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Two-quantum microwave magnetic resonance transitions corresponding to AMj = ± 2 have been ob­
served for both stable isotopes of atomic chlorine, CI35 and CI37. The experimentally observed and theoreti­
cally predicted positions of the two-quantum transitions agree within 13 parts per million, which was the 
precision of the experiment. The power dependence of the two-quantum transitions has been measured and 
checked with a "variation of constants" treatment of the microwave-induced probability amplitudes, and 
agreement has been found. Variations in intensity between corresponding A M / = ± 1 and AMj-==b2 
resonances were observed and analyzed on the basis of time-dependent perturbation theory and the 
Schwinger-Karplus expression for the line shape of a collision-broadened resonance with saturation. Satis­
factory agreement with theory is found for these intensity variations. The linewidths for the A M / = ± 2 
lines are approximately half of that for the A M / = ± 1 lines; this is in agreement with the results of time-
dependent perturbation theory. 

I. INTRODUCTION 

THE ground state 2P§ of free atomic chlorine has 

been studied by the method of atomic-beam 

magnetic resonance spectroscopy,1,2 and, more recently, 

by using the method of electron paramagnetic resonance 

spectroscopy (EMR).3-6 In the latter method, magnetic 

dipole transitions are induced in a moderately strong 

magnetic field (3000-5000 G), which corresponds to 

AMj=dzl, AMi=0 in the high-field quantum-number 

representation. Hughes and Geiger,7 elaborating on 

similar experiments with atomic oxygen, observed 

additional transitions which they interpreted as the 

simultaneous absorption of two equi-energetic quanta 

corresponding to a transition of the type AAfj=db2. 

Hughes and Geiger survey prior observations of two-

quantum transitions in nuclear resonance, atomic-beam 

magnetic resonance, and atomic-beam electric resonance 

experiments. It is the purpose of this paper to discuss 

our observation of two-quantum transitions in the 

ground 2P% state of atomic chlorine for both isotopes, 

CI35 and CI37. 

* This work was supported in part by the U. S. Army Signal 
Corps, the Air Force Office of Scientific Research, and the Office 
of Naval Research and was performed under Signal Corps 
Contract DA-36-039-sc-78108. 
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II. THEORY 

A. Atomic Chlorine Energy Levels in a 
Magnetic Field 

The reduced Hamiltonian that was considered is 

0C/a= (Jz+aIz)x+hJ+cQop, (1) 

where 

_ 3 ( I - J ) 2 + ( 3 / 2 ) ( I . J ) ~ / ( / + l ) / ( / + l ) 

°P 27(27-1) ( 2 7 - 1 ) J ' 

c=a/b, x=gjnoHz/ha, and a = (m/M) (gi/gj). 

Here a and b are the hyperflne-structure (hfs) coupling 
constants. The Hamiltonian that was treated is 
appropriate to hfs multiplet calculations that are 
diagonal in / . The omitted terms in the Hamiltonian 
arising from matrix elements off-diagonal in / and 
linear in Hz were compensated for by using for gj the 
experimentally determined value 1.333927 in the 2P§ 
ground state.5 '6 There is an off-diagonal in / , matrix 
component of the proper Zeeman term in the Hamilton­
ian, fJLd(gLLz+gsSz)HZy between the M " j = ± f levels 
in the 2P§, 2Pi states. The Zeeman operator can be 
rewritten as approximately JJ,O(2JZ~-LZ)HZ} and the 
nonvanishing off-diagonal matrix elements are 

— (j,tn\Lz\j-1, m)/xoHz, 

where j=% and w = d b | . These matrix elements are 
calculated to be equal to — (2/3)noHz* Setting up the 
secular determinant between the j = f. Mj~i and 
j = J, Mj=% states and solving gives the perturbation 
of the j=i, Mj = % level as 

2fio2Hz
2 4 M0

4i7z4 

+ +•••. 
9 8 81 53 

T h e second t e r m m a y be neglected as exceedingly 
small and the first in reduced form m a y be rewr i t t en 
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as — ax2/88, where 8 is the mean or zero field fine-
structure splitting. The fine-structure splitting 8 for 
chlorine is 881 cm"1 = 2.643X107 Mc/sec. The cor­
rection term is therefore quadratic in Hz, and has the 
magnitude 9.706X10~7#2. This term will be seen to be 
a factor 100 times smaller than the x2 terms in the 
Hamiltonian (with only diagonal terms in / included), 
and is not significant for the precision of this experi­
ment. Therefore it is neglected. The secular equation 
was formed from the Hamiltonian that is diagonal in 
J, and solved on the IBM-709 computer at the 
Computation Center, MIT. The eigenvalues as a 
function of x were fitted to a power series expansion in 
x by using the least-squares fitting procedure over a 
range in x appropriate to the experiment. The least-
squares fit was good within a few parts in 106, with 
terms included only to x2, and the series was terminated 
at this point. The power-series expansions of the 
eigenvalues are given in Appendix A. The hfs coupling 
constants are taken from Holloway, Aubrey, and 
King,2 and the nuclear g values from Ting and Williams.8 

B. Two Quantum Transitions 

The theory of these transitions as developed by 
Hughes and Geiger7 will prove sufficient to explain the 
data and is applied here simply to the chlorine problem. 
The four energy levels under investigation have 
Mi— — f and will be labeled §, \, —|, — f to correspond 
to the Mj value. Assuming that at £=0 only the state 
\Mj) is occupied, we apply the method of "variation 
of constants" through second order to evaluate the 
probability amplitude for the state \Mj+2). The 
quantities entering into the calculation are the time-
dependent expansion coefficients aSMj(t), where S is 
the order of the calculation. The calculation treats 
only stimulated absorption, since the transition prob­
ability for stimulated emission differs only in the 
population difference between the upper and lower 
states. The standard result is 

1 
&Mjs+l{t)=- L aMrs{t){Mj\^\Mjf)e^jM/t. 

itiMj' 
(2) 

EM j—EM j ' 
0>MjMj> — 

where the transition-inducing perturbation 

x'=yrrHrf=3e'(0)<riw<, 
with the notation of Hughes and Geiger7 used. Choosing 
the state | — §) to be occupied at £=0, we obtain 

- , - < i | 3 e ' ( 0 ) | - i ) < - i | 3 e ' ( 0 ) | - § > 
aim @ =—. _ . 

V («—w_i_j) 

_ . . (3) 
— i2(co—Jcoi-i) — i(co—COI_I) J 

8 Y. Ting and D. Williams, Phys. Rev. 89, 595 (1953). 

Now, 
coi_-| = coi_i+co_i_i. (4) 

Because of the hyperfme interaction, the levels EM J are 
not equally spaced. Therefore Ja>i_§^a>_i_a and |coi_f 
3^coi_i, so that if the first term in (3) is resonant, the 
second one is not. Choosing the first term in (3) to be 
resonant allows the second term to be ignored; this 
procedure yields the following expression for the time-
dependent expansion. coefficient arising from a two-
quantum transition: 

* < i | 3 C ' ( 0 ) | - J > < - J | 3 C ' ( 0 ) | - i ) 
a^(i) = 

W (co-co_}_§) 

1 (5) 
—12 (co—Jco i„f) J 

The resonant denominator corresponds to the Bohr 
energy condition ha> = %(E$—JEL§), which is a AM j — +2 
transition and is forbidden in first order. The transition 
is interpreted as arising from the absorption of two 
equi-energetic quanta. The interesting point is that the 
absorbed quanta do not conserve energy between initial 
state and intermediate state (| — f ) , J — | ) ) , or between 
intermediate state and final state (j —J), | i ) ) , but the 
sum of both quanta do conserve energy between initial 
and final states (|— | ) , j j ) ) . An analogous develop­
ment for the other expansion coefficient corresponding 
to the second two quantum transition gives 

-*<§|3c'(0)|i)<i|ac'(0)|-i) 
«!< 2 )(0= 

fl2 (o>—coi_i) 

{ e-i(2ui-o>i-0t—\ 1 
— . (6) 
— i2(co~ |w|_i)J 

For the purposes of comparison, transition probabilities 
for two-quantum transitions will be taken as | # A ( 2 ) ( 0 I 2 

and |a t ( 2 ) (0 | 2 -
The factor of 2 in the denominator of the bracketed 

term in (5) and (6), that does not appear in the first 
order probability amplitudes for AMy==zbl transitions, 
will account for the smaller linewidth that is observed 
in the two-quantum transitions. 

III. EXPERIMENTAL DETAILS 

A. Spectrometer 

A reflection cavity spectrometer with straight crystal 
detection was employed. A Varian V-58 klystron that 
delivered more than 0.1 W when operated in the 300-V 
mode was frequency-stabilized to the sample cavity. 
The sample cavity was operated in the TEQU cylindrical 
mode and was very carefully constructed for optimum 
Q. An unloaded Q greater than 30 000 was achieved by 
constructing the cavity from a precisely ground cylin­
drical quartz shell with ground and silvered brass end 
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plates. The quartz shell was silvered to an approximate 
thickness of 0.001 in. on the inside, on the flat ends, 
and for approximately J in. on the outside curved 
surface at both ends. The silvered end plates are 
soldered with Woods metal to the silvered quartz shell, 
and the ^-in. silvered bands on the exterior of the shell 
permitted a bead of solder to be developed which added 
to the strength and rigidity of the completed cavity. 
The thin silver coating on the quartz was less than the 
skin depth of the modulation magnetic field. The 
cavity end plates had a circular, §-in. hole on the 
cylinder axis fitted with a cylindrical, tubular extension 
that was approximately J in. long. The extension 
served as a waveguide beyond cutoff for the TEQU 
mode and permitted the insertion of a fused quartz 
tube through which the sample gas flowed. The quartz 
sample tube lowered the cavity frequency from 
approximately 9500 Mc/sec to 8937 Mc/sec, which 
was the operating frequency for this experiment. The 
The magnetic field was modulated sinusoidally at a 
rate of 6000 cps with flat, "pancake" modulating coils 
that were glued to the magnet pole faces. The power 
reflected from the sample cavity was detected in a 
1N23C crystal rectifier, thereby converting the para­
magnetic absorption induced amplitude modulation of 
the microwave carrier to a 6000-cps carrier whose 
amplitude was proportional to the slope of the para­
magnetic line shape as a function of magnetic field. 
This signal was selectively amplified in a tuned, low-
noise, 6000-cps amplifier, phase sensitively detected, and 
finally followed by an RC filter with narrow bandwidth 
at zero frequency. The resulting dc signal with amplitude 
proportional to dx"'/dHz was fed to a strip chart 
recorder. The low-impedance electromagnet that was 
used had pole faces of 12-in. diam, and was powered 
from a current-regulated transistor power supply. The 
dc magnetic field could be varied linearly with time. 
The magnetic field was stable to approximately 1:105. 

B. Gas Handling System 

Molecular chlorine gas was obtained from the 
Matheson Company. A Matheson pressure regulator 
on the tank was coupled to a needle valve which, in 
turn, was connected by an "O-ring Quick-Connect 
fitting," manufactured by Vactronic Laboratory Equip­
ment, Inc., to a Bourdon leak made from several feet 
of thin-walled nickel tubing, \ in. in diam, which was 
flattened to give the desired flow impedance. The low-
pressure end of the Bourdon leak was attached by a 
Quick-Connect fitting to the glass-quartz gas-conduct­
ing system. Since it is inconvenient to dissociate the 
molecular gas into free atoms within the sample cavity 
because of the electrical noise produced in a gas dis­
charge, the atoms, once produced, must be conducted 
to the sample cavity as rapidly as possible. To insure 
maximum flow velocity with the available pumps, the 
pumping line on the low-pressure end of the system was 

kept approximately f-1 in. in diam, except for the 
quartz section that passed through the microwave 
cavity. Connections between the different sections of 
the system were made with Quick-Connect fittings and 
Fisher-Porter glass pipe connectors. Vacuum tightness 
was maintained with rubber O-rings lightly lubricated 
with Apiezon vacuum grease. I t was found that the 
chlorine did not significantly attack the rubber O-rings, 
although, in the interest of vacuum tightness, the 
O-rings were replaced when they became deformed. A 
glass, liquid-nitrogen cold trap attached with Fisher-
Porter glass pipe connectors preceded a Kinney KC-15 
two-stage mechanical pump with a pumping speed of 
15 cu ft/min. The gas-handling system proved to be 
convenient, in that, the system could be pumped down 
below 1/x Hg when it was closed off at the high-pressure 
end. Other features were: chlorine tank pressure of 
1-2 lb gave an operating pressure of several mm Hg; 
the flow velocity achieved was evidently high enough 
because there was no problem in observing the free 
atoms; the system was demountable and portable 
which made it easier to clean. Also, a demountable 
system was a necessity in this experiment because the 
magnet facility was being shared with other experi­
ments. No wall coating such as those that have been 
described elsewhere were used. Only the quartz tube 
was cleaned because the free atoms remained in this 
section from production to observation. Standard glass-
cleaning technique was used, with nitric and chromic 
acids employed. 

C. Atom Production 

Molecular chlorine was dissociated in an electrode-
less, gas discharge operating at 28 Mc/sec. A Halli-
crafters model HT-9 transmitter provided approxi­
mately 100 W of rf power. The tank circuit of the HT-9 
power-amplifier stage was inductively coupled to a 
shielded twin conductor coaxial cable which, in turn, 
was matched to an LC tank circuit tuned to 28 Mc/sec. 
Two copper-sheet electrodes connected across this 
second tank circuit coupled energy into the discharge. 
Forced air cooling was provided. The entire discharge 
end of the rf system was enclosed in a nonmagnetic 
aluminum box that was grounded to the shield of the 
coaxial cable which, in turn, was at the laboratory 
ground. Great care must be exercised in this grounding 
procedure if excessive electrical noise from the gas 
discharge and from the transmitter is to be suppressed. 
The aluminum box was supported by nylon bushings 
that fitted on the quartz sample discharge tube and 
was located as close as possible to the microwave 
sample cavity. The design was such that the discharge 
took place no farther than 3 in. from the center of the 
microwave cavity. A detailed sketch of the rf discharge 
section is shown in Fig. 1. I t might be worth mentioning 
that the gas-handling and atom-producing apparatus 
described above has been used with chlorine, oxygen, 
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FIG. 1. Radio-frequency discharge apparatus for dissociating 
chlorine molecules into free atoms. 1, Forced air cooling input; 
2, insulating standoffs; 3, copper breakdown electrodes; 4, dis­
charge; 5, microwave cavity; 6, to liquid N2 trap and pump; 7, 
primary coil; 8, secondary coil; 9, tuning capacitor; 10, forced 
air outlet; 11, insulating standoffs; 12, rf input from HT-9; 13, 
quartz tube; 14, chlorine from Bourdon leak; 15, nylon spacer. 

hydrogen, and nitrogen with equal success and repre­
sents, therefore, what seems to be a universally applic­
able system for experiments like this one. 

D. Magnetic-Field and Klystron-Frequency 
Measurement 

The magnetic field was continuously monitored with 
a proton resonance probe that was fixed in position in 
the magnet gap close to the microwave cavity. An 
Fe2N(Vdoped water sample was excited by a transis­
torized marginal oscillator as described by Donnally 
and Sanders.9 The marginal oscillator circuit differed 
from the one referred to above in the substitution of a 
lower noise audio-frequency transistor amplifier. The 
proton resonance was modulated at approximately 100 
cps with a pair of Helmholtz-like coils attached to the 
probe with epoxy resin and driven by an audio power 
amplifier. The coils were made from 1-in. diam rf 
choke sections, the proton frequency was measured by 
observing a zero beat between the proton transistor 
oscillator and a General Radio signal generator whose 
frequency was directly measured with a frequency 
counter. The proton resonance magnetic field was not 
equal to the field at the sample cavity, because of the 
spatial separation between probe and cavity. However, 
as will be shown in Sec. V, only differences in resonance 
fields are pertinent to the experiment, and consequently 
it was only necessary to maintain a fixed separation 
between proton probe and sample cavity. 

The klystron frequency was measured by coupling a 
small fraction of the microwave power through coaxial 

9 B . Donnally and T. M. Sanders, Jr., Rev. Sci. Instr. 31, 979 
(1960). 

cable to a Hewlett-Packard 540B transfer oscillator, 
and a zero beat was visually observed on the built-in 
cathode-ray tube. The transfer-oscillator frequency 
was measured with the frequency counter by using a 
Hewlett-Packard 525 Bfrequency converter to extend 
the frequency range of the counter. 

E. Microwave Power Measurement 

The following procedure was used when observation 
of the effect of relative changes in microwave power 
level at the sample was desired. A Hewlett-Packard 
precision variable attenuator, model X382A, was in­
serted just before and in series with the detector crystal. 
A lowest power level was chosen for the experiment 
and, with the variable attenuator set for zero attenu­
ation, the experiment was run and the detector crystal 
current was recorded. Then the crystal detector and 
mount was replaced by a Sperry 821 barretor in a 
Sperry mount and the power, at the barretor was 
measured with a Hewlett-Packard 430C microwave 
power meter. The crystal detector was replaced, a 
higher power level was chosen, and the experiment was 
run again. Attenuation was then introduced with the 
variable attenuator to bring the crystal current back 
to the starting level and the required amount of 
attenuation was recorded. Knowledge of this attenu­
ation allowed the original power measurement to be 
converted to a new value, which was the relative power 
used in the second run. The process was then repeated 
for all desired power levels. A check at the lowest 
power level was made after the variable power runs 
were completed to see whether or not the crystal had 
had its conversion properties altered. 

IV. EXPERIMENTAL PROCEDURE AND 
OBSERVATIONS 

Two types of experiments were made and each will 
be described separately. 

A. Spectrum Determination 

The complete magnetic resonance spectrum at low 
power for a gas containing both isotopes of chlorine 
shows 24 resonances; four groups of 3 resonances for 
each isotope corresponding to the three AMj=dzl 
transitions for each value of Mi (f, | , — J, — §). At an 
operating frequency of nearly 9000 Mc/sec the cor­
responding groups of resonances overlap for the two 
isotopes, except for the highest field group correspond­
ing to Mi——\. Since the two-quantum transitions 
were expected to occur at magnetic fields intermediate 
between the AMj= ± 1 transitions, as much resolution 
as possible was desired and consequently all careful 
work was done on the two Mi——% triplets. A power 
level was chosen that gave a good signal-to-noise ratio 
for the two quantum transitions and the magnetic 
field at resonance was measured for each A M j = ± 1 , ± 2 
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FIG. 2. Microwave 
transitions for Mi = — § 
and AM j = ± 1 in atomic 
chlorine. Resonances for 
both isotopes are shown; 
the more intense triplet 
corresponds to CI35 

which is 75% abundant. 
This figure shows the on­
set of the two-quantum 
transitions with increas­
ing microwave power. 
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transition. This was done by setting the magnetic field 
at a value midway between the derivative maximum 
and minimum for a given transition and measuring the 
proton resonance frequency at this field. The proton 
resonance was displayed on a cathode-ray oscilloscope 
with the 100-cps magnetic field modulation amplitude 
as small as was possible to still yield a clear proton 
resonance. The frequency of the proton-resonance 
oscillator was adjusted to put the proton resonance at 
the center of the sweep and the proton frequency was 
then measured. This process was repeated approxi­
mately ten times for each resonance during a run, and 
three runs were made. After and before each group of 
proton frequency measurements, the klystron frequency 
was measured six or eight times as described in Sec. HID. 

B. Power Dependence of the Spectrum, 
Intensities, and Line widths 

In these experiments the six AMj-=zbl and the four 
AMj=dz2 transitions in the Mi= — § groups were 
studied in detail. Runs were made over a wide range of 
microwave power. The dc magnetic field was swept 
linearly in time, and at such a rate that each transition 
was traversed in a time considerably greater than the 
detection system time constant. The magnetic field 
was modulated at 6000 cps with a modulation field 
amplitude approximately equal to the resonance line-
width. The relative power at the microwave cavity was 
measured as described in Sec. H I E . The experimental 
spectra as a function of power are shown in Fig. 2 (a) 
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FIG. 3. Schematic representation of the Mi——\ triplets for both 
CI35 and CI37, showing relative line positions and intensities. 

and (b). The positions of the two-quantum transitions 
are indicated by vertical arrows. The microwave power 
notations refer only to relative power at the cavity. 

For the purpose of discussion, the spectrum cor­
responding to Mi~— f is represented schematically in 
Fig. 3. 

The linewidth of the two-quantum transitions was 
noticeably smaller than the A M j = = h l transitions as 
is to be expected from the theory of two-quantum 
transitions as presented in Sec. I I . 

The relative intensity of two-quantum transitions 
compared with single-quantum transitions as a function 
of microwave power is summarized in Fig. 4. Intensity 
is taken as the relative deflection between the maximum 
and minimum of dx"/dHz> The intensity of the central 
A M / = = b l transition is 30% greater than the two 
neighboring AMV=zbl transitions which have equal 
intensities. The intensities of each pair of two-quantum 
transitions are unequal, with the higher field transition 

0.24i 

0.2 0.4 0.6 0,8 
RELATIVE POWER AT CAVITY 

FIG. 4. Relative intensity of two-quantum transitions compared 
with single-quantum transitions. The intensities used in the ratio 
are taken from the data of Fig. 2; the line designation refers to 
Fig. 3. 

having greater intensity. This latter effect is not caused 
by an experimental condition such as a rapid passage 
alteration of equilibrium between the energy levels, 
since the same intensity relations were observed when 
the field sweep began below the group of transitions or 
above it. 

V. TREATMENT OF DATA AND CONCLUSIONS 

A. Magnetic Resonance Spectrum 

The data available was the klystron or photon 
frequency and the proton resonance frequency for each 
of the ten transitions studied. The analytic procedure 
used was to equate the reduced photon energy (hv)/a 
to the reduced energy difference for the levels in 
question as expressed by the polynomial expansions 
given in Appendix A. A quadratic equation in x was 
thereby obtained and solved numerically. Five values 
of x were thus obtained for the three A M j = ± l and 
two A M j = ± 2 transitions. These calculated values of 
x were then converted to equivalent proton resonance 
frequencies. Since the position of the proton probe 
was different from the position of the paramagnetic 
sample, the calculated proton resonance frequencies 
could not agree with the measured frequencies and, 
in fact, the calculated frequencies were higher by 
approximately 0.5 G, which is the expected field 
gradient for the physical configuration in question. I t 
was therefore more meaningful to compare the difference 
between two calculated proton resonance frequencies 
and the corresponding measured frequencies and so 
this was done. The average difference for two runs cor­
responding to 20 resonance determinations was 550 cps 
for an average proton resonance frequency of approxi­
mately 21X106 cps. Taking an estimate of the random 
error as one half of the average difference, because of 
the subtraction of frequencies in the analysis, gave an 
agreement within approximately 13 parts per million. 
This result is within the expected uncertainty arising 
from field jitter and uncertainty in specifying the 
proton resonance at the midpoint of the proton modula­
tion cycle. The conclusion reached, is therefore, that 
within the precision of this experiment the resonances 
are correctly interpreted as arising from single- and 
two-quantum transitions within the hyperfme multiplet 
calculations presented in Sec. IIA. 

B. Power Dependence of Two-Quantum 
Transitions 

Using the results of the variation-of-constants calcu­
lation of the first- and second-order probability ampli­
tudes for the AM/ = =hl and A M j = ± 2 transitions, 
respectively, the expected ratio of intensity of the two-
quantum transition to the single-quantum transition 
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with no saturation is 

a>\ (2) 

<H (1) 

1 1 (11^(0)1 ~^)l2 

W (icoi_|-a)_j_s)
2 

(7) 

for a particular pair of transitions. For the resonances 
discussed here the frequency difference in the denomin­
ator expressed as a difference in magnetic resonance 
fields is approximately 5.6 G. For low microwave 
power this intensity ratio will be very small and the 
two-quantum transition will be unobservably small 
compared with the single-quantum transition. The 
intensity ratio should rise linearly with the microwave 
power until saturation conditions are reached. The 
two-quantum transitions will saturate more rapidly, 
since their linewidth is half that of the single quantum 
transition. Figure 4 is a plot of the average intensity 
ratio of two-quantum to single-quantum transitions as 
a function of microwave power. The average ratio is 
taken to be the sum of the peak-to-peak amplitudes of 
both two-quantum transitions divided by the sum of 
the central and one adjoining single-quantum transi­
tion. The data plotted are taken from the runs shown 
in Fig. 2. As expected, the curve shows essentially a 
linear power dependence of the intensity ratio above a 
threshold power level established by system sensitivity. 
With high power, saturation becomes important. 

C. Intensities of the A M j = ± l Transitions 

The peak-to-peak amplitude of the center line of each 
AM"jr = zbl triplet is greater than the amplitude of the 
outer lines of each triplet, which are equal. The experi­
mental values for the ratio of center-line amplitude to 
outer-line amplitude decrease from 1.4 at very low 
power to 1.04 at the highest power used, decreasing in 
a continuous manner with increasing power. This 
behavior can be understood by considering the 
Schwinger-Karplus10 expression for the line shape of 
a microwave transition of the type considered here. 
Their expression for the line shape is 

/(co,comn) = 
l l * H r f 

(cO-COmw)2 + T- 2 +^- 2 | l t -H r f | 

In the absence of saturation, any variation in intensity 
between the resonances discussed here will arise from 
the dipole-moment matrix element in the numerator, 
| (jm | J+1 jm— 1) |2 = (j—m+1) (j-\-m). The ratio of this 
term for the center and outer lines of the AMV = z t l 
triplet is f = 1 . 3 3 ; this agrees with the low-power 
experimental value of 1.4. With higher power, the 
saturation term in the denominator, |v*Hrf|wrl

2 de­

creases the amplitude of f(o)iO)mn). This decrease will 
be greater for the central line of the triplet, since, as 
we have shown, the square of the dipole-moment 
matrix element is larger by a factor of f. Consequently, 
it is expected that the amplitude difference between 
central and outer lines of the A M j = ± l triplet will 
decrease with increasing microwave power, as has 
been observed. 

D. Relative Intensities of AMj= ± 2 Resonances 

Experimentally, we found that the two-quantum 
transition occurring at higher magnetic field 

( M j = - i < - > M j = + i ) 

has greater intensity than the transition occurring at 
lower magnetic field 

The observed ratio of intensity of high-field to low-field 
two-quantum transition is 1.34 for CI35 and 1.27 for CI37. 
As discussed in Sec. I IB, the intensities should vary as 
|ai ( 2 )( /) |2 and |a§(2)(X)|2, the expressions for these 
quantities being given in Eqs. (5) and (6). The numer­
ators of these expressions contain the matrix element 

<*|/+|-4><-*U+|-!> and <!|/+|4><i|/+|-i>, 

which are equal. No intensity difference can arise, 
therefore, from the transition matrix element. The 
other relevant factor in the a's is the frequency differ­
ence in the denominator. This factor is the difference 
between the photon frequency and the frequency of 
the "first step" in the two-quantum absorption. We 
look, therefore, for an intensity variation from the 
factor 

!<H (2 ) 

L<2> 
(co-coi-i) 

(C0-C0_i_a)i 
(8) 

10 R. Karplus and J. Schwinger, Phys. Rev. 73, 1020 (1948). 

This ratio was evaluated from the known photon fre­
quency and the calculated frequency of the "first step" 
transition by using the eigenvalue series expansions 
and the known values of x at resonance. The calculated 
intensity ratios are 1.39 for CI35, and 1.31 for CI37, 
which gives good agreement with experiment. 

E. Linewidths of A i W > = ± 2 Transitions 

As discussed by Hughes and Geiger,7 the expressions 
for the probability amplitudes # M / 2 ) 0 0 > Eqs. (5), (6) 
predict a linewidth for the AMj = ± 2 transitions of 
half of that of the AMj~zhl transitions. As can be 
seen from Fig. 2, this was observed experimentally. 
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APPENDIX A 

As explained in the text, Sec. II , the eigenvalue 

problem of the reduced Hamiltonian was programed 

and solved on the M I T IBM 709 Computer. The 

eigenvalues are obtained as power series expansions in 

%=gjjJLoHz/ha. The numerical values for the parameters 

c and a that were defined in Sec. I I are given here for 

each of the two isotopes. The range in x for which the 

polynomials represent a least-squares fit to 1:106 is 

indicated for each isotope also. 

I. INTRODUCTION 

TH E antishielding of ions for a possible nuclear 
electric hexadecapole moment H has been dis­

cussed in two previous papers.1-2 I t has been shown 
that the relevant antishielding factor 77̂ , which gives 
the H D M (hexadecapole moment) induced in the ion 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 R. M. Sternheimer, Phys. Rev. Letters 6, 190 (1961). 
2 R. M. Sternheimer, Phys. Rev. 123, 870 (1961). 

CI35 a=0.223685X10-3; c=0.267612 
Mj Mi Polynomial eigenvalue (40<#<46) 

f f 2.316903 +1.50033553* 
f i 0.86901164+1.4957920x-f-0.33443613X10-%2 

§ - I -0.59367231+1.4945862x+0.41532171X10-%2 

f - I -2.0373559 +1.4961546^+0.27660517 X10~%2 

i f 0.49712389 +0.50465860x-0.33488876Xl0~%2 

i \ 0.29224395 + 0.50087606*- 0.66565343 X10~5*2 

1 _ i -0.049036121+0.49689940*+0.22625953X10-%2 

i - f -0.59396607 +0.4943757l*+0.41384716X10-%2 

- I - f 0.86907202-0.50465872*+0.33490513X10-%2 

- i - \ 0.29219691-0.49934555*-0.66783485Xl0-5*2 

- i i - 0.34427185 - 0.49605450x - 0.30019072 X 10~%2 

- i f -1.0151464 -0.49514143X-0.34712166X10"4*2 

- f - § 2.316903 -1.50033553* 
- § - i 0.49722175 -1.4957938*- 0.33424295 X 10~4*2 

- f \ -1 .0153650 -1.4953551*-0.34823223X10"4*2 

- f § -2.3021966 -1.4969776*-0.20519864X10~4*2 

CI37 a = 0.186204X10-3; c=0.253361 
Mj Mi Polynomial eigenvalue (49 < * < 55) 

f f 2.31334025+1.5002793* 
f § 0.83834989+1.4971928*+0.18479538X 10~4*2 

f - J - 0.63047548+1.4963201*+0.23256223 X 10~4*2 

§ - f -2.0673948 +1.4973609*+0.15334545 X10~4*2 

J f 0.53394851 +0.50321876* -0.18855929 X10~4*2 

i i 0.29675613 +0.50051653*-0.30373363 X10"5*2 

J - i -0.074441892+0.49781736*+0.13163987X10"4*2 

I - f -0.63109763 +0.49615882*+0.23009683X10-4*2 

- \ - f 0.8392752 -0.50321445*+0.18815248X10-4*2 

- J - \ 0.29665412-0.49966521*-0.30845920X10-5*2 

- J i -0.31744481-0.49733898*-0.16627929Xl0"4*2 

- i f -0.97912344-0.49657774*-0.20013306Xl0~4*2 

- f - f 2.31334025-1.5002793* 
- f - I 0.53464419-1.4971804*-0.18597662 X10~4*2 

- I i -0.97958915-1.4967460*-0.20185368X10-4*2 

- f f -2.2881504 -1.4978089*-0.12160268X10"4*2 

core Hind^—y^H, will be very large for medium and 
heavy ions. Thus, it was found that for Cu+, Ag+, and 
Hg++, ik has the values 7?ao(Cu+) = --1200, ^ (Ag*) 
= -8050 , and ?/oo(Hg++) = - 6 3 000. 

I t has been recently pointed out by Foley3 that the 
interaction of the nuclear quadrupole moment Q taken 
in second order will also contribute to hexadecapole 
effects. For the present case of ions, we are interested 

3 H. M. Foley (private communication). 

P H Y S I C A L R E V I E W V O L U M E 1 2 7 , N U M B E R 3 A U G U S T 1, 1 9 6 2 

Second-Order Quadrupole Effect for the Nuclear Hexadecapole Coupling in Ions* 

R. M. STERNHEIMER 
Brookhaven National Laboratory, Upton, New York 

(Received March 21, 1962) 

In connection with the possible existence of a nuclear electric hexadecapole moment, and the resulting 
large induced hexadecapole moment for medium and heavy ions due to antishielding effects, expressions 
have been obtained for the additional induced hexadecapole moment, H-mdQ, due to the perturbation of the 
ion by the field of the nuclear quadrupole moment Q taken in second order. H{nd

Q is proportional to Q2. 
Numerical results for some of the terms of HindQ are presented for the Cu+, Ag+, and Hg+ + ions. 
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FIG. 2. Microwave j 
transitions for Mi=—\ 
and AM j = ± 1 in atomic ~ 
chlorine. Resonances for Z 
both isotopes are shown; 
the more intense triplet 
corresponds to CI34 I 
which is 75% abundant. 
This figure shows the on- •. 
set of the two-quantum I 
transitions with increas- J 
ing microwave power. 
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