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An analysis of low-temperature electrical breakdown of semiconductors shows that the main theoretical
problem is to find the distribution function f(e,E) of the charge carriers, depending on the applied electric
field E. In the case of high-purity #-type germanium (Np-+N4<4X108 cm™), it is shown that the only
important interactions are the electron-acoustical phonon ones. The distribution function has been calcu-
lated under equivalent assumptions by Stratton. It is used here in order to find the rates of creation and
recombination of the charge carriers. Direct radiative recombination is found to be negligible; and the
prebreakdown characteristics are mainly governed by the decrease of the thermal recombination rate. The
impact ionization rate is calculated under the simplifying assumption of a cross section independent of the
energy, thus introducing the only adjustable parameter. The breakdown field dependence on both tempera-
ture and compensation of the material is obtained. The results are compared with the data of Koenig and
Brown. The agreement is found to be satisfactory. Conclusions to be drawn from this agreement are dis-
cussed, together with the limitations introduced by the chosen models.

I. INTRODUCTION

OW-TEMPERATURE electrical breakdown caused
by impact ionization of the neutral impurities by
the free carriers is a well-known property of germanium;
the breakdown field E3 is typically of the order of a few
volts per centimeter. This phenomenon, discovered in
1953, has been studied in a rather extensive way, on
germanium doped either with hydrogenlike impurities*®
or with deep-level impurities.??:¢ For shallow impurities
the results may be summarized as follows: (a) For
N p+N4>10 cm™3 (where N p and IV 4 are the densities
of donors and acceptors, respectively), the breakdown
field depends linearly on the concentration of impuri-
ties?®7; (b) when Np+N4<4X10® cm=®, E; depends
on the compensation degree of the sample as shown by
Koenig??; (c) the value of Ej is sensitive to the tem-
perature.l
The first theoretical treatment was made by Chu-
enkov.!! He calculated the distribution function of the
charge carriers by solving the kinetic equations, as-
suming that when the carrier energy eis larger than the
activation energy e; of the impurities, the distribution
function f(e,E) is determined mainly by the energy
losses caused by impact ionization. This leads to
Ej« €54 when Np—N 4 <10 cm™ and 7 <19°K, thus
independent of both the temperature I" and the com-
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pensation (Np—N4)/N 4, which disagrees with experi-
ment ; for larger concentrations the results are not better
since theory gives Epx (Np—Na)% A different ap-
proach was chosen by Yamashita,'? who considered the
problem in the viewpoint of hot-electrons theory. The
distribution function was assumed to be Maxwellian,
with an electronic temperature T.. At first sight, the
results seem to be fairly good, but the choice of the dis-
tribution function, as well as that of some constants,
presents some arbitrariness, as will be shown later.

In a preliminary paper®® it has been shown how it is
possible, in the case of high-purity germanium, to ac-
count approximately for the prebreakdown region
(1 V/em<E<E,;) under simple assumptions on the
relative importance of the various energy losses of the
electrons. In the present article these assumptions are
established on better theoretical foundations, and the
dependence of the breakdown field E, is given in terms
of both temperature and compensation, for high-purity
(N p+N 4 <4X 10" cm—®) n-type germanium. The agree-
ment between experiment and theory is found to be
satisfactory. This might lead to a new method of de-
termination of the compensation degree in high-purity
samples, which is a delicate problem ; however, one must
be prudent since the models available until now to
describe the different processes involved present some
limitations. These are discussed, and conclusions are
drawn from the different results.

II. GENERAL THEORETICAL EXPRESSIONS

In order to obtain a criterion for breakdown we shall
follow an idea originally due to Price! and also used by
Chuenkov! and Yamashita.”? Let us take the case of an
n-type semiconductor. In a steady state (dun/di=0,
where # is the electron density), and at very low tem-
peratures (Np—Na, Na>>n) the balance equation for
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IMPACT IONIZATION
the various creation and recombination processes is
given by

dn/dt=0= (4 p+As+An)(Np—N 4)

—_ (B,,+Bo+Bm)NAn, (1)

where A4, is the thermal creation rate, 4, the photo-
ionization rate, and A; the impact ionization rate; B,
By, and B, respectively represent the corresponding
recombination processes.

At the onset of breakdown the Auger recombination
rate B is assumed to be negligible (there are few free
electrons); this will be verified later. Let us write
A p+Ao¢=Ar and Bp+Bo=Br; hence,

Ar(T,E)(Np—N4)

n(T,E)= . (2
Br(T,E)YN4—A(E)(Np—N )
The criterion for breakdown is then
Br(T,Es)Na=A(Ep)(Np—N 4). 3)

The thermal recombination must decrease with the
applied electric field and the impact ionization must be
enhanced. This means that E; must decrease when
(Np—N4)/N 4 is increased. This was, in fact, observed
in high-purity samples.?

Now, if f(e,E) is the distribution function for the
electrons, any of the three coefficients A, By, or B,
[written C(T\,E) for generality | is given by

C(T,E)= / " oI (6 B)ede / / 7 femede, @

where o.(¢,T") is the cross section for the considered
process. At this step of the development, the distribu-
tion function must be explicitly known in order to pre-
dict theoretically the behavior of the semiconductor in
an applied electric field. Therefore, assumptions must be
made concerning the importance of the various collisions
that a free electron in the conduction band can undergo.

III. SOLUTIONS IN THE CASE OF HIGH-PURITY
GERMANIUM

A. Distribution Function

In a general case, the low-field mobility of the elec-
trons may be considered as mainly limited by scattering
from acoustical and optical phonons, and ionized or
neutral impurities. At liquid-helium temperatures the
optical modes are not to be taken into account since
they are practically unexcited. Furthermore, the last
two types of scattering become unimportant when
(Np+N4)<4X10¥® cm™3, ie., in high-purity germa-
nium. This may be readily seen by using the Brooks-
Herring formula!® for ionized impurities and Erginsoy’s

16 H. Brooks, Advances in Electronics and Electron Physics
(Academic Press Inc., New York, 1955), Vol. 7, p. 156.
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formula'é for neutral ones, and by comparing them with

the mobility limited by acoustical phonons:
wa=2.4X10"T"% cm?/V-sec.

This expression was verified in the range 50°-250°K 17
and we assume it to be valid at very low temperatures.'s
When an electric field is applied, the distribution func-
tion f(e,E) must depend on three mechanisms: electron-
acoustical phonon interaction, interelectronic collisions,
and energy losses due to impact ionization of the neutral
impurities. Frohlich and Paranjape® have shown that
electron-electron interaction is negligible when n<#n,
=2X10%(7/293) cm~ which at 4°K gives 7,=3.6X 101
cm™3. This condition is nearly always realized (n~107
cm™ina typical case). The hot-electron approximation,
i.e., a Maxwellian distribution with an electronic tem-
perature 7%, is valid for #>>n,, and therefore is some-
what incorrect in the present case.

We show here that the impact ionization does not
disturb the high-energy tail of the distribution function.
In other words, the electrons with €2 ¢; lose much more
energy by means of phonon emission than by ionization
of the neutral impurities. In a collision with an acous-
tical phonon the momentum is conserved and the ex-
changed energy is fiw~(2em*)3s (s: velocity of sound).
At 4°K, w>kT for an electron with > ¢; and the mean
energy loss is Ae~fiw; only emission is important. The
rate of energy loss is then, if 7 is the relaxation time for
acoustical phonon scattering

de Ae s/ e\t
<-—> =—Q(2m*€i)%“<——> .
at/on T T\€;

The optical phonon emission is to be neglected, these
phonons having an energy #w,~0.037 eV, somewhat
larger than e,~0.01 eV for donors in germanium, and
the relaxation time for optical phonon scattering being
very large in the helium range. With 7~~2.5X 10-7¢ 71
sec and s=5.39X10° cm/sec, for T=4°K one finds
(de/dt) pu=23X107%(¢/€;). The rate of energy loss due to
impact ionization is

(de/dﬁ)i= (ND—NA) (Ze/m*)%m(e)ei,

where o;(¢) is the cross section for impact ionization. Its
maximum in terms of e is probably close to the geo-
metrical cross section o, of a neutral donor, as it occurs
for hydrogen.?® Here we shall take o;(€) =0 ~24X 1013
cm? as an upper limit. Then, with Np—N, =4
X108 cm™, one finds (de/dt) =~=3X10-%(¢/¢;)t. There-

16 C. Erginsoy, Phys. Rev. 80, 1104 (1950); 88, 893 (1952).

17 F. J. Morin, Phys. Rev. 93, 62 (1954).

18 The applicability of this result in the helium-temperature
region may be checked by noting that it yields a mobility at 4°K of
3X10% cm?/V-sec in agreement with the mobilities observed by
Koenig (references 8, 10) in high-purity samples in the He range.

19 H. Frohlich and B. V. Paranjape, Proc. Phys. Soc. (London)
B69, 21, 866 (1956).

2 N. F. Mott and H. S. W. Massey, The Theory of Atomic
Collisions (Oxford University Press, New York, 1949), p. 245.
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fore it is seen that

() /() C)

in the worst case. As a matter of fact, a mean cross
section o, ~10" cm? will be found, showing that the
calculated ratio is certainly too small. This means that
the only process of energy loss for the electrons to con-
sider when €2 e, is the acoustical phonon emission. For
e<¢;, emission of acoustical phonons is preponderant if
the average energy of the electrons &>(k7)%/2m*s2. By
writing that the energy gained from the field is restored
to the phonon system, a limit of validity for this theory
is found straightforwardly:

E>>(s/uaV2) (RT/m*s?). (5)

At 4°K the approximations are correct since the break-
down fields are of the order of a few volts per centimeter.
Under these conditions the distribution function has
been calculated by Stratton?:

” e \*V2/716 s \?/m¥s®\? 6
eE)=aexp| —(— | —{—

JoleF) p[ (kT) 67r<5 MQE> ( kT ) } )
where a is a normalization constant. It must be pointed
out that this distribution function has been already used
to explain hot-carrier experiments in p-type germanium,
at 31°K,2 and gave good agreement with the data. In
order to obtain expressions which are easy to handle,
and to have a better physical representation of the
electron gas, let us introduce the parameter T, which
has the dimensions of a temperature. The distribution
function will be written as

fQ(G,Te):a eXP[_ (E/kTe)%]a (7)

where

T.=aE*5, (8)
with

16s

\/'2_ 2 ran¥s2 1/2——2/5
)]
6r\1.2%10%/ \ %

When « is calculated in cgs units, E in Eq. (8) is to be
expressed in volts per centimeter. By taking s=25.39
X10% cm/sec and m*=0.12m,, the numerical value is
a=31.1.2 It must be pointed out that 7', may effectively
be regarded as an electronic temperature, since the mean
energy calculated with the aid of Eq. (7) is e=£T./
T'(3/5)=~kT..

21 R, Stratton, Proc. Roy. Soc. (London) A242, 355 (1957).

2 R. Bray and D. M. Brown, Proceedings of the International
Conference on Semiconductor Physics, Prague, 1960 (Czechoslo-
vakian Academy of Sciences, Prague, 1961), C7, p. 82.

2 The conductivity effective mass was taken here, as the
distribution function is derived from transport equations. An
average effective mass m*=0.25m, will be used everywhere in the
following.
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B. Direct Radiative Recombination Rate

In order to calculate the direct radiative recombina-
tion rate Bo(7T.), we shall use the cross section a¢(e) for
the hydrogen atom with the usual correction for hydro-
gen like centers in a semiconductor. Such a method was
employed by Sclar and Burstein,* to evaluate Bo(T) at
zero field. One has

(') 2%n%e*h €;
— exp(—4) cm?,
D 3m*% e

0'0(6 =

where #’ is the refractive index, D the dielectric con-
stant, and ¢ the speed of light. By applying Eq. (4) with
f(e,Te) given by (7), one finds

(n')? 28x%%
—e¢; exp(—4)
D sm*2.5c3

VIT(2/5)
I'(3/5)

BO(Tﬂ) =

(RT,)~* cm3/sec. (10)

This recombination rate decreases with the applied
electric field and is independent of the lattice tempera-
ture, but the limit of validity depends on it. Numeri-
cally, by taking €,=0.01 eV, »' =4, m*=0.25m,, D=16,
one finds the value

By(T.)=24X10"2(kT,)~* cm?/sec. (11)
For an applied electric field E=3V/cm, B;=2.36
X107% cm?/sec.®® This value may be compared with
that found by Sclar and Burstein® in the case of a
Maxwellian distribution at T'=4.2°K, B,=1.3X10"12
cm?/sec; the increase in “electronic temperature’” in our
case must be taken into account.

C. Cascade Capture Process

Enormous capture cross sections, of the order of 10~12
to 1071 cm?, were observed for donors in germanium at
liquid helium temperatures.’-?6 Whereas multiphonon
transitions to the ground state yield cross sections five
to ten orders of magnitude too small?” capture into
excited states of large radius followed by a cascade of
one-phonon transitions leads to cross sections of the
right order of magnitude as was shown by Lax.?8 This
theory of “giant traps” will be used here in order to
evaluate B,(T,).

In the case of interactions with acoustical phonons
only, Lax finds the recombination cross section in terms

# N. Sclar and E. Burstein, Phys. Rev. 98, 1757 (1955).

% This result is slightly different from that formerly given!
because of a more reasonable choice for the electron effective mass.
26 G. Ascarelli and S. C. Brown, Phys. Rev. 120, 1615 (1960).

%" H. Gummel and M. Lax, Ann. Phys. 2, 28 (1957).
28 M. Lax, Phys. Rev. 119, 1502 (1960).
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of the electron energy as

45 g, F(x)
op(@)=———" (12)
6y «x
where
x=¢/kT, y=kT/3m*s?,
and (13)

F ()~ [x+ @/v) I

for ¥ 1. The quantity § is given graphically vs 4 and
corresponds to the cutoff of the binding energy. The
dependence of F(x) is more complicated for #>>1, but
owing to the distribution function the expression (13)
may be employed in the whole x range as was shown by
Lax with a Maxwell-Boltzmann distribution. Here this
approximation is better because of the much more rapid
decrease of f(e,T.). The quantity o;, which has the
dimensions of a cross section, is given by

a1=(m/12)(Ze*/ Dym*s?)l; %, (14)

where [/, is the room-temperature mean free path as-
sociated with acoustical phonon scattering; one has
[ ~8X10"% cm. By taking D=16 and s=5.39X10°
cm/sec, a value ¢;=2.13X107? cm? is found.?® The
recombination rate B,(T) is then

2‘*msx/.’7./m*s2 2 s\ §
nr=oir ) Gr)
T'(8/5)\ kT kT,
oo o—(e/ kT3¢
X / — (15
I (5’}%*82/2)
By setting

5 o expl — (u—p)f
/* exp[ — (#—§) ]du, (16)

1(8)==
2

8 u

the calculated expression for the recombination rate
becomes

Bo(T)=5X10"¢T2E12](B) cm®/sec,  (17)

with B=0m*s2/2kaE*® where E must be expressed in
volts per centimeter. The integral I(8) cannot easily be
calculated in the general case; however, an approximate
expression can be given for small values of 8. When
81, it may be neglected in the integrand of I(B).
Therefore
5 t°exp(—ut
I (6)9:5 / Ldu

B u

which may be approximated by®

I(8)~[1n(1/1.788%)+6%]. (18)

2 With slightly different values (D=12 and s=4X10% cm/sec),
Lax® finds o;=7X10"? cm?.

3 The value of I(8) obtained in Eq. (18) has been compared to
the one calculated by a computing machine using the correct ex-
pression (16). The approximation is found to be good, better than
109, for < 2X 1072 For example, at T'=4°K, §<2X 1072 as soon
as £E23 V/cm.
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The second term may be neglected compared to the
logarithm, and the approximate expression for B,(E) is
then

3.2%10°
Bp(E)z10—5T‘2E—1~2|:1nE+% 1n~———J. 19)
(0.248)*

This recombination rate decreases with the applied
electric field and the temperature.® For T'=4.2°K and
an applied electric field E=3 V/cm, a value B,=7.83
X10~7 cm?/sec is found. Thus it is seen that the for-
merly calculated optical recombination rate Bo(E) is
totally negligible compared to B,(E).

The magnitude of B,, the Auger recombination rate,
has been directly measured® for the range of lattice
temperatures 4°-10°K, near breakdown; the result is
B;~10"17 cm%/sec. This means that in the case under
consideration, considering the electronic density, the
three-body recombination may also be neglected. There-
fore, the only efficient recombination process before and
at the outset of breakdown is the giant-trap-type one. In
the following we shall take By (E)=B,(E).

D. Impact Ionization Rate

In order to calculate A4 ;(7T.), the cross section o;(e)
for impact ionization of an hydrogen-like center must be
known. An evaluation of 4, at thermal equilibrium was
made by Sclar and Burstein.* They used the cross
section of a hydrogen-like atom calculated in the Born
approximation.

o;(€)=(0.285m¢*/ De;e) In(4eD/0.048¢,).

This expression is only valid for high energy electrons
(e>¢,), and moreover it does not go to zero for e=¢;: the
value is then o;(e;) =2.78 X 10 cm?, which is somewhat
overestimated.®

The simplest assumption is to consider the cross
section o; as constant. Because of the very rapid de-
crease of the distribution function, the results should
not be sensitive to this very crude approximation.®
This was made by Yamashita,'? and he took ¢;=1m(Dao)?
=2.26X107* cm? This choice is somewhat arbitrary,
since it does not correspond to any physical quantity in
the semiconductor. Here it will also be taken o;(e)=0;
=constant, but this will be adjusted to the experiment,
thus introducing the only adjustable parameter of this
theory.

Now the impact ionization rate is

AT )= (0:/T(3/5)) 2kTo/m*)'T[%,(ei/kT.)*], (20)

31 It must be pointed out that in their experiments Ascarelli and
Brown?¢ found a variation of B,(7) in 772 However, it is im-
probable that the electrons were somewhat ‘‘heated” and in fact
the observed law would be in 735, This would seem to indicate a
failure of Lax’s theory; this point is still open to question.

3 The geometrical cross section of a hydrogen-like center is
oy=m(mDa,/m*)* and in germanium ¢,=3.62X 1071 cm?.

# Such an attitude was already suggested by Sohm [J. C. Sohm,
J. Phys. Chem. Solids 18, 181 (1961)].
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where

T'(ax)= / (ol tdt

is the incomplete I" function.

Expression (20) cannot be easily calculated for any
value of x= (e;/kT.)% and it was calculated by an analog
computer. The result is shown in Fig. 1. The constant ¢;
was adjusted by using the sample 45-10 (see Table I)
measured by Koenig and Brown.® For this, Eq. (3) and
the formerly calculated expression for By (E) were used.
This sample was chosen since its properties are known
with a good accuracy; the error on the compensation
degree is felt to be less than 159%.* A value ¢,=1.05
X107 cm? is found in this way.

The theoretical curve 4;(E) shows an edge near 3
V/cm. This is quite satisfactory for it shows that
breakdown will hardly be observed below this value of
the applied field. This agrees with the data (see below).
Furthermore, this confirms that 4; is negligible at
thermal equilibrium.

1IV. DISCUSSION OF RESULTS. CONCLUSIONS

There were until now few available data concerning
high-purity germanium.® Fortunately, many samples
were very recently measured by Koenig and Brown.?*%
The details concerning these specimens are given in
Table I. The measurements were performed at a tem-
perature T'=5°K.

The data are compared to the theory in Fig. 2 (also
shown is the theoretical curve obtained by Koenig). The
agreement may be regarded as satisfactory, considering
the scatter in the data. The estimate of the compensa-
tion degree in high-purity semiconductors is a delicate

#S. H. Koenig and R. D. Brown (private communication).

35 A detailed account of these experiments, together with a
theoretical interpretation, will be soon published [S. H. Koenig
(private communication)].
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problem, and in the present case it was calculated by
determining the partial scattering due to ionized im-
purities. The theoretical results might lead to a new
method for determining the compensation degree by
measuring the breakdown field at liquid-helium temper-
atures. However, the accuracy would be rather poor
mainly for two reasons. First, the value of the break-
down field becomes very sensitive to (Np—Na)/Na
only for large compensation degrees. This is connected
with the fact that the impact ionization rate A4,(F)
presents an edge near E=3 V/cm. The second reason is
directly related to the method here employed to calcu-
late 4 ;(E). Since the constant o; is adjusted to an ex-
perimental value, there is an uncertainty introduced.
However, it must be pointed out, considering the
agreement between theory and experiment, that the
effective dependence of the ionization cross section with
the electron energy is certainly damped out by the use
of the distribution function. The knowledge of this
quantity would therefore only allow us to entirely sepa-
rate the theoretical results from the experimental un-
certainties. This refinement would, however, be fairly
important in this point of view.

The theoretical variation of the breakdown field E;
with temperature is compared with the data for
Koenig’s sample n-WLB 28-6° in Fig. 3. The agreement
may be considered as satisfactory. It must be pointed
out that the shift between the two curves might well be
explained by a difference in the experimental and theo-
retical criterions for breakdown. In the first case the
breakdown field is taken as the value where the /J—FE
curve shows a marked change in slope, when in the
second case the breakdown field is the asymptotic value
[see Eq. (3)]. In the present case, the agreement is to
be considered as a qualitative one.

A further limitation arises from the dependence of the
results on the theory describing the recombination
process. Lax? assumed that the recombination proba-
bility is independent of the binding energy of the elec-
tron to the impurity. However, it has been found
experimentally?® that the nature of the special hydro-

Tasre I. Experimental results of Koenig and Brown.3

Net donor Acceptor Break-
concen- concen- Compen- down
tration tration sation field

Sample Np—Na(ecm™3) N4 (cm™3) (Np—Na)/Na E» (V/cm)
n-WLB-33-Aab 1.0 X102 o~1,3 X1012 ~0.77 14
46-2 4.3 X102 2.6 X1012 ~1.7 15.1
31 7 X102 ~2 X102 ~3.5 14.9
42-1 2.5 X101 ~8.7 X1012 ~2.9 8
41-15 (As) 3.1 X108 ~6.8 X1012 ~4.6 7.6
44-1 6.4 X101 4.8 X 1012 ~13 5.5
28 1.5 X101 ~1,6 X1012 ~9.3 4.8
n-WLB-28-6b 1.5 X101 ~1.6 X102 ~9.3 4.6
45-10¢ 1.87 X1013 ~6.3 X10u ~30 4
45-2 3.9 X101 ~1.6 X102 ~25 3.6

a For this sample, the breakdown field was measured at a temperature
T =4.55°K. Its orientation was [110]. However, correcting for this would
rise Ep by 15%.

b Compensation for these samples was carefully reestimated.

° The constant o; was adjusted using this sample, since it is the one for
which things are best known.
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gen-like impurity which is involved has an influence on
the value of the recombination cross section. This shows
that some progress is to be made in the theoretical
treatment of the cascade capture process. Possible re-
finements of the theory of the low-temperature behavior
of a semiconductor in high electric fields directly depend
on these features.

Finally, it must be pointed out that effects arising
from the anisotropy of the constant energy surfaces
were neglected here. It is known experimentally’ that
the value of the breakdown field slightly depends on the
orientation of the sample along the applied electric field.
However, as this effect is of second order, it is felt that
the use of an anisotropic distribution function would
only introduce minor changes in the results. The
formerly discussed limitations of the theory are felt to
be much more important.

In any case, some positive results may be deduced
from this theoretical study. The relative importance of
the various energy losses for the electrons is clearly
established. In the case of high-purity germanium con-
taining shallow impurities only the acoustical phonon
emission is to be considered. For silicon, however, the
emission of an optical phonon will have some probability

n.WLB 33A \
151 * \
\
N \
£ \
S \
Z \
\
w104~ \\
el
o] \
b T= 5%
5
o 54—
3 x Data from Ref, (25) 4510
o . X —
o — Theoretical Curve 452
o
0 : | } ‘
02 10 50

(Np - Na)/Na

F16. 2. The breakdown field Ep vs (N p—N 4)/N 4, at T=5°K.
Sample 41-15 was As-doped, and correcting for this increases the
theoretical value of Es by 25%, thus fitting fairly well the experi-
mental value. The dashed line corresponds to Koenig’s theoretical
interpretation (to be published).
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;Ez 10
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of occurring. This was at one time advanced as the cause
for nonobservation of low-temperature breakdown in
silicon.? A theoretical analysis of this phenomenon
would certainly give some information on this scattering
process. Unfortunately there is as yet a lack of experi-
mental results.?

In high-purity germanium the breakdown process is
mainly governed by the relative variations of the impact
ionization rate and of the recombination rate with suc-
cessive one-phonon transitions, as the applied electric
field is increased. Other processes are negligible. This
means that the emission of light detected when a sample
breaks down?6:38 is mainly due to photon emission at the
last step of the cascade capture process, i.e., when the
electron jumps from the first excited state down to the
ground state. To confirm this theoretical result, a study
of the emitted recombination light would be in order.
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