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The impurity resistance of an interacting electron gas is evaluated at low but finite temperatures. Analytic
techniques similar to those developed by the author for use in the zero-temperature problem are applied to
the complete Kubo formula. The calculations are exact to all orders in the electron-electron interactions
and to lowest order in the concentration of impurities. To lowest order in the temperature the conductivity
is given correctly by the independent quasi-particle model. Corrections of order T are discussed in detail.
It is shown that the only nonvanishing term of this order which explicitly contains the correlation between
two quasi-particles is independent of the impurity concentration, and thus may almost always be neglected.

I. INTRODUCTION

HIS paper is the third in a series devoted to an
investigation of the transport properties of a
normal, interacting electron gas. In the previous
papers'-? the impurity resistance of this gas was com-
puted at absolute zero temperature. The result was
exact to all orders in the electron-electron and electron-
impurity interactions and to lowest order in the concen-
tration of impurities. The main purpose of the present
paper is the formulation of this theory at finite tem-
peratures. In particular, we shall apply techniques
similar to those developed in I, IT, and A to the evalua-
tion of Kubo’s formal expression for the transport
coefficient,® and shall show that the zero-temperature
limit of this calculation yields the previous result. In
addition, we shall examine in detail some of the finite
temperature corrections. The thermal conductivity of
this system also has been investigated; and a proof of
the Weidemann-Franz law will appear in a subsequent
publication.

The Kubo formula probably provides the most
rigorous possible point of departure for transport theory.
Despite its extremely formal appearance, it has in fact
proved amenable to direct evaluation for some simple
models. Edwards,® and Chester and Thellung® have
used the Kubo formula (or its equivalent) to calculate
the impurity resistance of a system of independent
electrons, and have recovered the usual solution of the
linearized Boltzmann equation. Verboven® has extended
this work to higher orders in the concentration of
impurities and has found corrections to the conduc-
tivity not ordinarily derived via Boltzmann techniques.
It would seem, however, that the Kubo formula might
be most fruitfully applied in the full many-body
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problem where it is not clear that any Boltzmann
formulation is valid. Detailed prescriptions for pertur-
bation expansions in quantum statistics have been
developed within the last few years in papers by
Montroll and Ward,” Bloch and De Dominicis,® and
Luttinger and Ward.? Although transport coefficients
are somewhat more complicated than the partition
function, many-body techniques of the above kind
must be applicable to nonequilibrium problems.
Attempts in this direction have been made by Montroll
and Ward,® and more recently by Konstantinov and
Perel,! and Izuyama.!? A somewhat different approach
to the problem has been presented by Martin and
Schwinger.!®

Before going on to the detailed formalism to be
presented here, let us review briefly some of the more
important physical features of the previous work. The
most striking result, as stated at the end of paper II,
is that the zero-temperature, zero-frequency conduc-
tivity is given exactly by Landau’s quasi-particle
description of the Fermi fluid.* In other words, the
single-particle picture of the low-lying excitations of a
many-Fermion system turns out to be a direct conse-
quence of the general structure of many-body pertur-
bation theory. This is not really very surprising,
especially in view of recent work by Luttinger's and
Klein' on various equilibrium properties of the Fermi
fluid. It is not immediately obvious, however, that the
simple picture applies equally well to nonequilibrium
properties.

The dynamical properties of a quasi-particle are
determined by the behavior of the single-particle
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propagator in the neighborhood of its pole on the
unphysical sheet of the complex energy plane. This
pole occurs at the point wy which satisfies the equation

a—wr— 2 (kwi) =0, (1.1)

2’ being the proper self-energy function. We identify
the real part of wyx with the energy of the quasi-particle
and the imaginary part with its rate of decay. A
quasi-particle always carries a charge e equal to the
charge of a single electron. When there is a finite
concentration of impurities in the system, a quasi-
particle must take the form of a wave packet localized
within the mean free path. Because the background
medium is fixed by the impurities, the current as-
sociated with a quasi-particle is given by the group
velocity, i.e.,

Jk= edwk/dk= eux. (12)

It may then be shown that the conductivity is

o=n.elr/m*,

(1.3)

where #, is the number of electrons per unit volume,
and m* is the effective mass at the Fermi surface
defined by

dwk
mF—

dk

The relaxation time 7 may be written in the form

=kp.

k=kp

(1.4)

1 =nu(kr) / o (6) (1—cosh)2x sinddh,  (1.5)
0

where #; is the concentration of impurities and ¢ () is
the differential cross section for scattering of a single
quasi-particle by a single impurity. [Equation (1.5) is
equivalent to Eq. (3.31) in IT if we understand that the
correct scattering amplitude is N (kr)it.]

The scheme of the present paper is as follows. In
Sec. IT we start with Kubo’s formula and derive a
prescription for the evaluation of the conductivity via
perturbation theory. This prescription is simpler than
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those developed by the authors mentioned above,0-12
and lends itself to an analysis in terms of reduced
graphs of the sort discussed in A. The extension of
these analytic techniques to the finite-temperature
problem is presented in Sec. III. In Sec. IV we apply
these techniques to the evaluation of the conductivity
and show that Eq. (1.3) is the zero temperature limit
of this theory. Finally, in Sec. V we examine corrections
to the conductivity to order T2

II. KUBO FORMULA

We start with Kubo’s exact formula for the conduc-
tivity tensor?

1 = 8
oii(w)=— / dt / 0\ Tr{po] ;O (N} e, (2.1)
QJo 0

where J; is the current operator,

Ji=(e/m) L kiartax; 2.2)
and
Ji())=eH{J gmiHe, (2.3)
po is the equilibrium density matrix,
po= (I/Z)G_B(H_I‘N) ; Z:Tre—ﬂ(H—ﬂN), (2_4.)

H being the Hamiltonian for the system of electrons
and impurities, but excluding the external electric field.
ax" and ay are the creation and annihilation operators
for an electron of momentum k. p is the chemical
potential; 8=1/kpT where kg is Boltzmann’s constant ;
and Q is the volume of the system. We use units in
which Z=1.

The integrand in Eq. (2.1) is essentially an auto-
correlation coefficient which must vanish for sufficiently
large values of the time £ if the system is to have a finite
conductivity. In other words, because of the presence
of the impurities, any current fluctuation which occurs
in the system will decay. With this assumption we may
immediately perform the N\ integration in Eq. (2.1).
We integrate over ¢ by parts and note that the quantity
in brackets is a function only of {47\ :

1 p° fe@t—1\ 8 9 1 p° se@t—1\ f 9
cis(w) == / dt(—-———) / I\ — Tr{po] j(O)T s (t--iN)} = —— f dt( ) / AN — Tr{po] ;(0)T(t4iN)}
QJo 1w 0 da¢ QJo [} 0 [N

From (2.3) and (2.4) we know that

Tr{po] ;(0)7:(t4i8)} = Tr{pol :();(0)};  (2.6)

thus

© 1 °°d (e‘i“"—l
oijlw)y=— [ dt
! Qﬁ w

This form for ¢ was first derived by Verboven.®!” In

)Tr{po[fi(t),h(O)]}- @.7)

17 This simple derivation of Verboven’s result is due to J. M.
Radcliffe.

Q

1 o peimi—1
- [ dz( )Tr{pof,-(O)[w)—J,-<t+w)1}. 2.5)
0

w

all of the following work we shall consider only the dc
conductivity of an isotropic system. In this case we
define

0_=Z3: ¢::(0)=—(2/39) Im/ tdt Tr{poJ (£)-J(0)}. (2.8)

7=l

From this point on, our formal development proceeds
in close analogy with that of II, Sec. II. We define the
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function
F()=Tr{psT[I(®)-J(0)]},

where T is the usual time-ordering operator. Because
only positive values of £ occur in (2.8), § is the same as
the integrand in the conductivity formula. It is &,
however, which is most conveniently evaluated in terms
of Feynman diagrams.

Let F(») be the Fourier transform of &

2.9)

1 00
F(r)=—Ilim | F(f)eriids. (2.10)
20 ™0 ) _ '
F(v) has the spectral respresentation:
1 o 1 1
F(V):'—f p(v'){ + . }dv’; (2.11)
2t J— V—v—in V+v—in
where .
p(y) = — Z e“ﬁ(En—#Nn)
Z n,m
X |(n| Y| m)|26(Ep—Eu—v), (2.12)

|n) and |m) being eigenstates of H with eigenenergies
E, and E,, respectively. Equations (2.11) and (2.12)
are easily derived by inserting the complete set of states
|%), |m), etc., into (2.9) and evaluating the Fourier
transform (2.10) explicitly. Notice that, unlike the
analogous function defined in II, p is continuous from
v=—oc to 4. We may expect the value of p to be
considerable for values of » greater than —%pT, the
negative values corresponding to the fact that a system
at a finite temperature can emit energy. In the limit
T — 0, p vanishes for »<0 and has a discontinuous
derivative at »=0.

Inversion of the Fourier transform for >0 yields

00 0

s)= [ FO)ewdv= /

—0 —x

o(W)etdv, t>0. (2.13)

The conductivity ¢ now may be expressed very simply
in terms of p.

2 00
a=-———1m/ 101 5(0)
3Q 0

2 00 )
=——lim p(») Im / tdt e=wint
—00 0
o d 2w dp
=—— p(»)—8(v)dyv=—— (2.14)
3Q J o dv 3Qdvl,—

We shall find it more convenient to rewrite (2.14) in
the form:

T 1
= hy'_r..{l;[p(V)—p(—V)]- (2.15)
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The great advantage provided by Eq. (2.15) is that
it enables us to calculate ¢ without evaluating &(¢)
directly. As was pointed out by other authors,0-12
simultaneous perturbation expansions of the operators
po and J(¢) lead to complicated expressions involving
integrations along a path in a complex time-temperature
plane. Such a procedure seems to preclude use of the
familiar Green’s function techniques which have proved
so powerful in other problems. If we understand,
however, that it is p and not § which is of primary
concern, we are free to perform a slightly simpler
calculation.

Consider now the function

G(u)=Tr{poeH*JeH%. J}. (2.16)

Notice that § may be obtained by calculating (z)
for £>0 and then analytically continuing to (= —iu.
Thus, in principle, § contains as much information
about the system as does §. Furthermore, for real
values of # between 0 and B8, G may be evaluated
directly by using the propagator techniques devised
by Luttinger and Ward.® In their graphical notation, G
is the sum of all vacuum polarization graphs in which
the external vertices occur at 0 and # and each vertex
contains the operator J. The standard technique for
evaluating G involves computing the Fourier coefficients

8
Gz=/ G (u)eCmiliB udy, (2.17)
0

That is, we construct a periodic function with period 8
whose value is defined by the function G(x#) in the
interval 0 <# <g. The propagator methods of Luttinger
and Ward are directly applicable in the evaluation of
G;. A detailed discussion of these methods is contained
in the next section.

The spectral function p(r) may be obtained from
G, in the following way. We insert the complete set of
eigenstates of H (|m), |n), etc.) into (2.16) and perform
the integration indicated in (2.17). We find

1
Gi=— X st | (u| T )]

eB(En—Emt2nillB) — 1

X . (2.18)
E,— E,+2x%il/B
Next we define a function G(»), such that
G(V¢)=G1, Vz=27ril/ﬁ. (219)

To complete the definition of G (v), we require that it
have a branch cut along the real axis and’ be analytic
everywhere else in the » plane, including” at infinity.
According to (2.18), we may obtain such a function by
using exp2wril=1 in the numerator of the left-hand side
and then identifying 2mil/B=v in the energy de-
nominator. The discontinuity across the cut is, for
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real v,

1
G@») =r lim {G(v+in)—G(v—in)}
g 10

= 5 et ]

" X (En— En—p)(1—). (2.20)
By comparing (2.20) with (2.12), we find
G(v)
v)= . (2.21)
n( P

Equation (2.21) completes the connection between the
Kubo formula and orthodox many-body perturbation
theory.

III. REDUCED GRAPHS

We turn our attention now to the perturbation
expansion of the function G(»). Our aim, as in I and 11,
is to resum this expansion in such a way that the
conductivity ¢ finally is expressed in the form given by
Eq. (1.3). This resummation may be effected via the
finite temperature analog of the ‘“reduced graphs”
discussed in A. We shall see that the series of reduced
graphs yields an expansion of ¢ in increasing powers
of the temperature.

The basic rules for the perturbation expansion of
G; have been developed in detail by Bloch and De
Dominicis.® We shall use the propagator version of this
formalism devised by Luttinger and Ward.® Briefly, the
prescription of these authors for the evaluation of G,
is the following:

1. Draw all possible linked vacuum polarization
graphs. Remember that the electrons interact both
among themselves and with the static field of the
impurities. Remember also that, at this point in the
calculation, we are considering a system with a particu-
lar configuration of impurities. We shall average over
impurity configurations later.

2. With each electron line associate a factor

1 1 i
ESF(k,§1)=— , §1=M+E(2H—1). (3.1)

Bex—¢1

Restrict the ¢;’s in such a way that the total ¢ is
conserved at each vertex just as if { were an energy
variable. An impurity interaction” transfers no ¢. A
¢ transfer of v; is to be accounted for at each of the two
external vertices.

3. At each internal vertex insert the appropriate
interaction potential. At the external vertices insert the
current operator J and form the scalar product as
indicated in Eq. (2.16).

4, For a graph with # internal interactions and ¢
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closed electron loops, insert a numerical factor
(—1ymegnis

The factors B arise from the integrations over the
variables # at the vertices. There are n+2 vertices, but
one external vertex is fixed at #=0.

5. Finally, sum over all {’s, momenta, and spins.

In order to avoid difficulties associated with electron
self-energy diagrams, we modify the above rules so as
to sum over skeleton graphs. The precise modifications
are:

1’. Draw only skeleton graphs, i.e., graphs in which
no self-energy parts occur on any electron line. Now
we may omit impurity interactions in the diagrams
as long as we understand that each electron line repre-
sents the exact single-particle propagator calculated
in the field of the particular impurity configuration,
that we are considering.

2'. With each electron line associate a factor
1/BSk . (§1), where S is the exact single-particle
propagator. .S has the spectral representation!®

) @ X £
Sk,k'(i'z):/ d¢ el ), (3.2)
—0 E—g‘l
where
1
Qe (8) = 2 (n| ax| m)(m| awt| n)ef Enuln
XO(En—E,—£)(fEw41).  (3.3)

All other rules remain unchanged except that # now
represents only the number of electron-electron inter-
actions which appear explicitly in a skeleton diagram.

As an example of the application of these rules, let
us compute the contribution to p(») from the skeleton
graph shown in Fig. 1. We have

1
GO=— ¥ ¥ [d&|dt
3 mom., spins 1’
G (£)@(£)
(E1—t) (Ea—tv—v)

Following Luttinger and Ward,® we perform the sum

(3.4)

1
F1c. 1. A simple
vacu}lllm polarization
+ graph whose contri-
Elyg,[' EZ';ll 'CL bution to p(») is

computed in the text.

g

18 J. M. Luttinger, Phys. Rev. 121, 942 (1961).
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over I/ by using

S F ()= (8/2mi) f F@F@ds, (35

where

J @)= (Cm+1)7, (3.6)

and the contour I' is drawn in Fig. 2. When, as in (3.4),
F(w) contains only simple poles, we may close I' at
infinity to obtain

o= 5 i [a e
Xf_(&)—f“(fz’—l/l), 3)
Ex—E1—w

The correct analytic function G(») is obtained by
noting that, because »,=2mil/B, [~(§—w)=j"(¥).
Thus

CIORD>

. dEl/d& Q(£1) @ (&) fH (&) f(£0)
" 1 — g—BlE—tD)
X,

o—&1—v

(3.8)

where we have used the identity
F(&1)— (&)= fH (&) f~ (&) (1—eBleatv)

with
FO=1— ()= @EP+1)
Finally, from Egs. (2.20) and (2.21) we have

(3.9)

(3.10)

M= X

mom., spins

dfl/dfz Q&) Q (&) fH (&) (&)
X8(E2—E1—v). (3.11)

The definition and evaluation of reduced graphs in
the finite temperature problem is somewhat more
complicated than it was at zero temperature. The
difficulty lies in obtaining the analytic function G(»)
from G;. If one sets »;=» before summing over /' in
Eq. (3.4), one finds a function with an essential singu-
larity at infinity rather than a branch cut on the real
axis. More generally, consider what happens to (2.18)
if one sets 2wil/B=v in (2.17). We must conclude that
the techniques of analytic continuation used in A are
not applicable in the present problem. We can, how-
ever, derive very similar results via a less elegant but
analogous procedure.

The contribution to G; from any graph vy may be
written in the form

00 0

Gl(7)=/ d;}:1 . / dEN g(£1,' . EN)
[(_l)m > : (3.12)
X b} .
gL wenin (g —74)- - (En—Zn)

i r
|

@ PLANE

1
|
|
i
T16. 2. The contour T used in Eq. (3.5).

where NV is the number of internal electron lines and L is
the number of independent closed loops. (L=N—n—1,
7 being the number of interactions.) The Z’s are linear
combinations of the /s and »; with coefficients =1
or 0. g(&y,- - -£n) contains the @’s, the explicit inter-
actions, and sums over momenta.

The analysis of G, according to A consists of
three steps:

1. Hold all the &s fixed and locate the poles of the
quantity in brackets in (3.12). We shall call this
quantity {I(»)}.

2. Calculate the residues at these poles.

3. The residues generate discontinuities across the
cut upon integration over the &s. Perform these
integrations, being careful to sort out contributions
from overlapping singularities in such a way that the
result resembles a unitarity sum.

First we assert that the result of step 1 must be
exactly the same as in the zero-temperature problem.
Summation over the {’s returns us to a time-independent
form of the perturbation expansion in which energy
denominators occur. The poles arise at the values of »
where certain of these energy denominators vanish.
The point here is that just the same energy denomi-
nators must occur in the finite-temperature theory as in
the zero-temperature theory. To see this, we may
return to the explicitly time (temperature) dependent
form of the expansion. That is, insert

1 © Qe x
—Z/ i k. (£)
B l —0 S_g‘l

- / 0 G (Dt f+(8), £>u>0;

e$

= f 0 Guae (et /~(8), —B<u<0, (3.13)

—00

for each electron line and

1 2min
5&’1—!1“2.{3—!—{4\:%/ exp{ 3 (i tlo—1s—1s) tdu  (3.14)
0

at each vertex. The resulting expression has precisely
the same form as the time-ordered product which
occurs in the zero-temperature theory except for the
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F1c. 3. The reduced graphs associated with the
vacuum polarization function.

presence of the Fermi functions f£(£) and the fact that
the range of integration over (real) # is finite. It is
obvious, however, that the # integrations will bring
down the same energy denominators as do the ¢ inte-
grations. Furthermore, we may sum over all time orders
which do not change the particle- or hole-like nature of
any line without changing the Fermi functions. Accord-
ing to the discussion in A, the denominators which
remain after this summation yield true poles in 1.

We now repeat the prescription given in A for
location of a pole in the function 7(»). We look for an
intermediate state such that, if all the electron lines
in this state were broken, the graph would separate into
just two pieces. Each of these pieces must be connected
and each must contain one of the external vertices.
A pole occurs at that value of » for which the energy
denominator associated with this state vanishes. A
graph in which only this intermediate state and the
external lines are exhibited has been called a “reduced”
graph. The reduced graphs relevant to I(v) are all of
the form shown in Fig. 3.

Our second step is to compute the residue of the pole
associated with any one of these reduced graphs. For
convenience in performing this calculation we introduce
a few minor changes in notation. Let us now measure £
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from the chemical potential u;i.e.,
E=E+p. (3.15)

Usually we shall omit the primes on the new £’s. Also
let us consider the propagator .S simply as a function
of v;=2mil/B. Thus

e,/ (5)

S (v) = / —M/B—Vz

Conservation of ¢ at each vertex becomes conservation
of », the advantage of the form (3.16) being that
Vit Vm=viym. To perform sums over »; we shall use

yéwmmum

h()= (P —1)

(3.16)

- Z A(wm)= (3.17)

where
(3.18)

and 4 is any function of ». The contour C encloses all
the poles of % and none of those of A. Note that

h(¢—mi/B)=—f~(&).

Finally, we often shall write vy, s, ---
Vi Vigy " "

Now label the lines in any reduced graph in the
manner suggested by the labeling in Fig. 3. That is, the
lines running from right to left (hole lines) are labeled
V1, Va— V1, V3—Vg, ***, Vp—Vp_1, Where p is the number
of intermediate particle-hole pairs. The lines running
from left to right (particle lines) are labeled v,+ w1,
Vpta—Vpy1, *°°, ¥—vap_1. This labeling automatically
conserves v in the diagram. The function I may be
written in the form

(3.19)

instead of

IZp(Vl,' .

»V2p—1, V)

(3.20)

where [5, contains all the remaining sums associated
with lines not drawn explicitly in the reduced diagram.
I,, must be chosen to be an analytic function of the »’s
having only poles and no singularities at infinity.

Our procedure here is very similar to that of A. We
suppose that all sums have been performed except that
over »; and write

I0)=-% ————TI:(»,
( ) B V1 51—1%'/6—'1/1 l(yl V)

- o

where I satisfies the same condition of analyticity as
I.,. Then select one pole of I; in the complex »; plane.

That is, write
Ri(v)
—+J1(v,p),

11(1/1,1/)—
Pi(»)—mn

(3.21)

(3.22)

Z
< v2p—1 (El—wr/ﬁ‘— 1/1)

(Esp—im/B+vap1—v)

where J; is analytic in the neighborhood of »;=P1. The
contribution of this part of I; to I is

1 Ri(»)
V)=— dVl h V1/
Ist)= 2mi -¢C‘ ( (81—iw/B—v1) (P1— 1)

= Th(é1—iw/B)—h(Py 3.23
$1+z7r/ [h(&1—im/B)—h(Py)]. (3.23)
If we make the ansalz
Pi=E—ir/B—v, (3.24)
then
Is(v)=— _( & f*(Ex)f (&) (1—e#EFrtn) (3.25)

where we have used Egs. (3.9), (3.10), and (3.19).
In order to find R, and E,, we simply repeat the above
procedure selecting the pole associated with the second
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line in the reduced graph. That is, we write and
f+(£p+1)f_(Ep+l)
1 Rpy=—Rpji— L (3.39)
Liny)=-3 ———D(n,ray). (3.26) fH(Ey)
B v 52—-17r/5‘~ votv1 . .
For r > p-+1, the rules for iteration are
isolat le of I;in th 1
We isolate a pole of I, in the », plane, B Eypi— Enatin/B; (3.40)
=t B, G2 (B f* ()
Iy(v1,vo,v) = +J2(v1,2,9), 3.27 J(Erm) [
’ 92— V2 R,= T+1—————————t—. (3.41)
F(E)
and make the ansafz .
Finally, at r=2p—1, we have [from Eq. (3.20)]
P2=E2—i1r/ﬁ— V. (3.28) . .
. Pyp_y=Egp 1—im/B+v=—toptin/B+v; (3.42)
The resulting singular part of I is
thus,
Enp1=— Eapt+2im/B. (3.43)
Il,sz——' de h(Vz) . .
i Je Working backwards, using (3.43), (3.40), (3.38), and
% R, (3.35), we find
(&a—im/B+v1—v2) (Fo—im/B—~v—v,) Ev=fpt - Flp—bp— - —h  (3.44)
R, Similarly, for the residues, we have
—.—E2—'Ez— Vi—V R2P—1= _'I2Py (345)
% - () (1—e—BE—t).  (3.29) Where it is understood that I», is here to be evaluated
Then FEr ) ). (3:29) at the values v,= P,. From Egs. (3.34), (3.35), (3.37),
Pi=Ey—in/B—v=Ey—f1—v (3.30) and (3.40) we see that this last condition implies
implies vpe—vr1=E,—E, y=§—iw/B, r#por2p—1. (3.46)
By=Ey—Eat-in/B, (3.31) For r=p we have, from Eq. (3.38),
which justifies the ansatz (3.24) on the basis of (3.28). vob vpare Bk Eypr—2mi /= Epar—in /8 (3.47)

For the residue we have, using (3.31),

f (&) fH(Es)

Ri(v)=—Ry(v)————, (3.32)
FH(Ey)

where it is understood that R, here is to be evaluated

at y;= P1. The remaining singular part of I is

Rg(V)
I3(v)=—————fH(Es) f~(£2) [~ (&)

El— 1—V
X (1= @tv). (3.33)

The above procedure must be repeated for each of the
hole lines 1<r< p—1, according to the rules

P7-+1EET+1_7:7F/,3—V; (3.34)

E,=ET+1—ET+1+i7r/B; (335)
“(&r +(E.

Rom— Ryt ) )

JH(E)

Beginning with the first particle line, however, we
change the ansaiz (3.34) to

Pra=Erpa—in/B+v, p<r<2p.

This leads to
E,=— Ep+1+ £p+1+ “"/)8

(3.37)

(3.38)

and, for r=2p—1, Eq. (3.42) yields

vap—1=Pap 1= Eop_1—im/B+v=—Epptin/B+v. (3.48)

In the notation of (3.12), the last three equations imply
&—2Z,=0 (3.49)

for all lines in the reduced diagram. Equation (3.49) is
exactly the first of the two Landau equations discussed
in A. By iterating Egs. (3.36), (3.39), and (3.41)
starting from (3.45), we find

_1 p+1

SH(E)

Ri(v)= T (&) ) fH(Epr) -
X [+ (E2p) 29 (v,=P).

Thus, the complete expression for the singular part of
I(v)is

Is()= (=17

(3.50)

(1— e Blapt--—E0)
Ept tEpn—Ep— — b1y

X () - fHEp) [ (&) - - [ (&)
xl2p(V'r=Pr)-

(3.51)

Notice that the restrictions on the £’s imposed by the
second Landau equation are included in (3.51) via
the Fermi factors f%(£) associated with each of the
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lines. The entire right-hand side of (3.51) is a simple
pole associated with the energy denominator for the
intermediate state described by a reduced graph. This
completes the second step of the analysis.

The third step in the analysis of reduced graphs is
the integration over the &s to find the discontinuity
across the branch cut. The only difficulty here arises
when, for some values of the £’s, one or more poles in
I;,(v) happen to coincide with the explicit pole in
(3.51). This situation must be treated in exactly the
same way as in A; and we shall not repeat those argu-
ments here. The result is the following. The function
I:,(v) consists of two parts, say Mi(v) and Ms(v),
associated with the two shaded circles in each of the
graphs of Fig. 3. For the contribution to the dis-
continuity G from any reduced graph we must write an
expression of the form:

G(p)(,,):/ dg- - / den g(&ye -+ \Ew)
X},i,,‘? LM (v—in) M 2(v+in) 1 f+ (£2p) - -

X ) f~(Ep) - (&)
X6(£2p+ te +£p+l_fp_ s —Ei— V)
X (=1 (1—e).

We may sum over all reduced graphs of order 2p by
summing over all possible combinations of M, and M.
Here we must be careful to construct only skeleton
diagrams. Then it is simpler to write the quantity in
square brackets in (3.52) as [M1M,*] with the under-
standing that the M’s are functions of the &s. As
pointed out in A, this result is very similar to a unitarity
sum.

(3.52)

IV. EVALUATION OF THE CONDUCTIVITY

The mathematical techniques discussed in the last
section are now to be applied to the evaluation of the
conductivity. First use the definition of p in Eq. (2.21)
and rewrite (3.52) in the form

0

P(”)(V)=(—1)p+1f dér- - / 3

—c0

Xb(opt - FEpri—Ep— - —E1—)
Xf+(52:n)' * 'f+(£11+1)f_(£p)' * f_—(fl)
X[ X AP APEQ(E) - - Q(E2p) ]

4 mom., spins
(4.1)

The vertex functions A now contain all the interactions,
¢ integrations, and momentum sums implied by the
shaded circles in the reduced diagrams. Note that the
spectral functions @ associated with the 2 internal
lines of the reduced graph are written explicitly. This
accounts for all the factors previously included in the
function g(&y,- - -,£x). It must be understood that the
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A’s are functions of &y, - - +, £, and also of the momenta.
Momentum subscripts have been suppressed through-
out. The sum over vy means that we are to sum over all
combinations of vertex diagrams A;(®-A,®* in such
a way as to form all possible reduced skeleton diagrams
of order p.

Next we must form the function p® (—») in order to
evaluate o as given by Eq. (2.15). To do this, notice that
the quantity in square brackets in Eq. (4.1) is sym-
metric under the exchange of variables & < &4, -+ -,
£, <> &9, That is, we exchange the particle and hole
variables. The symmetry follows simply from the
structure of the diagrams. By using this symmetry, we

may write'ss
el 0

I

Xo(Eapt+ - —E1—v) f~(E2p) - - -

X (Ep) fH (&) -~ f1(£)

XX 2 APAD*A(E) - R (Ey) ]
7 mom.,spins )

The resulting contribution to ¢ according to (2.15)
contains a factor:

Jr(Eep) - - fr(Epr) [ (Ep) - - - f (8
—f(Eap) - () fH(Ep) - - - fH(E0).
If we use the identity
fHO=E0 (8,
we may write the expression (4.3) in the form
Tr(Een) - fH(Epr) f(Ep) - - - [ (8)

X[A—exp{—B(fpt - FEpr1—E—- - —E)} ]
(4.5)

(4.3)

(4.4)

Then

0

T 1
0'=—Z (— 1)p+1 hm—/ dfl . / dfzp
3Q » =0y —»

—00

X8 (Eopt- - —E1— ) fr(£2p)- -+
X fH(Ep) f(&p) -+ (&) (1—e)
X[ X AP-AP*@(E) - @ ()]

4 mom.,spins

B7r o0 00
s o[ ane [ a
3Q —0 —0

X8(Eapt- -+ — &) fH(Eep) -+ [~ (1)
X[ X A@D-AD*Q(&) - Q(Ep) ]

4 mom.,spins

(4.6)

182 Note added in proof. It follows from Eq. (2.12) that
p(—v)=€¢p(»);

o= (mB/32)e(0),
which is equivalent to the final form of Eq. (4.6).

thus, from Eq. (2.15)
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The temperature dependence of the pth term in the
conductivity as given by (4.6) may be determined by
standard techniques. The delta function and the Fermi
factors restrict the £’s to a region of order k3T about the
chemical potential p. For sufficiently small tempera-
tures, we may evaluate (4.6) by expanding the quantity
in square brackets as a power series about £é=pu. If we
take only the leading term in this expansion we find a
factor

8 e / Qs S(Ept - —E) fH(ag) - f~(£)
_w —w =(2"2rX const. (4.7)

It follows that the set of reduced graphs generates an
expansion of the conduct1v1ty in increasing even powers
of the temperature.

In order to take the zero temperature limit of (4.6)
we need consider only the term for which p=1. This is

o=

& fH(&) 14

—00

XX X A®-AM*ag)ad)]

4 mom.,spins
df"
32 J dE

XL X A®-A®*@)ad)]

mom.,spins

(4.8)
As T'— 0, (4.8) becomes

o(T= 0)———11m[ Y AVAD*QWA(W)], (4.9)

2 70 "mom.,spins

which is precisely the same as Eq. (2.12) in II. Notice
the following points. For this lowest order reduced
graph (p=1) we have summed over graphs simply by
replacing A;® and A,® by the sum of all vertex
diagrams, indicated by the symbol A® as in II. This
cannot be done for higher order graphs without con-
structing diagrams which are not skeleton-like. Also
notice that the functions AW and @ are still tempera-
ture dependent through the 8 and p which appear in the
definition of {;. As discussed by Luttinger and Ward,
however, in their zero-temperature limits these functions
become the same as those used previously. This
completes the proof that the expression for the conduc-
tivity given in II is the exact zero-temperature limit
of a complete statistical formulation of transport
theory.

V. CORRECTIONS OF ORDER T*

The final section of this paper is devoted to a dis-
cussion of the lowest order finite temperature corrections
to Eq. (4.9). As pointed out above, these corrections
are of order 72 They arise in two places. First, there

are terms of order 72 occurring in the lowest order
reduced graph as given by Eq. (4.8). Second, there is a
contribution from the reduced graph of order p=2.
We consider first the term ¢® as given by Eq. (4.8).
The final expression on the right-hand side of this
equation has a form very similar to the Greenwood-
Peierls formula!® used as a starting point by Edwards?
and by Chester and Thellung® in their evaluations of
the conductivity of a system of independent electrons.
In fact, Eq. (4.8) represents the generalization of the
Greenwood-Peierls formula to a system of noninter-
acting quasi-particles. We may interpret the various
factors as follows. The factor Bf*(£)f~(£) tells us that
the conductivity is determined predominantly only by
those particles whose energies £ lie within kg7 of the
Fermi surface. The vertex function A® is; apart from
the normalization factor discussed in II, the current
(e/mXgroup velocity) of a single quasi-particle. To
prove this, note that we may insert the current operator
into any internal electron line by using the relationship

Sr(k$) (cki/m)Sr (ki) =—e(3/0k)Sr (k). (5.1)
The Ward identity,
AO (kg) = (¢/mki—e(0/0k)Z' (k1),  (5.2)

follows immediately. 2’ is the usual self-energy function,
computed here in the absence of impurities. AW is now
a function of the temperature via the electron-electron
interactions. That is, the propagation of a quasi-particle
is affected by the thermal fluctuations of the background
medium in which it moves.

The spectral functions @(£) have the effect of
constraining the particles to lie on or near the energy
shell; i.e., they insist that the energy £ and the mo-
mentum very nearly satisfy the dispersion relation for
real quasi-particles. To be more specific, let us consider
the function (Qk(%)), where the angular brackets
denote the average over configurations of impurities.
We construct (@) from the average single-particle
propagator [Eq. (3.2)], which we may write in the form

Ok’
Ste e (§2) Yav = (S (ky$ 1) Wi o =———— . (5.3
(e ()= (SUsorar=— s 63)

Analytic continuation to real values of §; yields (see
Luttinger'®)

lim, o 2(k, £in) =Ak,H)£iT'(k,§);  (5.4)
and
(@x(£))=(1/2m) lim,o[(S (k, £+in))—(S(k, E—in))]
k
_ 1 I (k,f) 5.5)

o Le— E—AGE) PHT (k)

Thus, if T is small and slowly varying, the function
(@) looks like a slightly broadened delta function

1 D. A. Greenwood, Proc. Phys. Soc. (London) 71, 585 (1958).
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peaked near

The width of this peak I' is a measure of the uncertainty
in the quasi-particle energy, and is related to the rate of
relaxation relevant to the resistivity. A more complete
discussion of these points may be found in papers I
and II.

It is convenient to decompose I' into two parts:

I‘(kys):Fe(k;s)—*"rimp.(kyi:)y (56)

where T'; is that part of I' which arises solely from
electron-electron interactions. All the impurity effects
are contained in I';yp. In the zero-temperature problem,
as discussed in A and by Luttinger,'® T', behaves like
(¢—u)* near the Fermi surface. That is low-lying
quasi-particle excitations are nearly stable. For the
conductivity at absolute zero temperature we needed
only the value of " at £§=y; thus I, did not contribute.
At finite temperature, however, (§é—u)? is of order
(k8T)?, and must be retained in the present calculation.
Furthermore, T.(ku) is itself of the order (ksT)2.
We conclude that the quasi-particles relevant to the
conductivity as given by Eq. (4.8) have an intrinsic
decay rate, independent of the impurities, of order 72
On the other hand, because the total current is con-
served in electron-electron collisions, I'; cannot con-
tribute to the relaxation rate which occurs in the final
formula for the conductivity. There must then be an
exact cancellation of this 72 term.

In order to find this cancellation without all of the
complications involved in the complete average over
impurity configurations, let us simply replace the @’s
which occur in Eq. (4.8) by {@)’s. That is, we examine
the terms of order 72 occurring in the expression

2w
O=—| dErEr©
- XTIAO k(@) (.7)

In principle, of course, (5.7) omits the cross terms in the
impurity average which, in the zeroth order calculation,
give rise to the “scattering-in” part of the relaxation
rate. It is a straightforward but tedious exercise to in-
clude these terms correctly in the following analysis. In
fact, we shall see that the following 7? corrections re-
main finite in the limit of zero impurity concentration;
thus there is no real approximation involved here. As
in all previous work, we shall systematically omit all
contributions to the conductivity except those which
behave like 77

F16. 4. The lowest
order reduced graph
associated with the
electron self-energy
function.
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As long as A and T are slowly varying functions of
k, we may write

(Cx()P=[1/27T (k) ol e—t—A(kE)].  (5.8)

The corrections to Eq. (5.8) are of order I' and may
be neglected to lowest order in #;. Now to order 72 we
may write

1 1 1 T,
= =~ - +--o0 (5.9
P(kyf) I1imp.-i-:[1e I‘imp.

Pimp.

Thus we consider a 7 correction in (5.7) of the form

2nB
—— | dEFHEf ()
3Q

—o0

kD)

x[z;lA(”(k,s)l a[ek—s—m,s)]]. (5.10)

. imp.2

At this point we must evaluate T',(k,£) via the same
sort of analysis as that used in Sec. III of this paper.
Only the lowest order reduced graph, drawn in Fig. 4,
contributes to order 7% in (5.10). The contribution of
this graph to I, turns out to be

I. (k) :f+—1;5 / / / d§1dEady

Xo(ErtEa—E— &) fH(E) fH (&) [ (&)
X X |T]Pa(&)a(g)a (%),

mom.,sping

(5.11)

where T represents the part of the diagram indicated
by the small shaded circle in the figure. Notice that T
is just the scattering amplitude for two quasi-particles.
The remainder of the quantity in square brackets in
(5.10) now may be evaluated to zeroth order in the
temperature and at £=pu. Thus, we may write

lim [ ex—u—A(ku)]
1 Fimp.

1 [(ex—p— A+ Timp 2T

22T imp.2

1
==[(Sk,m)[XCx(w)). (5.12)

F16. 5. A graphical
representation of the
expression (5.13).
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Inserting (5.11) and (5.12) into (5.10), we find to
order 72

™3
e ////dfld&dfadf
3Q

Xo(f1+Ea—&s— &) [+ (&) fH (&) (&) (&)
Xlim X A kp)(S (k)T |?

7—0 mom.,spins

X (e (1) X eq (1) K Qo (1) X Gorcr—q (1)).

Here we have again averaged over impurity configura-
tions simply by replacing the @’s in (5.11) by (@)s.
The expression (5.13) may be associated with the
diagram drawn in Fig. 5. In (5.13) this diagram has
been evaluated as if it were a reduced graph of order
p=2, the intermediate state consisting of those lines
which are cut by the dashed line in the figure. That is, we
combine the quantities A® (k,£)(S(k,£))T into a single
vertex and relabel this A®. Notice that we might just
as well have drawn Fig. 5 with the self-energy part
inserted into the hole line rather than the particle line.
To do this, simply rewrite Eq. (5.11) for I'. by using
the identity

frE) (&) (&) _ F (&) f (&) fH (&)
Frlata—t&)  flata—&)

It is convenient to associate the expression (5.13) with
one half the sum of the two possible diagrams. The
factor % turns out to be important.

It is obvious that Fig. 5 is not a skeleton diagram
and is of just the form that had to be omitted in the
construction of reduced graphs of order p=2. This
point suggests that we look for the expected cancel-
lation of (5.13) among the second-order diagrams.
Consider, for example, the diagram shown in Fig. 6.
The contribution to o from the intermediate state
containing two pairs is, to order 7%,

3
—— ////d&d&dssdf
3Q

Xo(E1tEa—E—8) fH (&) fH (&) f~ (&) f~(H)
Xlim X AO(ku) AD*(k+q, p)

T—0 mom.,spins

XS () X S* (k+-q, 1)) TG (u))
X{ctq (1) X Qi (1) ) Brr—q (). (5.15)

The similarity of (5.15) to (5.13) should be apparent.
In evaluating (5.15) to lowest order in Ty, we may
make the approximations:

Pimp. (ek'—ﬂ— A+iPimp.)
L (ex—pu—A) 2+ Timp 7T

(5.13)

(5.14)

(S () Y Qe () =

=

ex—u—Alkk)] (5.16)

2 imp.
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k“bf!

F16. 0. A special skeleton diagram which yields a
second-order reduced graph.

and

(5% (k+q, )X Cucq ()

1

>

Lextq—n—Ak+q, )] (5.17)

imp.

Notice that here we have two factors § as opposed to
the single factor § which appears on the left-hand side
of Eq. (5.12) in connection with the expression (5.13).
This extra factor of 3 which occurs in the evaluation of
diagrams of the form of Fig. 6is exactly right to make up
for the 3 which we attributed to diagram counting at
the end of the last paragraph. In other words, the
diagrams of Figs. 5 and 6 make 7% contributions to o
which are directly comparable.

We examine now the sum of all reduced diagrams of
order p=2 which may be formed using only the special
vertex graphs drawn in Fig. 7. These graphs have the
common feature that each may be separated into two
parts, A® and T, by cutting only a single electron line.
It follows from the discussion of the last paragraph that
we are now allowed to form all combinations of these

kl

k+q k'-q

k+q (€-v) K-q,(€-v)

) S

() (d)

F1c. 7. The special vertex graphs which participate in the cancel-
lation of a spurious 7% correction to the conductivity.
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vertex diagrams without regard to whether the result is
skeleton-like or not. For example, Fig. 5 may be
constructed by combining Fig. 7(a) with its time-
reverse. By combining 7(c) with the time-reverse of
7(a) we form Fig. 6. Each of the graphs in Fig. 7
contributes a factor of the form

AO=4T

I‘imp. imp.

+T

J, (5.18)

where Timp.=NTimp. is the true relaxation rate and
J=NA® is the current of a quasi-particle as discussed
in II. The sign == must be determined by returning to
Eq. (3.52) where we gave v a small imaginary part
before letting it vanish. Now the single explicit internal
electron lines in Figs. 7(a) and 7(b) may be labeled by an
energy variable £+»; whereas the corresponding lines
in Figs. 7(c) and 7(d) must carry an energy £—v. The
sign of the » in the energy variable determines whether
the propagator is to be evaluated just above or just
below the real axis, and, according to Eq. (5.4), whether
T appears with a + or — sign. It follows that the vertex
graphs 7(a) and 7(b) carry a sign opposite to that of
7(c) and 7(d). The sum of all four graphs then contains
a factor

Jk+Jkr—Jk+q——Jkr_q= 0, (519)

which vanishes because current must be conserved in
the scattering event described by T. This proves the
desired cancellation and eliminates the spurious 7?2
correction in . N

The remaining reduced graphs of order p=2 must
be constructed with vertex functions A® formed by
inserting the external interaction line only into internal
lines of the scattering amplitude T. With this restric-
tion it is impossible to construct anything but skeleton
diagrams with arbitrary combinations of the vertex
graphs. Thus we may sum all diagrams by inserting
at each vertex in the reduced graph the sum of all
vertex functions. Denote this sum by A®’, Further-
more, the singularities associated with the four lines
in the reduced graph no longer can reappear in A®’,
In contrast to Egs. (5.16) and (5.17), we now may use
the approximation

(Cx(u))=0[ex—p—A(kp)] (5.20)
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for each of the lines in the reduced diagram. The net
T? contribution from reduced graphs of order p=2 is

5(2)_—__2 //f/dsldézdssd&

Xo(E1tEa—E3—E) fH(&) fH (&) [ (&) f (&)
XI;IBO 2 A® () { (1))
K{ ey () X Cor—q (1))

By virtue of (5.20), ¢® is finite in the limit 'y, — O,
and need not be included in our final expression for
the conductivity.

The fact that the second-order reduced graphs do not
contribute to the dc conductivity to lowest order in the
impurity concentration suggests the following physical
interpretation of these higher-order terms. Apparently
Eq. (5.21) describes a contribution to the conductivity
associated with a correlated pair of quasi-particles.
That is, during the time in which two quasi-particles
are in interaction, the pair plays the role of a new kind
of current carrier. In a normal Fermi fluid, however, the
pair correlation persists only for a finite time; thus the
pair current decays spontaneously even in the absence
of impurities. As long as the pair correlation time is
short compared to T'imp. ™!, we may expect (5.21) to
make a negligible contribution to o. On the other hand,
a resonance in the scattering amplitude T near the
Fermi surface might cause A®’ to become large; and
a bound-state pole might be disastrous. In fact, Thouless
has shown that the appearance of a bound-state pole
in T is directly related to the phenomenon of super-
conductivity.?

(5.21)
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