be negligible. The difference between 
magnon and phonon scattering formally consists then 
only in that the former alters the electron spin, the latter 
does not. (Also in the former, the one-electron energy 
depends on spin.) 

The paper is organized as follows: Sec. 2 defines the 
Boltzmann equation and the conductivity tensor, ap­
pealing to Appendix A for some details. The maximum 
principle is derived in Sec. 3 with the crucial symmetry 
relation proved in Appendix B. A method for handling 
integrals involving inverse operators is discussed in 
Appendix C. The Onsager relations and others are 
discussed in Sec. 4. For this, the heat conductivity is 
required, and that is given in Appendix D. The relation 
between the variational solutions and the recent high-
field work is discussed in Sec. 5, with some of the matrix 
element calculations in Appendixes E and F. The results 
for the high-field drag effects is tabulated in Sec. 5. The 
new variational principle is applied in Sec. 6, and inter­
polation formulas discussed there. The theory of magnon 
drag is carried out in Sec. 7, with the justification 
of the neglect of double-magnon processes indicated in 
Appendix G. 

2. DEFINITIONS 

The distribution function for the electrons is assumed 
to be of the form 

/(k,*) = /0(E.(k)) °-g(k,s)y (2.1) 
dE 

where s denotes spin and k the one-electron state and 
/o is the Fermi function; the Boltzmann equation is set 

14 M. Kohler, Ann. Physik. 40, 601 (1941). 
16 J. Meixner, Ann. Physik. 38, 609 (1940). 

up in Appendix A, and is16 

(L+M)g=-(A-X+B-Y), (2.2) 

where L ("given by (A14)J is the collision operator (con­
taining phonon-drag and magnon-drag effects) acting 
on g, and M is the "magnetic operator" 

\e\ dfo a/0 d 
M(g) = vXH.Vkg= g 

he dE 3E dt 
(2.3) 

where H is the magnetic field, v the velocity of the 
electron, and / [the s(k) of McClure10 and the t(6) of 
Chambers11] representing the time from some point of 
origin in its orbit as the electron would rotate in k space 
under the influence of the magnetic field alone. X and Y 
are the forces 

X=&+\e\V£, (2.4a) 

Y=-T~1VrT> (2.4b) 

where 8 is the electric field, and f the Fermi energy. A 
and B are then 

A=\e\\(dfo/dE), (2.5a) 

' B=-(E~t)v(dfo/dE)+r(k,s)+r^(k,s), (2.5b) 

where y is the phonon-drag term, Eq. (A18) of Appendix 
A, [equivalent to the Hx of Eq. (31) of TM1] and 
y(m) tk e corresponding magnon-drag term (see Sec. 7), 
obtained by solving the phonon and magnon Boltzmann 
equations. 

In demonstrating the maximum principle, we must 
introduce an operator Lrl which is the inverse of L 
defined as follows: 

L->L(g)=g. (2.6) 

When a time of relaxation r exists, we have 

L-+(l/rXdfi/dE), 
L-i-tTidfa/dE)-1, ( ' ) 

The solution to (2.2) is formally 

g = - ( i + M ) - 1 [ A - X + B - Y ] , (2.8) 

and hence the charge flow J and the energy flow W can 
be written 

J i = 2w3 &ijA-j~T 2^3 *^ij* 3> 

where 
°u= ~ MZIk Viidfo/dEXL+M)-^, 

Sa= -1 e | L k Vi(dfo/dE) (L+M)~lBh 

trt/='£*viE(dfo/dE)(L+M)-1A,, 

5« '=Zk viE(df0/dE)(L+M)-1Bj. 

(2.9a) 

(2.9b) 

(2.10a) 

(2.10b) 

(2.11a) 

(2.11b) 
16 Some of the notation and of the derivations in the present 

paper refer to previous articles, Phys. Rev. 112, 1587 (1958); 120, 
381 (1960). We refer to these as TM1 and TM2, respectively, in 
the text. References to the literature on the variational principle 
can be found there, also. 
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The effects of the nonequilibrium component of the 
phonons (and magnons) appear in two places: First in 
the y's in B, Eq. (2.5b), which give rise to the "drag" 
effects in the thermoelectric power, and second in the 
additional contributions to L fsee Eq. (A14)], which 
gives rise to "relaxation" effects in all the normal trans­
port coefficients. For a magnetic field, all that alters is 
that L has M added to it, and the conclusions are of 
the same sort as without a magnetic field. 

There are two quantities we shall want expressions 
for. If a magnetic field is applied in the z direction, and 
an electric field is applied in the x direction, and no 
current flow is allowed in the y direction, then a field Xy 

is built up. The ratio Xx/Jx is then 

PXX—XX/JX= [_<TXX—(TXy(Tyx/<TyyJ~l. (2.12) 

If a magnetic field is applied in the z direction, and a 
thermal gradient in the x direction, then Xx and Xy are 
both generated, if no electrical currents are allowed to 
flow (/»=(), Jy=0). The latter conditions allow Xx and 
Xy to be determined as functions of Yx, and the 
thermoelectric power is then 

S=Xx(dT/dy)-1= (pXx/T)[Sxx—Syx(<Txy/<Tyy)~]. (2.13) 

Thus the "drag" effects enter S linearly through Sxx and 
Sxy, and the relaxation effects enter in a complex way 
in all the Si/s and o^/s. 

3. THE MAXIMUM PRINCIPLE 

Consider g(k,s) to be separated into a part g(e) even, 
and a part g(o) odd in the magnetic field. The Boltzmann 
equation (2.2) then separates into two, one arising from 
the terms odd in the magnetic field: 

gio) = -LrlMg^\ (3.1a) 

the other from terms even in the magnetic field, which 
when (3.1a) is substituted into it becomes 

£ (*<• ) )= - (A-X+B-Y) , (3.1b) 
where 

£=L-ML~lM. (3.2) 

Now in Appendix B, it is shown that £ is positive 
definite, and symmetric, p.e., satisfies Eq. (B2) with £ 
taking the place of the operator 0~]. Hence, (3.1b) 
which is identical in form with the Boltzmann equation 
without a magnetic field, except that L has become <£, 
leads to a true maximum principle in the usual way. We 
shall not repeat the details of the variational procedure; 
these can be found in the articles mentioned in reference 
6. Corresponding to the separation of g into even and 
odd parts, we can separate ovy and Su into even and odd 
parts by means of the identity 

=—f 1—AT—^=1 1 M)—. (3.3) 
L+M £\ LJ \ L J£ 

Thus, the even part ai3
Xe) and the odd part o-#(o) are 

<nj(e) = - M E k Vi{df,/dE)£~lAh (3.4a) 

<^(o) = ~ \e\ Z k Vi(df,/dE)£~l(-ML-i)Ah (3.4b) 

and similarly for 5 # : The quantity maximized by the 
new variational principle is then (xu{e\ This will provide 
us with g ( e ); and Eq. (3.1a) will then enable us to 
get g^°\ 

Thus the major conclusion of this paper is that where 
symmetry properties are concerned, one can deal with 
the operator £ which has all the virtues of L. In 
practice, one is however faced with integrals involving 
the inverse operator Lrl but it is shown in Appendix C 
that all such integrals reduce to an "internal" Boltz­
mann equation, which can be solved separately so to 
speak, off to one side. I t is in practice the fact that these 
internal Boltzmann problems must converge inde­
pendently that distinguishes our solutions from Ziman's 
and Tsujl's. 

4. SYMMETRY PROPERTIES 

The basic symmetry properties that the conductivity 
coefficients satisfy are the Kelvin-Onsager relations. 
Kohler14 and Meixner15 have shown that they are 
satisfied by the solutions to the Boltzmann equation 
including a magnetic field. The situation including the 
nonequilibrium component of the phonons requires that 
the phonon heat flow be computed, and again the rela­
tions have been shown to be satisfied.4-16 Use of the 
operator £ introduced in the last section facilitates 
these proofs. We find also that when a time of relaxation 
is assumed to exist, and phonon-drag effects neglected, 
some new symmetry relations occur. 

If the electric and thermal currents are not written 
as in (2.9) but as17 

Ji= E i Sij^Xf+Xi Si/* Yh (4.1a) 

W^ZjSi^Xf+ZjS^Yi, (4.1b) 

where Wi includes the electron and phonon energy 
flows, and where 

1 d f f 
Xj*= gj+—TT---=Xj+r-Yjy (4.2) 

\e\ dxjT \e\ 

then the Kelvin-Onsager relations are 

S ^ ( # ) = S ^ - > ( - # ) - - - , » = 1 , 4 , (4.3a) 
SH^(H) = SH^(-H)y (4.3b) 

Sii
(m)(H) = SiiW(-H)- • (mm!) 

=(1,1) (2,3) (3,2) (4,4). (4.3c) 
l\See. H. B. Callen, Phys. Rev. 73, 1349 (1948). 
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The relationship between the coefficients in (4.1a) and 
(2.9a) are 

O (1) 
^ ij — O'ijy 

Q (2) C 
KJ ij Oij (Tij 

\e\ 

(4.4a) 

k L+M 
ZvjE(dfQ/dE)-yj2. (4.4b) 

To get the relations between the coefficients in (4.1b) 
and (2.9b) requires computing the energy flow of the 
phonons: This is done in Appendix D. The result is 

1 
Sij^^Y, LviE(dfo/dE)-yJl Aj, 

k L+M 

SijW = TKij+j: ZviE(dfQ/dE)-7i2 

X Bj 
L+M\ • ) • 

(4.4c) 

(4.4d) 

where K^ is given in (D4). Now in Appendix B it is 
shown that £rxMLrl is "antisymmetric" as defined by 
Eq. (B3), and that <£ is symmetric. Hence from Eqs. 
(3.3) and (4.4), the Kelvin-Onsager relations (4.3) are 
satisfied. 

We see moreover from (4.4b) that if phonon-drag 
effects are neglected 

1 1 
• V » ( f l ) = — £ At AjE. 

\e\ k L+M 
(4.6) 

If now the collisions are elastic, i.e., if a time of relaxa­
tion is assumed to exist for L, then E commutes with 
L+M; hence S»/2) [and consequently S#, Eq. (2.10b)] 
satisfies 

Sij^(H) = Sj^(-H), . 
S«<»(tf)=S«<»(-ff), 

that is, it satisfies the same relations that Sij(1) and 
Sij(4) do. (This is apparently a new result, as a search 
has failed to reveal it in the literature.) 

I t may be possible to verify (4.7) experimentally at 
very low temperatures, below the phonon-drag region 
and in which elastic impurity scattering prevails. 

5. VARIATIONAL AND "HIGH-FIELD" SOLUTIONS 

I t is possible to correlate the solutions of the Boltz-
mann equation that have recently been discussed by 
McClure,10 Chambers,11 Lifshitz et a/.12'13 (which have 
led to the open-orbit high-field considerations) with the 
variational solutions as follows. First a complete set of 
(not necessarily orthogonal) functions (pn(K

s) *s intro­
duced. By definition 

Then we insert in the tensor elements (2.10) factors like 
(5.1) on each side of 1/(L+M), or using the result of 
Sec. 2, around l/<£. For the purposes of this section it is 
advantageous to use the former; we shall come back to 
the new formulation in later sections. Thus 

where, say 

( v 
&ij~ 2^i A{n\ I Ajnfy 

\L+M/nn> 

( 1 Y 
^ij— 2^i Ain[ 1 J3jn', 

\L+M/nn' 
Ain=Y< Ai(k)<pin(k), 

(5.2a) 

(5.2b) 

(5.3a) 

( V =2>*»00* *>i»'fl0. (5.3b) 
\L+MJnn> k L+M 

To obtain (5.2) and (5.3), we have in fact inserted one 
factor (5.1), <5kk'(i), say, on the left of 1/(L+M), and 
another, 5kk'(j), say, on the right, 5(*} and 8U) differing 
by containing <Pin=Vi(E—{)n and <pjn = Vj(E—£)n, re­
spectively. This corresponds to the usual approxima­
tion, in which <pin and <pjn are assumed to be selected 
out in the respective places because of the orthogonality 
of angular factors (arising specifically in A „ or Bn). Of 
course, a truly complete set would incorporate both 
situations, and no distinction would have been made. 

Equations (5.2) form the solution to the problem. 
The variational expressions are obtained from this by 
first approximating the infinite n sum as a finite one, 
^ = 0 , 1- • -N (and letting N go to infinity afterward), 
and employing the relation 

(O-1).n' = 0»»7| |0 | | , (5.4a) 

where 0 represents any operator, and Onn' is the 
cofactor of Onn

f in the determinant | |0| | whose elements 
are 

0„n' = £ k * » ( k ) * 0 ( * v ) . (5.4b) 

Equations (5.2) become then in one step 

^ A (L+M)^' A _DHAi,Aj) 
(Tij— 2L< A in —— j - ^ Ajn*— -^-—^ , (p.OaJ 

\\L+M\\ 

Sij^DV(AhB3)/D«, 

L>n 

(5.5b) 

where Dij is a determinant with elements L^nn'+M^nn', 
and where Dij(A^Aj) is Dij bordered with a row of Ain 

and a column of Ajn, the lower right-hand element being 
zero. Equations (5.5) are the variational expressions for 
the transport coefficients. 

The high-field expressions following from (5.2) arise by 
by choosing the functions (pn to be the eigenfunctions 
of the operator M [Eq. (2.3)] 

L n ^„(k)*^n(k /) = 5k,k'. (5.1) un=2imt/T<^H-\ (n=0, ± 1 , 

(5.6a) 

0 , (5.6b) 
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where T=T(kz,E) is the period of the orbit (see 
references 10-13). If that is done and if we assume a 
constant time of relaxation r, and a constant T, then 

(Z+ilf )~V»= (dfo/dEy^T-i+iun)-1^, (5.7) 

and (5.2) becomes in one step 

r dfo 
°ij= M2 L 

l-\~io)nT dE 
-<Pn<Pn': (5.8) 

which is just the result of references 10-13 in the same 
approximation. 

Thus the high-field work and the standard variational 
procedure differ essentially only in the choice of the 
complete set <pn, since (5.8) can be converted to deter­
minants just as in (5.4) (see Sec. 6). 

If a time of relaxation is not assumed (or assumed not 
to be constant), then (5.7) is no longer valid, and it 
becomes a question of expanding 1/(L+M). This can 
be done by standard operator techniques: 

L+M L'+M' 

1 1 1 
= V—+• 
M' M' M' 

(5.9) 

where we added and subtracted a quantity C (to be 
determined): 

L'=L-C, , N 
(5.10) 

M'=M+C, 

because one of the eigenvalues of M is zero, which can 
become embarrassing. It turns out to be advantageous 
to choose C such that L has no diagonal elements, and 
Mf has only diagonal elements, with respect to the 
eigenfunctions of M. Such a condition, when a time of 
relaxation is valid, is satisfied by the choice Zoo, where 

fa Lnn>{kt,E)= <£ dt<pn*L(<pn>) (5.11) 

the integral being taken around an orbit (if closed) or a 
period, in general. Since the eigenfunctions (5.6) are 
pure exponentials, we have Lnn — Loo for any n. It is 
then obvious that Lnn=0, and in fact we get 

(1/M;)»»'= (Loo+ATn)-1*-..^ 
- (d/o/d^-^Too^+fWn)-1^.. ' , (5.12a) 

= ( a / f l / a £ ) [ ( r - V - ( r - O n n S - n . n ' l (5.12b) 

where the (l/r)wn
,s are obtained from (2.7). In the 

limit of large H we can expand 1/Mn': 

1 ^const, n=0 
lim (5.13) 

If a time of relaxation cannot be assumed, then the 
generalization of this procedure can be handled by the 

introduction of certain "projection" operators, as shown 
in Appendix F. 

The expansion here, and the method in Appendix F, 
should be contrasted with the "Fourier method" of 
Sec. 5 of Lifshitz et al.12 Our results will differ by con­
taining directly the matrix elements of M' which keeps 
the diagonal part of L-\-M together in one piece. When 
a time of relaxation may be thought to exist, our results 
will relate to those of Chambers11 in a way parallel to 
how our results in Appendix F relate to those of refer­
ence 12. 

The matrix elements for the case when a time of 
relaxation is assumed are discussed in Appendix E, it not 
being difficult to see from (5.9) that the high-field 
limit is 

/ 1 \ * 
lim I = 8nm 
H^\Lr+Mr)mn Mr! 

•L-'mn 

MJL 

f l 1 1 
•Lmo Lon , (5.14) 

Mo' JMn' 

which with (5.13) yields 

/ 1 \ 1 1 
lim { 1 = = — ~ const, 
*-~\L'+M7oo MQ' Loo 

/ 1 \ 1 1 
lim ) = Lon 
B-*\L'+M'J0n Mof Mn' 

(5.15a) 

1 1 1 
Lon ^ — 

Loo Loo+Mn H 

lim 
H-400 

/ i \ i i i 

\L'+M'/mo Loo+Mm Loo H 

limf J = 
*-*Az/+M ,/„._n Mn' Loo+Mn E 

(5.15b) 

(5.15c) 

(5.51d) 

With these results, we can return to (5.2) and write 
the limiting forms of ô y and Sa for certain assumptions 
concerning VM (i.e., Aw). The drag effects manifest 
themselves in the fact that BJOT^O in general whether or 
not open orbits occur, because Y ^ O . [See Eq. (2.5b) 
and Eq. (A18).] Thus the high-field limits are [for S, 
seeEq. (2.13)]: 

I. Vio^O; VJOT^O; i^j; 

1 
aij—> —X) Aio Ay0~const, 

k Mo 

Sij—> — 2 ^to Bj0^const, 
k Mo 

__ C. C 

T L CFJJ J 
~ const. 

(5.16a) 

(5.16b) 

(5.16c) 
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^ o = 0 ; flyo^O; i^j', VI. ^ o = 0 ; i=j] 

o-ij->-H E A 

m^O k i r — 
[LL'+M'. 

LL'+M' L,-m J H 

Sij —» — 2J E Û'm | | , 5y0 
-ImO 

+ 1 I 5y._» 
+M'_L,_m 

LL'+M'A 

PiiV ^ij~\ 

T L (Tjj J 

f r x 

n^O k [ 

1 

+AitJ 

LL'+M'. 

1 

. Z / + M ' 
Ajn 

H 

Sij-* — E 4̂*o j^yo^const (drag), 
k Mo' 

en—* — E ^»o ^^o^const, 
k Mo' 

Sa—> — E -4fo 2*»o~ const. 
k Mo' 

(5.17a) 

(5.17b) 

(5.17c) 

(5.18a) 

(5.18b) 

S —> const. 

^•o=^o=0; ij*j; 

1 1 
o-̂ —> — E E ^U-w -^in^—, 

n^0 k Mn' II 

o t-y > 2w JUL* Aim\ 
m^0 k 1 

+ 

P n 
5~> — 

" 1 ~ 

-L'+M'-

- l -

-L'+M'-

— 9.. 

Bi0 
mO 

I 1 

m—m > tl 

^ const. 
TL o-yj J 

^•05^0 ; i=i; 

(5.18c) 

(5.19a) 

(5.19b) 

(5.19c) 

(5.20a) 

(5.20b) 

n^0 k MJ 

/ 1 1 \ 1 
= - E ^^ •< . -» ( + ) , (S-21a) 

ILL'+M'J»O w?^0 k 

+ [ 1 £.-,-„} (drag). (5.21b) 

The following points are to be noted about these 
equations. The a members correspond to well-known 
results12'13 (except for use of Mn for Mn). The b 
members all contain drag effects in addition to the 
"drift" effects. In (5.19b) the drag effects add a new 
type of term (the first m sum) which has the same 
limiting values (with respect to powers of II) as the 
drift term. In (5.18b) however, the drag effect yields a 
term which approaches a constant in the limit, whereas 
the drift effect would yield a term going as 1/H. 
Similarly, in (5.21b), the drag effect yields a term whose 
limit goes as 1/H, whereas the drift term goes as 1/H2, 
Thus the high-field limits are altered by phonon-drag 
effects. 

The c members of these equations show the thermo­
electric power limits as calculated from (2.13), but the 
notation needs some explaining. In these equations, the 
temperature gradient is supposedly applied in the 
i direction, where i is perpendicular to z, the direction 
of the magnetic field, and j is mutually perpendicular to 
i and z. Thus in (5.17c), Sji corresponds to what is 
calculated in (5.18b). 

In one case, (5.17c), we find S^H. However, in 
device applications what is crucial is not .5 but the 
"figure of merit" Z=S2/pK, and it will be the case that 
the limit S2^H2 is compensated by the limit p^H2, so 
that Z^ const. (This supposes that lim^oo /c=/cphonon, 
when p^H2.) 

I t should be noted that in the thermoelectric powers, 
the limiting expressions behave as some power of 1/H, 
and this power is the same whether or not drag quanti­
ties are included. One might have anticipated say 
(5.18b) perhaps to yield a different asymptotic value 
for some S, but it is not the case; both terms in (5.17c) 
have the same limiting power of 1/H. 

This completes the formal solution of the Boltzmann 
equation. The generalization to situations where a 
relaxation time does not exist is carried out in Appendix 
F. The main object has been to show the relation be­
tween the variational solution (5.5) and the high-field 
solution (5.8). This relationship is developed further in 
the next section. 
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6. NEW VARIATIONAL SOLUTIONS AND 
INTERPOLATION FORMULAS 

In the last section we have confined ourselves to the 
usual approach in which matrix elements of the operator 
L+M appear. We saw, however, in Sec. 3 that it is the 
operator £ that has the desirable symmetry properties. 
In this section, we shall convert to the new variational 
principle. 

First, instead of (5.2), we obtain from (2.10) 
using (3.3), 

0'ij:== ,2-* AjnA.jn\<Lj )nn' ? (O . l a J 
nn' 

0 # = 2s AinIJjn\&j )nn' j ( 0 . 1 UJ 
nn' 

where, for any function Qj, 

Q i ^ E k ^ ( k ) ( l - i l f L - 1 ) f t ( k ) . (6.2) 

Thus instead of (5.5) we obtain 

(nj=$>(Ai%A3)/S>, (6.3a) 

Si^&iAifi,)/®, (6.3b) 

where the elements of the determinant 3D are £nn'
iJ\ and 

where ^)(Ai,Bj) is the determinant 2) bordered with a 
row of A in and a column of Bjn, the lower right-hand 
element being zero. The results (6.3) are what the new 
variational principle leads to, and are to be contrasted 
with (5.5). We repeat that, in practice, what distin­
guishes (6.3) from (5.5) is that in (6.3), integrals 
involving L~l occur that are evaluated by separate 
internal variational principles, and that these integrals 
must converge independently, whereas on the old 
principle they appear automatically in an approxima­
tion that corresponds to the number of rows and 
columns in D. 

We should like now to get a variational expression 
that will include open-orbit effects. This amounts to 
constructing an appropriate complete set of functions 
cpn. In the standard treatments, the choice was 

<Pn(x) = vx(E-0n~v c o s a , ( £ - f h (6.4) 

where spherical energy surfaces lay in the background, 
and ax is the angle between k and the direction of 
applied electric field, x. Corresponding sets of functions 
cpn(

y) and (pn
(z) would also be necessary as used in (5.2) 

and (6.1). 
Now if a magnetic field is applied in the z direction, 

and spherical surfaces still obtain, the standard expres 
sions (6.4) may be written 

vx—v sina cos/3, 

vy=v sine* sin/5—v since cos(/3+7r/2), (6.5) 

v2 = v cosa, 

where a is the angle between z and k, and where f3 is 
the azimuthal about the polar z. A complete set of 

angular functions is suggested by each component as 
follows: 

<Pnin2nz(x) = sinnia cosn2p(E—£)n3, (6.6a) 

<Pn1n2ni
(v) = ^nn1a cos[^2(/3+ibr)](£--f )n3, (6.6b) 

Vn^n^^cosma c o s [ ( # 2 - l ) / 3 ] ( £ - f ) ^ , (6.6c) 

where ^4 = 0, ± 1 , • • •, (i= 1, 2, 3). The usual expression 
is obtained by letting ni=fi2= 1. 

Now if we wish open-orbit effects, we are interested in 
distorted surfaces, and in particular in the possibility 
of there being a component Vxo of vx which is constant 
with respect to /3. This corresponds roughly to the term 
fi2 = 0 in (6.6), except that for distorted surfaces, if we 
go around the orbit in k space, not only does f3 alter, but 
a will vary also. Therefore we desire in addition, a 
replacement of a by a quantity a which will remain con­
stant as the electron describes an orbit. We can do this 
formally as follows: Consider a solid object with a 
center. This is to represent the occupied part of a zone. 
Through the center draw the z axis, and at some dis­
tance L from the center along z draw a plane perpen­
dicular to the z axis. This plane cuts the object in a 
slice of area with perimeter P. We now construct a 
conical surface connecting the perimeter of this slice 
with the center of the object. The curved area of the 
conical surface is called S. If the object is a sphere, then 
the perimeter is a circle of radius R (P—2irR) and the 
perpendicular distance from the center to the perimeter 
is a constant D, say. Thus, 

sina=R/D=A/S, for spherical surfaces, (6.7) 

since A=TR2 and S=irRD. We can now use A/S in the 
general definition of a. since it has meaning even for 
distorted surfaces: 

a=sin-1 (A/S), for distorted surfaces. (6.8) 

a is a continuous variable going from 0 to 7r/2 and then 
from T/2 to 0 as the slice moves from the top of the 
object to the middle to the bottom. I t remains constant 
as the electron rotates in its orbit. Such a choice for a is 
not unique, but it shows that at least a consistant 
definition is possible. A complete set of functions can 
then be constructed as in (6.6) with a replaced by a. 
Open-orbit effects will be accommodated by n2 = 0 in 
(6.6b), and the usual results (spherical surfaces) will 
appear when ni = fi2=l and a=a. We are still a long 
way from detailed computations involving distorted 
surfaces, but we can at least formally write out the 
expansion. (As an approximation, one might use any 
averaged a.) 

Equation (6.6) will lead to a ratio of determinants as 
in (6.3) where the rows and columns of 3D are labeled 
( ^ i ^ 3 ) =(000), (001), . . . , (010), (011), •••, (100), 
(101), ••-, etc. 

A "simple" interpolation formula can be obtained 
for <rxx, (%7^z, X'T^Z) by choosing ^ i = l , taking the two 
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possibilities n2=0, 1, and allowing tiz=0. (The nz choice 
corresponds to the usual electrical conductivity energy 
dependence assumption.) 

n(*'> 
£> 

& xx' 

Ano<*'> 

4iooCajMno(a» 0 

^ioo,ioo(xa;/) ^nofioo(xiC,) 

iioo.uo***0 jeuo.uo^*0 

-, xx'^z. (6.9) 

Certain simplifications have been made. First M 
operating on ^i,o,o(a?) is zero whence [see (3.2)] 

p (xx')—T ,n Axx') ((\\C\\ 

and similarly for n2 and 0 exchanged, for <£ is symmetric. 
Also for the same reason A^on^An^n^ [see (6.2)]. 

In the limit of high-magnetic fields, the terms in £ 
get large as H2, and hence will dominate. Thus, multi­
plying out the determinants in (6.9), we get cancella­
tion, with the result (xf~x) 

lim (TXX=[_AIQQ (x)~l2 J/L 100,100 (xx) 

XX'T^Z (open orbits), (6.11) 

which is the variational expression for this limit. If there 
are no open orbits, then Aioo(a?) = 0, and this result does 
not hold. We get instead, from (6.9) 

lim <TX = 4iio(aj)Iiio(*VJBiiofiio (xx) (6.12) 

which is the variational expression in this case corre­
sponding results hold for XT^X'. We have ignored 
possible vanishing of terms because of symmetry or 
other reasons, and have limited the discussion to 
XX'T^Z. For intermediate situations (H—* oo)? Eq. (6.9) 
as it stands should give an indication of how things go. 
As more and more angular terms are deemed necessary, 
more and more rows and columns are added to the 
determinants. For a given number, however, the varia­
tional principle provides the "best" expression. 

7 e l . p h = E & i o n ( r - R ( 0 - v ( 0 ) " » i o n ( r - R ( 0 ) ] 

In this way, we can see how the variational principle 
leads to interpolation formulas. The real difficulty has 
of course not been avoided; namely, the "hard pound­
ing" (to use Ziman's phrase18) that must accompany 
any detailed calculation. 

I t should be noted that in these results, we have not 
assumed that L could be represented by a time of 
relaxation. Note also that the matrix element of £ in 
(6.12) involves the inverse operator L_ 1 . Such integrals 
may be handled by the method of Appendix C. The 
results here may be compared with Tsuji's work4 

(which uses the ordinary variational principle and has 
not considered the large H limit). 

7. THEORY OF MAGNON-DRAG 

All the results of the preceding sections can be taken 
over for the situation in which the scattering is by spin 
waves, and this leads directly to magnon drag in the 
thermoelectric power. The analogy between magnons 
and phonons is not, strictly speaking, exact, because 
(1) double-magnon processes occur in first order in the 
spin-wave treatment, whereas they do not appear in the 
corresponding order of electron-phonon interactions; 
and (2) the electron energy depends on spin for the 
former, but not for the latter. Double-phonon processes 
have been considered by Franzak and the author,19 and 
the corresponding analysis for magnons can be fashioned 
by analogy, with the result that double-magnon 
processes appear to be negligible at low temperatures. 
Thus the usual treatment of electron-phonon processes 
and that for magnon-electron processes differ only in 
that the former do not involve spin flips, whereas the 
latter do, and that in the latter the one-electron energies 
depend on spin.20 We shall develop the analogy in this 
section. 

The electron-phonon interactions Fei-Ph and electron-
magnon interactions Fei_mag arise from the perturbation 
of the Coulomb and exchange terms in the Hartree-
Fock equation, which when converted to second 
quantized short-hand notation are21: 

(7.1a) 

» E cksCk'8
t[aj((r)Fkk',Jv+aJ-(cr)tFi[k'jv*]+ E Ck«W[ay(er)a;'(<r')FkkwvH ] , (7-lb) 

skk'jV skk'yVj'c ' 

Fei . m a g =E t w ( r - R ( / ) ) = - 2 £ 5 - S ( / ( r - R ( / ) ) (7.2a) 

E c k ^ / [ 6 ( K ) / k k . , « " ' + J ( i e ) U k v . « " ' * ] + E /kk'.«>ft(ic)ft(K')t[ck+Ck'+t-ek^Ck'-t]. (7.2b) 
ss'kk'/c kk'/c/c' 

18 Reference 1, p. 512. 
19 E. Franzak and M. Bailyn, Bull. Am. Phys. Soc. 5, 280 (1960), and see article elsewhere in this issue. [Also an application of a 

similar procedure is given in M. Bailyn, Phys. Rev. 121, 1336 (1961).] 
20 Kasuya [Progr. Theoret. Phys. Japan 22, 227 (1959)] has also considered the problem of scattering by spin waves. He was not 

looking for magnon-drag, however. 
21 For spin waves see S. V. Vonsovskii and E. A. Turov, Zhur. Exptl. i Teoret. Fiz. 24, 419 (1953); and A. I. Akhiezer, V. G. 

Bar'yakhtar, and M. I. Kaganov, Soviet Phys.—Uspekhi 3, 567 (1961). 
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The Ckst?s are creation operators for the electrons, the 
at's f ° r the phonons and b^s for the magnons. The wave 
vectors k, or, K refer to the electrons, phonons, and 
magnons, respectively. The phonons are also distin­
guished by a polarization index j (j=l,2,3). The 
double-phonon effects appear in the last member of 
(7.1b), where the term written out involves the destruc­
tion of two phonons, and the dots indicate that there are 
corresponding expressions for a creation-destruction 
pair and for two creations. The double-magnon terms in 
the last member of (7.2b) arise from the z component of 
the s • S spin vector dot product. The above expressions 
are not all-inclusive. For example, we have left out 
processes in which a magnon and a phonon are emitted 
simultaneously, and in which three or more of either 
magnons or phonons are emitted or absorbed. I is the 
ion position index. 

The single-magnon processes are immediately analo­
gous to the single-phonon processes provided the 
replacement [see (A10)]21 

Fkk'io-—> Jkk',K 
/2S\* 

= « ( k - k ' + K + K ) f — Y Uv..*J(t)fa4*r, (7.3) 

is made, and provided the sum over polarization j is 
neglected. Thus, all we have to do to convert to magnon 
effects is to use (7.3) in (A8) and (A9), and allow for spin 
flips. But the double-magnon processes must be shown 
to be negligible: This is done in Appendix G. Finally, 
from the z component of the s*S product in (7.2), there 
arises a difference between the one-electron energies of 
up-spin electrons and those of down-spin electrons (up 
and down relative to the spin-wave description, i.e., the 
axis of alignment) which can be written22 

£ ± ( k ) = E(k)-J(l=Fiu)/kk, (7.4) 

where Jkk is the diagonal matrix element, and ^SN/x is 
the total spin of the ion system (of the d electrons, that 
is, which provide the spin waves), where S is the spin 
of one ion, and N the number of ions. Thus |iV(l— n) is 
the number of magnons. 

The consequence of the last point is for example that 
when the variational principle is applied, the expansion 
functions must take into account the difference in spin. 
Such a situation has in fact been worked out in a 
previous work.23 The result is that for a certain number 
of rows and columns in the determinant D [see Eq. 
(5.5)] corresponding to an approximation in the phonon 
problem, we must now have twice as many, because of 
spin. The details are rather involved, and we shall 
content ourselves with merely making the reference. 

We shall complete this section by writing out the 
magnon-drag contributions 5 ( m a g ) to the thermoelectric 
power. The expression is an example of a quantity 

22 See. S. V. Vonsovskii and E. A. Turov, reference 21, Eq. (23). 
23 M. Bailyn, "Transport in Metals with Magnetic Impurities," 

Westinghouse Research Report 029-B000-P1. 

completely analogous to the corresponding phonon-drag 
one.24 [[The latter can be found for example in Eqs. 
(H2)-(H7) of TM2.16] 

1 mo dNo 

TaQ3Ah K dz 

X E [v ( Iw) -v (kV)>( i c ; IwkY) . (7.5) 

Here NQ(U(K)) is the equilibrium distribution function 
of the magnons, A is the crystal volume, V(K) the mag­
non velocity V K E(K) , z=fio)(K)/KT, 

1 d/0 \e\ 
ao= E E\e\mh~^vx(k,s)J—=—, (7.6) 

A k dE Mo 

and Q:(K; kskV) is the relative probability that a mag­
non K will interact via the electron process ks —-» k'.?. 
The expression for it is25 

CK(K; kskV) 

^zw^ot -w- ) 
dNo 1 M 

dz KTT(K) kk 
E A^ZWS^Q(-)S(-) 

where 
(7.7) 

| / k " ' k ' | V o W - / o ( 0 
Dk.Vt.™= : —, (7.8) 

KT \e *— e e'\ 

Es{k)-S 
€ = — » 

Q ( - ) -> 2 X B ( E ' - £ - / Z O > ( K ) ) , 

S ( - ) = 8 ( k ' - k - K - K ) , 

(7.9) 

(7.10) 

(7.11) 

and where, in (7.7), T(K) is the relaxation time for the 
K magnons involving all processes which do not involve 
electrons (such as magnon-magnon and magnon-phonon 
processes). Since the difference in energy in (7.4) is 
independent of k, and since we may expect that the 
difference at the Fermi level may be accommodated by 
a change in k magnitude that will not upset the usual 
geometry in k space,26 we may adapt the free-electron 
approximation as 

vx(ks) —> (^/m*)kx (7.12) 

where w* is spin independent. Thus the square bracket 
in (7.5) is approximately the same for all processes 

24 M. Bailyn, Phil. Mag. 5, 1059 (1960). See also TM1, refer­
ence 16. 

25 The notation on the right-hand side here resembles that of 
TM1 and TM2 of reference 16. See also reference 24. 

26 Namely that an electron is scattered to and from approxi­
mately the same energy surface. This refers to the geometry in k 
space, and does not imply an elastic collision approximation 
elsewhere. 
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involving the same reciprocal lattice vector (for all 
processes of a given umklapp type, to use the term 
employed in TM1). As a result, the same preliminary 
sum over kkf can be employed that was used in reference 
24, and we end up with 

1 1 dNo MQ 

Tceo 3A K dz m* 

X Z ( K + K ) , (7.13) 

K' 

where 

rK(^ = (37r/2)S[f0-2<|/kk'-T>J 
X [ * < / I * + K | > ( K ) , (7.14) 

where S is the spin of the individual ion, f o is given by 
(A13), and the square brackets are designed to be 
dimensionless. The angle bracket is an average over 
kk' for a given K and K. (Clear distinctions among the 
magnon wave vector K, the reciprocal lattice vector K, 
the electron wave vector k, and the Boltzmann constant 
K are casualties of the notation.) 

This result is identical with that for phonon drag, and 
will yield for example anomalous signs for the Umklapp 
processes. Thus to distinguish magnon drag from 
phonon drag will in general be difficult. Our experience 
with phonon drag in metals is that at best, the theory 
can be shown not to be inconsistent with experiment, 
all predictions being in the realm of guess work since 
the actual numerical result is a small difference between 
large terms of different sign, each rather sensitive to 
impurity content, etc. (The small difference may how­
ever be large compared to the diffusion component.) 
In the case of magnon drag, we merely point out that 
the magnon-magnon relaxation time has been estimated 
to be within an order of magnitude of the magnon-
electron relaxation time,27 which indicates the possi-

and where Nij^^N^—^dN^/dfioPfij^). The phonons 
are described by a wave vector cr, a polarization index 

27 E. Abrahams, Phys. Rev. 98, 587 (1955), has estimated the 
electron-magnon relaxation time at 10~8 sec, and C. Kittel and 
E. Abrahams, Revs. Modern Phys. 25, 233 (1953), have estimated 
magnon-magnon relaxation at ^10~9 sec. 

bility that »S(mag) might actually play a role in the 
thermoelectric power of some substances. 

8. SUMMARY 

We have attempted in this paper to formulate a 
maximum variational principle for conduction problems 
in the presence of a magnetic field, including phonon-
drag effects. We have shown that for symmetry con­
siderations the operator £~L~ML~lM is the im­
portant one, not L+M. Methods for the high-magnetic 
field expansions have been indicated, and the limiting 
expressions for the drag effects in the thermoelectric 
power have been discussed. Finally, magnon-drag 
effects have been shown to be analogous tophonon-drag 
effects. 
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APPENDIX A. THE BOLTZMANN EQUATION 

The method of taking into account the nonequilib-
rium component of the phonons by solving first the 
phonon Boltzmann equation and substituting the result 
into the electron Boltzmann equation has been shown 
in TM1.1 6 The only extension required for this paper is 
the inclusion of a magnetic field streaming term. How­
ever, in order to have expressions which will convert to 
the spin-wave scattering problem (Sec. 7) with no 
trouble, it is desirable to rewrite some of the steps in a 
new notation. 

The Boltzmann equations for the electrons and 
phonons are 

j{— 1, 2, 3) and a frequency coy (or). r ( j a ) is the phonon-
relaxation time involving all processes except the 
electron-phonon ones. The sums as in (A3) are defined 
in TM1, and mean that all processes are summed over 
that pertain to a particular type of phonon (jv). The 

- ( - ) = ( - ) = Z E { C i , / a ) ( k V ; k , ) + P y w ( k V ; k , ) ] [ g ( k V ) - g ( k 5 ) ] 
\dt/ drift C O l l * * ' « ' 

+ E Gj(o)tP^(k's>; k s ) - P / « > ( k Y ; kj)]>, (Al) 

_ ( _ ) = ( _ ) = G y ( a ) X i ( a ) - 1 + | i : C P i < a ) ( k V ; k . ) - P / ^ ( k V ; f o ) ] [ g ( k V ) - g ( k . ) ] , (A2) 
\ dt /drift \ dt /coll k k ' 

where 
1 8NQ 1 IM 

= — + i £ [ P / « ) ( k V ; k 5 ) + P / e ) ( k y ; k ^ ) ] > 0 , (A3) 
Xj(o") dho) T(J<T) kk 'ss ' 
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drift terms are 
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/d/\ a/0 

( - ) = [ | e | v X - ( £ - f ) v . Y ] — + M ( g ) , (A4) 

(dN/dt)6iitt= ~ (dN0/dho>)hooVa(0'Y) (A.5) 

where X and Y are defined by (2.4). The P's are 

P,«(k'*; ks) = (KTyW^(ks^k's)Ml-f»') 
XS£E'-E-ftwj(<j)~]) (A6) 

P/*>(k'j; ks)^(KT)-WjM(ks-^k's)f0(l-fo') 

XKE'-E+hafa)], (A7) 

W^(ks^ k'*) = 2 * H 7kk.,-,| W ( » , (A8) 

JF/«>(lu-> k'^) = 2 ^ - 1 | ykV,,v| 2 [ ^ ( » + l ] , (A9) 

ykk'Jv=5(k-k'+a+K)[21fiVcoy((r)A]-i 

X£y(ff)- /^k s ' tfv.*V«Pr. (A10) 

The N(j<r) of (A8) and (A9) are the phonon-occupation 
numbers; C.,-(<J) is the unit vector in the direction of 
polarization of the ja phonons; M is ion mass; v{r) is 
the potential from one ion at r=0; and K is a reciprocal 
lattice vector or zero. The P's satisfy 

PjM(k's;ks) = Pj^(ks;k's). (All) 

For order-of-magnitude estimates (which we need later 
in Appendix G), it is sometimes useful to write the 
square root in*(A10) as 

= Uo, (A12) 
L2Maj(ff)J U»y(«r) Ml 

where fo is the Fermi energy at T—0 and can be written 

ro=*W/2»* 

JW=3**2V/A, 
(A13) 

where A is the crystal volume. 
When (A2) is solved for G and substituted into (Al), 

the equation (2.2) results, where 

L(g) = L»Hg)+L*h-d™z(g), 

£ p h ( g H E [iy«>(kV;fc) 
k's ' j 

(A14) 

+P/ '>(kV; M][g(kV)-g(k5)] , (A15) 

- P / ^ ( k V ; f o ) ] X ( » r „ ( g ) , (A16) 

where in (A 16) 

ry,(g) = - i Z [Py<«>(W;k)-P/«>(kY;k)] 

X[* (kY) -g (b ) ] 

= E [ P / ^ k V ; ks)-P/«>(kV; k)]g(kY). 

And also in (2.2), or rather in (2.5b), 

Y(k) = - E [ P i ( o ) ( k V ; k ) - P y W ( k V ; k ) ] 
k's ' j 

XX (jV) feVaCO. 

(A17) 

(A18) 

In order to convert to the spin-wave problem (see 
Appendix G), all that has to be done is to replace the 
V of (A10) by the spin wave J, and to keep this replace­
ment in mind in the W's of (A8) and (A9), and then in 
the P's of (A6) and (A7). Then the Boltzmann equation 
(2.2) reads precisely the same, except that the spin-wave 
description K replaces the phonon description <rj. 

APPENDIX B. SYMMETRY PROPERTIES 
OF THE OPERATORS 

We define integrals 

<*,f)o^-Ek*(k)0(g), (Bl) 

of arbitrary functions h and g, for the operator 0. The 
functions h and g will all be assumed to be periodic in 
the repeated zone scheme in k space. It is well known 
that Lvh satisfies the symmetry relations,6,16 

(h,g)o= (g,h)0, 

(h,h)o>0, 

(B2a) 

(B2b) 

and it was shown in TM1 that L(g) [see (A14)] also 
does. It is also known that M satisfies the antisym-
metrical relation,14,15 

(h,g)M= - (g,h)M, (B3) 

which corresponds to changing the sign of the magnetic 
field on the right-hand side of the equation. 

We wish now to prove that the operator £ of (3.2) 
satisfies (B2). By successive use of the relations (B2) 
(valid for L) and (B3) (valid for M), we get 

Ek g£-ML-W(h)l=?:* LM(g)lL-^Mm 
= Y,*LM(h)-]L-iZM(gn (B4) 

since if L is symmetric, so is Lr1. But the quantity in 
(B4) is symmetrical in g and h (since Lr1 is symmetric) 
and is positive definite [i.e., satisfies (B2b)] when g=h 
(since Lr1 is positive definite if L is). Thus, —MLrlM 
satisfies (B2); but L does also. Hence the sum, which is 
£, must satisfy (B2). This completes the proof. It 
follows also that £rx satisfies (B2). 
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We wish finally to prove that £~lMLrl satisfies (B3). 
By successive manipulations as in (B4), it is easy to 
show that 

But 
E k g£~lML-1(h)= - Z k AL-W£-*(g). (B5) 

I - W J B - ^ I - W p - L - m - W ) - 1 ! - 1 , (B6) 

[using {AB)~1 = B~lA~l~]. But LrlM commutes with 
functions of LrlM. Thus (B6) becomes 

(1 - L-WL-W^L-WL-1 = £rlML~\ (B 7) 

which when substituted in (B5) completes the proof. W p h = ] £ v( j 

APPENDIX C. SUMS INVOLVING 
INVERSE OPERATORS 

We consider sums of the form 

(M)L-*= -Ek£(k)L-K<?). (CI) 

To know Lr1 is to know the solution to a Boltzmann 
equation. In fact each sum as in (CI) is analogous to a 
current flow, and can be calculated by a separate 
variational principle, adaptable to the particular p and 
q of (CI). 

The corresponding Boltzmann equation is for an 
unknown, say h(k), and reads 

L(h) = q(k). (C2) 
The solution is 

h=L-i(q), (C3) 

and the current corresponding to the flux p is then 
precisely (CI). In fact (C2) is analogous to (2.2) of the 
text, (C3) is analogous to (2.8), and (CI) is analogous 
to (2.9) using (2.10). The analogy is complete, and the 
variational solutions (5.5) are applicable at once. These 
require a complete set of functions <pn, which as noted 
before may be chosen to fit most readily the functions 
of p and q of (CI). Thus the sum in (CI) can be written 

(P,q)L-i=-D^(p,q)/D (<P) (C4) 

where we have placed an index <p on the D's in order to 
specify that the solution is in terms of the expansion 
functions <pn. Of course the complete solution will be 
independent of which set we choose, but an approximate 
solution (one or two rows or columns in D, for example) 
will depend on which functions we have chosen. The 
elements of D above are dnm, where 

4 m = - E k ^n(k)L(<pw) = i n , (C5a) 

and the other integrals are 

# » = E k ^ n ( k ) # ( k ) . (CSb) 

As an example of how this works, consider evaluating 
(&A)je 

L k g£(A) = E k ^ W + E k lM(g)-]L~i[M(A)], (C6) 

where we used (B4). The first term involving L can be 
evaluated by integration (in principle), but the second 

term will be a ratio of determinants of similar integrals : 

E k [M(g)~]L-l[M(h)l=D<*>(M(g),M(h))/D<*K (C7) 

The determinant can be expanded in a series, and the 
series must converge independently of whatever ap­
proximation is used that leads to (C6). 

APPENDIX D. CALCULATION OF W*>h 

The heat flow of the phonons is, using (A2) for Gy(cr), 

dN0 

dfaa 

dN0 IfdNo 

r < 
or)ftajy(a) — 

L i 

r dN0 -](dN0 
, v(»Aco XO'or) hi 

L dhcx) J l dho) 
S«vY 

IM 
+ E [P<o)(kY;Iw)-P^(kV;lw)]g(lw) , (Dl) 

kk' J 

where \(jv) = V<To)j(ir) is the phonon-group velocity. 
The first term in square brackets is the drift term in 
(A2), the second is the electron "reaction" term. The 
latter can be written in terms of y of (A18) by employ­
ing the relation 

U<r] 

ZT,= Z. (D2) 
ja k k ' k k ' y 

[See Eq. (21) of T M L ] Thus we may write 

W ^ h = E TKijYi+Y. gfrsftiQu) 

= E TKHYJ-£ 7 < ( b ) [A• X + B • Y], (D3) 
' k s L+M 

using (2.8), where 
/diVo\2 

TKim= - E [yW}i[yW]m(hS)\ — x ( » . (D4) 

APPENDIX E. MATRIX ELEMENTS OF 1/(L+M), 
ASSUMING A RELAXATION TIME 

From (5.9), we get for the first few terms 

r l 

.L+M 
J — Onf—m -Li mn 

M'n M'm M'n 

1 1 1 
~\ 2-4 -^ w « ' -L* nfn 

»' M'n M'n. M'n 

1 , x 1 

_ _ 2^ J_j mnr ±j n'n>t LJ nnn* 

n'n" M'm M'n> M'n» 
(El) 

We are interested in the limit H —•> oo. Therefore, from 
(5.13), we desire the n and n" sums in (El) to contain 
as few 1/M'n, W5^0,.as possible. However, if two succes-
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sive Mn$ in (El) have n=0, the sandwiched-in matrix where P n t is the Hermitian conjugate of Pn. The 
element of V must be Z/00 which is zero. This simplifies quantity C in (5.10) is now chosen to be 
things enormously, and the result is (5.14) for the 
lowest power of 1/H. From this, we were able to write ^~ 2^n J^nn- (F6) 
(5.15) for the largest terms in the limit #—» °o. We list mU ,i , - / „ / / . ,. i .., . . ^ 
, , y ,, v ,

& , Thus the operator 1 / i f is diagonal with respect to the 
functions <pn{t) and has the matrix elements (that are 

below the next largest terms: 

1 
2 Z/o»' 

L n'n" Lf
n»o ~ — , 

M'n, J f '»" JATO ff 

still operators) 

1 1 1 1 
X) £'()»' £V W ~ , 

M'on'rt M'n> M'n H2 

(E2a) 

(E2b) 

/
^ <£m <£>n = (b dt <pm 

M' J Z Ln>n> 
n' 

= 8n,-m (f> < 

£ 1 £ l 

(h dt cpo—cpo~ (p dt <PQ— 
J M' J U 

dt (p-.tr 

~<Pn 

1 

Lnn+Mn 

-<pny (F7a) 

(F7b) 

£ L' 
Mf

n nf^ M'n> 

1 1 1 
—L'n'O — 

M'o H* 

1 r / 1 > i 
-/v ww h n0 h On 

M'l M'o J 

~1 1 1 

M'n W 

Here, (E2a) corresponds to (5.15a), (E2b) to (5.15b), 
etc. 

APPENDIX F. MATRIX ELEMENTS OF 
1 / (L+M), GENERAL 

(E2c) This corresponds roughly to (5.17) of the text. We also 
have Lnn'=0. The analogy with the time of relaxation 
situation is then complete. 

(E2d) To evaluate something like (2.10), we proceed as 
follows: 

e^ = ^ ) + c r ; / 2 > + . . . , (F8) 

where the superscript p in (Tij(p) indicates how many 
times 1/N appears; 

o...(i) = -Y,Ar 

1 

k M' 

— ~~JL,L-, Ai,—n<P—n Ajn(pn, 
n k Mr! 

1 1 

When a time of relaxation does not exist, difficulties 
arise because L is not a function, and the cpn of (5.6) do 
not form a complete set for all the variables t, ke, E. We 
would like to be able to use the simplification that arose 
in the previous Appendix, namely that Z,oo' = 0. But if 
the <pn$ of (5.6) are used, and L is an operator acting on 
t, kz, and E, then the meaning of the matrix element ^..(2) = ^ ^^Z-.jJ-1-j . 
Lnn> defined in (5.11) is rather obscure. 

The difficulty can be overcome by introducing pro­
jection operators Pn which operate on any function 
Q(t,k„E), 

Q{t,kz,E) = TlnQn(hE)<pn{t), (Fl) 

as follows: 

PnQ = Qn(kzE)<pn(t). (F2) 

k M' M' 

(F9a) 

(F9b) 

(FlOa) 

1 f 1 
22 Ain(pn Ln0 A{Q(po 
k Mr! Loo 

1 1 
+ S Aio(pQ Lor! Ajn<pn 

k LQO Mn' 

(These Pw 's are the operator counterparts of the kk' 
indices on Wkw in Sec. 5 of reference 12.) Clearly 

1 / 1 
~T~ 2-/ 2Ls A-in<Pn -Lmn' 

n.n'5^0 k Mn' Mn> 
-Ajn><pn,. (FlOb) 

2^n -Ln -1? (F3) 

where 1 is the unit operator. Now from (A 14), we can 
write 

L(Q) = T.nLPn(Q). (F4) 

Thus in a formal way, we can write the operator L as 

L=J2Lnn', (F5a) 

The sums here may be evaluated by successive 
applications of the method of Appendix C. As an 
example, consider the first sum in the square brackets 
of (FlOb). I t can be written 

z(PnAin(Pn )L(P0~Ann), ( F l l ) 
k \ Mn'/ \ Loo / 

T ,= P t r p 
because Ln0'=Lrio [since PnPn>(nf9£n) = 0~]. The prob-

(F5b) lem is what to use for the quantities enclosed in circular 

p-.tr


M A X I M U M V A R I A T I O N A L P R I N C I P L E 2053 

brackets. Suppose we introduce a complete set of func­
tions ^M(k). Then 

where 

1 
Po Aio<pQ=Po L ^ ( k ) ^ 

Loo /* 

k Loo 

(F12) 

:-£><*> (^ , /Wo) /£> (x) (F13) 

where to evaluate £/M by means of the method of 
Appendix C, we have introduced another set of expan­
sion functions XM(k), which may (or may not) be the 
same as the ^M. The elements of Z>(x) are 

^ = E k X M ( k ) L o 0 X , ( k ) . 

Eq. ( F l l ) now reads 

Z ^ E G W n ) [PoL(^)], 

(F14) 

(F15) 

and the inverse operator here can be taken care of by 
another application of the method of Appendix C. I t is 
clear that such computations will very quickly become 
very tedious. In addition, an attempt to make computa­
tions must overcome the difficulty that ^(k) is not well 
known for substances with distorted energy surfaces. 
Nevertheless the method indicated in the Appendix is 
the natural generalization of the one in Appendix E to 
the case where a time of relaxation does not exist. 

APPENDIX G. NEGLECT OF DOUBLE-MAGNON 
PROCESSES 

The effect of double-phonon processes in first-order 
perturbation theory has been worked out by Franzak19 

for the electrical resistivity. This was done with the 
alkali metals in mind, in which a large phonon anistropy 
exists. The results were calculated numerically in some 
detail at high temperatures, with the result that the 
double-phonon processes contributed at most about 4 % 
to the resistivity for the most anisotropic of the alkalis; 
but probably 1% would be a more representative figure. 
In the case of double-magnon processes at low tem­
peratures, we have two differences from the above-
mentioned calculation: (1) The limit of low tempera­
tures decreases the effects enormously, and (2) the 
magnon-electron interaction matrix element (7.2) is 
much larger than the electron-phonon matrix element 
(7.1). If it were not for (2), there would be no question 
of the neglect of the double-magnon processes. 

We shall here outline the results of the double-phonon 
calculation. The geometry of an umklapp double-
phonon process is shown in Fig. 1. There is a sum over 
the two phonon wave vectors that ranges over the 
overlap volume of the cr and cr' spheres. We shall call 
this volume rj(u) times the total volume of the sphere? 

Fermi 
Sphere 

FIG. 1. Two-phonon umklapp transition. 

where rj(u) is a fraction that depends on u= | k—k' | /2k0. 
For simplicity, a free-electron model was used. This 
enabled the electron part of the matrix elements for the 
single and double processes to be similar. (A statement 
of this type of approach has since been made28 in a more 
general way.) Thus, the two matrix elements in (7.1b) 
were taken to be (s=k—k / ) 

7kk/yff=i8-ci(<r)[2Ari\r«i(or)/ftJ-»7kk/: 

Fkk'icrya' = Jp s -£ i ( a ) ]p s -£ i / ( a / ) ] 

(Gl) 

X2MNZuj(<T)o>j,(<j')Jti~1Vkk>, (G2) 

where 

Vkk> = -
eN 

*'pv(e)ddp. (G3) 

[See (A10).] In the case of double-magnon processes 
we have correspondingly N~^Jkk and iV_1/kk. Thus we 
have order-of-magnitude-wise for the ratio and double-
to single-phonon processes: 

V kk'jaj' a' 

Vkk'ja 

2 1 h2s2 1 1 
r* /̂ 

~12 2MhuN - ( * 

1 t m \ 1 
) - , (G4) 

feo MJN 

whereas for the magnons the corresponding ratio is 1/N. 
The factor in (G4) can be about 10~Z/N, so that the 
double-magnon processes are, all other things being 
equal, much larger relative to single-magnon processes 
than are double-phonon processes relative to single. 

In the variational principle the electrical resistivity is 
proportional to the d0o integral: 

d o o = - E k £ * £ p h ( ^ ) . (G5) 

There will be a single-phonon contribution doo(1) and a 
double-phonon contribution dm)

(2\ and we shall be 
interested in the ratio d(2)/d{lK Adapting Franzak's 

28 See the second reference in footnote 19. 
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results,29 we write this ratio as follows: 

<2oo(2) f m 1 

rfoo(1) KTM9T5 

Z Jdu «y«) | Fkk-1 '({Q^Um 
/ 

Z fduu*\Vkk.\z(Qiph(J)) 

8-+S+ 

(ev-l)(l-e-y) 

1 

yy'ieK-tfief'-l) 

7 + 7 ' 

-, (G6) 

(G7) 

X k • e-t—t' 
(S+++5_J 

7 - 7 

\g->'—e~i 
-(S+_+S_+) (G8) 

where 

7 = huj (<T)/KT, 7'=ficoj, (V')/KT, 

5 ± ± = 5 ( k - k ' ± a ± < r ' + K . ) , (G9) 

5 ± T = 8 ( k - k ' ± <F=F <F'+ Ks). 

The four 5 functions in (G8) correspond to the four 
possibilities: Two creations, two destructions, a creation 
and a destruction, and a destruction and a creation. The 
average over <2(1) is over all directions of k—k for a 
given |k—k| magnitude. The double-average over Q(2) 

is first an average over the overlap region of the cr and 
crr spheres in Fig. 1, and second an average over k—k 
directions for a given |k—k| magnitude. The <r's can 
approach zero for Umklapp processes here with no 
trouble. 

To convert this to the magnon case, we replace the 
right-hand side of (G2) by N~Vkk' and the right-hand 
side of (Gl) by N~*Jw. Thus in (G6), Fkk> gets re­

placed by /kk' provided Q2 gets multiplied by 

r 1 * fi-rl 

L M2 2co 2a/J 

^('T)'UUw'(G,0) 

and Qi by 

r 1 ft-
(is-e)2 

L M2a>. 

1 M / 2m\ 
s - k r - — V, (Gil) 

m \n2s2/ 

whence 

rfoo(2) 
duuS(u)\Jw\2{{Q2^)) 

<Zoo(1) 

where 

<2i<m) = 7 

3TT8 

5_+5+ 

/ 
duu^JwWQJ"*) 

(ey-l)(l-e-y) 

Q: 
1 

(^ -1 ) (^~1) 

y _ 7 

erv' — erv 

(G12) 

(G13) 

(§ + _+5_ + ) , (G14) 

7 = *CO(K)AT, 7 , = ^co(K0Ar. (G15) 

The ratio of integrals in (G12) will at low temperatures 
not be greater than 1, and the smallness of the effect of 
double-magnon processes is assured by the l/3irb factor 
in (G12). 

The reason why the double-phonon processes at high 
temperatures are as important as even 1% is because of 
the extreme anisotropy of the phonons. This is seen 
from the factor 7~2(7')~2 in (G8) (in the high-tempera­
ture limit), these 7~1?s having extremely large values 
even for the Umklapp processes. For magnons, however, 
the Q2 factor is cut down by a factor 77 ' [see (G10)], 
and at low temperatures, the exponentials cause a 
drastic numerical alteration. 


