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It has previously been shown that the energy levels of valence electrons in atoms, molecules, and solids 
can be calculated from a weak net effective pseudopotential Vp. In Vp most of the large negative potential 
energy of an electron, when inside the ion core of an atom, has been canceled against the large positive 
kinetic energy which the electron has there. I t has recently been shown that there are several different 
forms which the pseudopotential can take. The theory is now developed from a different point of view, 
and it is shown that there exists an even wider class of pseudopotentials which all give the same valence 
energy levels. One of these, previously derived as an approximation, is now seen to be an exact form of the 
pseudopotential. Since it is much simpler and more convenient than other forms, its properties are investi­
gated further with a view to its use for detailed numerical calculations. Finally, it is shown how the pseudo-
potential can be used not only for calculating valence energy levels, but also for the scattering of electrons 
by phonons and impurities in solids and by the disorder in liquid metals. 

1. INTRODUCTION 

IT has recently been emphasized1-4 that in an atom, 
molecule, or solid, there is almost complete cancel­

lation between the large negative potential energy V(r) 
felt by a valence electron when inside the core of an 
atom, and its large positive kinetic energy which is 
inherent in the oscillations of its wave function \j/v there. 
Mathematically the cancellation can be demonstrated 
by showing that the wave equation 

H^(T+V)*v = Evtv (1) 

can be transformed into 

(H+ VB)4h = (T+ V+ VB)4>v = E&, (2) 

when VR is a nonlocal repulsive potential which cancels 
off most of V, leaving a weak net potential (V-\-VR) 
which we shall refer to as the pseudopotential Vp. In 
(2), <j)v is a pseudo-wave function which is equal to \f/v 

outside the atomic core, but inside the core has the 
oscillations of \pv removed; e.g., for a sodium atom the 
03s, <j>Asj - -' functions, corresponding to the 3s, 4s, 
valence levels, have the general shape of Is, 2s, 
wave functions with zero, one, • • • radial nodes. 

Phillips and Kleinman,1'2 also Antoncik,6 first showed 
that VR could be denned by 

VR*K4>v=i:c(Ev-Ee)(fc,4>v)fe 

/ < GM)= fftdv, 
(3) 

which we shall call the PK theorem, where Ec, tyc are 
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the eigenvalues and eigenfunctions of H with the 
quantum numbers of states in the core of the atom, 
i.e., c= Is, 2s, 2px, 2py, 2pz for sodium: in-the case of a 
polyatomic system, we shall take the summation over 
c to include summing over all the atoms, and shall 
assume the ^c

Js from neighboring atoms do not overlap 
appreciably. Cohen and Heine4 then showed that there 
are actually several forms which can be taken for VR, 
in particular 

= ^ - E c ( ^ , ^ ) ^ + f E e ( ^ c , 0 ¥ c , (4 ) 

where 

f = ( * , F + F * * ) / ( 0 , * ) . (5) 

Dropping the last term of (4), they suggested as an 
approximation 

F P V = (V+VR
A)<i>= 7 0 - £ c ( * c , F 0 t y c . (6) 

The present work was initiated when one of us (B. J. A.) 
noticed that (6) is not an approximation at all, but is 
still a valid form for Vv satisfying (2).6 I t is by far the 
simplest form of the pseudopotential that has been 
developed. In particular, it gets rid of the awkward 
term in V which can only be defined self-consistently 
in terms of the <j>v which one is trying to calculate. The 
importance of the form (6) is that it really turns the 
use of pseudopotentials from a qualitative or formal 
justification of the nearly free electron approximation 
and similar crude models,4 into a useful method of 
doing quantitative calculations. 

In Sec. 2 we shall state and prove what we call the 
general pseudopotential theorem. I t exhibits the most 
general form that can be taken for VR, containing (6), 
(3), and (4) as special cases. I t also throws new light 
onto what happens to the core eigenstates of H when 
one transforms to the pseudopotential formalism, and 

6 Since completing this manuscript, we have noticed that the 
form (6) had previously been written down by F. Bassani and 
V. Celli [J. Phys. Chem. Solids 20, 64 (1961)] using an incom­
plete form of the theorem of Sec. 2. There is otherwise no overlap 
with the present work. 
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the special role played here by the form VRFK (3) of VR. 
Although one can generate an infinite number of valid 
forms of VR, not all of them are equally useful insofar 
as they do not all produce equally rapid convergence 
if one expands (j>v in, say, a series of plane waves in the 
case of a metal. In Sec. 3, we shall therefore discuss, 
from this point of view, the <j>A generated by the use of 
our form VRA (6). 

Finally, we shall discuss the transition probability 
for scattering. What we have in mind is the scattering 
of electrons by a distortion of a solid produced by a 
lattice vibration (electron-phonon interaction),7 the 
scattering by an impurity atom in a solid such as gold 
in silver, and the scattering of electrons in a liquid 
metal when we start from a free-electron model and 
introduce the atoms as weak scatterers.8 Although the 
PK theorem and its generalization only assert that the 
correct eigenvalues of H can be calculated from the 
pseudopotential Vp, it is superficially obvious8 that V p 

can also be used to calculate scattering matrix elements. 
However, it took Sham7 a considerable amount of 
algebra to show that the particular case of the electron-
phonon interaction is correctly given by the use of the 
particular form VP

FK. One trouble is that VR is not 
exactly a Hermitian operator, although, clearly, the 
resulting transition probability between two states of 
<j>vi and <t>V2 must be the same in both directions. Further­
more, the </>v's are no longer orthogonal, in general, nor 
is it completely obvious how they should be normalized. 
In view of these uncertainties, we shall show in Sec. 4 
that scattering probabilities can be correctly calculated 
from the pseudopotential in any of its forms in all the 
situations mentioned above, and shall develop the 
correct formulas for handling them. In Sec. 5 we relate 
the calculation of scattering amplitudes in the pseudo-
potential formalism to that in the orthogonalized 
plane-wave formalism. 

2. GENERAL PSEUDOPOTENTIAL THEOREM 

Let us start by calculating the eigenvalues and 
eigenfunctions of H+ VR, where VR is defined by 

F * 0 = E c C F c , ^ c . (7) 

Here, the Fc are completely arbitrary functions. We 
shall denote the eigenvalues and eigenfunctions of H 
by En, ipn, writing n=c or v if we want to restrict 
ourselves to core or valence states. The corresponding 
eigenvalues and eigenfunctions of the pseudo-Hamil-
tonian HP=H-\-VR we shall denote by En, <j>n, again 
with n~c or v 

Hp<j>n^ (H+ VR)<j>n^En<t>n. (8) 

Let us first consider the core states and expand <t>c in 
terms of the complete orthonormal set of functions \[sn: 

<£c=Xc'ac'^c'+X)vavi/v (9) 
7 L. J. Sham, Proc. Phys. Soc. (London) 78, 895 (1961). 
8 f. M. Ziman, Phil. Mag. 6, 1013 (1961). 

Substituting into (7) and (8), we obtain 

+ E c ZvaAFc>rtv)tc>+T,v(Ev-Ec)av^O. (10) 

In this the coefficient of every \pn must vanish. Thus, 
unless there is some accidental degeneracy between Ec 

and some Ev, we have that all a v = 0 . Thus, <j>c is a 
linear combination of the ^ c ' s , and its energy Ec is 
given by the secular equation 

det| (Ee,-E0)8e>c»+(Fe>,fc»)\=0. (11) 

I t should be noted that this discussion of "core" 
solutions of (8) is purely formal and is of no interest in 
discussing the real core states of the atom. However, 
these "core" solutions do exist and are relevant at 
three places below in discussing the valence levels. 

We now calculate the valence states by expanding 
them similarly in terms of the \f/n

9s : 

<j>v = HcCic^c+Hvf ovi/v. (12) 

Substituting into (7) and (8), we obtain 

+ (EV-Ev)arf9+'Z(EV'-Ev)av«l,v> 

+ I I . W . W . = o . (13) 

From the coefficient of \f/v, we have EV = EV. From the 
coefficient of i/v we have av> = 0 unless there is some 
degeneracy. Thus, <j>v has the form 

<t>v = ^v+lLc OLcfc, (14) 

where from (13) the ac's are determined by the set of 
linear equations 

Zcm-Ev)5cc>+ (Fe,fc>)]0tc=- (Fe,fv). ( 1 5 ) 

Comparison with (11) shows that (15) has a unique 
solution unless there is some accidental degeneracy 
between Ev and an Ec. Throughout this proof, if some 
degeneracy does occur, it results in a degree of arbi­
trariness in the wave functions which may, however, 
still be chosen in the form described above. 

We have therefore the general pseudopotential theo­
rem:—The pseudo-Hamiltonian HP=H+VR, where 
VR is given by (7), has the same valence eigenvalues 
Ev as H does, the eigenfunctions being given by (14) 
and (15); the "core" eigenfunctions of Hp are linear 
combinations of the core eigenfunctions of H and their 
energies are given by (11). Moreover it is clear from 
the proof of the theorem that the essential property 
that VR must have is that it projects any <j> onto the 
space spanned by the ^ c ' s . Since (7) is the most general 
operator of this type, (7) with arbitrary functions Fc 

represents the most general form for VR. 
Finally, we take the matrix element of (14) with \f/c 

and obtain ac= tycrfv). Thus, we can write (14) in the 
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form 
^ = ^ + E c ( ^ c , ^ c . (16) 

I t is important to note that this does not imply any 
particular value of the a c ' s ; <fiv varies with ac in such a 
way that (16) is automatically true for any ac 's. I t 
really expresses the orthogonality of \f/v and \f/c, and 
cannot be taken as a full definition of 4>v in terms of i//v 

and the \£c's.9 

If we now take 
FC=-VJ,C (17) 

in (7), we obtain the Austin form VP
A (6), which we 

have therefore proved to be a valid form for the 
pseudopotential. Similarly, the forms F # P K (3), VROB-
(4), and other forms given in I are all seen to be 
special cases of (7). We can also take over from I the 
use of a model potential VM which is completely open 
to choice; we have then for the pseudopotential 

(V+ VB)4>= VM*+L(V- VM)4> 

- L . ( ^ ( F ~ F M ) ^ C ] . (18) 

In I, it was rather implied that the core eigenstates 
somehow completely disappeared when one went to the 
pseudo-Hamiltonian form. This is now seen to be 
incorrect; indeed, we have in (11) derived an equation 
for the eigenvalues Ec. However, it remains important 
for the practical application of pseudopotentials that 
the lowest valence states of H should become the lowest 
eigenstates of H+ VR, because one wants to set up, for 
instance, secular equations in terms of plane waves 
whose lowest eigenvalues converge to the Ev's and not 
to some lower core states. Thus, it becomes important 
where the Ec lie. In the case of the pseudopotential 
(6) we note that (11) becomes Hermitian and Ec real, 
and we have from the diagonal elements 

EC~EC- (*c, W = (&,Z¥C). (19) 

Here, T is the kinetic energy operator, and we have used 

(T+V)fc=EJ,e. (20) 

The off-diagonal elements of (11) become (^c,7Vv) 
which are rather smaller because of the orthogonality 
of the ^ c ' s . Now, very roughly, 

( * c , r * c ) « | E c | . (21) 

We therefore have that the "core" levels Ec of H+VRA 

lie about as high up in the continuum as the real core 
levels Ec of H lie below the valence levels. However, 
if the outermost valence level is rather loosely bound, 
some care may be needed in calculating excited valence 
states in order not to pick up one of the spurious 
levels Ec. 

To get the form VR
PK (3), we put in (7) 

Fe= (Ert-Ee)f*, (22) 

9 See footnote 27 of I. 

where EVQ is the particular valence level one is wanting 
to calculate. I t then follows from (11) or by direct 
substitution that all the \pc become eigenstates of 
H+ F E P K with pseudo-energy Ec all equal to Evo. The 
etc in (14) can then be chosen arbitrarily because of 
the degeneracy. Note that this arbitrariness, first 
pointed out by Kohn,9 applies only to the PK form of 
the pseudopotential.4 If we denote by 4>v

x the pseudo-
wave function obtained from a particular form VRX, 
then the arbitrariness means that any </>v

x is auto­
matically a 0t,PK, and we have from (2), (16), (20), 
and (3) 

VB
x<j>v

x= {H+VB
x)<j>x-H<f>x 

=Ev\pv+J2 Ev(\pc,<f>v
x)\J/c—Ev\pv 

= £ ( £ , - £ c ) ( ^ * ) ^ 

= I W . (23) 
We can, therefore, regard VR in two different ways. We 
can either regard VR as always being the same operator, 
a particular form then being obtained by defining a 
particular set of ac 's, and thus a particular representa­
tion of the operator. This is rather the approach used 
in I, where we fix the representation by fixing the 
matrix elements ($ c<,V R<J>) > as in Eqs. (21) and (22) of I. 
Alternatively we can regard the various forms as 
different operators all satisfying (2), with VRPK having 
some special properties because of the degeneracy 
between the Ec'$ and Ev, which is more our present 
attitude. 

3. SMOOTHNESS OF 0 / 

As is well known in the orthogonalized plane-wave 
(OPW) method of calculating band structures in solids, 
one can in (14) eliminate the radial oscillations of \pv 

inside the core by choosing the ac appropriately.4'10 

Indeed the whole purpose of using pseudopotentials is 
to work in terms of functions <f>v which are quite smooth 
inside the core, so that in the case of solids or liquid 
metals, for instance, they can be represented well by 
only a few plane waves. We therefore have to ask, if 
we use the particular form VP

A (6) of the pseudo-
potential, how smooth does the resulting function <£V

A 

turn out to be? In view of the importance of this 
particular form, we shall approach the question from 
two different angles. 

We first note that V P
A can be generated from a 

variational principle in the manner of I. We shall omit 
the detailed derivation, since it follows closely Eqs. 
(17) to (23) of I. The quantity to vary is 

- ( 0 , ( F + F B ) 0 ) = ( 0 , r 0 ) - £ , ( 0 , 0 ) ; (24) 

i.e., the <j>v
A given by VP

A is such that it automatically 
minimizes (24). This is not the usual form of a varia-

10 C. Herring, Phys. Rev, 57, 1169 (1940). 
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tional principle as used in I, because we have not 
divided by the normalization (0,0). We assume here 
that 0 has the form (14), i.e., that 0 is so normalized 
that its projection on \[/v is unity when \pv is normalized 
to one. Thus, from (14) or (16) 0 is normalized to 

( < M > ) = i + i ; c k l 2 = i + E c | ( v M ) | 2 , (25) 

where the second term is typically about 0.1. Since it 
is so small, minimizing (24) is very nearly the same as 
minimizing 

T = (0 , r0) / (0 ,0) = j \ V0| W ( 0 , 0 ) . (26) 

Now, as mentioned in I, minimizing (26) generates the 
smoothest 0 possible, and thus the 0 A generated by 
VP

A is very nearly the smoothest 0. 
We can compare 0 A with the smoothest 0 more 

quantitatively as follows. From (2), (5), and (25) we 
have 

f + 7 = E , = const, (27) 

so that minimizing T (26) is the same as maximizing V. 
In I the latter condition was used to generate Vp

cu (4). 
We have therefore that the 0 C H given by Vp

cu is the 
smoothest 0 possible, the_ smoothness being measured 
by the kinetic energy T (26). Now the difference 
between VP

A (6) and VP
GH (4) is just the small V term 

contained in (4), and the increase in kinetic energy 
produced by dropping it can be calculated by pertur­
bation theory. We put 

0 , A = 0 , C H + Z c / 3 C ^ C (28) 

into (2), (4), and (6), giving 

( E c - £ ^ c - E c K ^ c , F ^ ) ^ = f ( ^ , 0 , C H ) . (29) 

By way of a very rough approximation, we obtain from 
the diagonal elements of the secular equation (29) 

j8.« . (30) 

The increase AT in kinetic energy is to second order 

(<t>\T<t>*) _ 
A T = T 

(<t>\<t>A) 

= V J2 T (31) 
e,e> (0 C H , 0 O H ) C (0C H ,0C H) ' 

There are no first-order terms in AT, because T is the 
minimum value of (25). In practice, the extra waviness 
of 0A corresponding to AT results, of course, in a slower 
convergence if one is expanding 0 in some series of 
functions. By way of illustration, we have estimated 
the magnitude of the effect for the levels Th Wh TFY, 
and Wz in the band-structure calculation of solid 

aluminum.11 Putting (21) into (30) and (31), we obtain 
AT=0.001, 0.01, 0.001, and 0.002 rydberg as regards 
order of magnitude for these levels. This is comparable 
with the ordinary contributions of the higher states in 
the secular equation,12 and in each case is less than 1% 
of the amount of kinetic energy (0,7^0)/(0,0) which 
has been canceled off by VR. We conclude that for 
practical purposes 0 A is not seriously less smooth than 
0C H , the smoothest 0. 

The usefulness of VP
A can also be gauged from a 

direct comparison with the OPW method10 in solids. 
We first introduce a slight modification of (6), obtained 
by putting VM equal to a constant Vo in (18): 

F / 0 = F 0 - L c ( ^ c (V- Fo)0tyc. (32) 

I t is now invariant to a change in the zero from which 
V is measured, which (6) is not. We then set up a 
secular equation for HP(=T+VP

A) in terms of plane 
waves with wave vectors k and k + g n , where the gn's 
are the reciprocal lattice vectors, and use this to 
calculate the energy of the lowest state E*. The use of 
(32) results, of course, in a non-Hermitian secular 
equation, and it is important to note that in first-order 
perturbation theory the coefficient of the wave k + g 
mixed into the lowest state is given by the matrix 
element (£Tp)k+g,k from the first column, not by 
(Hp) k, k+g from the first row. We have 

(#2>)k+g,k 

= ^ + g , k - E c ( P W k + g , ^ ) ( ^ c , (V-Vo) PWk) 

= F k + g , k + L c ( k 2 + F 0 - £ c ) ( P W k + g , ^c) (^ ,PWk), 
(33) 

where we have used V—H—T and (20). The corre­
sponding element in the OPW calculation is 

(OPWk+g, (H-Ek) O P W k ) = F k + g ) k 

+ Z c ( £ k - £ c ) ( P W k + g , ^ c ) ( ^ ,PWk) . (34) 

Comparing this with (32), we see that they become 
identical if we choose 

F o = £ k - k 2 . (35) 

In practice, if we put 

Fo=-E*-o, (36) 

then (35) is very nearly satisfied for all k, at least in 
comparison with the Ec in (33), (34). We conclude, 
therefore, that the secular equation for Hp in terms of 
plane waves, using (32) and (34), shows the same 
convergence to a first approximation as the secular 
equation of the orthogonalized plane wave method. I t 
has the advantage over the latter that the required 
energy Ek does not appear in the off-diagonal elements, 
but the disadvantage that the equation is not Hermitian 
(see also below). 

11 V. Heine, Proc. Roy. Soc. (London) A240, 361 (1957). 
12 V. Heine, Proc. Roy. Soc. (London) A240, 354 (1957). 
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4. TRANSITION PROBABILITIES 

The transition probability per unit time from a state 
fa to a state fa is, as usual, 

l/T=(2<ir/1i)\W2i\2n(E), (37) 

where W2i is the scattering amplitude and n(E) the 
density of states, and where 1/r and n{E) are expressed 
per unit solid angle or other suitable angular range 
around the direction of fa. Since the energy eigenvalues 
Ev of the Hamiltonian H and of the pseudo-Hamiltonian 
Hp are the same, n(E) is also the same and we need 
only concern ourselves with the calculation of PF21. 

We first prove the scattering amplitude theorem: 
the scattering amplitude for any system of atoms is the 
same when calculated from V or Vp, provided the 
pseudo wave functions are normalized as in (25), i.e., 
normalized so that the projection of fa on fa is unity 
when fa is normalized to unity. In the case of a single 
atom, the scattering amplitude is defined by taking an 
incident plane wave at infinity and constructing a wave 
function which at large distances behaves like 

^ -> eik^+f(dyfaeiklr/r, (38) 

where f(6,fa then gives the scattering amplitude. Here 
\j/ is an eigenfunction of H satisfying the scattering 
type of boundary conditions, so that we can apply the 
pseudopotential theorem to it and construct a corre­
sponding 4> which is an eigenfunction of Hp. This <j> is 
the wave function which one would obtain if one did a 
scattering calculation with Vp, since it satisfies the 
required boundary conditions. From (14), <j> and ^ are 
identical outside the range of the \f/c, and thus give the 
scattering amplitude for an isolated atom. The same 
argument can now be applied to the scattering by one 
or more atoms in a solid or liquid, or in a solid disturbed 
by a phonon, or any other rearrangement of atoms. In 
this case, the incident wave is a Bloch function of the 
pure solvent or undisturbed solid. The scattering is 
defined by constructing an eigenfunction \p of H with 
boundary conditions (38) for the scattered wavelet 
emanating from each atom. This is not yet an exact 
eigenfunction of H because it only includes single 
scattering: one really has to go on to take the scattered 
wavelets and scatter them in turn by the atoms they 
hit, and so on. The point is that at each stage there is 
a corresponding function <f> derivable from HP1 which is 
the same as \[/ in the "free" region between the cores, 
because we have previously shown that the scattered 
wavelets from each individual atom are the same when 
calculated from H or Hp. In order to get the flux of 
electrons right, it is clearly necessary to normalize the 
4> so that \p and <f> are identical in the region between 
the cores, i.e., according to (25), which proves the 
theorem. 

We therefore wish to calculate the scattering pro­
duced by a change in the pseudopotential 8VP due to 
inserting, removing, substituting, or displacing atoms. 

As shown in I and in Sec. 3, VR can be chosen so that 
Vp is a weak potential. Hence, 5VP is also weak and 
we can use perturbation theory to calculate the scatter­
ing by it. The kind of situation we have in mind is, for 
instance, gold atoms dissolved in silver. Here the actual 
change of potential 8V is large, so large, of course, that 
it results in an extra radial node in the wave function, 
and this would render a perturbation calculation based 
on 8V practically useless. However, the actual scattering 
of electrons by the gold atoms is small, corresponding 
to a small 8VP in which the change in the number of 
radial nodes has all been canceled off. Thus, we wish 
to calculate the scattering amplitude TF2iof 5VP between 
two pseudostates fa and fa of the unperturbed system. 
This is not simply the matrix element (fa,8Vp<j)i) 
because the fa's do not form an orthonormal set. We 
define the reciprocal functions fa with the property 

(fa^m) = 8nm. (39) 

In terms of these, the first-order perturbation expansion 
is easily verified to be 

(fa,8Vpfa) 
fa (perturbed) = fa+ £ —fa, (40) 

n^i Ex—En 

where we have used En because the summation runs 
over all core states with ECT^EC as well as over the 
valence states. The scattering amplitude is therefore13 

W21= (<t>\8Vpfa). (41) 

I t is straightforward but tedious to construct the set fa 
systematically from (39), so we shall simply verify by 
inspection from (14), (39), and from <f>c being a linear 
combination of the ^ c ' s , that fa is in fact just fa. 
Thus from (16), (41) becomes 

W2i= (fa,Wpfa)-Zc(fa,fa)(fa,8Vpfa), (42) 

which is our final result for the scattering amplitude to 
first order in 8VP. In practice, the second term in (42) 
will be very small, particularly if one uses the form 
VP

A, because then Vp and 8VP are already as near zero 
as possible over the region of the ^ c ' s . 

When 8V is itself small enough to be treated by 
first-order perturbation theory, we have 

W 2 i = ( i M W , (43) 

and this should reduce algebraically to (42) without 
having to appeal to the general arguments used in 
proving the scattering amplitude theorem. The required 
manipulations turn out to be somewhat tortuous, 
involving as they do also the first-order changes in \j/c 

and in VR, and we record them in the Appendix as a 
check on the general theory. 

As it stands, (42) is not obviously Hermitian between 
fa and fa. Indeed, VR (7) itself is not, in general, a 
Hermitian operator. However, we shall prove that it 

13 L. D. Landau and E. M. Lifshitz, Quantum Mechanics 
(Pergamon Press, New York, 1958), pp. 147, 149. 
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has the Hermitian property 

(*l,F*0,)=fo2,7j|0l)*, (44) 

if 0i and <f>2 are pseudo-wave functions belonging to the 
same energy E, which we take to lie in the continuum 
as in a scattering problem. We can expand <£i, $2 about 
each scattering atom in terms of spherical harmonics 
Ylm 

01=2zm AitimYlm(0,<l>)flm{r) El), .J(-X 

(45) 
fa—Y^lm A 2,lmY lm(0,<l>) flm(r', E2), 

or in terms of Kubic harmonics or other symmetry 
functions as appropriate. Here FZm(0,</>)/zm(r; E) is the 
solution of the pseudo-Schrodinger equation with 
symmetry Yim and energy E, integrated outwards from 
0=finite at r=0. Similarly in VR (7), the \f/c can be 
sorted out according to the symmetry of the system, 
namely, the Yim in our example, and then (<t>2,fic) 
picks out from (45) only the term with the same I and 
m. If VR is to preserve the spherical or other symmetry 
of the system, then Fc in (7) has to have the same 
symmetry properties as \f/c and (Fc,0i) picks out the 
corresponding term from (45). We have, therefore, 

(02, VR<J)\) = YlIm A 2,lm*A \,\m 

XEc(/i»(r; E2)Ylm^clm)(Fclm,Ylmflm(r; Ej)), (46) 

from which (44) immediately follows if and only if 
Ei=E2, in general. If the symmetry is other than 
spherical, the summation in (45) is over all the compo­
nents of all the irreducible representations, and the 
orthogonality of the representations preserves the 
result as before.14 The same reasoning can be applied 
to the scattering amplitude (42). Since in an elastic 
scattering problem 0i and <j>2 always do have the same 
energy, we obtain therefore the property 

W12=W21* (47) 

required by the principle of microscopic reversibility. 
Incidentally, the original PK form (3) of VR is 

rather ambiguous in regard to Hermiticity. VRFK is a 
completely Hermitian operator if we regard Ev as a 
fixed parameter, for instance, the energy of some 
definite level which is to be calculated. Thus, if we use 
H+ VRPK to set up a secular equation for Ev in terms 
of plane waves, we get4 the OPW secular equation 
which is Hermitian. However, in general, a more 
consistent interpretation of VRVK as in (23) and in I 
would be that Ev refers to the energy of the 0 following 
on the right. In that case, VRVK is not Hermitian 
although we again have the property (44) if Ei=E2. 

5. RELATION TO OPW CALCULATION 

There is a close connection between the pseudo-
potential approach and the OPW method which has 
been mentioned above and elsewhere1"-4 as far as the 

14 V. Heine, Group Theory in Quantum Mechanics (Pergamon 
Press, New York, 1960), pp. 42, 121. 

determination of energy levels and eigenfunctions is 
concerned. The ideas of OPW'S can also be applied to 
calculating scattering amplitudes,7'15,16 and we can 
compare this approach here with the results of Sec. 4. 
Consider again the case of scattering by a small concen­
tration of gold atoms dissolved in silver. We start by 
doing a band-structure calculation for pure silver and 
obtain the conduction-band wave function \ftv. Using 
(14), (16) we can construct from each \f/v a corresponding 
smooth function <j>v at each of the atomic sites where we 
are going to substitute gold atoms; if the band-structure 
calculation is done using the OPW method, <t> appears 
automatically as a linear combination of some plane 
waves. We have 

0t> = ^v+Z)c(^clAg,0t»)^c,Ag, (48) 

where the summation includes summing over the sites 
of interest. We now substitute the gold atoms, and 
using (14), (16) again, we insert into <j> the atomic-like 
oscillations appropriate to gold, which gives functions 

$v = $v — Z) c {$c, Au ,^ )^ , Au. (49) 

These are Bloch-like travelling waves with a single 
direction, but with the appropriate oscillations at each 
silver or gold atom. An electron is not scattered strongly 
by the gold atoms so that it has a long mean free path, 
and speaking pictorially we can say that \pv is the 
on-going unscattered part of the wave function. It is 
the &/s that we use as a basis set if, for instance, we 
want to set up a Boltzmann equation for the electrons. 
Clearly, the \pv's are not eigenfunctions of the system, 
nor are they exactly orthogonal, and to obtain the 
scattering we have to calculate the effect of the full 
Hamiltonian H on #„. Using the expansion 

^(0 = X)v Ov(t)$v exp(—iHvvt/fi), (50) 

where Hvv is the diagonal element of H with respect to 
&, we obtain for the scattering amplitude 

W2i=(fa, (H~Hu)h) (51) 

to first order in the off-diagonal elements of H and in 
the overlap. From (49) and (3), we obtain 

(&, ( J ? - £ ) W = ( * * (#O-£)0l)+(02,FAu0l) 
+ Hc(E—ECt Au) (fade, Au) (^c, Au,0l) 

= (*2,(ffo-£)*i)+(02,^p.A«P K^i), (52) 

where Ho includes the kinetic energy and the potential 
energy at the unreplaced silver atoms, and FAU and 
VP,AUFK refer to all the replaced sites. Similarly, from 

15 W. D. Knight, A. G. Berger, and V. Heine, Ann. Phys. 8, 
173 (1959). 

16 This approach has also been talked about for some years 
among other people familiar with OPW's. We include here its 
application to impurity scattering because of its relation to Sec. 4 
and because this application does not appear to have been set 
down before, without any claim to priority of invention. 
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(48) we have 

0=(fa, (HAg~E)fa) 
= (02, (Ho-E^O+i^V^A^i), (53) 

where the whole expression is zero because fa and fa 
are eigenfunctions of the Hamiltonian #Ag in pure 
silver. Substracting (53) from (52) and putting Ei=E2 

= 22n, we obtain finally from (51) 

Wn=fa, (^,AuP K-Fp ,A g
P K)0i), (54) 

which is very similar to (42). The difference is that the 
small second term of (42) does not appear in this 
formulation, and that in (54) it is always the PK form 
of the pseudopotential that appears because we have 
used an OPW approach. The difference persists even 
if we use the PK pseudopotential in (42); this is due to 
the slight ambiguity in defining what one means by the 
on-going part of the wave function or the unscattered 
basis states, when these are not exact eigenfunctions 
(in the \p form) of any Hamiltonian. We can apply 
(54) to scattering in a liquid metal15 by taking an 
empty lattice as the unperturbed system and inserting 
the atoms. We obtain 

^ 2 l = ( 0 2 , F / K 0 l ) , (55) 

with Vp including all the atoms. (55) is now identical 
with (42) because there are no ^c's of the unperturbed 
system. Analogous results can be derived for electron-
phonon scattering.7 

APPENDIX 

We wish to show that (42) reduces to (43) when 
W is small. Let us subtract the expression (42) from 
(43), writing the difference as X which we want to show 
identically zero. Substituting (16) in (43), we have 

X= 
- E c ( * 2 , W ) ( i M i ) 

(Al) 

From (7) we have 

8V»l>=,Ee(F,J>)&l,e+j:c(6Fcd>)#c, (A2) 

which we substitute into (Al), giving 

x= -£„(**,«*.) (F^O+E...' (<M>c) ttcMs) (Fc;<t>i) 
-£.(<MW(*«,*0 
+E...'(*.,*«) ( ^ W c X ^ O . (A3) 

From (7) and (23) we have 

(FM=(E1-Ee)U,eJ>d, (A4) 

which substituted into (A3) gives 

x= -Z0(<K^c)CEi-£.)(vMi) 

+ Lc,c< ( f c , l k ) ( * . W e ' ) (* • ,* ! ) . ( A 5 ) 

8\pc> is given by ordinary perturbation theory as 

ty* = i:~w(il>»,8Vfa.)fn/(.Eo>-En), (A6) 

which gives 

(<Jv¥v) = 0 if c = c ' ; 

= ty«6Vf,)/E<,-Ee, if cytc'. { } 

From (16) we have 

*j=^s+E^(^. ' ,*2¥«', (A8) 

which combined with (A6) gives 

(**,«*«) = CGM W / (Ec-E2)2 
+Z**.(?t>tji>t>K'l",Wfe)/(Ee-E,). (A9) 

We now substitute (A9) into the first term of (A5), 
(A7) into the second term, and (A8) into the third 
term. If we then put E\=E%, all the pieces will be seen 
to cancel out, which proves our results. 


