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General expressions for decay rates of a quasi-particle and a phonon in a superconductor at zero tempera-
ture are obtained from Nambu’s nonlocal self-consistency conditions. The valid coherence factors in the
transition probabilities are encountered for the different processes we consider. The decay rate of a quasi-
particle due to emission of single phonons is found to vanish with the 7/2 power of its excess excitation
energy above the gap. The contribution to decay arising from emission of single pairs of particles via Cou-
lomb interaction turns out to be at the most a few percent of that coming from phonon emission. The level
width of a phonon caused by decay into single pairs of particles is shown to rise like a step function from zero
to w/2 times the normal state value when the phonon energy reaches twice the gap energy. Additional
contributions to particle decay arising from two-phonon emission or, from single pair emission, are obtained
from the second-order self-energy diagram. The two-phonon emission effect is found to be completely
negligible in comparison to that due to single phonon emission.

I. INTRODUCTION

HEREAS at the outset of the Bardeen-Cooper-
Schrieffer' theory of superconductivity an
explicit construction of the ground state is made by
using the pairing condition, Bogoliubov? starts his
formulation by forming the elementary excitation or
the “quasi-particle’ as a coherent mixture of an added
and a subtracted electron excitation both having the
asme momentum and spin component along the axis
of quantization. The amount of mixing can be deter-
mined self-consistently by a generalized Hartree-Fock
method. This mixing leads to a gap in excitation energy
above the ground state, and it amounts to the occurence
of the “coherence factor’ in the transition probability
of a quasi-particle when transitions are induced by an
external field. The coherence factor applies also for the
spontaneous transitions a quasi-particle undergoes by
interaction with the phonons of the medium or by
Coulomb interaction with the medium thus causing the
particle to have a finite inverse decay time, or level
width T
The mechanism by which the electron-phonon and
Coulomb interaction between the electrons act on the
one hand to form an elementary excitation as an
electron-hole mixture, and cause on the other hand this
excitation to decay, can be displayed most clearly in a
formulation based on a procedure developed by
Nambu.®! Two-component operators are introduced
consisting of an electron and a hole component, and a
matrix one-particle Green’s function is defined in terms
of these operators. From the spectral representation of
this Green’s function we shall see that the energy E,
and the level width T',, of a quasi-particle are determined
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by the real and imaginary part, respectively, of the
poles of this function in its complex energy variable.
Using infinite-order perturbation theory, the particle
propagator can be expressed in terms of the propagator
for the unperturbed system and a matrix self-energy
part, 2(p). The nondiagonal component of Z(p) plays
the role of the energy gap, and it determines also the
amount of electron-hole mixture in a particle. Z(p) is
determined self-consistently by equating an ansatz for
Z(p) with the self-energy amplitude calculated from
the diagrams in the dressed particle and interaction
picture. In this way the energy E, and the lifetime
(T'p)™! of a quasi-particle are determined by the same
self-consistency condition containing both the electron-
phonon and the Coulomb interaction.

The various contributions to the decay rate of a
quasi-particle correspond to the various orders of the
self-energy diagrams and, for a particular diagram, to
its different time orderings and to its two types of
interaction, either phonon or Coulomb, inserted in its
interaction lines. The processes taking part in the
contribution from a specific diagram are described
simply by the right half of this diagram (if time runs
from right to left) when it is cut through one of its
intermediate states. Since this contribution to the
decay rate consists of the over-all transition probability
for the processes allowed by energy and momentum
conservation, we expect to encounter the coherence
factor valid for the single process in question if the
contribution is represented in integral form. One
expects also to find correction terms to the anticipated
expressions for transition probabilities, which have
their origin in the nonlocal formulation of Nambu’s
theory. By nonlocal formulation we mean, that the
ansatz for 2(p) is taken to depend both on the mo-
mentum and energy arbitrarily and that the self-
consistency condition is extended to hold not only on the
energy shell of the original particle but also on virtual
intermediate states.

Actual calculation of contributions to the quasi-
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particle decay rate will be carried out in the cases of
single phonon emission, emission of pairs of particles
by Coulomb interaction, and successive emission of
two phonons. The latter contribution arises from the
second-order self-energy diagram containing one cross-
ing of interaction lines. For another time ordering of
this diagram, and Coulomb instead of phonon inter-
action lines, one obtains a correction term to the decay
rate arising from pair emission to lowest order. This
correction term has been considered for the normal
state by DuBois.* The Coulomb interaction induced
decay rate to lowest order is determined by the
imaginary part of the lowest-order polarization term;
and this quantity also provides us immediately with
the inverse decay time of a phonon into pairs of particles.

It can be expected that all the contributions to
particle or phonon damping derived for the super-
conducting state will deviate markedly from their
normal state values if the excitation energies are of the
order of the gap, for in that energy range not only the
dispersion laws of energies and density of states of
particles are greatly modified, but also the coherence
factors come into full play.

One practical reason for carrying out these investi-
gations is to determine whether or not single phonon
emission is overwhelmingly responsible for quasi-
particle decay. This dominance of single phonon
emission (and absorption at finite temperatures) has
been tacitly assumed in the theory of the electronic
component of thermal conductivity in case when
impurity scattering is absent.® However, it is known
that this part of the theory of thermal conductivity
of superconductors fails to agree with the experimental
findings.

II. GENERAL THEORY OF LIFETIMES IN
NAMBU’S FORMULATION

The problem of superconductivity can be treated
with a modified perturbation theory formalism. A
convenient way introduced by Nambu? is to use two-
component operators ¥ (p) and ¢f(p) for the electrons
defined by

¢<p>=(

Cp}
) PO=Cterd @D

Cop—

¢pe and ¢, are annihilation and creation operators,
respectively, for electrons with momentum p and spin
component o along the axis of quantization. The 2X2
Pauli matrices corresponding to this two-component
notation are

0 1 0 —: 1 0
R AN
10 i 0 0 —1

4¢D. F. DuBois, Ann. Phys. (New York) 8, 24 (1959).
6 J. Bardeen, G. Rickayzen and L. Tewordt, Phys. Rev. 113,
982 (1959).
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If H is the Hamiltonian of the electron-phonon system
with electron-phonon and Coulomb interaction between
electrons included, and if NV is the particle number
operator and u the chemical potential of the system,
then we obtain for (H—uN) in terms of the new
electron-hole operators

H=3p exf" (D)7 (0)+2 4 0q(0s 0 +3)+205 €

1
+ X gVt () 79 (p)— (0o +-0-g")
V2

p,q

+3 X vt (o) rb o+t ()T (' —q). (2.2)

?,9",0740

We use units with Z=1, and we set the volume of the
system equal to one. v,=4me?/¢* is the Fourier trans-
form of the static Coulomb potential between the
electrons. The one-electron energies are

&= (p*/2m)—u—3% 2 vq.
g0

by and b, are annihilation and creation operators,
respectively, for longitudinal phonons with mo-
mentum q and unrenormalized frequency w, If one
treats the ions of the lattice as point charges Ze of
mass M and density 7, the electron-phonon coupl-
ing constant becomes g,=— (vo/wg)wp1, Where wy
= (4rZ2%¢n/M)* is the classical ion plasma frequency.

The natural generalization of the usual one-particle
Green’s function is a matrix Green’s function defined as

Gii(pt)=—i(¥o| TW:i(p, )¢, (9,0)) [W0).  (2.3)

| W) is the exact Heisenberg ground state of the inter-
acting system. The time variable arguments in the ¢
operators denote Heisenberg operators. If |¥g) is
constructed from the ground state of the noninteracting
system, |®,), by perturbation theoretic method, the
quasi-particle propagator takes the form

Gii (D))= —i(®o| T (W (p,)¥ 57 (9,0)S) | o).

The superscript 7/ on the ¥ operators denotes the
interaction representation, the S-matrix .S contains the
electron-phonon and the Coulomb interaction in this
representation, and the subscript ¢ indicates that only
connected Green function diagrams should be taken
into account in a diagrammatic analysis of this expres-
sion. The Fourier transform of G(p,)) in the time
variable, G(p,po)=G(p), can be expressed with the help
of Dyson’s equation by the irreducible proper self-
energy part =(p) and the bare particle propagator
Go(p):

(2.4)

Gp)=[G(p)—2(p) I 2.5)

Go(p) is easily calculated from Eq. (2.4) by setting
S=1 and performing a Fourier transform in the time
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variable. The result is

_I_
Go(p)= Foreme

— (2.6)
PP — e+
where 6 is a positive infinitesimally small quantity.

For the complete propagator of phonon and Coulomb
interaction, D(q,q0)=D(q), we will use a general form
which is based on derivations given by Schultz,f i.e.,

‘Z)%wl 2 1 v
q p) a @7

p=( +—.
K(g)/ [g’—wi+tw (9] K(g)
K(g)=K(q,90) is the longitudinal dynamical dielectric
constant of the medium, and II(g) is the proper irre-
ducible self-energy part of the phonon. K(g) is deter-
mined by the proper irreducible polarization part A(g),

K(g)=1—v,A(g), (2.8)

and the II(g) is expressable in terms of the dielectric
constant through

=L )

It should be noted that the termination ‘“‘irreducible
polarization part” for A(g) is not exact because A(q)
must be phonon irreducible, while the complete
polarization part would include also phonon reducible
parts. This is true for both the A(g) determining the
screening of the electron-phonon interaction and the
phonon self-energy part I1(g). Since all interaction lines
containing a phonon line are already included in the
phonon propagator [first term in Eq. (2.7)], the A(g)
appearing in the screened Coulomb interaction[second
term in Eq. (2.7) ] must also be phonon irreducible.

The rules for calculating contributions from four-
momentum space diagrams in the dressed particle and
interaction picture are then essentially the following:
Each quasi-particle line (solid line) carries a matrix
factor iG(p). Each phonon-Coulomb interaction line
(wavy line) carries a contribution —2D(g). Each vertex
carries a matrix factor r3. All diagrams containing parts
which are connected to the rest of the diagram by only
two interaction or two particle lines, respectively, have
to be omitted.

The problem is to determine the self-energy part
2(p) and the polarization part A(g). In principle these
quantities can be obtained in a self-consistent way by
equating —iZ(p) and 7A(g) to the sum of all contri-
butions from proper irreducible self-energy and polari-
zation diagrams, respectively, in the dressed particle
and interaction picture. This is represented in Fig. 1,
where the dots indicate the higher-order diagrams.

(2.9)

8T. D. Schultz, Quantum Field Theory and the Many-Body
Prggl)em (Space Technology Laboratories, Inc., Los Angeles,
1960).
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F1c. 1. Schematic representation of the self-consistency condi-
tion for the self-energy part =(p) of a particle and the polarization
part A(g) of the interaction. The solid and wavy lines denote
dressed particle and interaction lines, respectively. The dots
represent higher than second order diagrams.

Nambu makes an ansatz for Z(p) given by

Z(p)=pot (P)+x(P)st+0 (p) s, (2.10)

where ¢(p), x(p), and ¢(p) are assumed to be even
functions in po. Then one obtains from Egs. (2.5)

and (2.6)
=poZ (p)+ep)rsto(p)m
pHZ(p) P—LE()

. (2.11)

where :
Z(@p)=1-¢(p), &(p)=ertx(p),
LE@) P=[e(p) I+ [s(p) I

While Nambu considers only the contribution to Z(p)
from the lowest-order diagram in Fig. 1, we shall take
into account also the contribution arising from the
next higher order diagram containing one crossing of
interaction lines. For A(g) we shall make the so-called
pair-approximation in which only the lowest order
diagram in Fig. 1 is considered. In these approximations
the self-consistency conditions are

(2.12)

d4
20)=i[ o= r6=9rD)

d*q.dtqe
—‘// (i )Z G (p—q2) TG (p—q1—q2)
X73G(p—q1) 73D (q1)D(ge),

d4
A(g)=—1 / (2—1; Trl G (p+)m:G(p) ]

(2.13)
(2.14)

For an essentially attractive interaction between the
electrons there exists a solution to the self-consistency
condition Eq. (2.13) with Re¢(p) different from zero
near the Fermi surface, and this leads, as we shall see,
to an energy gap for elementary excitations above the
ground state and thus to the superconducting state.
However, nonzero off-diagonal elements of the matrix
propagator G;;(p,f) are not consistent with the original
definition of this propagator in the Heisenberg picture,
Eq. (2.3), if [¢o) is taken to be an eigenstate of the
electron number operator. Therefore, it seems to be
more satisfactory to adopt a modified definition of the
matrix Green’s function, which is due to Kadanoff and
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Martin.” An annihilation operator for two electrons
with total momentum and spin equal to zero is intro-

duced by
a(t)=C X p cpy(O)c—py (1)

If the constant C is determined from the condition
(Yol|aa’|¢o)=1, it is found to go to zero as 1/N (N
=number of electrons) in the case of the BCS solution.
The operators ¥(p,t) and ¢'(p,t), and thus G(p,!), are
thenredefined by inserting e (£)c_,;f (£) and o' (£)c_p_3(2),
respectively, instead of c¢_, 3'(f) or c_,_i(t) in the
second components of Eqs. (2.1).

The general analytic properties of the matrix propa-
gator G(p,po) in the complex po plane and the asymp-
totic behavior of the Fourier transform G(p,f) for large
values of the time variable can be derived in a way
closely analogous to the work of Galitskii and Migdal.®

pu(p,e)de=3_|(n|cpyt0)[2;

p21(p,€)de=3_(0]ac_p 4

p1’ (p,e)de=2 | (”!Cp%- O>!2§

par’ (D,)de=—3 (0] cpy'

Here the sums over # are restricted by the conditions
e< e,V < et-de.

By using the relations ImG;;(p,e) = —wp;;(p, €) for €>0,
and=mp,;(p, — ¢) for €<0, one can write the spectral
representation of G;;(p,?) in the form

i 00
Gis(p )= / de it TmGij(p,6), for (>0
m™
’ (2.17)
i 0
/ de et ImG;;(p,e), for ¢<O.

™

We conclude from Eq. (2.15) that the analytic con-
tinuations of G;;(p,po) for po>0 and po<0 lie above and
below the branch cut, respectively, which runs slightly
above the negative real axis and slightly below the
positive real axis. If po crosses the branch cut, G(p,po)
goes over into its complex conjugate value.

A simple physical interpretation of the propagator
G;;(p,t) is possible only if all four components of the
spectral weight function p,;(p,e) [p:/ (P, —€)], are
peaked strongly on the real axis around an excitation
energy, let’s say e=FE,, (e=—E,,’), with the same
half width, T, (I',/), where I'y&E,,. If the peak of
pii(pye) [0 (p, —e€)] arises from a simple pole at
E,p—il'y (— E,p’+14T,") with almost purely real residue

7L. F. Kadanoff and P. C. Martin, Phys. Rev. 124, 670 (1961).
(ISSV.)M' Galitskii and A. B. Migdal, Soviet Phys.—JETP 7, 96
958).

n)(n|cpst|0);

n)nlac_py'
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This is done by using Lehmann’s spectral representation
in a complete set |¥,") of energy and particle number
eigenstates of the interacting system with excitation
energies €, with respect to the ground state of an
N-electron system. If one neglects the difference in the
chemical potential of an N- and (:V+41)-electron
system and sets the chemical potential equal to p, and
if one takes (H—uXN) as the Hamiltonian of the system,
then one finds the following spectral representation for
the matrix Green’s function:

Gij(p,po) = / F /

1
o po—etin

pij(p,€)de pii (p, —e)de

—. (2.15)
po—e—n

If terms of order 1/V are neglected, the components of
the spectral weight functions in Eq. (2.15) turn out to be

p22(p,€)de=2_ I (n] a'c_py ‘ 0) | %

p12(p,€) = par™(p,e€) ;
(2.16)

p2s’ (p,€)de=2_ | (n|ac_p_37|0)|%;

0); p12' (p,€) =pn"*(p,€).

of the analytic continuation of Gi;(p,po) for p¢>0 into
the lower right po plane (for po<0 into the upper left
po plane), then one finds an asymptotic behavior of
G(p,t) for large values of |¢|, which is given by

G,-,-(p,t)=G¢j(p,0) exp(—iErpt—I‘pt), for t>0,
=Gi;(p,0) exp(—iE.,' [t| =T, |¢]),
for <0, (2.18)

Since a quasi-particle with momentum p and spin
component 3 consists of a certain mixture of the
excitations c,3 (£) | ¥o) and af (¢)c_p_3(£)| Vo), the proba-
bility amplitude of finding the quasi-particle (p,3) at
time £>0 when it was present at time 0 is seen, from
the definition in Eq. (2.3), to be a linear combination
of all four components of the propagator G;;(p,t) for
1>0. We conclude, therefore, from Egs. (2.17) and
(2.18) for the case ¢>0, that the energy and damping
of a quasi-particle (p,3) are determined by the nearest
pole to the positive real axis of the analytic continuation
of G(p,po) into the lower right plane. Similarly for the
t<0 case we recognize from Egs. (2.3), (2.17), and
(2.18) that the energy and the lifetime of a quasi-
particle (—p, —3) are determined by the nearest pole
to the negative real axis of the analytic continuation of
G(p,po) into the upper left plane. Since the quasi-
particle excitations (p,2) and (—p, —%) are formed
here by adding an electron to the system or by sub-
tracting it from it, respectively, their lifetimes 1/T,
and 1/T',/ are in principle different.

Nambu’s ansatz for G(p) [Eq. (2.11)] presupposes
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first the existence of delta-function like peaks in all
four components of the spectral weight function around
the same energies E,, and —E,,” with the same half
widths T', and TI',/, respectively. Second it presumes
that E,,'=E,, and I',’=T,, since it assumes that ¢(p)
is an even function in po. Third this ansatz presupposes
the reality of the off-diagonal spectral weight functions
since it does not contain a term with 7. The pole of
the Nambu propagator G(p) [Eq. (2.11)] below the
positive real axis, for instance, is obtainable from the
equation

Ery=iTy= (B(D)/Z D)) pbrpry (219

where E(p)/Z(p) is the analytic continuation of
E(p)/Z(p) for $o>0 into the lower right p, plane. For
I'y/E»<1, we have approximately

E.,=Re[E(p)/Z (?)]po=Erp ’
Tp=—4," Im[:E(P)/Z(P)]pFErm

where the quantity 4, is given in Eqgs. (2.23). If we
expand the square root E(p) in terms of Im[x(p)/E:p]
and Im[¢(p)/E,, ], we obtain, by neglecting terms of
order (I',/E,»)? the following expressions:

(2.20)

Erpy=Ey/Zy, (2.21)
Tp=— (ZpAp>_1
><Im[p0§<p>+——x<p>+—-¢<p>] . 22
E

po=Erp
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where we have used the notation
E,= (ép2+¢p2)%§ €= 517+Re[x (?)]m-nb‘m§
=Re[¢(?)]p0wb‘m; Zy= 1~Re[§‘(?)]1’0=l’]7p; (2.23)

d E
Ap,=1—Re (_ﬂ>
dpo Z(P) PO—ETp

We shall see later how the special combination of
imaginary parts of pof (p), x(p), and ¢ (p) in the expres-
sion for the inverse decay time I', [Eq. (2.22)] gives
rise to the important coherence factors in the transition
probabilities, which make the striking difference
between the behavior of the superconducting and
normal state excitations. We want to emphasize that
all three imaginary parts have to be taken into account
in order to get the right answer. The term with pof(p)
has been considered by Eliashberg in his derivation
of damping caused by single phonon emission (see
Sec. III).

The quantities {(p), x(p), and ¢(p) appearing in
Egs. (2.21) and (2.22) are obtainable from the self-
consistency condition, Eq. (2.13). This matrix condi-
tion splits into three coupled integral equations if we
equate the coefficient of 1, 73 and 7, on both sides. An
additional term proportional to 7, arises from the
second term on the right-hand side of the equation;
however, this can be shown to vanish identically. We
write these integral equations in the following form:

_ d441 ¢1D, d4Q1d442 DD,
W))—* Q) N // (21)5 N1VoN,
X [ (s e28s) Fa(iast &1&) — ps(ane— &18) —prgops ],  (2.24)
Pt (D) Ex(p)=i / 0D e / ] Pt Db
(2m)* N, (2r)® N.Na2Ns
X[ (=t &) (oo &2) (3=t &) T brpa (s &) — props (= &) —dugps(ank &) ],  (2.25)

where

a(p)=poZ(p), N(p)=p[Z(P)P—[ED)T,

and where subscripts 1 and 2 on D denote arguments ¢
and ¢,, respectively, and subscripts 1, 2, and 3 on q, g, ¢,
and N denote arguments (p—qi), (p—gqo), and
(p—q1—q2), respectively.

Energy and damping of a dressed phonon are
obtainable from the nearest pole below the positive
real axis, for instance, of the phonon propagator given
by the first term in Eq. (2.7). If we make the ion plasma
approximation, where w, is set equal to w,, we derive
[with the help of Eq. (2.9)] for II(¢)) a pole (2,—10,),

which in the case 0L, is given approximately by

wp
Q,=———[ReK (2]t (2.26)
| K(g,20) I
and
wpl?
= TmK(q,Q,), (2.27)
ZQQIK(Q;Qq) lqu
where B, is
wp1? a 1
B,=1———Re (—-——) (2.28)
29, dgo K(q) 40=9q

For the dielectric constant K (g) we obtain from Egs.
(2.8), (2.14), and (2.11) the general expression

K(g)=1+2i'vq/
(2m)

® See Nambu’s discussion of this point, reference 3.

10 G. M. Eliashberg, Soviet Phys.—JETP 11, 696°(1960).

d'p (potgo)poZ (p+9Z(p)+e(p+q)e(p)—o(p+9)¢(p)

(2.29)
N(p+g)N(p)
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III. PARTICLE AND PHONON DAMPING BY
SINGLE PROCESSES

In this section only those contributions to particle
or phonon decay are considered which arise from the
lowest order self-energy or polarization diagram, re-
spectively, shown in Fig. 1. In general the processes
participating in a certain contribution to decay are
described by the right half of the self-energy or the
polarization diagram (if time runs from right to left)
when the diagram is cut through one of its intermediate
states. Let us first determine the damping of a particle
caused by emission of single phonons I'*®. This
quantity is obtained from Eq. (2.22) and from the first
order terms of Eqs. (2.24) and (2.25) by including only
the phonon part of D(g) [see first term of Eq. (2.7), and
Eq. (2.9) with w;=w,1]. The expression for I'p*t is
written as

&g vewpr®

I‘pph = /
(27)3 ZpA P

o dg
X Im / HELEE), (1)
o (2w
where
EpsZ, g (2)+ Epep—q(2) —bpbrq (%)
H(z)= (3.1a)
EL8(Z p—(2))*— (Ep—g(2))*]
and

L= {[K<q,z>32[z2—K°’("ql )}}— (3.1b)

In deriving Eq. (3.1) we have used the fact that
K (q,q0)=K (g, —qo) for real qo, and therefore L(qo)
=L(—qo). The general analytic properties of the

00

Rew(x)
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z- plane

F16. 2. The contour C of integration in the complex z plane. I
(solid line) and II (dashed line) represent schematically the
branch cuts corresponding to the particle and phonon propagator,
respectively. I, is the quasi-particle energy.

functions H(z) and L(2) in the complex z plane are
known from the spectral representations of the particle
and the phonon propagator, respectively. Thus H(z2)
has a branch cut running from — o to 0 infinitesimally
above and from 0 to o infinitesimally below the real
axis. L(z— E,,) has a branch cut running from — o to
E,, infinitesimally above and from E,, to o infini-
tesimally below the real axis. Therefore the z-integration
contour along the real axis in Eq. (3.1) can be deformed
in a contour C running from — o to E,,, surrounding
the end point E,,~in of the one branch cut, and running
back to — o just above both parts of the branch cuts
of H(z) and L(2—E,,) which lie above the real axis.
This is shown in Fig. 2. Making use of the fact that
H and L go over into their complex conjugate values
if we cross their branch cuts, we encounter two different
contributions to the z integral. The first is given by
1/7 times an integral from — o to 0 along the real axis
with the integrand Im[H (x)L (x— E,,)], and thus it is
real. The second contribution is equal 1/r times an
integral from 0 to E,, along the real axis with integrand
H(x) ImL(x—E,,). We can assume, in the limits of
the desired accuracy, that —Im[E, ,(x)/Zp o(x)]
=q(x) and —Im[w,?/K(gx)]=e(x) are (positive)
infinitesimals. Then we get, approximately,

5 Erp
Imj —H(2)L(z—E.p) %w/ dx
o 21T 0 fK((l’ x—E,p) \’2[Rezp7q<x)]ZEp

Ly g(2)\? wpr?
XBl:x2— (Re ) Jél:(x—Erp)L-Re_———}
Zp_q(%) K(q, x—E,p)

8(x) is the delta function, and w(x) is an abbreviation for the numerator of H (x) in Eq. (3.1a). Since the zero of the
function {x—Re[Ep_o(x)/Zp_o(x)]} is x=E,p_,, and that of the function {y+[wn(ReK(g,y))¥/|K(q,y)|]} is
y=—8,, we derive from Egs. (3.1) and (3.1a) and from the last expression the result

dB
IV

& ép—a—d’pd’p—q\a (ETP~ Erp—q‘“Qq)

(2m)? QQ‘K(Q:QQ) ‘2 5

The notation is given by Egs. (2.23). Evidently the
transition probability from the particle state p into
the particle state (p—q) plus the phonon state q is
equal to (2)® times the integrand of the right-hand
side of Eq. (3.2). The term in brackets multiplied by 3
is the well-known coherence factor wvalid for this
process. The correction terms Z, A, and B in the
denominator, which are given by Egs. (2.23) and

Tﬂqulz 1
(v

(3.2)

Eplyy ) Zo74 Apdy B,

(2.28), are result of the use of Nambu’s formulation of
the theory. _

T',P is evaluated from the exact expression in Eq.
(3.2) to the lowest order approximation, by which we
mean that {, and X, are set equal to zero and therefore
Zy, Ap equal to one and &, equal to e,. Further ¢, is
taken to be the constant BCS energy-gap value, e,
and B, is set equal to one. The integration variable
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3= < (p,q) is changed into E'=E,_,, and the variable
¢=q| into ©,. One can show from the argument of the
delta function, that ©,< (E,,— €) is a necessary condi-
tion and Q,>2(c/vr)(Erp—€o) is a sufficient condition
for the integral over E’ to be different from zero. vy is
the velocity of the electrons at the Fermi surface, and
¢ is the velocity of sound. We shall neglect the latter

2T, oh=

3717

condition since ¢/vr is much smaller than one, and
furthermore, since the low frequencies €2, are screened
out anyway by the dielectric constant. The dE’ inte-
gration can be carried out with the help of the delta
function. The term with &, 4 in the coherence factor
drops out, because both signs of &, , are encountered.
Approximating g by Q,/c, we obtain

eZWoplZ[min(Qm; Erp—ep) dQ
? 0

Q. is the maximum phonon frequency. The absolute
square of the dielectric constant at go=%, is, apart
from terms of order (¢/vr)? equal to the square of the
real part at go=0. We will approximate ReK (¢,0) by the
Thomas-Fermi value, that is ReK (¢,0) =14 (wp1/cq)%],
which leads to Q,=cq for small values of ¢ according to
Eq. (2.26). Further, we can set ReK (g,0)= (wp1/cq)?,
if we consider values of E,;, close to € and neglect terms
of order (E,p/wp)? in comparison to one. Under this
restriction the dQ integration in Eq. (3.3) is carried out
easily to give

€ 2 E'rp
= (ar )| — ) eof{ — ),
Wp1 €9

f<x>=(%x2+l6§)<xa_1)%

3.4)

where

1
—(Zx—l-g;) In[x+ (x2—1)%], (3.5)

and where (¢¥m/pr)=ars;, a=(4/9m)}, and 7, is the
Wigner-Seitz radius in Bohr units. For #>>1 the function
f(x) tends to the normal state value %x3. If we set
x= (149} and if f[(149?)*] is expanded in terms of
y for y<1, one gets

JLA+y91] S
705" 2205

ke SRR (3.6)

This differs from the result derived by Eliashberg,! the
reason being, that the coherence factor does not appear
in his formulas. In fact by neglecting the term with
€’ in the brackets of the integrand in Eq. (3.3) we
obtain a function f[ (14?)*%] which has an expansion
for y=1 starting with (2/15)y5, and this gives the
Eliashberg result. We conclude from Egs. (3.4) and
(3.6) that T',*» tends to zero as (E,p,— €0)"/? when E,,
approaches e. It seems natural to compare the decay
of an elementary excitation in the superconducting
state to that in the normal state by considering both
decay rates as a function of the energy available for
phonon creation. This energy, which we measure in units
of the gap energy, is given by w= (E,,— €)/ € for the
superconducting state, and by w==¢,/¢ for the normal

@K@/ |2 [(Ep—20— T\ Epp(Ep—9)

Erp—ﬂ 602
( ) ( 1 ) (3.3)

state. In terms of this available energy w the ratio of
the decay rates in the superconducting and normal
states is given by f(14w)/$w? This ratio is plotted as a
function of w in Fig. 3. It is interesting that a maximum
occurs at w approximately 1.4; this maximum is about
1.42.

Now we shall determine the contribution to the decay
rate of a particle due to excitation of the medium via
Coulomb interaction. The lowest order contribution,
denoted by I',%v1 is obtained from the lowest order
self-energy terms of Eqs. (2.24), (2.25) by inserting
only the Coulomb interaction part of D(g), i.e., v,/ K (q).
The general expression for I',°%! is identical to that for
T, Eq. (3.1), except that the function L(z—E,,) is
replaced now by (1/wp?)[K(q, 2—Erp) T Since the
branch cut of this new function is identical to that of the
previous one, the z integration can be carried out in
complete analogy to the case of I';*® by deforming the
contour. One notices, however, that in the case of the
term containing 2Z, ,(z) in the numerator of H(2)
[Eq. (3.1a)] the contour integral over the large semi-
circle in the upper half of the z plane does not vanish
as it should. This difficulty is overcome by subtracting
the term (1/wp?) from L(z—E,,) providing thus an
additional factor v4A (g, 3— E,p) in the numerator. This
procedure does not alter the value of the original 2z
integral since zZ, ,(z) is an odd function of z. The
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o
5

fll+w) /Lw?

o
o
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F1G. 3. Ratio of the particle decay rate due to single phonon
emission in the superconducting state to that in the normal state,
as a function of available energy for phonon creation. This ratio
is given by f(1+w)/3w3, where w= (E,,— €)/ e for the numerator
function and w=-¢,/e for the denominator function. E,, is the
quasi-particle energy, e is the gap energy, and e, is the normal
state energy of an excitation relative to the ground state.
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general result for 2I',%! turns out to be
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-

(3.7)

ZI‘pCouI [ /

(2m)?

d*q v Im[A(g, Erp— Erp—g) 10 (Erp— Erp_q) 1( Ep€p_g— ¢p¢p—q>
|K(q, Evp—Erp-o)|*ZpZp-qApAp—q 2 .

EpByp g

O(x) is the step function, which equals one for >0 and zero for £<0. The general result for ImA (¢,qo) in the pair
approximation will be derived later [see Egs. (2.27) and (3.23)]. In lowest-order approximation (Z,=1, 4,=1,
&= ¢,) and under the assumption ¢,= ¢ this quantity is determined by

2
€ptq€p™ €0

ImA(g,q0)=—m / oy 5

a@p 1
i4 <1_

)5 (EptatEp—qo). (3.8)

EP‘HIEP

We are interested here in values of ¢, which exceed the threshold for pair production, 2eo, by energies of the order
€0 only. Under this and the further restriction that ¢/pr>2(go—ey)/Er, it is easy to evaluate the integral Eq.

(3.8). We merely quote the result:

2

ImA (g,q0)= —-E—I: (go+2e0) E(k)—

Tq

for go>2eo and zero for go<2e, with

© k= (g0—2¢0)/ (qo+2e0).

4e0qo
(3.9)

K(k):[

qot2e

(3.9a)

K (k) ane E(k) are Legendre’s complete elliptic integrals of the first and second kind. Expanding these elliptic
integrals in power series in %% and retaining the zero- and first-order terms only we have

m? £ qo*+4eo? m2
ImA(g,q0)= —‘~< >+
49\ got2e

Now the integral in Eq. (3.7) is evaluated to lowest-
order approximation and by setting ¢,= €. The polar
angle integration is transformed into a dF’ integration.
For wave numbers ¢ with ¢/pr>2(E,p;—e)/Er (Ep
is the Fermi energy) the limits of this integration
become € and (E,,—2¢), and the term with &, in
the coherence factor drops out because both signs of
this quantity appear. The above restriction put on the
wave number ¢ also allows us to use the expression in
Eq. (3.9) for ImA(g,g0), and furthermore, to replace
the absolute square of the dielectric constant at
qo= (Erp— Esp—g) by the square of the real value at
qo=0. We can neglect the restriction placed on ¢ to a
good degree of accuracy since we shall consider values
of E., exceeding the threshold 3¢, for particle damping
by pair production by energies of order e only, while
the upper limit of the dg integration is 2pp. If £, is so
small that (E.p,—3e0)?/ (Erp+3€0)>K1, then ImA(g,q0)
can be approximated by the zeroth order term of its
expansion in Eq. (3.10), and the dE’ integration can be
carried out. The dg integration from 0 to 2pr provides
simply a factor, independent of £,,, which is estimated
by setting ReK (¢,0)=[14-(2ar./7)(pr/q)*]. An addi-
tional factor & in the second term of this expression is
introduced in comparison to the corresponding Thomas-
Fermi expression. This factor accounts, in a rough way,

go— 2e0\? 4eoqo
— ) <90+2€o+ >+
16g\qo+2eq got+2e

(3.10)

for the much lower values of the actual dielectric
constant in comparison to those given by the Thomas-
Fermi approximation for wave numbers ¢ close to the
upper limit 2pr of the dg integration. The final result is

T fars\ 27\ ¥ ars
21‘,900“1:——[( > tan“(—) + :'
4 2 ars 2r—+ar,

X e02g<ET£>. (3.11)

EF €0

The function g(x) is different from zero only for x> 3,
and then it is given by

x 1 19 2
=1+ Joem2=13- (5=
8(x+2—x71)
XInt{a?—5+[ (x42)*— 1] (x—2)*—1]}.

(3.12)

XIn{x—24[ (v—2)2— 11} +

For #>>3 the function g(x) tends to the normal state
value 2%, which agrees with the result of DuBois.*
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F16. 4. Ratio of the phonon decay rate due to decay into single
pairs in the superconducting state to that in the normal state, as a
function of phonon frequency in units of the energy gap, o./e"
The difference of the phonon frequencies in the superconducting
and normal states is neglected. The ratio is denoted by ©45/0,".

The comparison of the particle damping caused by pair
production with that due to emission of phonons will
be made in section IV after the second order correction
to I'p,%ul has been calculated (see the results in Fig. 5).

We determine also the level width of a phonon,
20,, caused by decay into single pairs of particles. 0,
is given by Egs. (2.27) and (2.29) with go=, The
dpo integration in the expression Eq. (2.29) for the
dielectric constant can be done in a way analogous to
the procedure employed in the case of I'yP* and I',¢oul.
Here we recognize that the integrand is a sum of
products of two functions, where the first one has a
branch cut running from — c+in to —gqo+in, and
then from —go—1in to o —1in, and where the second one
has a branch cut running from — o--id to 0446 and
from 0—46 to ®—148 (nand § are positive infinitesimals).
Therefore the contour over the real axis can be deformed
in a contour enclosing both parts of the two branch
cuts which lie above the real axis, for instance. Thus
the imaginary part of the dp, integral is given by 1/x
times an integral from —go to 0 along the real axis, the
integrand being the product of the imaginary parts of
the two functions. The general result for 6, turns out
to be

0. TV gwp1 / a@p 1<l_ép+q€p—¢p+q¢p)
|K(g,24)]%QB, .| (2m)* 2 Epiofip
8(ErpratErp—Q)

ZoriZoApiady

(3.13)

The transition probability from the phonon state g
into the pair of particles state (p4-q) and —p is given
by (2r)? times the integrand of Eq. (3.13). One recog-
nizes the appearance of the coherence factor valid for
this process, and the correction terms B, Z, and 4 in
the denominator, which also were found in the case of
particle damping. The integral in Eq. (3.13) has been
evaluated earlier to the lowest-order approximation,
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the result being given by Egs. (3.8) and (3.9) with
go=,. If we neglect thedifference in phonon frequencies
and dielectric constants in the superconducting and
normal states, the ratio of the level widths of a phonon
in the two states, 6,°/6,% as a function of x=Q,/€,
is found to be

0, /x+2 x—2 4 x—2

_=< )1:( )- K< ) G

0, ® x+2/  (x4+2) \x+42
for > 2, and equal to zero for x <2. This ratio is plotted
vs « in Fig. 4. It is interesting to notice that the level
width of a phonon in the superconducting state rises
like a step function to the value (r/2)0,” once the
phonon energy reaches the threshold energy, 2e, for
pair production. This can be seen by taking the limit
go — 2¢ in the expansion of ImA(g) in Eq. (3.10).

IV. SECOND-ORDER EFFECTS ON
PARTICLE DAMPING

The contributions to the particle decay rate, which
arise from the second order self-energy diagram in
Fig. 1 are obtainable from the general expression for
I'p in Eq. (2.22) and from the second-order terms of the
self-consistency conditions in Egs. (2.24) and (2.25).
The imaginary part of the double integral over the
fourth components of the intermediate state momentum
vectors ¢i, g2 can be written as a sum of expressions
having the following form

o0
Im / dy exp(—iE,,y)

+o gz,

2
X IT — exp(iz;y)H (2;) Li(2;— E,p)
=) (2w

+oo dZ3
X/ —— exp(izyy) H3(23). (4.1)

— (2m)

The dy integration and the exponential functions come
from the introduction of the well-known integral
representation for the delta function 8 (2,4 22+ 23— E,).
The function H;(z;) (=1, 2, 3) has a branch cut in the
complex z; plane, which is identical to that of the
particle propagator G(p—q;z;) for j=1,2 or
G(p—ql—qz, 23) for ]=3. The function Ll(Zf— E,.p)
(¢=1, 2) has a branch cut which is identical to that of
the interaction propagator D(q;, z;—E,,). The dz;
contour along the real axis in Eq. (4.1) can be deformed
for fixed y so that it encloses those parts of the branch
cuts of functions H; and L; (or of H; alone for j=3)
which lie above the real axis in case y>0 or below the
real axis in case y<<0. Using the fact that the functions
H jand L; have discontinuities at their branch cuts equal
to 2¢ ImH; or 2¢ ImL;, respectively, one obtains then
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from Eq. (4.1);

7 2
Im[— / dy exp(—iE,) T1
0 |

3 =1
*)
0

)
+_
-

{ / " expliny) Tl (= Eu) T,

Erp

0y expinsy) I, (&) I, (xj--mp)} /

—0

0

dxs exp(ixzy) TmH 3(x3)

0

2
dy exp(—iE,py) 11

=1

Brp
{ ] dx; exp (ix;y) Li(x— Evp) TmH ;(x;)
0

—00
0

+ / dt; exp(insy) Tm[ L (2 Erpmf(ac»J} /

0

wdxg exp(ixzy) ImH g(xg)} (4.2)

Let us consider first the contributions which arise from the terms Im(H;) Re(L;) (§=1, 2), and let us use the
fact that ImH ;(x;) (=1, 2, 3) gives rise to a delta function §(x2— E,;?). Then we obtain a result, which contains
the delta function 8(E,p_ g+ Erp—got+Erp—qi_q2— E,p) as a factor. Obviously this delta function corresponds to a
time ordering of the second-order self-energy diagram where a symmetrical cut is possible and leads to a final
state containing a particle pair with momenta (p—gq.), (p—q1—q») and the original particle with momentum
(p—ay). Thus, we obtain a correction to I';®°Y which we will denote by I',@. If we include solely the Coulomb

interaction part of D(g) into Re(L;), we obtain the following contribution to the decay rate:

vquza (ETI+ET2+ET3_— Erp>

2T (2z) Coul — T// d3QId3qz
! 4 (21)5 ReK (g1, Erp— Er1) ReK (qs, Evp— Ep)ZpZ1 72734 pA1 4545

GE—P1ps EE&—daps  E1&TPide
% {[1- - +
EEs EyE3 EE,

@
By

Subscripts 1, 2, and 3 denote vectors (p—q1), (p—4qs),
and (p—qi—q:), respectively, and otherwise the
notation is that of Egs. (2.21) and (2.23). We evaluate
this expression by setting Z,=1, 4,=1, &=¢,, and
ép= 0. Integrations over the polar angles &1, 9, and_the
azimuth difference o= 01— @3 of vectors qi, q. with
respect to p as polar axis are transformed into dE;,
dE;, and dE; integrations, respectively. From the
argument of the delta function we see that the dE;,

0.5t
h(x)/f(x)
0.4 //
03
0.2
pd
0.l g(x)/f(x)
O5——=% a6 8 0
x=Erp/ey

F1c. 5. Ratios g(x)/f(x) and k(x)/ f(x) versus x= E,,/ e, where
E,p is the quasi-particle energy and e the gap energy. These ratios
determine the energy dependence of the ratios I',Ceul/T,*h and
T'p@)Coul/T 0 respectively. I',Cou! and T',@)Coul are the first and
second order contributions to the particle decay rate which arise
from emission of single pairs via Coulomb interaction, and T',*®
is the decay rate due to single phonon emission. All contributions
refer to the superconducting state.

& I: & & & @&E&— adups— Epips— 53¢1¢2:I

LLE, Ey, Ej E Ly Es

E, E, E;

b1 P2 B3 EEspat E€apsTt ErEspiTPidads
[—— A ]} 4.3)

E1E2E3

dE, integrations are restricted by the step function
O (E.p— E1— Es— ¢o). First the dE; integration is carried
out with the help of the delta function. One can show
by using the condition Ei<E,,, E;<E,, and the
expression

&=€1e—¢€p

9192 . .
+——(cosd; cosFs}-sind; sind, cose), (4.4)
m

that the dE; integration always gives a result different
from zero, and that it provides both signs of e;, if the
wave numbers ¢; (=1, 2) lie inside the interval from
2pr(E.p/Er)? to VZpp. Since we shall consider values
of the particle energy E,, which exceed the threshold
for pair production, 3eo, by an energy of order € only,
these conditions on ¢; are fulfilled for the overwhelming
parts of the dgq, dg; integration intervals extending from
0 to 2pr. Also we recognize that under these restrictions
on ¢; the inequalities E)pF4> Erp hold. Therefore the
lower limits of the dEy, dE; integrations become €, the
upper limits are determined by the step function
O(E,p— Ei— Es— ¢), and both signs of ¢; and e occur
symmetrically in these integrals. The number of dE,
dE, integrations is reduced considerably by the fact
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that all terms linear in &, &, and & in the integrand
of Eq. (4.3) drop out. The dqidge integral provides a
factor, independent of E,, which is estimated by
neglecting the restrictions on the wave numbers g¢;
under which the above considerations were made, and
further, by using the same approximation for the
dielectric constant as that used in the case of I',C°ul,
Under these approximations we get the final result

2’)‘!‘ 2 502 Erp
2Fp(2z)CouI=_%(ars)l:tan—1<-—> :I ——h( ) (4.5)
ars LEr \ &

The function %(x) is different from zero only if >3,
and then it equals

e

425444331
[+2)2—17
XInd{a2—5+[ (x42)2— 1 [ (x—2)2—1T#}. (4.6)

If we include solely the phonon propagator in
Re(L;), we obtain a contribution I',®®#h, The essential
difference between the expressions for I',##)Ceul [see
Eq. (4.3)] and T',@®rh is that the former contains the
propagators for intermediate virtual strings of pairs
and the latter contains the propagators for intermediate
virtual phonons. Evaluation of I',®»?k gives once more
a dependence on the excitation energy which is governed
by the function %(E,,/e) and a factor which is about
0.3 of that occurring in Eq. (4.5) if (ar,)=2.

We are now in a position where we can compare the
over-all decay rate of a particle due to emission of single
pairs with that due to emission of single phonons. From
the Egs. (3.11), (4.5), and (3.4) we obtain ratios in the
form

I 00ul/T Pt = (wpr’/ Ereo) A1 (ars) [ (x)/ f(x)],
Iy @2 00oul/TpPh= — (wp?/ Ereo) As(ara) [k (x)/ f(x)],

where x=E,,/ €. The values of the factors 4;(ar,) and
As(ar,) are about 1 and % if (ar,) is set equal to 2, for
instance. The factor (w,i2/Ereo) is found to be maximal
for superconductors like tin and tantalum, for which
the values are about 0.1. We see from Fig. 5 that the
functions g(x)/f(x) and A(x)/f(x) have maxima at
about x=4.1 and x=3.5, respectively; these maxima
are approximately 0.26 and 0.48, respectively. From
these results we conclude that particle damping due to
single pair emission is at most only a few per cent of
that due to single phonon emission.

We have estimated also the effect of successive
emission of two phonons on the decay rate of
a particle. The terms responsible for this correction
are Re(H;) Im(L;) (i=1,2) appearing in Eq. (4.2),
where in L; only the phonon part is included. The

Xin{x—24-[ (x—2)2— 174} 4+

4.7)
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d*q1d*qs integral which determines this contribution,
I',?*h to the decay rate contains essentially a delta
function 8(E,p— Qu—Qye— Erp_qi_q2), which ensures
energy conservation for the processes in question, and
denominators, which come from the propagators for
virtual particles with momenta (p—gq;). Recall that in
evaluating I',@?Coul we made use of the fact that the
wave numbers ¢; were allowed to extend to relatively
high wvalues, namely, 2pr, while the energies E,p_g
were restricted to values smaller than (E,,— ). Now
the situation is reversed, because according to the
argument of the delta function the phonon frequencies
Qg must be smaller than (E,,— €), while no restrictions
are placed on the E,;_g;. By using this in the expression
for e; in Eq. (4.4), one recognizes that for values of
(E.p— €0) of order e, one can make the approximations
a=ec+e—e and e=e,—vrq; cosd;. [Recall our
notation : subscripts 1, 2, 3 for vectors (p—4qu), (p—qz2),
(p—aq1—4qz), respectively; #=<(p,q:); ¢=azimuth
difference of vectors qi, qs.] Thus the d¢ integration
becomes trivial. Next the d¥, integration, for instance,
is transformed in a dE; integration and is carried out
with the help of the delta function. One can show that
the result is always different from zero and provides
both signs of €;, if the condition 24, <4 is fulfilled.
For this reason we multiply the original integrand by
the step function 20(Q.—,), which leaves the
integral unchanged because the integrand is symmetric
in Q4 and Qgs. Now the did; integration is transformed
into a de; integration, and the integration is performed.
The result is expanded in a power series in ¢/vp, and
finally the dQ, and dQ,, integrations are carried out for
the lowest order term. Then we find that the ratio
/TP has an order of magnitude given by
(eo/wp)?(c/vr). Thus we can say that two-phonon
emission has a completely negligible effect on particle
decay in comparison to single phonon emission if the
excess excitation energy of the particle over the gap,
(Erp— e€0), is of the order of the gap energy.

V. CONCLUDING REMARKS

In the preceding sections we have seen that single
phonon emission yields the overwhelming contribution
to the decay rate of a quasi-particle. The comparison
of this dominant contribution to decay in the super-
conducting state, I';™¢, to that in the normal state,
T, » has been made by considering both contributions
as a function of the excess energy which is available
for creation of phonons. We find that the ratio I',Ph:¢/
'y is always greater than one except for excess
energies which are smaller than about 0.5 gap energies,
and that it exhibits a maximum with a value of approxi-
mately 1.4 at an excess energy of about 1.4 gap energies
(see Fig. 3).

The values obtained for I',** have been determined
from an exact integral formulation [see Eq. (3.2)7] by
making the following approximations. First, we have
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neglected those self-energy terms which are also present
in the normal state, i.e., {, and X,. Second, we have
employed the normal state dielectric constant. Third,
the energy gap, i.e., ¢, has been approximated by the
constant BCS value €. The errors in the ratio I',P"3/
T'pPh» which have been introduced by making the first
two of these approximations are insignificant because
they turn out to be of order (e/wp)?. However, a
consideration of the dependence of the gap on the
energy and the resulting modification in the density
of states might give rise to a significant change in this
ratio.

It also would be of great interest, especially with
regard to the theory of thermal conductivity, to see how

LUDWIG TEWORDT

the ratio T'pPh¢/T',P» is altered when we go to finite
temperatures. This calculation will be presented as
part of a forthcoming investigation which is based on
an extension of Nambu’s self-consistency conditions to
the case of finite temperatures.
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A theoretical model is presented with which the critical magnetic fields of thin superconducting films can
be calculated from any theory of superconductivity for which the kernel of the current-vector potential
relationship is known. The model is worked out in detail for the nonlocal theory of Pippard with specular
boundary conditions, and the critical field is shown to be a function of film thickness and the nonlocal
parameters £ and £Az2. The results are compared to critical-field data for pure indium films and are found to
predict very well the observed thickness dependence of critical field. On the basis of reasonable assumptions,
£ and Az, (0) are calculated from the indium critical field data to be 2600=4-400 A and 35030 A, respectively.

INTRODUCTION

O interpret critical magnetic field measurements

on superconducting films, a theory is needed
which includes both strong-field effects and nonlocal
effects—strong-field, to describe phenomena occurring
at the critical field; nonlocal to adequately describe
thickness and mean-free-path effects. Such a theory
does not exist at present. It is the purpose of this paper
to show how the critical fields of superconducting films
can be related to the nonlocal microscopic parameters
by the use of the Ginzburg-Landau theory® together
with the nonlocal theories. The general scheme is as
follows: Using the Ginzburg-Landau results, the critical
field of a film is related to its susceptibility in a weak
magnetic field. Using the nonlocal calculations of
Schrieffer,? the weak-field susceptibility is related to the
nonlocal parameters. Combining the theoretical ex-
pressions, the film critical field can be expressed directly
in terms of the nonlocal parameters. The resulting model
is compared to critical field data for pure indium films
and is shown to be in good agreement. Because of the

1V. L. Ginzburg and L. D. Landau, Zhur. Eksp. i Teoret. Fiz.
20, 1064 (1950).
2 J. R. Schrieffer, Phys. Rev. 106, 47 (1957).

purity of these films, mean-free-path effects are un-
important and the detailed discussion of the theoretical
model is limited to thickness effects. In a subsequent
paper, mean-free-path effects will be discussed in detail
and the results will be compared to critical-field data
for alloy films.

THEORETICAL MODEL

For films thin enough so that the order parameter
Yo can be considered constant over the thickness of the
film, Egs. (61) and (62) of Ginzburg-Landau?® give the
following expressions for the film critical field:

(he/H o)*=e*(2—o?)/[1—(1/7) tanhy], (1)
and ‘
(he/H :)*=[4¢*($0*—1) cosh?y]/[1—(1/2n) sinh2y],

(2)

=0/ 5. 3)

The quantity e is the film half-thickness, %. is the
film critical field, H. is the bulk critical field, and &, is
the weak-field penetration parameter. For k,/H,>1,
Egs. (1) and (2) can be solved numerically to obtain a

where



