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The N/D formulation of the unitarity S matrix, valid for reactions involving production processes, is 
applied to the reactions, 7r+iV —> ir+N, ir+N —> ir+w-\-N, ir+v+N —» ir+ir+N, in the energy region of 
the higher resonances. A model is constructed in which the two pions in three-particle states interact in 
only one state, and the left-hand discontinuities of the elastic and three-particle scattering amplitudes are 
neglected while the left-hand discontinuities of the production amplitude are approximated by a pole. The 
elastic amplitude is driven through unitarity by the inelastic amplitude. The general properties of this 
model are investigated, and the procedure is applied to the D- and F-wave scattering of the ir — N system. 
The comparison between the experimental data and the model presented here is quite favorable. 

I. INTRODUCTION 

IN this paper we shall apply the formalism developed 
in the previous paper1 to pion-nucleon scattering 

and pion-production in the sub-BeV region. More 
specifically, we would like to explore the possibility 
that the higher resonances in elastic scattering are 
driven, through unitarity, by a growing production 
process. Indeed such a mechanism is well known in 
nuclear reaction theory.2 A related point of view was 
taken by Ball and Frazer,3 who show that the second 
and third resonances in pion-nucleon scattering are 
what Nauenberg and Pais4 call "wooly" cusp effects; 
the effects are associated with the opening of the 
production channel consisting of a nucleon and an 
unstable vector meson which subsequently decays 
strongly into two pions. 

What we would like to demonstrate is that the 
contribution from the inelastic channels can cause a 
resonance in the elastic channel, even below the threshold 
of the inelastic contribution. There are two mechanisms 
for such resonances; if the "force" in an inelastic channel 
is strong enough to support a bound state in the absence 
of the coupling between the elastic and inelastic 
channels, then the bound state will appear as a res­
onance in the elastic channel when the coupling between 
the two channels is "turned on." This mechanism has 
been invoked to explain the xA resonance as a bound 
state of the KN channel by Dalitz,5 and has been 
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J L . F. Cook, Jr., and B. W. Lee, Phys. Rev. 127, 283 (1962), 
hereafter referred to as I. 

2 See, e.g., J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear 
Physics (J. Wiley & Sons, New York, 1952), Chap. VIII to X. 

3 J. S. Ball and W. R. Frazer, Phys. Rev. Letters 7, 204 (1961). 
4 M. Nauenberg and A. Pais (to be published). 
6 R. Dalitz, Phys. Rev. Letters 6, 239 (1961). 

investigated in detail in a static model by Lee and 
Klein.6 Sakurai7 has suggested that the same mechanism 
may perhaps account for the higher resonances—in this 
case, bound states of the pN channel. 

The second, and perhaps less well known, mechanism 
is operative when there is a strong coupling between 
the elastic channel and an inelastic channel. Even below 
the threshold of the inelastic process, the system can 
make a transition to the inelastic channel, virtually. 
When the coupling is strong, the system can "oscillate" 
strongly between the two channels and tends to stay in 
this relatively stable configuration, developing a 
resonance. It is this picture that we wish to propose as 
the mechanism for the higher resonances in pion-nucleon 
scattering. The same mechanism has been discussed by 
Blankenbacler8 to account for the two-pion resonance 
(p meson) in terms of the three-pion resonance (co 
meson). 

In the next section, we shall present a more detailed 
and precise description of the model we will consider. 
Briefly, this model may be summarized as follows: 
The higher resonances in pion-nucleon scattering are 
caused by a strong coupling between the pion-nucleon 
channel and the p meson (resonating two pions)-
nucleon channel. As a guide to the nature of the coupling 
of these two channels, the one-pion exchange (OPE) 
diagram of the process w+N —> TT+TT+N is studied. 
The analyticity of the helicity-angular-momentum 
projections of the OPE amplitude is investigated, and 
a pole approximation to the projection of the OPE 
amplitude is described (Sec. II). 

In Sec. I l l the coupled equations resulting from the 
approximations presented in Sec. II are solved, and 
their analyticity and structure are discussed. Also in 
Sec. I l l explicit calculations are presented for Z>§ and 
F§ waves. In the conclusions we compare this calcula­
tion to other models which have been proposed recently. 

6 B. W. Lee and A. Klein, Nuovo cimento 13, 891 (1959). 
7 J. J. Sakurai, Phys. Rev. Letters 7, 355 (1961). 
8 R. Blankenbecler (to be published). 
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II. ANALYTICITY OF THE MODEL 

A. Physical Approximation 

Our goal in this paper is to determine the three 
amplitudes M22, M^z (M32), and M33, as they are denned 
in I, when they are coupled through the constraints 
imposed by the unitarity relations. The contribution of 
the production process to the elastic scattering is 
expected to be important in the region of the second 
and third resonances, roughly from 500 MeV to 900 
MeV, where the production cross section becomes 
sizable. Therefore the coupled-channel problem will be 
mainly of interest in this energy region. 

As in the previous paper, we shall truncate the 
unitarity relations at the three-particle states, in order 
to obtain a closed problem and hope that the solution 
will approximate reality, at least in the energy region 
considered. 

In this energy region, higher angular momentum 
states than s and p are excited, and the statistical 
weights9 attached to higher angular momentum states 
make their contributions to the cross section more 
important than those from s and p states. Recent work 
on the high-energy limit of the two-particle scattering 
amplitude10 indicates that the s~ and p-w&ve amplitudes 
require ad hoc parameters (subtractions in the dispersion 
relation), and we expect that the behavior of the 
Si- and Pi-wave phase shifts will be influenced signif­
icantly by these parameters. Experimentally, the D^ 
and Fft& states are known to dominate the second and 
third resonances.11 Therefore, we shall concentrate our 
attention to these two angular momentum states. 

Since we know very little about the analytic structure 
of production amplitudes and the three-particle scatter­
ing amplitude, we will eventually have to rely on a 
model. We assume that the scattering in the D\ and F* 
states is driven mainly by the inelastic processes. This 
is partly supported by the experimental fact that, for 
energies up to and slightly above the (3,3) resonance, 
these phase shifts are small.12 This means that the 
resonance behavior of the D% and F§ phase shifts is 
essentially independent of the left-hand cuts of these 
partial-wave amplitudes. We shall therefore completely 
neglect the left-hand singularities of the elastic ampli­
tudes in these angular-momentum states. Cini and 
Fubini13 considered these phase shifts within the frame­
work of their approximate version of the Mandelstam 
representation. While the low-energy behavior of these 

9 To be more specific, we mean the factor (2/+1). 
10 M. Froissart, Phys. Rev. 123, 1054 (1961); O. W. Greenberg 

and F. E. Low (to be published); V. Singh and B. M. Udgaonkar, 
ibid. 123, 1487 (1961). 

11 B. Moyer, Revs. Modern Phys. 33, 367 (1961). 
12 W. D. Walker, J. Davis and J. D. Shepherd, Phys. Rev. 118, 

1612 (I960). 
13 M. Cini and S. Fubini, Proceedings of the 1960 Annual 

International Conference on High-Energy Physics at Rochester 
(Interscience Publishers, Inc., New York, 1960), p. 310; J. 
Bowcock, N. Cottingham, and D. Lurie, Nuovo cimento 19, 
142 (1961). 

phase shifts may be controlled by the nearby left-hand 
singularities, it is clear that the resonance behavior 
cannot possibly depend on these singularities. 

In the final state of the production process, N+ir 
—*N+w-\-w9 we assume that only the pions interact 
strongly. We are of course well aware of the overwhelm­
ing experimental evidences14 for the isobar correlation 
of the final nucleon and a pion, but we would like to 
take, in the present work, the point of view that the 
higher resonances are not caused primarily by the (3,3) 
isobar in the final state. The angular distribution, 
polarization, etc., of the production are sensitive to 
the formation of the (3,3) isobar in the final state, but 
we shall not concern ourselves with these aspects of the 
problem. 

The left-hand cuts of M33 will be completely neg­
lected: it is consistent with the assumption that only 
the pion pair interact in the three-particle state. We 
recall from I that the disconnected graph, in which 
the nucleon is noninteracting and only the pions interact 
as a pair, is excluded from M&. In this picture, the 
three-particle scattering process is also driven by the 
coupling of the two- and three- particle channels. 

We assume that the two pions in the final state of 
the process ir-\-N—tir+ir+N are produced only in 
the T=J= 1 state. Since these pions are assumed to be 
strongly interacting, the two-pion state may be con­
sidered as an unstable vector boson15 in all kinematical 
considerations. Following the convention we shall refer 
to this system as p meson. More specifically, it is a 
two-pion system with spin 1, parity — 1 , isotopic spin 
1, and a mass distribution centered at ~ 5 . 4 /z.16 Since 
the p meson has spin 1 and negative parity, the orbital 
angular momentum of the pN system is in general 
different from that of the irN system for given / and II. 
The orbital angular momentum of the pN system 
corresponding to the angular momentum of the irN 
system, Lj, is tabulated in Table I. 

The production amplitude M32 may be written, as 

TABLE I. The angular momentum states of the p-N system, 
Ij, corresponding to the angular momentum states of the ir-N 
system, Lj. 

irN system pN system 
Lj IJ 

Sk St, Dk 

P\ P\ 
Pi PhFi 
D% ShDh 

* l Pi,F* 

14 An extensive bibliography may be found in R. M. Sternheimer 
and S. J. Lindenbaum, Phys. Rev. 123, 333 (1961). 

15 B. W. Lee and M. T. Vaughn, Phys. Rev. Letters 4, 578 
(1960); P. Carruthers, Ann. Phys. (New York) 14, 229 (1961). 

16 A. Erwin, R. March, W. D. Walker and E. West, Phys. Rev. 
Letters 6, 628 (1961). 
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FIG. 1. A sche­
matic representation 
of the analyticity 
chosen for the cou­
pled channels. The 
square represents 
left-hand singulari­
ties. 

in / , 

MnJ*(s,<r) = fe*IMlpFnJ(w,<r)fei
L (w)]* 

We suppress I, 1=1 being understood hereafter. As we 
shall show, the factor g3J(w,o-) removes the zero of 
Mz2JU at w=m+\/a, so that FnJJL is finite at the 
production threshold. Therefore, the energy variation 
of Mz2JU near the production threshold is given by the 
energy dependence of the factor gzT(w,<x): 

Cg8J(^)]*0c[Q(W,flr)J+». 

That is to say, the energy variation (power law) of the 
production amplitude near the production threshold is 
given by the centripetal barrier effect. Therefore, the 
s wave in the final pN channel gets excited first, then 
the p wave, and so forth. Correspondingly, we expect 
the effect of the opening of the pN channel to manifest 
itself first in the Z}§, 5$ states, then in the F%, P§, F\ 
states, etc., in the TTN channel (refer to Table I) . This 
corresponds to the ordering of the higher resonances in 
the T=\ channel, which are known experimentally to 
be D* and F>.n 

Recently, vector mesons of negative G parity (which 
decay into 3T) have been discovered17 (r?0~4/z, o>°~5.6/*). 
There is reason to believe, however, that these mesons 
are not so important as the p meson in explaining the 
higher resonances. The reason is that, in order for the 
process w+N —>^°(co°)+Ar to proceed, at least two 
pions must be exchanged between the nucleon and the 
meson, and the range of the force associated with this 
process is shorter than that associated with the produc­
tion of the p meson, so that the primary effect is likely 
to show up mainly in low angular momentum states 
(s and p, say). 

To recapitulate: Speaking loosely, since all amplitudes 
are coupled to one another through unitarity, the 
scheme employed here considers M22 and M33 to be 
driven by M23 through unitarity, while if23 itself is 
driven by its source (left-hand singularities). The model 
assumed is schematically pictured in Fig. 1, and this 
figure summarizes the physical content of the model. 

17 B. C. Maglic, L. W. Alvarez, A. H. Rosenfeld and M. L. 
Stevenson, Phys. Rev. Letters 7, 192 (1961); N. H. Xuong and 
Q, R. Lynch, ibid. 7, 3?7 (1961). 

B. One-Pion Exchange Approximation 

Given the left-hand discontinuity of M 23, it could be 
substituted into Eq. (139) to determine the N's and 
thus the amplitudes in the spirit of the model given in 
Sec. I I A. However, these discontinuities of M23 are 
not known in any detail, and even if they were, it is 
not at all clear that the resulting coupled system could 
be solved by a practical calculation. Thus, we will 
choose a specific left-hand discontinuity which can be 
calculated from the Cutkosky diagram and has rela­
tively simple properties. In order to insure that the 
contribution of this singularity to the production 
amplitude is significant, we impose the condition that 
this singularity be close to the physical region. Such a 
discontinuity is given by the OPE diagram shown in 
Fig. 2. 

Referring to I we see that the singularities arising 
from this diagram are near the physical region. Using the 
same notation as I, the branch point is a function of a 
in the w plane. As a is increased, the branch point moves 
to the right until it reaches w=m-\-jjt. I t then circles 
w=m+fi (by use of the ie) and moves to the left 
until o-=4jLt2. When o->4/z2, the branch point becomes 
complex, see I, Fig. 4. The OPE diagram thus dominates 
the nonphysical region, W2<w<Wz, of the production 
amplitude. 

Instead of the definition given in I, it is more conven­
ient to define M23 and If32 as 

M2s==i(k,p(out)\p\khk2(iri))u(q) 

Xl2ko2k1Q2k2opo/tn]t, 

MM= — iu(q)(khk2(ovLt) I f\ k9p(m)) 

Xl2k102k2o2kop0/mJ, 

(1) 

in order to discuss the effects of the OPE diagram. The 
new definition is adopted so that the OPE terms of 
M23 and M32 are real in the physical region. One can 
convince himself by inspection that the unitarity 
condition, Eq. (15), is not altered by this new definition 
of the amplitudes, nor is the relation between them. 

Let us denote by J523 and £32 the OPE amplitudes of 
M23 and M32. One can readily show that 

B2z=gu(p)yhu(q) {t-pF)-x{k \ j r \ £i,*2(in)>, 

£32= -g^(g)T5^(^)(^-M2)_1(^i^2(out) \jj\k), 
(2) 

where t= — (p-
that g/47r«14 
further, 

lu(p)ybu(q)T=: 

q)2, g is the irN coupling constant such 
jn is the pion current operator and, 

-u(q)ysu(p). (3) 

FIG. 2. The specific dia­
gram (OPE) which approx­
imates the left-hand dis­
continuities of i f 32. 

\J 
X 

-Q 

\ 
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TABLE II. The linearly independent combinations of helicity 
amplitudes with definite parity. 

(rA\B^\\)±(-r, -A|B,/ |X) Orbital parity 

<+,+l |B-M+>+<-,- l |2K|+> 
< + , + l | ^ | + ) - < - , - l | B ^ i + > 
<+,0|S'| +>+<-, 0|B'|+> 
<+,0|S'| +>- ( - , 0|B'|+> 
< + , - 1 | J B ' | + > + < - , + 1 | « ' | + > 
<+,- l |B ' |+>-<- ,+ l |B ' |+> 

i-iy+i 
(-!)/-» 
(_iy+j 
( - i y - j 
(-iy+i 
(-iy-i 

l 
2 
3 
4 
5 
6 

F I G . 3 . T h e c o o r d i n a t e ======z==============^^ 
systems and vectors rel­
evant to a discussion of 
a three-particle system. I [Sec. I l l B] is î s,o,—5= 1, so that the C' frame and the 
(a) is in the c.m. of the Q frame are connected by a pure Lorentz transforma-
two pions; (b) is in the . * ^ ^ % . 
cm. of the three-particle tion, z. Consequently, the vector kc lies m the xczc 
system. The tilde nota- plane (see Fig. 3). 

If we reduce u(p)y?>u(q) into the Pauli representation 
and pick out the states of definite helicity, we obtain 
[ ( + ) = * , ( - ) = - « 

rE+m/Qo+myf 
u±(p)yhu+{q) = ——f ) 

L 2m \ 2m / J 

tion is the same as the 
prime, 

X 
r P{s) G(*,<r)-ircos-

Li Tcosl(4»), 
JLsmJ 

(5) 

We have suppressed, for the moment, the isotopic 
spin dependence. 

Let us concentrate on the decomposition of B^ In 
analogy to Eq. (115), we have, with p=o-% 

{v,\\Bz2JlM\\) 

= 2TT / dS Yu*(a,P) J d(cos$) dJ
K-v,-> (») 

XBS2[.s} a, <S> = 0, E, 0 = (Oft) ;v, A]. (4) 

~E+m QQ+M-

where cos#=^-$ in the total c.m. system, and 

iPi=ik|=p(*), 
|q| = |K|=Q(*,«r), (6) 

po=E, qo=Qo. 

As we have stated, we assume that TT—W scattering 
is dominated by the J=T=1 state, so that18 

<*i,*«(out) | jw | k)~- 167rv2(p2/p2-V)^ 

Xe^ sin8iX3(2*. ( f c - f c ) / ^ - V ) , (7) 

where p2=a, and di is the 7T7T phase shift in the T—J— 1 
Since, in the integrand of Eq. (4), we require the OPE state. Now in the two-pion c.m. system, we can write19 

amplitude for 7=0, the rotation operator, Rs,y,-s9 in [see Fig. 3(a)] 

( ^ 1 - f e )^= ( ip ) [ ( / - p 2 -M 2 ) 2 ~4pV]Hp 2 ~V) 1 - £ F1AM)F1A*(7r-x30), 
3 A=0,±1 

(8) 

where cosx=k-q, so that 

f ^ 1 1 / d cos0 dp-A,\J(0)guv(q)y6u\(p)-
l-V? 

[ ( / - p 2 - M 2 ) 2 - 4 p V ? T „ , 
.4, F w *(x ,0 ) 

P(P 2 -4M 2 ) J 

X { - 16\£x[p2/ (p 2 - V)]}e«i sinSi}, for T= 

Since 

(9) 

4 ze>2—m2+fx2 
w , 2 _ m2+p2 

COSX = ^ l c ' ^ , _ 

2^p 2^p 
sinx=P(l-s2)*2p/C(<-p2-M2)2-4p^2]^ 

"I 2p 

J [« -M 2 -p 2 ) 2 -4pV 2 ] 5 ' 

18 The normalization of the asymptotic state |&i,&2( )> is such that 
\kiM )>=(l/^)at()(Wflt()(Aa)|vac>. 

19 We have Fi,±i(«9,^) = rFj(3/27r)*sin^±t> l P i . o fo^^ iPAr )* Xcos0; c.f., A. R. Edmonds, Angular Momentum in Quantum 
Mechanics (Princeton University Press, Princeton, New Jersey, 1957), 
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where s=cos0, we may rewrite Eq. (9) as 

(v,A\BnTJ(w,p)\\)= 
21 

-48*- „.•«! sinSi \l — jg2ir / dz d,-K,\J{B)ut{q)yhu^{p) 
p 2 - V 

f+P( l - z 2 )* 

X v2{Q(w2-OT2+M2)/2wp-P[(je;2-w2+p2)/2wp]z} 

l - P ( l - z 2 ) * 

for A= 0 

L-U 

(10) 

As pointed out in I, it is more convenient to form linear combinations of the amplitudes such that eigenfunctions 
of parity are obtained. The six, so formed, linearly independent amplitudes are given in Table II. They are labeled 
by f rather than § (as in I) for a more explicit identification. 

Defining BwJ, with T suppressed, as 

BZ2
J!(w,p)^(v,A\B*2JWM-v, -A\BZ2

J\\\ 

and using Eq. (10) with Table II, we can write 

| 2 i r p 1/8*V T1 1 rE+m/Qo+m\^ 

where (l—J—J in the following expressions) 

Q . P 
P-n(z) = P(l-z*W 

P ( l - z 2 ) r Q 
P^(2) = Pl'(z) 

[ 7 + ) cosW-hlJ(fi)-( 
L\ Q0+m E+mJ \ 

LQ0+m E+m J 

V Q P 1 
— - P i ' i * ) - — - P H - I ' W L 

LOo+w £+w J 

Qo+m E+m ) -
sin$0<fj,jJ(0) 

P ( i - z 2 ) r Q P 

/+i Le0+w 

J + l LQ0+m 

PJ*{z) =V2p 

p J4(z)=v2u> 

2wp 
— P -

2wp 

w2—?M2+M2 _w2—>w2+p2 i p Q 

o+ 

w2-\-m2+ix2 w2—m2+p2 

--P-
2wp 2wp 

•I-
0 

• iW*) " 
£+w 

•Pi(«)+ 
£+w 

-PH-IW 

1 (12) 

P ( l - z 2 r Q ( I \* P / /+2\» -l 
2*»(«)= ) P,+1'(z) ( ) p / ( s ) I 

E+m\l+2/ J 

M-l LQo+»V+2> 

-<?o 
P ^ ( s ) = : M W — \ P / ( z ) [. 

• • ' LQ0+m\ I ) Z+l 

As Table II shows, the parity eigen amplitudes As in I, we define new amplitudes F22JII(W),FMJI:(W,P), 
naturally separate into two groups. A TN system in one F32

/f(w,p) and Fzz
JK'(w,p,p'), which are free of kinemat-

of the states, Pj, D$ or P§, can produce a (TTT)N state ; c a i singularities, by 
with appropriate / and T and ? = 1 , 3, 5, but not 
f=2, 4, 6. On the other hand, the states 5}, Pj are F2i

jn(w) = g2L(w)M22jn(w), 
characterized by f=2, 4, 6, and not by f = l , 3, 5. ' 
Incidentally, in the description of the m system as an FM^{w,p) = lg2

L(w)gi
l{w,P)WM

J^w,p), 
unstable vector boson, the states f = l , 2, 5, 6, corre- p23^f(w-ie,p—iii) = [Ft2

J!(w+ie, p+irj)]*, (13) 
spond to the longitudinal polarization of the vector 
boson, while the states f=3 , 4, correspond to the F*»Jfr (w,P,P) = lgzI(v>,PUiMnJK (w,p,P) 
transverse polarization. XCg3J'(w>p')]i-
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In Eq. (13), we have space densities are modified as in (135) 
2m /E+m\2L 

g2L(w)= 1 ) , (14) 1 P2L+X 1 
E+m\ P / P2L(w)= d(w—(m+n)), 

4(2TT)3 W (E+m)21*1 

where L is the orbital angular momentum of the wN 

pz
T(wyP)dp-

system in the state (7 ,n) , and r/_ NJ 1 Q2I+1 1 ^ / " V f 

/Qo+m\21 

g/(w,p) = ) , (15) 

1 rP
2-4/x2-]^ 

— pdp\ 
-m)21-1 L p2 J 2m /Qo+m\21 80) 6 2w ((?o+* 

Q^\Q~) ' ( 1 5 ) Xe{p-2»)e(w-m-p). (16) 

where is the lowest orbital angular momentum of the Finally, we obtain the discontinuity of F32 along its 
(7nr)i=iN system in the state (/ ,f) . Of course, the phase left-hand cut, due to the OPE diagram, as 

K 2m \ V 2m \ * / E + m \ L / Q o + m x 1 ~\ 

is)fes)(—)(—)*"H [ 2 1 / p \ / & r \ * r/E+m^/Qo+m^ r1 1 n 

iiK-48*?=i?'"sinS')(7)s2'n(—)(—)LdzP"('^\ 
{8TT\? r/E+m^/Qo+mx1 r1 I n 

^ H A — ) ( " T """ 
The ze> dependence of the left-hand-cut contribution to Fd2

TJ comes entirely from 

. (17) 

/E+m^/Qo+mx1 r1 1 

Q 

Let us study this function for f = 1, 3, and 5, which are proper for the D% and F§ states of the TN system. 

Longitudinal: 

-Ki(*)-0n-»(*)] , 
1 AE+ra\V<2o+»rc\z f -P / 

7/1= (. ) ) I . [<2«(*)-&+ 1(*)]-

Q\ P J \ Q I [E+m2l+l ( 

1 /E+m\L/Qo+m\i I Q 1 P I 1 

Q\ P / \ Q 1 lpo+w2/+3 £+m2I+l J 

1 /E+m\ L/Q0+m\I f P / G 1+2 
~ " ~ ' ^ L.yiw-yn-*wj). 

(19) 

1 /E+m^/Qn+mx1 ( w 2 -m 2 +ju 2 r O P l 

/*= ( \ r± \^\Q f-Q»i(s)+—-&(*) 
P(A P J \ Q J [ 2wP L <2o+»» £ + « -I 

w2-m2+p2r P I (? 1 

1 /E+m^/Qa+ntK1 ( w 2 -m 2 +ju 2 r Q P 

2^p LE+m2l+ll~s' ' ~/^~rAV"/ ' ' - — ^ Q o + m 2 ^ + 3 l " 
+ P L(l+l)Qi+iW+lQi-i(x)l L0+2)Qi+2(x)+(l+l)Qi(. :*)]]}; 

where ()j(#) is the Legendre function of the second kind, see that as w crosses the branch cuts of P(s) or Q(s,o), 
z T i /o z7/i o ! L 2 w 0 D n ri(\\ JJ^W^ i s continuous, i.e., BJ* is devoid of kinematical 
/ = / - * , ^=(2EGo-2m2+At2)/2P(2. (20) s i n g u l a r i t i e s < ( 4 ) A s W _ » m + M along the real axis 

We note: (l) The branch cut of Qt{%) for p2>2M
2 lromw>m+n, 

X ( I + M / 2 ^ ) must be defined in the manner prescribed Q / \ __̂  • / / 9 \ p /^\ 
in I, Sec. V. (2) Recalling that 7 = 0 , l for the Dh F%

 W ; W ; ^ ; ' 
states, and since the branch cut described in (l) passes around 

l* / l \ z + 1 w—m+fi. Hence, 
l imQi (») = — — — ; ( - ) , (/integer) c o n s t 

( 2 / + l ) I ! W l i m F8 a /f(w ,p) = . 
w-*m+v p2L+2 

we deduce that 7J*" and therefore BJ* are finite as 
()—»0. This proves the threshold behavior we have Further consideration will convince the reader that 
asserted. (3) Recalling that Qi(x)=(—l)l+lQi(—%), we the conclusions (2)-(4) are of general validity, holding 
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for all BJt, and, secondly, that BJ^{w1d) is most singular In practice the method by which one determines T J f is 
a tw=w+At . not unique, and at least two procedures are possible. 

This second remark leads to our last approximation. We may take r / f as a phenomenological parameter 
I t is clear from Eq. (19) that the solution of the coupled which can be varied to fit the data, or we may attempt 
equations, by use of Eq. (17), will be exceedingly to estimate its value by calculating the contributions 
complicated, and it seems quite likely that this complex- from certain generalized perturbation theory diagrams. 
ity will obscure the physical results of our model. In Since the validity of any calculation of a particular 
order to avoid this difficulty we will replace the w graph or set of graphs is uncertain, we prefer to use the 
dependence of [discF32T,7T (W,P)]L by a pole with first procedure, i.e., T / f is a parameter. However, we 
appropriate position and residue. shall try to estimate the value of TJ* from the OPE 

Since FZ2(w,p) is most singular at w=m+/x=w 2 , it diagram in Sec. I l l C. 
seems most reasonable to place the pole at that point 
S 0 t h a t III. N/D EQUATIONS 

[discF82
r'f(w,p)]L= { J ( ~ 4 8 ^ 3 J - / 5 1 s i n 6 i ) A. Solution of the Coupled Equations 

(
« i In this section we will solve the coupled N/D equa-

— J 2irgTJ$irb(w—w2), (21) tions resulting from the physical approximations made 
3 / in Sec. II. Rewriting Eq. (136) for convenience, we 

where the residue TJZ must be determined. have 

N22(w) = F22(w)D22(w)+ E \dp"F2J',{w,p"W''{w,p"), (22a) 
r" J 

N2J\wyp
f) = F22{w)D2J'(w,pf)+i: ldp"F2Jn{w,p")D^'fs\w,pff,pf)1 (22b) 

r" J 

Ns2^w,p) = F32^wlP)D22(w)+ E dP"Fnt*"(w,p9p")DiJ"(w,p"), (22c) 
v J 

Nz^\w,p,p') = F^(w,p)D2J
f(w,pf)+ E / dp"FiSn''(w,p^)Dzzt"t'(w9p",p'), (22d) 

where we have suppressed the angular momentum and ,T, \ J 1 / ^o p ^ s n l? V J ^ Y o 
isotopic spin labels, and the iV's and D's are defined as J 11J \ p2—4/i2 / \ 3 / 
in I. The results of the previous section are implemented f 2 | 
by imposing the boundary conditions o r ~~UJ 

[discF22(w)]L=0, The isotopic spin label on fT(p) will usually be suppres­
sed. The solutions of Eqs. (22) and (23), Fih will 

[discF32
r(w,p)]L= [discF23

r(w,p)]L* satisfy the unitarity relations, Eq. (134), by construe-
= TrT^fT(p)d(w—W2), (23) tion, and further, since the discontinuities in Eq. (23) 

are symmetric, we are guaranteed that the F# will 
[discF33^ /(w>P)P /)]L=0, satisfy time-reversal invariance as well. 

Taking the discontinuities of Eq. (24) and applying 
on Eq. (22), where fT(p) is defined as Cauchy's theorem to the Nij we obtain 

NM = E I*"* fdp"f*(p"W'{w2,p")y (25a) 

N*f'(w,p') = E I*"* fdp"f*(p"W'!'(w2,p",pf), (25b) 
w2—w r" J 

1 
^ 3 2 * > , P ) = rr/(p)£>22(^2), (25c) 

w2— w 
1 

N2f*'(w,p,p') = T!f(pW(w2,pf). (25d) 
w2—w 
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The solutions of Eq. (25) are most conveniently expressed in terms of the following quantities 

fw P2L(wf) 
K2

L(x,y)*= / dw' •, K2
L(x,x)=zK2

L(x), iv2=
:m+fjL'J 

Jw2 (w'—x)(w'—y) 

GzT(x,y) = L | I* " | 2 / dp" | / (p") |2 / dw' , ^ 3 = m+p", 
f" J Jw3 (w'-x)(w'—y) 

GsJ(*,*) = G8
J(*). 

To solve for N22(w), for example, we substitute Eq. (25c) into the definition of Dw(w,p) and replace DZ2(w2ip"), 
in Eq. (25a), by the resulting expression. Eq. (25a) will involve N22(w) and D22{w2); we express #22(^2) m terms 
of N22(w), and obtain 

1 1 r Pi(w')Nn{wf) 
N22(w) = Gi(wt) Gz{w2)\ dw' , (27) 

w2—w w2—w JW2 w'—w2 

where we have suppressed the angular momentum labels. Eq. (27) is a Fredholm equation of the second kind,20 

with separable kernel, and can be immediately solved for N22(w). This allows us to determine D22(w) and from 
Eq. (25c) we obtain Nz2{w,p) and then Dz2(w,p). Proceeding in a similar manner with Eq. (25b) and (25d), we 
obtain, using Eq. (26), 

1 Gz(w2) 
N22(w)= , 

w—w21—K2(w2)Gz(w2) 

NnKw,p)=——riyGO. - * , ,, 
W—W2 l—K2{W2)Crd{Wz) 

1 1 
iV32

f(w,p) = rr/GO-

(28) 

W—W2 \—Ki(wi)Gs(w2) 

1 K2(W2) 
N^'{w,P,p>)= TW*f{p)J*{P>y 

W — W2 l~K2(w2)Gz(w2) 
These lead to 

D22(w)==l+K2(wJw2)Gz(w2)/ll--K2(w2)Gz(w2)']y 

A 3 f M = r ^ f ( / ) ) i r 2 ( V 2 ) / [ i - i i : 2 W G 3 W ] , 
Dz2t(w)p) = T?f(p)Kz(w,w2; p)/[ l—^2(^2)63(^2)], 

D^\w,p,p') = b^{p-p')+TW'*f{p)f* 

where 

(29) 

r00 Ps't^p) 
#3 J fey;pH/ <to' (30) 

A s {w'—x)(w'—y) 

P3J(w',p) 

(ze/—x)(w'—y) 

Returning to Eq. (23) it is a straight-forward computation to obtain the Fij. One finds 

1 Gs(w,w2) — Gz(w2) 
F22(w) = 

w—w21 — [ ^ 2 ( ^ , ^ 2 ) — K 2 ( w 2 ) ~][_Gz{w,W2)~ Gz(w2)~] 

Tt*f*(p) 
^23r(w,p)== F22(w), 

Gz (w,w2) — Gs (w2) (31) 

Fz2!(w,P) = lF2zt(w*,p*n * 

iT2 (w.W2) "~ i^2 (^2) 
F33*>,P/)=rrrf'*/(P)/*(p')-— : — ^ W -

Gz(w,W2j — Gz(w2) 
20 E. T. Whittaker and G. N. Watson, Course of Modern Analysis (Cambridge University Press, New York, 1952), Chap. XI. 
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B. General Properties of the Solutions 

One can easily show that the solutions in Eq. (31) 
satisfy the truncated unitarity condition, Eq. (134). 
On the other hand, it appears that the original, assumed 
analyticity has been violated. Specifically, both F 22(10) 
and Fw(w,p,p') seem to have poles at w—m-^-p,. In­
cidentally, if the delta function, 8(w—W2), in [disc 
F<LZ]L had been chosen at some other point, say Wo<W2, 
the structure of the solutions would be exactly the same, 
the only change being that W2 is replaced by Wo except 
when wi occurs as the lower limit of an integral. To show 
that F22 and -F33 do not have poles at w%, we refer to 
Eq. (26) and observe that 

QzI(w1W2)-G2I(w2) 

= (w-w2)Y,\T!"\>\dP"\f(p")\> 
r" J 

X / dwf 

Jwz (w' — w)(w' — W2)2 

and (32) 

K2
L(W,W2) = K2L(W2) 

r P2L(wf) 
= (W—W2) j dwr . 

J w2 {w' — W)(w' — W2) 2 

Thus, in both F22 and F 3 3 the pole singularity at W2 
cancels out. On the other hand, the pole at W2 remains 
in F23 which is in agreement with Eq. (23). 

To discuss the analyticity for w>W2 it is more con­
venient to write F22M as 

F22 (w) = — (w — W2)""1 { [K.2 (W9W2) ~ K2 (W2) ~] 

- [ G s ^ ^ - G s M ] " 1 } - 1 . (33) 

From Eqs. (26) and (33) we see that F22M is denned 
in a cut plane: an elastic cut coming from ^2(^,^2) 
and extending from W2 to <*>, and an inelastic cut 
coming from Gz(w,W2) and extending from wz to 00. 
Clearly, F2z and Fzz are denned in planes cut in exactly 
the same manner, but, as seen from Eq. (31), with 
different discontinuities. As mentioned previously, 
these discontinuities are the proper ones to satisfy the 
truncated unitarity condition. 

Before we proceed with a general discussion of the 
properties of the solutions in Eq. (31), it is convenient 
to introduce a nonessential approximation for the 
structure of the TV—TT resonance. In particular, we write 

( Y / 2 ) [ ( P 2 - V ) V P 2 ] * 
eiH™ sin5i7r7r~ . 

P ^ 2 - p 2 - i ( 7 / 2 ) [ ( p 2 - V ) 3 / p 2 ] i 

Then in the limit of a narrow resonance 

sin2^ - » (y/2)t(p*-Wy/p^T8(pR>-p>). (34) 

In these expansions, the half-width on a p scale, 7$, 

FIG. 4. A plot of ReK2(w) with three plots of Re[<?3(w)]_1. The 
intersections between these two curves lead to resonances. 

is given as 
7^ (7 /4p^) [ (p^ -4 M

2 )Vp i e
2 ]^ , 

with pR—SAjji. This approximation will be used in the 
remainder of the paper, and its effects, which do not 
introduce any essential structural changes, will be 
discussed in a later section. 

We are now in a position to discuss the general, 
physical properties of the solutions in Eq. (31) or (33). 
Consider the structure of F 22(10). I t is easy to see that 
the 

Re{[ir2(w,w2)—K2(w2)~]—[Gz(w,W2)—Gz(w2)Jr1} 

^Re{K2(w)-ZG,(w)']-1} 

can vanish, and thus produce a resonant behavior in 
F22(w). The "subtracted" forms, ReJ?2(w) and ReG3(w), 
are zero at w=W2, and rise to a maximum before they 
pass through an appropriate zero point. However, we 
wish to compare Re[G(w)]_ 1 with ReJS^w). From the 
remarks above, Re[(T3(w)]_1 is infinite at W2 and 
decreases as w is increased. Since G%(w) develops an 
imaginary part when w>wz, and the zero of ~R.eGz(w) 
occurs for w>w%, Re[Gs(w)']~1 does not become 
infinite at the zero of Re£G3(w)], but passes through 
zero and becomes negative. Of course, ReG3(w) has a 
discontinuous slope at w=wz, and so does Re[G3(w)]_ 1 . 
Thus one may easily obtain the situation presented in 
Fig. 4. The curves in Fig. 4 do not represent the most 
general situation. In particular, the zeros may be 
interchanged so that there is only one intersection. 

Several remarks can be made from Fig. 4 : 

(1) Two zeros can be obtained in the denominator 
of F2i(w)9 and thus two resonances. However, the 
higher resonance probably has no significance at all. 
If the position of the higher resonance is much larger 
than wz, then the effects of higher inelastic processes 
are undoubtedly important, and our solutions, subject 
to the constraints imposed by the truncated unitarity 
conditions, are no longer applicable. On the other hand, 
if such a resonance occurs near w=Wz, then it very 
well may be physically meaningful. 

(2) For a given angular momentum state the curve of 
R e i & M is fixed, but the curve of Re[Gz(w)2~~1 need 
not be fixed. We have assumed that the TT—TT cross 
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section is known from other sources, i.e., fT(p) is 
known, but we can still vary the parameter which 
characterizes the coupling between the elastic and 
inelastic channels, viz., TJ$. If TJ* is increased then the 
entire Re[(?3(w)]_1 curve is depressed, and vice versa. 
Three different values of r / f are given on Fig. 4. This 
shows an important conclusion of the model presented 
here, viz., the position of the resonance is not necessarily 
above or below the inelastic threshold, contrary to 
Ball and Frazer,3 but depends on the value of the 
parameter TJt. Incidentally, we do not need to know 
the phase of different f components of TJt to determine 
F22(w) since only terms of the form ]Cr ' | r*" , | 2 occur. 

(3) I t is important to realize, referring to the remarks 
just made, that TJ? cannot be varied at will to fit the 
data. Recalling the explicit form of fT(p), Eq. (24), 
we see that once TJ? and the IT—TT cross section are 
fixed, the isotopic spin dependence is also determined. 
As an example, let us say that a resonance is present 
in the D^irN system. Since the isotopic spin factors, 
in this model, occur as 

IK1 
and we need \fT\2, it follows that the Gf1 curve for 
T = § is increased by a factor of four over that for 
T— \. Thus we would expect the D£® system to exhibit 
a resonant behavior at higher values of w than the D^ 
state. We must emphasize that it is possible that the 
<53

-1 curve for D£® does not intersect the K2 curve, in 
which case there would be no resonant behavior. In 
fact, it could happen that neither the D^ or Z>§(f) 

states involve intersecting curves, and neither shows a 
resonance. 

(4) I t is clear from Eq. (31) that F2z(w,p) and 
FZz(w,p,pf) will exhibit the same type of w dependence. 
In particular, if Fwiw) exhibits a resonance, then 

where A is a factor involving the relations between 
the r*", see Eq. (31). At first, it may seem strange that 
F23 is zero, since the coupling between the two- and 
three-particle channels is very large. However, consider 
a transition between a two- and three-particle state. 
Since the transition can be made, we should expect 
that F2z is nonzero. But the coupling is so strong that 
the three-particle state immediately makes a transition 
back to a two-particle state, and the transition will 

F2z(w7p) and Fzz(w,p>pf) will also show a resonant 
behavior in w. Although the position and width of these 
resonances may be altered from that in F22(w), the 
general structure of the amplitudes will be the same 
since K2 and (?3 are reasonably smooth functions. This 
point is quite relevant to the elastic and inelastic w-N 
scattering cross sections. 

(5) Although there is no restriction as to whether a 
resonance will occur above or below the inelastic 
threshold, the magnitude of the elastic cross section 
will depend markedly on the position of the resonance 
relative to the inelastic threshold. Again consider the 
example of D\. Let us say that D^ has a resonance for 
w<w%} and Z)f(f) has a resonance for w>Wz. The 
magnitude of the DS} cross section will be much 
larger than that for D^K This may be seen as follows. 
Below Wz, the inelastic channel has no imaginary part, 
and the magnitude of the cross section at the resonance 
depends on only ImK^iw). However, above w$, the 
magnitude of the cross section at resonance depends on 
the ImGz(w) as well. For 1=0, 1 (/=lowest orbital 
angular momentum state in the three-particle channel) 
this contribution grows rapidly with energy and 
markedly decreases the magnitude of the cross section 
at the resonance. The effect can be so large that the 
lower resonance in T=\ may be easily seen, exper­
imentally, while the higher resonance in T = § cannot 
be separated from the experimental errors, at least at 
present. 

(6) Finally, it is of interest to examine the extreme 
cases when TJ —> 0 and TJ is very large. The first case, 
r J —>0, is of a trivial nature. Eq. (31) shows that all 
the Fij are zero. This is not surprising; there is no 
inhomogeneous term to drive the unitarity relation, 
i.e., the integral equations. Said another way, all 
potentials between particles are zero. The case when 
YJ is very large is more interesting. Referring to Eq. 
(31), we find (for TJ very large) 

never be a permanent (asymptotic) one. Thus F2z is 
zero. In fact, when such strong coupling is present, there 
is a decoupling between two- and three-particle scatter­
ing. This may be seen by observing the analyticity in 
Eq. (35). In particular, F22 and Fzz do not have the 
same cuts: F22 is cut from wz, while F3 3 is cut from wz. 
This particular difference in analyticity between two-
and three-particle scattering makes a permanent 
transition between them impossible. Considering the 

^22 («>) —> — (W — W2)~
1[,K2(W,'W2) — K2(w2)jr1j 

Fzz{w,p) - » 0, 

1 /GO/V) 
(35) 

F33(w,p,p') -> -
w-W2 Afdp" I / (p") I *tKz(w,w2; p")-Kz(w2,w2; p")~] 
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analyticity of Eq. (35) further, it would appear that both 
F22 and F33 have developed a pole at w2 (if we had chosen 
the inelastic pole at wo <w2, then F22 and F33 would have 
poles at WQ), since the cancellation arising from the 
form of Eq. (32) is no longer present. However, the 
form given in Eq. (35) is invalid when w—w2. To see 
this we note that we have, by definition, 

lim (w-w2)FZ2
J(wiP) = YJf(p), (36) 

W~*W2 

which is valid independent of TJ. Thus, the imposed 
analyticity in Eq. (23) is in fact maintained. 

At this point it is necessary and important to extend 
the results of paragraph (6) outside the direct applica­
bility of our model. In particular, let us consider the 
two cases in (6) when there is an elastic pole as well 
as an inelastic pole. We will take this elastic pole at 
w — we<W2 with residue aJ. The general structure of the 
denominator common to all the amplitudes is 

A (w2) = 1 — Oi[K2 (W,W2) — K2 (We) ] 

— [Gd(w,w2) —Gz(w2)~][K2(w,w2) —K2(iv2)~] 

~\~a S r I T r 12[mixed terms in G3 and K2~]. (39) 

Clearly, when a —» 0, this is identical with the model 
given here. However, let us consider the extreme cases 
TJ —> 0 or TJ very large when a ^ O . 

In contrast to paragraph (6), when r —-> 0, F22 remains 
finite (since the numerator contains a term proportional 
to a as well as TJ) with a denominator of the form 

A(w2) = l-a[K2(w,we)-K2(we)2, (40) 

and F2 3 and F3 3 go to zero. This is exactly the form that 
is obtained when one computes F22, neglecting inelastic 
contributions, i.e., the unitarity relation is of the form 

ImF2 2 = xp 2
L |F 2 2 | 2 . (41) 

Referring to Fig. 4 and Eq. (33), this solution corre­
sponds to setting [ G ( W , W 2 ) ] _ 1 = 1 / Q : . Thus, it is not 
surprising that previous attempts to obtain resonances 
by nelgecting inelastic contributions have not been very 
successful,13 at least when reasonable values of the 
left-hand discontinuities are used, i.e., values of a. 

When we take the opposite case, V very large, the 
results are similar to those given in paragraph (6). 
However, we can interpret the result in a different way; 

but from Eq. (31) 

l im (w—w2)FS2
J(w,p) 

w-*W2 

= r ' / ( p ) / p - £ s ( w s ) & ( w 2 ) ] . (3 7) 

Thus, in order for Eqs. (36) and (37) to be compatible, 
we have the limit 

limX2(w2)G3(w2) = 0, (38) 
W->W2 

independent of TJ. Thus, Eq. (35) is replaced by (w —» w2) 

this is again equivalent to neglecting the inelastic 
contributions to F22 since the unitarity condition is of 
the form of Eq. (41). This corresponds to setting 
[<53]-i=0 in Eq. (33) and Fig. 4. 

Finally, if TJ is finite and a^O we.can determine the 
behavior of the resonance as a function of a from Eq. 
(39). Specifically, if a is not too large, the position of 
the resonance will be at most shifted. If one is given the 
sign of a and can consider the mixed terms in Eq. (39) 
as negligible, then one can even determine whether the 
shift is to higher or lower energies. 

C. Specific Solutions 

I t is now possible for us to describe the results of our 
calculations for specific choices of the N—p system and 
the resulting T-N system. In particular, we wish to 
consider 7 j = 0 and 1, and more specifically the p-N 
states Sf and P§. As seen in Table I, these are connected 
to the TT-N states D\ and F§, and we consider both 
values of the isotopic spin. 

In order to obtain numerical solutions for the 
amplitudes we must calculate K2L(w,W2) and GzI(w,w2) 
for the combinations (LJ)j= (2,0)a and (3,1)« as they 
are defined in Eqs. (26) and (16). Such integrals are 
difficult to perform by machine calculation, since they 
involve principal-value integrals and imaginary parts. 
This difficulty is particularity emphasized in the case of 
Gz(w,W2) which involves an additional integration over 
p. The complexity due to the p integration in G3 can 
be eliminated by taking the T—T system in a sharp 
resonance state and using Eq. (34). On the other hand, 
the difficulties associated with the principal-value 
integrals can be diminished by approximating the 
phase-space factors and performing the integration 
analytically. As shown in the Appendix, p2

L and p3
z 

F22
J(W) -> E I r^" |2 f dp" | fa") |2 [ dw' — 

*"" J Jwz (Wf 

P S ' W ) 

(w'—w2)
3 

F3/i(w,p)->TJSf(p)/(w-wd, (35') 

FMW(w,P,p') -> r^r^7(p ) /*(p ' ) / dw' • 
J 102 (wf—w2y 
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*w(j0 

(42) 

FIG. 5. Plot of sin2S for Z>§ and ¥\ in elastic it-N scattering. 

can be well approximated as 

p2
(2) (w)~ [2w/4 (2TT)3] (l/4*y3) 

X {(w—m)2—fjL2~]2/ (w-{-m)} 

Xl(w~m)2-fi2y, 

P2(3) (w)^[2w/4(27r)3](l /4w3) 

X {£(w—m)2—JJL2^/ (w-{-my} 

X [ ( W - W ) 2 - M 2 ] % 

p 3
( 0 ) ( w , P i 2 ) ^ [ 2 w / 3 2 ( 2 7 r ) 6 ] i [ l + ( ^ + P ^ ) ] 

X[w2-{m+pR)2J, 

p3(1>(W ,p^)~[2w/32(27r)6]iCl~(w+pVw)] 

X[w»-(w+PJ8)
2]*. 

With this approximation for the phase-space factors 
the appropriate functions, K2 and G$, can be obtained 
explicitly, see Appendix. For both of the combinations 
of interest, viz., (2,0)§ and (3,1)§, the resulting curves 
are similar to those shown in Fig. 4. In Fig. 5 we show 
sin25 for the 7r—TV states Df and F%T with both values ' 
of the isotopic spin. For both D\ and F% we have chosen 
the appropriate value of TJ to fit the experimental 
data for the T— \ states. As pointed out in Sec. I l l B 
the behavior of the T=% states is automatically deter­
mined by the isotopic spin dependence of fT(p). 

In the D$ channel we have chosen an appropriate 
value of T so that the T—\ has a resonance at 600 
MeV,21,22 and since the isotopic spin dependence is 

21 P. Falk-Vairant and G. Valladas, Proceedings of the 1960 
Annular International Conference on High-Energy Physics at 
Rochester (Interscience Publishers, Inc., New York, 1960), page 38. 

22 C. D. Wood, T. J. Devlin, J. A. Helland, M. J. Longo, B. J. 
Mover, and V. Perez-Mendez, Phys. Rev. Letters 6, 481 (1961); 
other references are given in this paper. 

determined we find a resonance in T = § is also present. 
This T=$ resonance corresponds to a zero in the real 
part of the denominator of Eq. (33) at 2e>=12.6/z 
(980 MeV), but because of the remarks in Sec. I l l B, 
paragraph (5), and the fact that P^0)(W,PR) increases 
very rapidly above w=m+pR, the maximum actually 
occurs at W = W + P B = 1 2 . 2 / * - ( 8 8 0 MeV). We would like 
to interpret this maximum (cusp) as the "knee" in the 
T+p cross-section at ~ 8 5 0 MeV.21,22 This rapid develop­
ment of the inelastic channel (for 1=0) is responsible 
for the cusp effect as well as the reduced cross-section 
of the Z>f(f) amplitude. Actually, the sharpness of the 
cusp is a spurious effect, and if we were to perform the 
p integration rather than using Eq. (34), the resonance 
curve would become a smooth function. 

The resonance in the F^ channel is placed at 
w=12.3n (900 MeV),21-22 which is above the inelastic 
threshold (880 MeV). In contrast to the remarks 
pertinent to the Di channel, there is little reduction of 
the cross-section of the F^ amplitude. This follows 
simply from the fact that p3

(1) (W,PR) does not increase as 
rapidly as P^0)(W,PR) in the energy region, w>m+pR. 
On the other hand, the accompanying resonance in 
the 2Yf) channel occurs at w=14.0ju (1350 MeV), and 
is severely reduced since p3

(1) (W,PR) is no longer neglig­
ible. I t is thus likely that this resonance is responsible 
for the "resonance" near 1.4 BeV in the T+p cross-
section.21,22 

We have pointed out that the value of TJ has been 
chosen so as to best represent the T=\ experimental 
data. However, an independent estimate of its magni­
tude can be obtained from Eqs. (17) and (21). From 
Eq. (20) we see. that x —» °° as P —> 0 or Q —> 0, and 
in the limit Q—>0, IJ is dominated by the Qn(%) 
with the lowest index in Eq. (19), i.e., n = l—l. We may 
thus obtain a value of TJ by comparing Eq. (21) with 
Eq. (17) when Q—>0 and retain only those terms 
proportional to Qi-i(x). Since we have taken P = PR, 
Q-^0 corresponds to w —> m-\-pR, and comparing 
Eq. (21) with Eq. (17), using Eq. (19), we obtain 

I V T / M P ^ - M ) lim {L(E+m)/p-]LZ(Qo+m)/Qj 
w-+m-\-pR 

p~*pR 

Xl/QlP(E+m)-]l/(2l+l)Q,(x)}, 

rP.T/s=-v2rJ1, 
rP.T/6=-[a+2)//]r^1. 

(43) 

The values obtained from Eq. (43) are larger than 
those actually employed in Fig. 5 : 

Dj:r»>~frp.T.«S 

F j : r» '~ | rp .T . ? 1 . 
(44) 

If the perturbation-theory values of V had been used, 
the resonances discussed in the preceding paragraphs 
would still be present, but at much lower energies. 
However, the disparity between the values of V is due 
in part to our method of comparing Eqs. (17) and (21), 
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In particular, as w—*tn+fjL, we have seen that FMJ 

—> 1/P2L+2 which, for L = 2 , 3, is much faster than our 
pole approximation. I t is likely that sizable errors have 
been introduced if the region near the_elastic threshold 
is important in the w integration of K.2(w,W2). This is 
particularly relevant when we realize that the amount 
of error introduced by the pole approximation increases 
as L increases. Our calculations tend to overestimate 
the value of K2(w,W2). A reduction of K2(10,702) to 
compensate for this error would yield resonances at 
higher energies, and a fit of the data would be possible 
with less disparity between V and I V T . . 

IV. CONCLUSIONS 

In this article we have attempted to explicate the 
role played by production amplitudes in the determina­
tion of elastic amplitudes when they are coupled by 
unitarity. We have also endeavored to demonstrate 
the importance of this elastic-inelastic coupling by 
means of an explicit calculation. The most pertinent 
observation that can be obtained from our analysis 
concerns the importance of the left-hand discontinuities 
relative to the restrictions imposed by unitarity. In 
particular, it is likely in many processes that the 
elastic "forces" contribute very little to the structure of 
the elastic amplitude near the thresholds of inelastic 
channels. I t is rather the particular form of the coupling 
between the amplitudes, i.e., the unitarity relations, 
which is responsible for their structure. 

I t does not follow that this observation is generally 
applicable, and an important exception may be 71— ir 
scattering where the elastic "forces" are very dependent 
on the crossing relations, i.e., when an additional 
constraint, which can be very restrictive, is imposed on 
the system, the unitarity relation may not be sufficient 
to determine the general properties of the amplitudes. 
On the other hand, we believe it very plausible that the 
strange-particle resonances observed recently23 are the 
result of the coupling between the various strange-
particle channels and not specific left-hand singularities. 
I t is true that several channels must be considered in 
the scattering of strange particles and the analysis is 
more complicated, but this implies that the constraints 
imposed by unitarity are more severe than ever. In 
this connection, it is important to realize that any 
inelastic channel can restrict the form of the elastic 
amplitude, i.e., two-particle as well as three-particle 
channels. As in the work of Dalitz,5 it seems likely that 
the resonance in the IT—A systems can be understood 
in terms of coupling to the K—N and T—2 channels. 

A comparison between the model presented here and 
the works of others3-5 ,7 ,13-15 is most conveniently made 
by referring to the remarks in the previous paragraphs. 
In particular, we take as fundamental the unitarity 

23 See, e.g., M. H. Alston, L. W. Alvarez, P. Eberhard, M. L. 
Good, W. Graziano, H. K. Ticho, and S. J. Wojcicki, Phys. Rev. 
Letters 5, 520 (1960); O. Dahl, N. Horwitz, D. H. Miller, J. J. 
Murray, and D. G. White, ibid. 6, 142 (1961). 

relations, and insist that these relations be rigorously 
satisfied (at least in the truncated form), while other 
authors have attempted to emphasize different aspects 
of particular problems at the expense of the unitarity 
relations. An important property, which follows from 
the unitarity coupling and is not shared by procedures 
that neglect this coupling, is the marked decrease in 
the cross section above the inelastic threshold. Such 
behavior can be explicitly included in any given 
calculation, but an ad hoc procedure of this type will 
surely violate the unitarity relations at some other stage 
of the calculation. One must satisfy the unitarity 
relations at the onset of the analysis and maintain 
them throughout. 

This rapid increase in the inelastic absorption with 
the resulting decrease in the elastic cross section is 
partially responsible for our emphasis on coupling the 
three-particle system as (7nr)iV rather than 7r(wN).u 

I t is true that the formation of the (3,3) isobar takes 
place in the production reaction. However, it is not 
obvious that it dominates the production reaction and 
elastic scattering above 400 MeV (pion laboratory 
kinetic energy). In fact, if we consider the (3,3) isobar 
as a sharp resonance with a "mass" of 9/x and perform 
a calculation similar to that in Sec. I l l , then the 
inelastic threshold occurs at about 10/x (390 MeV) and 
any resonant behavior in the elastic channel much 
above that energy will be reduced to a very small value 
(as the r = f , F% resonance in Fig. 5). Thus, it seems 
unlikely that the (3,3) isobar formation is very signif­
icant in the development of the higher ir—N resonances. 

The preceding remarks suggest the following state­
ment : In general, when an elastic channel is coupled to 
a set of inelastic channels in such a way that resonances 
result, the position of an observable resonance will be 
essentially at or below the inelastic threshold. This 
statement is in contrast to the conclusion of Ball and 
Frazer,3 and a few additional remarks are necessary. 
The basic observation made by them is that a rapidly 
rising, inelastic cross section will lead to a resonance in 
the elastic channel. Because this resonance is a result of 
a particular analyticity, the resonance occurs very near 
the region of the rapid increase. By an appropriate 
choice of the inelastic absorption, they then fit the 
elastic data. Unfortunately, the magnitude of the 
inelastic absorption is chosen rather arbitrarily. The 
pertinent remark in a comparison of their model with 
the model presented here is that the rapidly rising, 
inelastic cross section in their model represents the 
real production of an N and p. For this reason, the 
location of the elastic resonance cannot be very different 
from the inelastic threshold (thus, they must choose 
the TT—T system as resonating between 4.5 and 5/x, so 
that the inelastic threshold, 11.3/x (670 MeV)<wT 

<11.8/i (780 MeV), is not very much larger than the 
600-MeV resonance). On the other hand, in the model 
presented here, the elastic amplitude can resonate far 
below the inelastic threshold by means of the virtual 
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production of an N and p. I t is this virtual production 
which is allowed by the unitarity relations, and is not 
present in the work of Ball and Frazer. Of course, how 
the inelastic amplitude develops the necessary energy 
dependence in their model cannot be discussed, while 
here it is the unitarity coupling between the channels 
which is responsible. 

In Sec. I we mentioned an alternative mechanism to 
that presented here, i.e., a bound state in one channel 
decaying into another channel.5,7 While such a mechan­
ism may describe certain experimental effects, it differs 
from the model presented here in an essential way. In 
the analysis, e.g., presented by Sakurai,7 the tacit 
assumption is made that it is possible to separate one 
channel from another and discuss the interaction 
between them in terms of decaying systems. In contrast 
to this point of view, we consider as basic a strong 
coupling between the channels; in fact, this coupling is 
so strong that any effective separation between the 
channels is impossible. Thus, although it may be 
possible to phrase some of our results in terms of a 
bound-state mechanism, an essential difference in 
outlook is present. 

A final comparison can be made with the model of 
peripheral collisions.24 Because of the specific coupling 
chosen between the elastic and inelastic channels 
(Fig. 2), it would appear that a definite connection to 
peripheral-collision models is present. However, the 
rigorous application of the unitarity relations implies 
that any number of pions, compatible with symmetry 
principles, can be exchanged in M22, -M23, and i f 33. 
There is thus little comparison between the models. 

Finally, it is of interest to discuss the relevance of 
the particular choice of singularities and coupling made 
here to the experimental results. We have already 
discussed the difficulty associated with the coupling 
ir(wN). Similar remarks can be made about the chan­
nels25 N+r) and26 iV+f, although they might have 
some effect on the 600 MeV, T=% resonance. These 
remarks do not apply to the channel 7V+co. However, 
since a? has T—Q, the "knee" in the r = f could not 
develop, i.e., the isotopic spin dependence of fT(p) does 
not allow a contribution to the T = f state. Thus, of 
the inelastic channels which could be the relevant ones 
to actually reproduce the data, the channel N-\-p is 
certainly most favored. I t is important to emphasize 
that the model developed here cannot determine which 
inelastic channel is most strongly coupled to the 
elastic channel. This is an assumption, a priori, and 
must be checked against the data. 

The above remarks and the results of Sec. I l l C 
provide rather strong evidence that the N+p channel 

24 S. D. Drell, Revs. Modern Phys. 33, 458 (1961). 
25 A. Pevsner, R. Kraemer, M. Nussbaum, C. Richardson, 

P. Schlein, R. Strand, T. Toohig, M. Block, A. Engler, R. Gessaroli, 
and C. Meltzer, Phys. Rev. Letters 7, 421 (1961). 

26 R. Barloutaud, J. Heughebaert, A. Leveque, J. Meyer, and 
R. Omnes (to be published). 

is most strongly coupled to the N-\-w channel. However, 
Table I implies a certain arrangement of partial waves. 
The calculations in Sec. I l l C consider Ij = Q, 1 for the 
largest /-value allowed. However, we should also expect 
that the 5 j , ir—N channel is driven by 7 j = 0 as well 
as D% [we would not necessarily expect a resonance in 
these additional partial waves because of the behavior 
of p2L{w)~\. Experimentally,22 it is necessary to mix S$ 
and D% waves to fit the data which is quite satisfactory. 

On the other hand, Ij— 1 will drive P± and P\ as well 
as F&, but no D waves. Unfortunately, the experimental 
evidence22 shows that a strong mixing of D waves with 
the predominant F% wave is necessary (with perhaps 
some P wave). Only if Ij=2 can any D waves be 
introduced into the 900-MeV resonance. However, this 
possibility is unlikely for the following reason: We have 
seen that the position of the resonance for Ij=l is 
higher than that for lj = 0. I t is likely then that a 
resonance for Ij= 2 would be at an even higher energy, 
with a value of TJ not very different from T P . T / , and 
thus would produce no strong 22-wave scattering at 
900 MeV. Further, it is possible that one would not see 
such a resonance because of the inelastic absorption. 
Incidentally, the N-\-p channel can have no effect on 
the resonance in the J T = § channel near 1.4 BeV. Again, 
the reason is the large absorption of the inelastic 
channel. 

The most obvious extension of the particular calcula­
tion presented in Sec. I l l would be the inclusion of 
another channel. An example, and in the nature of a 
conjecture, would be to include a coupling of the 
N+3TT system, other than that mentioned previously, 
to the wN channel, viz., (Nir)(inr), where the (Nw) 
system is the (3,3) isobar and the (inr) system is the 
p meson. As with (TTTT)N, the isotopic-spin dependence 
of fT(p) is approximately 1 for T = f and 2 for T=%. 
If we consider the lowest states, i.e., Ij=0, then we 
find that S$, £>§, and D% are the corresponding wN 
channels. Again the T= § channel will have its resonance 
at a lower energy than that in the r = f channel. In this 
case, the reduction of the elastic cross section above 900 
MeV, because of a large inelastic absorption, does not 
apply. To see this we consider both systems as sharp res­
onances, and find that the inelastic threshold occurs at 
w= HAfx (1460 MeV). This situation is very attractive 
since we could consider a resonance at 900 MeV in the 
T=J channel (providing the necessary Z}-wave mixing) 
and an additional resonance in the T=% channel. I t is 
not inconceivable that this Z,==f resonance would be 
the resonance near 1.4 BeV in w+p scattering, in which 
case the angular distribution would be dominated by 
D% and D§. 
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APPENDIX 

We wish to rewrite and approximate the phase-space 
factors in a somewhat more convenient form. The 
explicit forms are, suppressing the 6 functions and the 
factors of (2T)9 

P2L(W) = £P*w/w(E+ni)2L-1~] 

1 £(w—m)2—/x2]L+^[(w+m)2—ju2]L+* 

thus 

P3f0)(w,p) = i [ l + ( w + p ) / w ] [ w 2 - (m+p)2]i . (A7) 

For 7 = 1 , we have 

Pz{l) {w,p) = \[_{w~ m—p)/{w+m~ p)~][w2— (#H-p)2]*, 

which can be well approximated as 

p8w ( « 0 ~ i [ l - (m+p)/wjw2- O + p ) 2 ] * . (A8) 

Using the approximate forms of the phase-space 
factors, it is straight-forward calculation to determine 
the functions K2

L(w) and G^(w). Consider, for example, 
i£2

(3) (w); we have 

w (2w) 2ZH-1 

(2w)2L~l 

X , (Al) 
[_(w+<m)2-ii2yL-1 

and 

P 3 J ( ^ P ) = lQ2I+l/w{Q,+m)21-^ 

1 lw2-(m+p)22I+^w2--(m-p)2J+^ 

w (2w) 2/+1 

(2w)2I~l 

X . (A2) 
[(w + w)2_p2-|2I-l 

We consider p2
L(w) first and use the approximation 

Kw+my-fi^^iw+m)2. (A3) 

Then from Eq. (Al) 

p 2
L W(l /4w 3 ) { [ (w-w) 2 -M 2 ]V(w+w) 2 L - 3 } 

X [ ( ^ - w ) 2 - / x 2 ] l (A4) 

In the case of p3
J(^,p), since we take p = p# = 5.4/j, we 

use the approximation 

[w2— (m—p)2~\c^±w2. 

From Eq. (A2), we obtain 

1 O 2 - (m+P)2J 

(A5) 

P3 J (w ,p)~ -
22J(2^)2~21 l(w+m)2-p2~]2I~1 

X [ w 2 - ( m + p ) 2 ] i (A6) 

For 7 = 0 , we use the approximation 

[_(w+m)2—p22/w2c^l+ (m+p)/w; 

K2^(w)--
(w—w2) r°° dw' r~ at 

Jw2 ™f-

X 

-[_(wr~m)2~p2J 
v 

' (wf—m+fi)z (wr—w2)' 

w'z(w'-\-tn)z 

which becomes, when written in partial fractions, 

(A9) 

K2^(w) = -
(w~w2) 

4 

r A x 

r00 dw' 
-Z(w'-rny-p,2J 

B C 

.wf-\-m (wr-\-m)2 {wf-\-m)z 

wf w'2 w'zA 
(MO) 

Defining the function, 

H(W,T) = Par tie finie I 
J u 

we obtain 

[_{wr—m)2—p2"^ 
dw' , 

W2 (W'—W)(W' — T) 

K2W(w) 

= \(w-w2)[AH{w, -m)+B[dH(w,r)/dT']\T^m 

+ {C/2)[d2H{w,r)/dT2-] | T^.m+aH(wfl) 

+PZdH(w,T)/dTl | r ^o+ (y/2)ld2H(wyr)/dr22 | r - o ] . 

H(W,T) can be explicitly evaluated analytically, and 
thus K2

(d)(w). A similar procedure may be used to 
evaluate all the appropriate K's and G's. 

Notes added in proof. (1) Professor W. R. Frazer and 
Dr. J. S. Ball have kindly pointed out to us that the 
solution for F22{w) in Eq. (33) has a "ghost pole" at 
some real value of w, since as w—» — <*>, K2(w) goes 
to — oo logarithmically, while [(r3(w) J - 1 is negative 
for w<wz and goes to zero in that limit. (2) The 
quantities K2(w,w2) and Gz(w,w2) are actually divergent. 
In the final solution, Eq. (31), only the subtracted 
forms appear, so that the formal manipulation from 
Eq. (27) through Eq. (31) is justified. We could of 
course have made a subtraction in the matrix D and 
avoid handling divergent quantities. 


