MAGNETIC SUSCEPTIBILITY OF INTERACTING DONORS

(8) On the basis of the susceptibility measurements,
the range of impurity concentrations in germanium
may be divided into at least three parts. A close corre-
spondence between the dependence of the low-tempera-
ture electrical resistance and the magnetic suscepti-
bility on donor concentrations was observed. This
division may be associated, at least qualitatively, with
the strength of the donor interactions.
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The dynamical behavior of uniformly moving dislocations in anisotropic media is considered for the
general case in which the dislocation involves three components of displacement. It is found that both edge
and screw dislocations can display an anomalous behavior. It appears that, in general, the force of inter-
action between two parallel dislocations on the same slip plane changes sign with increasing dislocation
velocity ; this result obtains whether the dislocations involved be two edges, two screws, or an edge and a
screw. The threshold velocity at which the force of interaction changes sign is a function of the orientation
and type of dislocation. However, the limiting velocity, at which the energy of the dislocation becomes
infinite, is a function only of the orientation of the dislocation and is the same whether the dislocation be
pure edge, pure screw, or mixed in character. Numerical results are presented for (110) [111] dislocation

motion in lithium.

I. INTRODUCTION

HERE has been a renewal of interest in the
dynamical properties of dislocations since Weert-
man! pointed out that in isotropic materials high-speed
dislocations of like sign attract rather than repel one
another. The velocity range for this anomalous behavior
extends from the Rayleigh wave velocity to the shear
wave velocity; the latter is the limiting velocity of the
edge dislocation since its energy becomes infinite at
that velocity. Screw dislocations, however, behave
“normally” at all velocities up to their limiting velocity,
which also is the velocity of shear sound.

The dynamical behavior of dislocations in anisotropic
media was considered previously by this author?? for
those orientations of the dislocation for which the
problem could be treated as one of plane strain, i.e., for
those orientations for which a pure edge dislocation
requires only two components of elastic displacement, a
pure screw dislocation only one. Again it was found that
the force field of an edge dislocation changes sign at

* This work was supported by the Physics Research Division,
Air Force Special Weapons Center, Air Force Systems Command,
Kirtland Air Force Base, New Mexico.

1J. Weertman, Response of Metals to High-Velocity Deformation,
edited by P. G. Shewmon and V. F. Zackay (Interscience Pub-
lishers, Inc., New York, 1961).

2 L. J. Teutonico, Phys. Rev. 124, 1039 (1961).

31L. J. Teutonico, Phys. Rev. 125, 1530 (1962).

some velocity below its limiting velocity, whereas a
screw dislocation is well-behaved at all possible ve-
locities. However, in the anisotropic case the threshold
velocity for the anomalous behavior of edge dislocations
(the generalized Rayleigh wave velocity) can be any
velocity from zero to the limiting velocity, depending
on the elastic constants of the material and the orienta-
tion considered. The limiting velocity of a screw dis-
location is different from that of an edge for these
orientations, and it is possible for the limiting velocity
of an edge dislocation to be less than the corresponding
shear sound velocity.

Specific orientations of moving edge dislocations in
cubic materials for which the plane strain analysis is not
applicable have been treated by Weertman and co-
workers.#%67 This paper presents an analysis of the
dynamical behavior of a uniformly moving dislocation
of arbitrary orientation in any anisotropic elastic
medium.

II. UNIFORMLY MOVING DISLOCATIONS

The equations of equilibrium for an anisotropic
elastic medium are
Foenr. 1= piis, 1)
4 J. Weertman, Phil. Mag. 7, 617 (1962).
5 J. Cotner and J. Weertman, Acta Met. 10, 515 (1962).

6 J. Weertman, J. Appl. Phys. 33, 1631 (1962).
7A. Van Hull and J. Weertman, J. Appl. Phys. 33, 1636 (1962).
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where #; is the displacement referred to Cartesian co-
ordinates x;, p is the density of the medium, Fy,; the
elastic constant tensor, and all subscripts to the right
of the dot represent differentiation with respect to the
appropriate space coordinate. We assume the medium
contains a dislocation which is parallel to x; and moving
with velocity ¢ in the #; direction on the slip plane x,=0.
This problem has been considered by Bullough and
Bilby,® but they restrict their analysis to those orienta-
tions for which the edge and screw components can be
considered separately, i.e., to those orientations for
which plane strain applies. For an arbitrary orientation
in an anisotropic medium both a pure edge and a pure
screw involve three components of displacement. The
solution of (1) can be found by extending the surface
wave method of Bullough and Bilby. However, since
time enters the problem only through x/=x;—ct, (1)
can be rewritten in the form of the equations of static
equilibrium:

G- 1=0, 2)

Gijrr=F ijr1— pc®0:x81;611 3

and &, is the Kronecker delta. Hence, it was found
simpler to extend to the dynamic case the analysis of
stationary dislocations by Eshelby, Read, and
Shockley.® From the latter work it is evident that the
solution of (1) can be written in the form

where
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b() 6
Up=— Z Bkn hlZn, (4)
2 n=1
where
Zn= x1l+1:)\nx2. (5)

Bin and \, are complex constants to be determined, and
bo is the magnitude of the Burgers vector. Substitution
of (4) into (1) yields?®

6
Z zn_QBkn(PianO; (6)
n=1

where
®Bj1n= Prin= —Fiorahn?+iMn(Fitkat Fiar1)

+ Fitg1— pc?dss. (7)
In order that (6) be true for all (x,/,x;), we must have

that
Bin®itn=0 (no sum on #). (8)

The set of equations given by (8) will have a nontrivial
solution for the By, only if
detfbi;m =0. (9)

From this last equation the various A,’s are determined.
Setting y,= —4\,, one obtains a sextic,

6
> K.y,"=0,

r=0

(10)

in which

Ke=FesFooF ast2F oo F 46 24— F o6 24— F 9o F 42— F 44l 4%,
—3K5=Fecl 20F 45+ FooF soF o5+ FosF 24F 14+ FogF ouF 56+ F16F 00F a4+ F 467 24F 1
—Foelosl 05— FooF ssF 14— F ool 46F 55— F44F 96F 19— F16F 24— F 45F 62,
K y=FoeF ooF 55+ F11F 99F 34— Foel 25— FooF 142 — FaoF 56— F gl 12— F11F 24— Fs5 F o¢?
+2(F 36F 14F 25+ F o5 56 F a5+ FaoF 15 04+ F a6 F19F 0571 F16F 96 F 44t F o4 1o F 14+ F o4 F 15F g6
+ FouaF o6F 14+ F10F 462 — F99F 14F s~ F 44 19F 66— F oo F 15F 46— F16F 24F 46— F o6 F 46F 1)
+4(F 16F 29F 45— F16F 24F 05— F 45F 06F 19) — w(FoeF 2o+ FaaF o6+ F oo F 44— Foy?— F 42— Fog?),
— 3K 3= FoeF15F 25+ F16F ool 55+ F15F 04l 10+ F1sF 24l 66+ F 11l 99l a5+ F13F o6 F 44 F16F 94F 14+ F12F 14F 46
+ F1oF 14F a5+ F15F 56F o5+ FooF14F 25— FooF15F 10— FooF 15F 56— F4uF 16F 15— F16F 56 F 94— FooF15F 46
— FyuF osl 45— F11F 94 95— FsF 0617 10— F 161 46 05— I 16F 952 — F 617142 — F o6l 14 56— F 45F 19
+2(F 46F 56F 127+ F16F 26F 45— F 15F 15F 66) — u(F o6 F a5+ F 16 20 F 4aF 167+ F20F 45

+F26F44—F24F4G"‘F24F25_F46F14_‘F46F56'_'F26F12)1

(11)

Ko=F11FooF 55+ F11F 44l 66— F ool 15— F 44l 16— F11F 462~ F11F 05— F o6l 14— Fs6F 192+ 2(F 16F 26 F 55
A Foel1oF 14t FsF1oF a6+ F1sF1oF a5+ F15F 66F a6+ F1sF 66 25 F 168 14F 46~ F16F 14F o5+ F16F 15F 24
A F1oF 62— FroF 5ol 05— F15F o6 56— FoaF 568 11— F 46 F 158 66— F ysF o5l 13— F19F 66 F g5)
+4(F26F 45F 11—~ F15F 26F 14— F16F 45F 12) — u[ (FssF o5 FaoF 55+ F11F 20+ F44F 6
+F11F 44— F 42— Fo5*— F 14— F6®>— F19*) 4+ 4F 45(F 16 F 26) +2(F 16F 56— F2aF 56— F46F 15— F 45 F o5

_‘FMFBG—F12F66)]+ﬂ2(F66+F22+F44),

'—%Kl"——F15F56F12+F11F55F26+F16F56F14+F45F11F66+F15F16F46+F15F16F25_F26F152—F45F162'—F56F11F46
—F56F11F25_F15F66F14“‘F16F55F12_H-(Ffrsplﬁ—l_F55F26+F11F26+F45F66+F45F11~F56F46_F56F25

— FisF 14— F15Fs6— F16F 1)+ p2(F 16+ F o6+ F5),

Kio=F11F 6l 55+ 2F 168 56F 15—~ F11F 56— FooF 15— FisF 16— u(F11F 66~ F11F 55+ FsFog— Fg2— F152— F142)

+.U2(F11+F66+F55) —u;

8 R. Bullough and B. A. Bilby, Proc. Phys. Soc. (London) B67, 615 (1954).
9 J. D. Eshelby, W. T. Read, and W. Shockley, Acta Met. 1, 251 (1953).
¥ Summation is implied if the subscript 4, j, &, or / is repeated; summation over # will be indicated explicitly.
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w=pc?, and we have used the contracted notation for the
subscripts on Fij, ie., 1] — 1, i=j; ij — k+3, 1.
Since all the K, are real, the roots are of the form
Yo=qxFipn (n=1, 2, 3), where p, and g, are real. The
vector Bi, corresponding to each y, is in general com-
plex. In order that the displacements #; given by (4)
be real, it is necessary that the imaginary parts of
corresponding pairs of solutions shall cancel. Therefore,
we need take only three roots, no two of which are
complex conjugates, i.e.,

Yn=qn—1pn, n=1,2,3 (12)
and write
bo 3
uk=R|:——— > Bia 1nzn:|. (13)
2w n=1

The stress components associated with these displace-
ments are given by

b() 3 Bkn
U'ij:Fijkluk~l=Rl:_‘ >

21 n=1 g,

(Fijkl—ynFiij)]. (14)

To determine the B, we start with Eq. (8). Solving
(for a fixed ») for two of them (Bzn,Bss,) in terms of the
third (B1,), we obtain

B2n/Bln= ¢21nq)13n'—' ¢11n¢23n/q)21nq)23n— q)22nq)13n

=w, 4, (15)
B3n/Bln= q)llnq)ZZn_ ®21n2/®21nq)23n"‘ @22nq)13n
= fatida, (16)

where wn, vn, fa, dn are real. The solution of (1) thus
reduces to a determination of the real and imaginary
parts of the Bi,. The six equations required for this are
supplied by the conditions for a dislocation: (i) the
displacement changes by a constant vector b on travers-
ing any circuit enclosing the dislocation, (ii) the re-
sultant force F on any surface surrounding the disloca-
tion must vanish.!! These conditons read

§ szt (1)
Fi= f(aﬁ—pczui.lélj)dxj=0. (18)

Setting
Bin=ay+1e, (19)

(otn, €n real), and using Egs. (12)-(16), we find that
conditions (17) and (18) become the following set of six

11 The couple on this surface vanishes for any Bin.
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linear equations for the determination of a, and e,:

3
Z (Tinan+5in€n)=0, 1= 1, 2, 3

n=1
3
Z €En=2ai,
nt (20)
3
2 (vnant-waen) = as,
n=1
3
Z (dnan+fnen) =as,
n=1
where
Tin=pa(FisratwnF is02+ fuF i232)
+Vn(Fi221_ QnFi222) +dn(Fi231'_ Qnsz),
Sin:(Fz'211—QnFi212)+wn<Fi221_QnFiQZZ) (21)

+ fu(Fizs1— gnFi2s0) — pa(vnF io0otdnF ins0),
3
ar= —bk/bo, Z dk2= 1.
k=1

With ay, €, determined from (20) the problem is, in
principle, solved.

III. CRITICAL VELOCITIES

Our main interest in considering uniformly moving
dislocations in anisotropic media is the determination
of certain critical velocities: (i) the limiting velocity.
at which the energy of the dislocation becomes infinite,
and (ii) the threshold velocity, at which the force be-
tween two parallel dislocations on the same slip plane
changes sign. Formulas from which these velocities can
be obtained are now derived.

A. Limiting Velocity

The energy per unit volume, dE,, associated with the
moving dislocation consists of two parts, a potential
energy density 3(Fyxr.i.;) and a kinetic energy
density 3(ptixtix). Utilizing (13) and setting

Bkn=akn+iekn (akn; €in real),

we obtain that

b2 3 3
dE;=— 73 3 HijiRunRijm, (22)
81r2 n=1 m=1
where
Ryin=21" orint+xaliin/ (01" — que) 2+ (pa2)?,
@in=0ain(811— §n021) — €xnPnbol, (23)

Bbkln:akn[aZl(Png_"' (an) - Qnall]+ ekn?nally
and
H ijri=F it pc?8:4012015.
Integrating (22) over an area normal to x3, we find that
E,, the energy per unit length of the moving dislocation,
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can be written as

be* R,
Et= —_ hfl—‘—"

dr Ry

TEUTONICO

3 3 Hijkl[@kln ‘pijm{Pn(Pm2+Qm2) +Pm(?n2+Qn2)} +1//kln‘l/ijm(? n+Pm) + ( ‘Plcln‘;bijm_!" (Pijm‘pkln) (Pan"('Pan)]

PONDY

n=1 m=1

where R, represents a dimension of the medium, R; a
radius of order . From this formula we see that the en-
ergy of the dislocation becomes infinite when p,=0 for
any #. Therefore, the limiting velocity of the dislocation
is the first velocity for which one of the roots of Eq. (10)
becomes real. The coefficients in (10) are functions of
pc® and the Fy; only; hence, the limiting velocity is a
function only of the orientation of the dislocation, and
not the type of dislocation. In the general anisotropic
case for which a dislocation involves three components
of displacement, its limiting velocity is the same whether
it be pure edge, pure screw, or mixed in character.

B. Threshold Velocity

The force per unit length on a dislocation due to a
stress field o;; is'?

(25)

Fi= ejibioiitr,

where €;; is the permutation tensor, b; are the com-
ponents of the Burgers vector, and ¢ the components
of the unit vector tangent to the dislocation. For an
infinite dislocation parallel to x; we have that

Fi=bwyn, Fo=—bwa, F;3;=0. (26)

We now consider those cases for which the stress field
o;; arises from a uniformly moving dislocation which is
parallel to the first dislocation. Specifically we are in-
terested in finding that velocity at which the force
between two parallel dislocations on the same slip plane
changes sign.

1. Edge-Edge Interaction

The force exerted in the x; direction by one edge dis-
location on another parallel edge is'® byo12%(x,%2).
From (14), we obtain that the shear stress component
o12¥ on the slip plane is given by

bo

0'12E(OC1’,0) = R"

._27rx1

3
Z BknE(Flzm—ynFlzkz)i]- (27)

! =1

Using (12), (15), (16), and (21), this can be written in
the form

o 0’12E(x1’,0) = (bo/ZW%1,)W6E, (28)

2 M. O. Peach and J. S. Koehler, Phys. Rev. 80, 436 (1950).
18 Superscript E refers to an edge dislocation, superscript S to
a screw dislocation.

pupml (Pt pm)*+(ga—gm)*]

(24)

where
3

W6E= Z (anEsln_ anTln)

n=1

(29)

and a,?, €, are the solutions of (20) for an edge dis-
location, i.e., for a;=—1, @;=a3=0. The threshold
velocity at which the force between two edge disloca-
tions on the same slip plane changes sign is that velocity
for which W¢F=0. If this velocity is less than the limit-
ing velocity, then edge dislocations will display an
anomalous dynamical behavior.

2. Screw-Screw Interaction

The force exerted in the x; direction by one screw
dislocation on another parallel screw is 30235(%1’,%2).
From (14), we have that the stress component o435 on
the slip plane is

bg 3
‘7235(901',0)=R["“——, > Ban(F%Icl—ynF%kQ)]. (30)

27rx1 n=1

Using (12), (15), (16), and (21), we can rewrite this
last formula as

0’235(901’,0)—': (b0/21rx1')W4S, (31)

where

3
W4S= Z (anSSSn_ fnsTlan)

n=1

(32)

and a5, €, are the solutions of (20) for a screw dis-
location, i.e., for a;=as=0, a;=—1. The threshold
velocity for screw dislocations is. that velocity for which
W$=0. In all cases treated previously!:? this threshold
velocity was found to be equal to the limiting velocity
and screw dislocations are always well-behaved; in
isotropic materials and for those orientations in aniso-
tropic materials for which plane strain applies, W,* does
not change sign with dislocation velocity but goes to
zero at the limiting velocity. However, in the present
analysis the formulas for screw dislocations are similar
to those for edge dislocations; since the latter behave
anomalously, it seems reasonable to expect that in
general the threshold velocity for screws will be different
from the limiting velocity, i.e., for those orientations in
an anisotropic medium for which a screw dislocation
requires three components of displacement it is possible
that screw dislocations will also display an anomalous
dynamical behavior.
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3. Edge-Screw Interactions

The force exerted in the x; direction by an edge dis-
location on a parallel screw dislocation is bsoa3% (%1, %) ;
similarly the force exerted by a screw dislocation on a
parallel edge is by0125(x1/,x2). Proceeding as above, we
find that on the slip plane,

o237 (21,0) = (bo/ 2w YW 47,

(33)
0'12’3(001’,0) = (b0/27rx1’)W6‘5',
where
3
W4E: Z (anES3n_ anTsn),
n=1 (34)

3
WGS = Z (anSSIn‘— enSTm).

n=1

In isotropic materials, o935 and o125 vanish and there is
no interaction between parallel edge and screw disloca-
tions. The same is true for those orientations in an
anisotropic material for which the edge and screw com-
ponents can be treated separately. However, for the
general anisotropic case in which the dislocation has
three components of displacement these stress com-
ponents do not (in general) vanish and there are inter-
actions between parallel edge and screw dislocations.
Also, it appears possible that the interaction forces will
change sign with increasing dislocation velocity.

IV. APPLICATION OF RESULTS

To discuss the dynamical behavior of an edge or screw
dislocation in a given orientation, we require numerical

LITHIUM
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tcrc?
F16. 1. For (110) [111] dislocation motion in lithium, the roots
vy, of Eq. (10) are of the form =t¢i2ip1, *ips. The real and

imaginary parts of y. are shown as functions of (c/c:)?; ¢ is the
dislocation velocity and ¢.= (Fss/p)t.
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1 1 1 1 1 1
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Fi16. 2. Various (normalized) shear stress components on the slip
plane of a uniformly moving dislocation are plotted as a func-
tion of dislocation velocity c. We/Fss= (2mx1’/bo)[o12(21’,0)/ Fs5],
W/ Fs= (2wx1'/bo)[o23(%1',0)/ Fs5], ce=(Fss/p)}, the superscript
E refers to an edge dislocation, the superscript .S to a screw dis-
location. The interaction associated with each shear stress is
designated.

solutions for We and W, as functions of dislocation
velocity ¢. We must first calculate the Fj; by the usual
tensor transformation from the c;ji;, the elastic con-
stants in the crystal coordinates. Then for a given value
of ¢, one proceeds as follows: (i) evaluate the K, in (11),
(i) solve for y, in (10), (iii) evaluate the &, in (7),
(iv) evaluate wn, va, fa, dn in (15), (16), (v) evaluate
Sin, Tin in (21), (vi) solve (20) for a,?, €,F and then
evaluate WeZ in (29) and W.F in (34), (vii) solve (20)
for a,®, €,5, and then evaluate W45 in (30) and WS in
(34). These seven steps are then repeated for various
values of ¢. The first value of ¢ for which one root of (10)
becomes real is the limiting velocity of a dislocation in
that orientation.

As an example of the procedure we consider a body-
centered cubic material with a dislocation lying along
[112] in the (110) plane, and moving in the [111]
direction. Using the symmetry arrays given by Water-
man, we see that the elastic constant matrix for this
orientation is of the form

112 12 0 0 0
12 2 23 0 25 0
12 23 2 0 —25 0
0 0 0 @223 0 25|° ©9
025 —25 0 55 0

0 0 0 25 0 55

14 P, C. Waterman, Phys. Rev. 113, 1240 (1959).
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The six constants required are
Fll = %(Cll-f_ 2C12+4C44)7
Foy= %(C11+C12+ 2C44),
F12= %(C11+2C12“‘ 2C44),
F23= %(C11+5C12_ 2C44>,
Fos= ila‘\/?(cn— C12—2Cu),
F55= %(Cll—" C12+C44) .

Since nine of the F;;’s are equal to zero, the coefficients
K, K3, K5 in (10) vanish and the sextic equation for
y. reduces to a bicubic.

The material considered here is lithium; its elastic
constants'® at 78°K are (in units of 10" dyn/cm?)

C11= 14:8, C44= 108, C12= 125

(36)

(37)

Lithium was chosen since its anisotropy factor 4 =2C4s/
(C11—Ci2) is the largest encountered (9.4) among all
bce elements for which elastic constant data are avail-
able. The roots of Eq. (10) for lithium are of the form

y1=q—ip1, Y.=—q—ipi, Ys=—ips, (38)

at all permissible velocities. In Fig. 1 are plotted g1, p1,
and p3/10 as functions of (¢/c,)?, where ¢,= (Fss5/p)} is
is the appropriate shear sound velocity for this orienta-
tion. ¢; and ps vary only slightly with velocity, whereas
$1 decreases sharply and goes to zero at (¢/c;)*~~0.654.
Hence, the limiting velocity ¢, for a dislocation in this
orientation is given by ¢,,~20.809¢,.

In Fig. 2 are plotted the normalized shear stresses

15 H, C. Nash and C. S. Smith, J. Phys. Chem. Solids 9, 113
(1959).
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W/ Fyss and W4/ Fys for both edge and screw dislocations
as functions of (¢/c;)% The features to be noted are the
following: (i) As in all previous cases studied, it is found
that We¥ decreases with velocity and changes sign at
high velocities, i.e., there is a range of velocities near the
limiting velocity for which two parallel (like) edge dis-
locations on the same slip plane will attract. (ii) W45
decreases with velocity and likewise becomes negative
at high velocities. This is a new result and shows that
screw dislocations as well display an anomalous dynami-
cal behavior; i.e., at high velocities, like screw disloca-
tions on the same slip plane will attract. Furthermore,
for this orientation in lithium, the threshold velocity
(¢.S) for the anomalous behavior of screw dislocations
is lower than the corresponding threshold velocity (c.)
for edge dislocations. (iii) The shear stresses WeS, W&
turn out to be same at all velocities. The magnitude of
the edge-screw interaction decreases with velocity and
then changes sign at c=¢,$%. The edge-screw interaction
is the first to change sign with increasing dislocation
velocity for this orientation in lithium. We can sum-
marize our numerical results as follows:

CY‘SE/ Co CTS/ Co C"E’/ (2%

0.894 0.983 0.995

SEfcr ¢S/ce ¢/

Li 0723 0.794 0.804

Gt
0.809

(39)

Hence, it appears that in the general anisotropic case
for which a dislocation involves three components of
displacement, both edge and screw dislocations can
exhibit an anomalous dynamical behavior. The thresh-
old velocity for this anomalous behavior depends on the
type of dislocation as well as its orientation; the limiting
velocity, however, is a function only of the orientation
of the dislocation.



