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General methods for the reduction of direct products of space-group irreducible representations are
discussed, based on the use of the full irreducible representations of the space group. The reduction proceeds
in two stages: First, wave vector selection rules are obtained when the direct product of two stars is decom-
posed into a direct sum of stars; finally, the species of irreducible representations occurring for each star in
the sum is found. The latter stage is accomplished by using the “reduction group,” or by ‘‘direct inspection,”
depending on convenience. These methods can be applied to the reduction of the ordinary Kronecker
products, and the symmetrized Kronecker powers, of the full space group irreducible representations of any
space group.

The methods are applied here to the diamond and zinc-blende space groups. For both, the explicit reduc-
tion is given of all direct products: T@*X(m") Tm@*Lm)  TmkAmM) | TmQ*A) - * X (m)@* X (m")
*L(m)®*L(m’)’ *L(m)®*X(m’)' *W(m)®*W(m’)' *E(’")®*2(""), *A(m)®*A(m’)’ *A(m)®*A(m’)’ and *A(”‘)®*A(""J.
The reduction is given of symmetrized Kronecker squares and cubes of [, *X (m) * [ (m) * A (m) % A(m) K[ (m)
*2(m and *Z, Only single group (no spin-orbit or time-reversal effects) rules are given, although the same

15,

1962

method will yield rules for the double groups. A latér paper will discuss applications of these rules.

1. INTRODUCTION

N this paper we shall obtain and discuss selection
rules for processes which can occur in diamond and
zinc-blende structures. The processes involved may be
electronic, vibrational, or a mixture of the two, as well
as caused by perturbations of one or another sort. Of
the external perturbations which one normally con-
siders, light is of primary importance. Among the
specific types of processes in these structures to which
the selection rules can be applied are optical absorption
due to excitation of combination or overtone lattice
vibrations, direct and indirect exciton creation, inter-
valley and intravalley scattering transitions, and band-
band processes. These applications will be discussed in
a later paper. Of perhaps equal interest to the selection
rules which we have derived is the method of derivation.
We utilize rigorous and general methods which are
based explicitly on the character table for full space
group irreducible representations.!-?

Neglecting accidental degeneracy the symmetry of a
crystal as epitomized by its space group determines
the nature, number, and type of eigenfunctions which
may arise. For example, each solution of the electronic?
and vibrational* crystal Schrédinger equation must
belong to an irreducible function space of the crystal
space group. The behavior of these eigenfunctions under
transformation by crystal symmetry operation is fully
determined by the space group irreducible representa-
tions. To determine selection rules for processes in crys-
tals we assume that the initial and final states involved
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in the process are eigenstates of the appropriate Hamil-
tonian, with their necessary degeneracy specified by
crystal symmetry. A given process is allowed if the
direct product of the irreducible representations of the
factors (initial and final state functions, and the per-
turbation) contains the trivial or identity representa-
tion of the space group. The reduction of the direct
product of two irreducible representations of the space
group into a direct sum of space group irreducible
representations is thus the central problem at hand.

Consider a finite group, consisting of g elements R,
with 7 classes, and character systems x@(R), j=1, -+,
r for the unitary irreducible representations I'”>. We
can reduce the direct product T@ QT as usual®:

X R)x (R)= 3 (751 7")x"" (R),
i'7=1

R=1,---g. (1.1)
The coefficient (74'| 7”/) also can be found from
1
(G713 =- RZ x? (R)x 4 (R)x“" (R)*,
g =1
7'=1,--r. (1.2)

In (1.1) the sum is over all 7 irreducible representations,
in (1.2) the sum is over all group elements. Let the
l; functions

(), (1.3)

transform under the symmetry operations of the
group as partners in the irreducible representation
I'®) and let the /; functions ¢/,/¢"(r) transform as
partners in the irreducible representation ', Then, in
general, the (J;X/;+) functions

e ()= @D () ¥ P (),
w=1, ol

“:1’ c-'l].

(1.4)

5 A. Speiser, Die Theorie der Gruppen (Dover Publications,
Inc., New York, 1945), p. 170.

’li”

W=t -
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generate the direct product representation I'@ QT
whose character system is given in (1.1). If j'=7, but
the sets ¢, and ¢/,@ are distinct, then (1.4) will in
general generate the ordinary Kronecker square of
T,

Now consider the /;(};+1) functions

our P (1) =@ (1) Y (1)), w<H'=1,---1 (L5)

formed by taking all distinct pairs from the same set
¥, The basis (1.5) generates the symmetrized
Kronecker square® representation of I'”, which is
denoted [I'?7]). The characters in this, generally
reducible, representation can be obtained from

@B o =H{x?(R) P+x(R)}.  (1.6)

The reduction of this representation can be carried
out in analogy to (1.1)

P (R) ] =2 [ | 7)x9 (R).
Finally, the £/;(/;4-1) (};4+2) functions

@@ (1) = @D (1) Y P (r) Y P (1)),
<u'u'=1, -1
LA AN ) o)

1.7

(1.8)

generate the symmetrized Kronecker cube of T')
denoted [T'@7](3). The characters in this representation
are obtained from

[XP (R) o= HIXP (R)Jo=+3x (R)X (Re)
+2XO (R3)}.

This can also be reduced in analogy to (1.1):

[X9 (R)Jor = S ([ | 79X (R).  (1.10)

This general theory can be applied to any finite
group, and in particular to the space groups; for the
determination of selection rules for physical processes.

Recently Elliott and Loudon,” and Lax and Hopfield®
have obtained selection rules for special processes in
crystals with the diamond structure. The former
authors recognized that the “unallowed” irreducible
representations of the factor group G(k)/7'(k) corre-
spond to representations with wave vectors 2k, 3k, - - -
and may be used to discuss processes involving transi-
tions between these related families. They also utilized
the irreducible representations of a new group which
was the intersection of several subgroups of the full
space group. By reducing the irreducible representation
of the subgroups with respect to those of the intersection
group, they were able to obtain selection rules for more
general processes. The latter authors utilized a variant
of the method of finding an intersection group, but no
new group or group representations, appeared beyond
what is in the literature. Both approaches utilize only

(1.9)
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part of the space group theory, or symmetry, which is
available. Hence, they only obtain part of the selection
rules governing processes in solids. Further, these
methods do not seem applicable to the problem of
constructing, and reducing symmetrized Kronecker
powers of space group irreducible representations which
are central to the discussion of lattice vibration (infra-
red and Raman) processes, and of configurational
instability, in solids.

We therefore re-examined this problem, starting from
first principles. Character tables for every space group
element in each full space group irreducible representa-
tion can be obtained from the general theory.!? For
the representations in which we are generally interested,
simplifications arise since these are homomorphic, not
isomorphic to the space group. The most striking
example is the representations with wave vector
I'=(0,0,0). Using these character tables, we evaluate
the character systems for the ordinary Kronecker
product and for the symmetrized Kronecker power
representations. These representations are reduced in
two stages, as will be described below, to obtain the
appropriate coupling coefficients. To our knowledge
this is the first time the reduction of products of space
group representations has been treated generally and
completely. Thus the space groups can be put on an
equal footing with the simpler point groups, or the more
complicated rotation groups, from the point of view of
obtaining selection rules.

Before proceeding with this program, we shall
introduce some notations which we feel will be helpful.
We shall then review the principles involved in con-
structing space group irreducible representations. The
principles of the complete reduction of direct products
will then be discussed. Finally specific selection rules for
the diamond and zinc-blende space groups will be
obtained using this general theory. In a later paper, the
rules will be applied.

In this paper we consider only “single groups”; we
neglect spin-orbit and time-reversal effects. Our
methods can be applied to these cases, too.

2. NOTATION

G, the space group, order AL=g;

7, invariant subgroup of translations;

£, order of T

G/T=@, factor group of the space group, order %;

G(k;), space group of k;, contains 7 and all rotational
elements ¢ such that ¢-k;=k;+B,, where B, is
a lattice vector in Fourier Space;

7'(k;), translation group of k;, contains all translations
Ry, such that k;- R,=2np, where p is an integer;

k;™ ({¢|=+Ry}), character of the crystal symmetry
operation {¢|=+Rz} in the mth irreducible
representation (dimension Z,,) of G(k;)/7(k;);

*k;={k; k;,k;,,- - -k;,}, star of k;, contains s distinct
wave vectors;
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*k,(m ({¢| Rz+<}), character of the operation
{6|R.+=} in the full space group irreducible
representation, based on the mth irreducible rep-
resentation of each of the G(k;)/T(k;), one for
each k; in *k;. This irreducible representation is of
dimension (s1,);

K,;(™, kernel of *k;(™ : the collection of all elements in
7 such that each such element has a matrix in
*k;(m™ identical to that representing {e|0};

*k;(m /50, (m factor group of the matrix group *k;(™,
with respect to &;(™;

®, the reduction group, which is the largest of three
factor groups;

(k/k; | kjv), coupling coefficients for the reduction of
the direct product of two stars: *k; and *k;;
(k;$™k; ) |k (m') 0 coupling  coefficients for the
reduction of the direct product of two space group

irreducible representations: *k;(™ and *k; (™" ;

[*k;¢™ 75, the symmetrized Kronecker square of the
space group irreducible representation *k;;

[*k;(™ ], the symmetrized Kronecker cube of *k;(™;

(C2.k;] 2 | kjr), wave vector reduction coefficient for
the reduction of [*k;(™ 7]y ;

([lk;](3 | ky), wave vector reduction coefficient for
the reduction of [*k;(™ 7] ;

(Ck;™ oy | k"), complete reduction coefficient for
[*kj(m)](z) ;

([k;™ ]3| k¢™?), complete reduction coefficient for
k™ Jesy s

@, direct sum of two representations;

®, direct product of two representations;

X, ordinary arithmetical product.

3. CHARACTERS OF SYMMETRY ELEMENTS

Our first task is to obtain the character of every
element in the space group in a specified irreducible
representation by applying the general theory.!? We
choose a wave vector k;, and find the space group
G(k;); it is a subgroup of G. The translational elements
{e|R.} which are in 7'(k;), are all represented by the
same matrix as {[0}, and form the kernel, or center of
a representation of the group G(k;). The characters of
the remaining elements in G(k;) can be found from the
characters of the cosets in the irreducible representa-
tions of the factor group G(k;)/7(k;), by selecting the
allowable irreducible representations of this factor
group, in a well-known manner. An allowable irreducible
representation of G(k;)/7'(k;) will be called k;¢™, and
the character of {g;|=;} in such a representation is
k™ ({gi|=,}).

Now consider an independent wave vector kj, in
*k;, where

kj2=(1'kj (31)

and e is the rotation which takes k; into kj,; {a].} is
the corresponding space group element in G. Now if
{4;|%;} is an element in G(k;) so that

¢, ki=k;+B, (3.2)
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then
{85l i) =(e|w} {8;] v} {e| v} (3.3)

is in G(k;,) and has the same character in G(kj,) as
{éi1%;} in G(k;). Thus, each symmetry element in
g(kj,) is conjugate to a symmetry element in G(k;)
with respect to an element which takes k; into kj,. The
subgroups G(k;) and G(k;,) of G, are isomorphic and
conjugate subgroups. Similarly, the factor groups
g(k;)/7(k;) and G(k;,)/T(k;,) are isomorphic and their
cosets conjugate. Continuing for the remaining space
groups G(k;,)- - -G(k;,) for the other arms in *k; we
find these also are conjugate as are the factor groups
S(k;)/T(k;,)- - -G(k;,)/T(k;,). The matrices for con-
jugate cosets from these factor groups, in the correspond-
ing irreducible representations k;™, k(™ -..k; ™,
are identical.

A space group irreducible representation of G is
obtained by combining corresponding allowable irreduc-
ible representations of the factor groups. The space
group irreducible representation so formed is said to be
induced? by the allowable irreducible representation
k;™ of g(k;)/T(k;). We call this space group irreduc-
ible representation *k;™ and the character of {¢|=}
in this representation is *k;”({g|<}). If /, is the
dimension of the irreducible representation k;™, and
s the number of arms in *k;, then (sX1,,) is the dimen-
sion of *k (™,

The character of {¢|<} in the direct product of two
space group irreducible representations is the ordinary
product of the characters

@y ) (9] )
=Yk ({g]7}) X kW ({$[<}). (3.4)
The problem of reducing the direct product representa-

tion (3.4) into a direct sum of irreducible space group
representations,

*k].(m)@*kj,(m') - Zi” Zm” (kj(m)kj,(m’) I kj,,(m”))

X*k; ) (3.5)
is then one of determining the coefficients
(k; Wk ) [ Jejor (), (3.6)

In (3.5) the sum on j” is a sum-on stars which may
arise, that on m'’ is a sum on allowable irreducible
representations. The direct product representation
(3.4) is of dimension (ss")(lm-lm').

The symmetrized Kronecker square of *k;(™ is of
dimension % (sX!,) (s X!n+1). The characters of space
group elements in this representation can be found
from (1.6) by using the multiplication law for space
group elements!:

{8lt)2={g-g[¢-t+1}. 3.7
In analogy to (3.5) we have in this case
[k =25 2 (Ckj ™ oy [ e ) *hjem, - (3.8)

which also defines the reduction coefficients.
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The symmetrized Kronecker cube of *k;(™ is of
dimension (s X7p) (sXIln+1)(sX1,,+2). Characters in
this representation can be found from the space group
multiplication law, (3.7) and (1.9). For this case we have

[ Ty =250 20 me ([ ] (3 | Ko ) *hj ), (3.9)

The determination of the reduction coefficients
(3.6), (3.8), and (3.9) is carried out in two stages. In
each case complete wave vector selection rules are
obtained when the ordinary direct product of two stars,
or symmetrized power of a star, is reduced into a direct
sum of stars. This provides a necessary limitation on
the work required to complete the reduction.

4. DIRECT PRODUCT OF TWO STARS

In a space group irreducible representation *k;(™
each translation, e.g., {e|R.} is represented by a
diagonal matrix, with diagonal elements exp(zk;-Ry),
exp(ikj, Ry), - -- exp(ik;,- R.). In general, the matrix
is (sX!,) dimensional, with each element repeated /.,
times. In the direct product (3.5) each translation is
represented by a diagonal (s-s’)({,!,/) matrix, whose
elements are of the form

exp[i(kj+k;)-R.]; expli(k+ky)-Rp]; -+
exp[i(k;+k;.) Re]; «+;
exp[i(k;,+k;,) - R,

with each element repeated 7,/ times.

The first step in reducing (3.5) is to reduce these
diagonal matrices. Consider the case where /,,=/, = 1.
The s-s’ wave vectors in (4.1) are obtained by forming
all pairs of wave vectors with one wave vector chosen
from *k;, and the other from *k;.. In fully reduced form,
this diagonal matrix will be a direct sum of diagonal
matrices (which it is already) with each matrix bloc
containing all the wave vectors in one star. Our task
is then one of recognizing, and rearranging, the elements
(4.1) into groups, each group containing all arms in
one star.

We use the notation

*k@*ky =30 (kky [ ko) *hor.
The coefficients (kjkj |k;+) are integers since onmly

complete stars arise on the right-hand side of (4.2).
We also have

(4.1)

(4.2)

508" =y (kjkye [Kjor)s”. (4.3)
Now
*k_,'/ ® *k (= *kj@*kj/, (44)
so that
(kk;: | ko) = (k; k| ko0). (4.5)

In other words, the coefficients (k;k;|k;) tell us the
total dimensionality of all irreducible representations of
the space group based on *k;» which arise in the reduc-
tion of the direct product of irreducible representations
*k;(m and *k; " if l,=I,=1. In addition, these
coefficients give us the complete wave vector selection
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rules for processes involving transitions between
eigenstates of the crystal.

As a systematic procedure for determining the *k;.
and hence the (kk; |k;), we construct a table with s
rows and s’ columns. We label the s rows with the arms
of *k;

ki) ki2= a2'kj) Y kiaz (!s'k]-, (46)
and the s’ columns with the arms of *k;
ki, kiy=02-kj, -+, kjy=8s-ky. 4.7

Now as the pgth element in the table (intersection of
the pth row and gth column) we take

®p® (kj+ gq'kj’)=ap’kj+ap'ﬁq'kf’y (4.8)

which is a vector in *(k;+8.k;). Note that in a given
row one of the terms is constant a,-k;, but this is not
so of the columns. However, every column in this
table then contains only wave vectors in the star of
the wave vector in the first row of the column, e.g.,
for the gth column in *(k;48,-k;). For particular
pairs of wave vectors *k; and *k; the star of their
sum contains more than s arms. In this case we need to
take together two or more entire columns to obtain
all arms in the star. Conversely, it may be that the
star of their sum consists of fewer than s arms, and in
this case (kjk; |k;+ 8. k;-)>1. With a little practice
one easily recognizes all such cases in any particular
space group. Because of (4.5) we may equally work with
a transposed array, with the s’ arms of k;- as row lables
and the s arms of k; as column heads. If /,, or /,,»>1,
(4.2) will become

I ¥ @1 k=350 (ko | Kjor) ) ¥,

where

(4.9)

(kjk;:
and then

(55") (- bur) = Ly (il [ K)o, (4.11)

The (k;k; |k;)™ ™) now give us dimensionality and
wave vector selection rules for the ordinary Kronecker
products but include multiplicity.

To obtain wave vector selection rules for the sym-
metrized Kronecker power representations we can use
the results (4.2), but multiplicity must be included
ab initio. By an application of (1.6) to this problem we
find, for ,,=1, for the symmetrized square of a star,

ki) mmd =10, (kk;

kj),  (410)

%k ] =3{*k,®*k; ®*(2k;)}
=25 (k] | ki) *kye. (4.12)
For l,>1,
[l *k;] 2y =3{ln? *k,@*k;® 1., *(2k,)}
=Zj’([lmki](2) | k]’) *kJ" (4'13)
For the symmetrized cube, in general,
[ln *k 1 =§{ln* *k;®*k;@*k;
@312 *k,@*(2k,) ® 2,, *(3k;)}
=25 (Onkile | ki) *k;e. (4.14)
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Equations (4.10), (4.13), and (4.14) define the wave
vector reduction coefficients, and hence the total
dimensionality of representations based on a particular
star which arise. In a case where /,,»>1, such as for
representations *X¢ in diamond, a given representa-
tion in the reduction may ‘‘use up” several stars. As with
(4.3) and (4.11), the total number of wave vectors
which arise in taking a symmetrized product of stars
must obey a conservation condition. In each case this
is an obvious and useful check on the reductions.

5. COMPLETION OF THE REDUCTION

With the determination of coefficients (4.10), (4.13),
and (4.14), a partial reduction of the Kronecker product
(3.4), and the Kronecker powers (3.8) and (3.9),
respectively, has been achieved. We now know which
stars appear in the reduction, and we need to find the
m'’ which arise in k;("'", We base our final reduction
of the Kronecker product on the use of Egs. (1.1) and
(1.2). Transcribing these equations into our space
group notation
1, (R) ey ) (R)

= 5 el [ Ry () ¥ ) (R),

R=1, ---hg, (5.1)
and

(s 0 ()
= (1/h)E 5 *k,™ (R) k™ (R)
Xy (R)%,(5.2)

where R is a space-group element. In (5.1) the summa-
tions are over all stars and all allowable irreducible
representations. In (5.2) the summation is over all space
group elements. When we use (5.2) to determine coeffi-
cients, we call this the reduction group method. When
we use (5.1), we call this the direct inspection method.
Both methods will yield all coefficients without am-
biguity. A third method, useful in special cases, is based
on the construction of a basis which spans one star of
those which arise in (4.10), (4.13), and (4.14). This basis
will be a subset of the complete sets (1.4), (1.5), or
(1.8); using it we can generate the required reducible
character system which can then be reduced using the
character tables of the appropriate space group irre-
ducible representations having that star. For the sym-
metrized Kronecker square, Egs. (5.1) and (5.2) will
become '

%k (R) J oy = 2052 mr ([ ¢ J (2 | Ty () *k0 () (R)
and

(k™ o) [ Ko ()
= (1/h2) 3 r [*k; (R)](2) *k;o ™) (R)¥,

respectively. The equations for the cube are analogous.
Reduction of the square and cube can also be completed
using the three methods mentioned. We shall discuss
the two general methods which we use, in terms of the
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ordinary products; application to the symmetrized
powers follows mutatis mutandis.

We now describe the reduction group method of
carrying out the evaluation (5.2). Consider the three
matrix groups *k;(™, *k; (™) *k;. (" involved in
(5.2). For any star with s</ these groups are homo-
morphic to the underlying space group G. By con-
struction, each of these is an irreducible representation
of G. Now collect together all the elements of G (actually
of 7') which are represented in *k;™ by the same matrix
as {&]|0}. These form the center of *k;(™ and we call
this invariant matrix subgroup ;™. We form the
matrix factor group *k;™/&;(™, which consists of a
number of cosets and will have order (u;k), where u;
is a small integer and % the order of ®. In a similar
fashion we form the matrix factor groups for the other
factors in the direct product to be reduced; these are
Ko (D J () KK (D /305, (m D of order (myh) and
(njh), respectively. Call the largest of these three
factor groups the matrix reduction group ® whose
order is, say, (n;h) so n;»>n; or n;. We next augment
the matrix group *k;™/%;(™ by including elements
from the center &, so as to construct a matrix group

5= (K9 /R,) - (36, /57 (5.3)

This matrix group has (#;-/%) elements and is isomorphic
to ®. Likewise, we form

*g (D /5050 () = (KK, () /3¢, (D)

X (K23 tm), - (5.4)

also isomorphic to ®. Now the three matrix groups
i SRC OV PRC ORI WMDY/ SUCIDPINE ) "WCOVA MY

are of equal order, and if R is a coset in ®, there is some
matrix representing R in each group. This procedure
defines the cosets R in the reduction group ®, and their
characters in each of the space group irreducible
representations under consideration.® The characters
of these cosets, in the irreducible representations *k;(™),
*k;, (m) *k;,(m')) satisfy the completeness relation

e[k (R)[2= (nyh), (5.5)

where the sum is over all R in ®. In (5.5) we can
substitute 7 — 7’ and m— m’; or j — 7/ and m — m"’
on the left side and the same constant occurs on the
right. Also these characters satisfy orthogonality
relations

> r*k; " (R) *k; ™ (R)*=0, j#j', m#=m", (5.6)

where the sum is over all R in ®. We note that the
reduction group ® is defined for a particular combina-
tion of stars, and applies as well to any m, m', m”
which may appear in the direct products to be reduced.
It must be clearly understood that (5.5) and (5.6)
follow because the matrix groups *k;(™ *k; (=) and

9 If n;+, n;»+ are not common multiples of #;, this procedure can be
easily generalized.
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TasiLE I. Geometry of the diamond structure. many of the characters vanish, the sum (5.7) is not
difficult to evaluate. In all cases where we can construct
Translational symmetry a reduction group (z;»<&), (5.7) is actually equivalent
Cubic vector set a;=(1,0,0)a to carrying out the summation over all space group
a:=(0,1,0)a elements. Clearly, if the summation is taken over all
az=(0,0,1)a elements R in G, the value of the sum in (5.7) will be
Primitive vector set toy=(3,5,0)a=1t, obtained (£/#;:/) times, but the denominator should be
tze=(3,0,3)a=t2 [see (5.2)] kL= (n;k)(£/n;). Thus, the reduction
' ty.=(0,3,3)a=t; group method is a rigorous device by which the sum

Basic vectors wi=(hbe (5.2) is made tractable.

o= %) _%7 —-'%)d
13=(“%y %y -i)(l
74:‘(—%: —i’ i)d

In the direct inspection, or trial and error method, we
use (5.1) to determine reduction coefficients. We have

Fourier vector set By= (2r, 2r, —27)(1/a) found this method most helpful in cases where one or
Bo= (2, —2r, 2r)(1/a) more of the wave vectors in (5.1) depend on a param-

Bs=(— 2, 2, 27)(1/a) eter, i.e., is on a line or plane of symmetry. We use

B;-t;=2r,; (5.1) as a set of linear inhomogeneous algebraic equa-

. . tions for the reduction coefficients. This procedure is
Rotational Symmetry Operations slightly more difficult than the reduction group method
Type {$]0} Type {¢|%1} since we must determine all coefficients essentially

simultaneously. The number of such coefficients which

g zyz ! g,: must be considered, and hence the number of simul-
52” :tiz g" o taneous equations to b.e solved, is fully determined by
52:’ o 9: o2 tl?e ‘wave vector §electxon r}lles. If £is the number of
Cic 257 des a2y distinct stars which occur in the reduction (4.2) and
(042)? 2y (S42)? 1z r¢ the total number of different species of irreducible
Oy Zgx 4y 2% representations at each star, then we need £r; linearly
(04)? 2% (D4y)1 zyx independent simultaneous equations (5.1) to find these
G4z yZZ 4z gaz coefficients. Some of these equations will express wave
(@) §2 (®4)7 ¥z vector selection rules (4.2) or (4.6). The remaining
Ozy 92z B2y yaz equations are chosen for convenience. These equations
Ozp yaz B2zy ye can be solved by direct inspection since we know: (a)
Oaz =% Bz v all reduction coefficients (5.1) are positive integers;
Oaz o Bus . (b) there is one and onl i hod of -
0ys 25 Doy 2y : y one unique .met od of com:
0yz X3y Buyz 2y pletely reducing a _representation into 1rreduc1l?le
Bszye zxy Cozye 2% components. One quickly finds that the wrong trial
(B32y2)™" y3x (Foyz) ™ 72 solution for a subset of the coefficients produces incon-
83252 zxy Oz 3Ty sistencies in the remainder.
(83£ﬂ2)~1 YRT ((Yﬁigz)M1 gzx
83242 2zy O6zyz 2xy TasLE II. Coordinates of zone points for diamond and zinc blende.®
(D3zy2)! Jax (6zy2) " V3%
(g::,i:)‘l ;2_:’ (((;2:1;)”1 i;z; Points Coordinates s=multiplicity
r (0,0,0) (1/a) 1
X (27,0,0) (1/a) 3
*k,.(m'") are irreducible representations of the full L (wrym,m) (1/a) 4
space group G; they are representations, but not w (2m,0,m) (1/2) 6
irreducible, of ®. Using the character tables for each A (x,0,0)(1/a) 6
element or coset R in the reduction group ®, in each of A (k,xe,x) (1/a) 84
the irreducible representations we can complete the z (27,0,6) (1/a) 12
reduction of the direct product by determining the z (k,x,0) (1/2) 12
coefficients from G (27 k) (1/a) 12
M (k1,x1,x2) (1/) 24 (12)
(kj k) [y (W 0) = (1/mjr ) r ¥R (R) H (x, 7, 2r—x) (1/a) 24
X*kj ") (R) *k; W (R)*.  (5.7) N (k1,x2,0) (1/a) 24
P (k1,x2,27) (1/a) 24
In (5.7) the summation is over the (n;k) elements in E (x1,x2,x3) (1/a) 48 (24)

®, rather than over every element in the entire space
group. Since the #;. are usually small integers, and » Multiplicity in zinc blende is given in parentheses.
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TaBLE ITI. Wave vector selection rules in diamond: coefficients (k;k;|k;:).

(Tkjr|kp)=1 for all k;»

(XX|r)=3
XX|X)=2
XL|L)=3
XW|a)=2; A= (m,0,0)(1/a)
Xw|w)=1
(XZ|8)=2; Ar= (,0,0) (1/a)
(XZ|A)=2; A= (27 —«,0,0)(1/a)
(Xz|2)=2; Zi=(2r,0,x)(1/a)
(Xz|2)=1; 21'= (k—2m, k— 27, 0) (1/a)
(XZ|N)=1; Ni= (k—2m,«,0)(1/a)
(xXala)=1; Ay = (k—2m,0,0)(1/a)
xXal|z)=1; Zy=(2r,0,x)(1/a)
(XA |M)=1; M= (k, k, k—27) (1/a)
(LL|T)=4
(LL|X)=4
Lw|z)=2; Zy= (m,m,0)(1/a)
(LZlM)=2; M1=(7r:7r)7r+’()(1/a)
(LZ|M)=2; M= (k—m,k—m,m)(1/a)
(LA|M)=1; M= (z,m, m+x)(1/a)
(LA|A)=1; A= (r4«, 74k, 7+k) (1/a)
(LA M)=1; M= (w+«, 7+, k—7) (1/a)
(WW|Ir)=6
Ww|X)=2
Ww|z)=2; Zy= (m,7,0)(1/a)
WZ|a)=4; A= (r+x,0,0)(1/a)
(WZ|N)=1; Ny=(m, 2r—«,0)(1/a)
(WZ|N")=1; Ny=(7x,0)(1/a)
(WZ|N)=1; Ni1= 2n+x, k—m,0)(1/a)
wz|P)=1; P1= (x, k4, 27) (1/a)
Wz|H)=1; Hy= (&, m, 2m+x) (1/a)
Wa/Z)=1; Zy= (27,0, 7+«)(1/a)
(W’AIN)=1; Ny= (27|'+K1 ™y 0)(1/‘1)
(WA|E)=1; k1= 2n+«, 7+«, €) (1/a)
(ZZ'|8)=2; A= (k+«',0,0)(1/a)
(ZZ'|a")=2;

A= (k—«',0,0)(1/a)

(z2'\ A"y =2; Ay = (k++'—2m, 0, 0)(1/a)
@z'\am) =2 A= (k—«'—2m, 0,0)(1/a)
2z'|N)=3; V1= (ex',0)(1/0)
(ZZ'|N")=1; Ny'= Q2w —x, «', 0)(1/a)
(zz/N)=1; V= Qr+x, k+', 0) (1/0)
2z|N)=1; Ny'=(2r+x, k—«', 0)(1/a)
(Zz|P)=1; Pi=(k+', k, 2m) (1/a)
(ZE]P')——-I; P1’=(K—KI: Ky 27)(1/a)
@zz|1)=1; b= (b, ) (1/0)
(2a|2)=1; Zy'= (2, 0, k') (1/a)
(2a|z")=1; 2y"= (2, 0, k—«')(1/a)
za|N)=1; Ni=Qrte', ,0)(1/a)
(ZAlP)-_—ly Pl=(K)K,’27r)(1/a)
ZAlk)=1; b= (2r+«, ¢, k4x') (1/a)
(ZA|R)=1; k= Qr+«, k', k—')(1/0)
2|2 =1; 21" = (k+«', k4, 0) (1/a)
@z |z =1; V"= (k—«', k—«’, 0)(1/a)
@' | M) =1; Ni= (=, e+, 0)(1/a)
=2 |k)=1; k= (, &/, k+x")(1/a)
E2|k)=1; k= (c, ', k=«') (1/0)
(za|M)=1; Ni=(x, x++', 0) (1/a)
EA|N)=1; NY'= (k, k—«', 0)(1/a)
Ea|M)=1; M= () (1/)
EA|M)=1; M= (x+«', 4+, &) (1/a)
(EA|M)=1; My'= k=, k—x', ') (1/a)
(EAlk)=1; Fy= (x4, k—x', ') (1/a)

(an")a")=1;
(aa’|a"y=1;

A= (k+«,0,0)(1/a)
81" = (k—«’, 0, 0)(1/a)

(AA'|N)=1; Ni=(k,x',0)(1/a)

(AA|M)=1; M= (', ', k+x') (1/a)

(AA M) =1, My=W,«, ¥—x)(1/a)

(AN |A)=1; A= (k+«', k+K', k+&') (1/a)
(AA'|A)=1; A= (k—k', k—i', k—«")(1/a)
(AN |M)=1; M= (k+«', k+«', k—«')(1/a)
AN | M)=1; My = (k—«', k—«, k+«')(1/a)

TABLE IV. Wave vector selection rules in diamond
coefficients ([mk;]e | k;).

(rlo(T)=1
([21)»|T)=3
Bria(r)=6

([(L]»|T)=4; (|X)=2°

((2L]»|T)=12; (]X)=8"

[2X]»|T)=9; (|X)=4-=

[adeIT)=3; (|a)=1; (|2)=1

(24w |T)=12; (]a)=3; (|2)=4

Al IT)=4; (JaN=2; (JA)=1; (|2)=1
((2A]»|T)=16; (|a)=8; (|A)=3; (|=)=4
2WInD)=12; (I1X)=6; (|=")=4"

"JwIT)=6; (]X)=8; (|=")=4Y

[Kla|D)=6; (IK)=2; (|M)=1; (|a)=2; (|=")=1P
([2Z]wIT)=24; (|A)=6; (|a")=4; (IN)=4; (|X)=8;

(12)=4; (|z)=4
([FlwIm)=24; ([B)=24°

a Since all *X(m) have Im =2, we must use up two stars whenever an

#0.
b3 = (w,x,0) (1/a).
ck here is a general vector, whose symmetrized square contains only
general vectors except for T'.

6. APPLICATIONS TO DIAMOND STRUCTURE: O,7

In Table I, geometrical information regarding the
diamond structure is given. Note the two types of
fundamental rotational symmetry operations in this
structure: those combined with fractionals, and those
not. In Table IT we give the coordinates of wave vectors

TasLE V. Wave vector selection rules in diamond
coefficients ([Znk;] | k).

((rlslr) =1
(21 1) =4
((B3rls|m =10

(LIl L)=S5
([2L]»|L)=30
((2XJ»|T) =8;

(2W 1w |W)=26; (|A)=24;

([(Kl»IT)=8; (|K)=8;

(z0=1;
(1L)=2;

(1X)=16

(|Ly=16
(IM=2; (|2)=2;
(|M)=4; (|H)=2;
(la)=4
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TABLE VI. Reduction coefficients for diamond.?

(LD | pim) =1

(ror®|ro)=1

(T@r@ |ra»)=1

(r@ras | res)=1

(r®re» | ran)=1

(e | )= (|Ir®)= (|ra»)=1

(raoTas |[1a9) = (|res)=1

(TUDTEs) | T08)) = (| 1) =1

(P09 | P0)= (|T09) = (|009) = (| 1) =1
(TaOTeE | T®) = (|T02) = (|T09) = (|T¢D) =1
(resyes | )= (DT as \ ).

(For the above, the product of even X odd yields odd
representations, etc.).

(P LaH| L07)=1

(M LA | LaB) =1

(raLeh| Le)=1

(ra)Le) | Leh)=1

(T LEH| LED)=1

(POLE) | L6D)=1

TIXO|X@)=1

TOX®| X0)=1

(rIX® | X@)=1

(PEIX@D| XW)=1

(TeHLaH | )= (P@ILED | )= (T LED|)
(MEHLUD | )= (M@ LAV | )= (T LED|)
(P@HLED | )= (TEILED | )= (TAILAD|)
(PEHLED | )= (TEILED | )= (T LaD|)
(PeHLED | )= (TPeILE) D= @arLeE|)
(PEHLED | )= (TEILED | )= (TWILED|)
(PEHXW | )= (XD | )= ([EOXD|)
(rebx®|)=(rexw|)=(rasxe|)
(IeHX®| )= (MEXO®|)= (e x®|)
(reHx®|)=(rel)x®|)=(raxe|)
(rah Lo | Leh)=1

(b L) | LE))=1

(PEHLEH| LED)=1

(T Len) | Le))=1

(p(12+) LG l L(1+)) = (l L(2+))= ( l LeD)=1
(@D LG | L)) = (| L)) = (| L6D)=1
(razh xm| Xxm)= (| X®)=1

(reEHx® | XW)= (| X®)=1

(rahHxe | X@)= (| X®)=1

(T@HXO| X®)= (| X®)=1

(D) Lmd) | )= (PAXD LmP) | )

(T X 0w | )= (Puh X (m |)

(PUEHLAH | LeD) = (| LED) =1

(MUsH L) | @)= (| L&) =1
(PUWHLEH | LaD)= (| LED)=1

(rashH L) | L) =( ‘ LE)=1
(F(15+)L(3+) l L(1+)) = (lL(2+)) =1; ( lL(3+)) =2
(PUSHLED | L) = (|LED)=1; (|L6D)=2
(TasH X | X @)= ( { X®)= (| XW)=1
(rashx@ lX(l)) = (lx(a))_—_ (| X®)=1
TWHY® | XO)= (| X®)=(|X®)=1
(Tashx® l)(u)) = | X®)= (|X(a))= 1
(DU LmB) | )= (TPASH LT | )

(PAsHXW | )= (rasH X @|)

(rasoHx®@ [ )= (DashHxw ] )

(T X® | )= (TashHx® B)

(Pas- X @ | )= (rash x@ l )

(resHLah | LaH)= (| L6H)=1

(I\(zs+) Lao l L0 = (l L&)=1

(P@HLED | LeD)= (| L6D)=1

(P@HLeE) | Le))= (| L6)=1

(CEHLED | Lo = (|LeD)=1; (|L6D)=2
(PEHLED| LON)=(|LE))=1; (|LB8))=2
(I‘(“""X“) l XW)= (]X(a)) = (]X(4))= 1
(LEHX®| XO)= (| X®)= (| X®)=1
(I‘(25+)X(3) l X)= (lX(z))_—_ (|X(3)) =1
(reshHx@ | XW)= (| X®)= (| X®)=1

(@) Lm) | )= (P@sH) [(mF) l )

(reEIXm| )= (reshHxe|)
(re)x®|)=(reshHxm|)
(re&IX®|)=(reshxe|)

(T@HXW| )= (TehH)x® 1 )

(L(H')L(H') |I‘(1+))..—_ (|P(25+)) = ([ X®)= (IX(S)) =1

(L(1+)L(1—) l]j‘(l—‘))= ( | @) ) =( l X®)= ( | X(-'i)) =1

(L(1+)L(2+) | 7eh)= ( l I‘(15+)) =( l X®)= ( | X®)=1

(LODLE) | PE)) = (|TW))= (| X D)= (| XD)=1

(L(1+)L(3+) lr(xﬁ)): ( |I‘“5+>)= (lp(25+)) = (lx(l))
=(|X®)=(|X@)=(|X®)=1

(L(l+)L(3—) [I‘m—)): ( ‘ Tas))=( l )= ( l Xm)

=(|X®)=(|X®)=(]X®)=1

(LahXW|Lab)= (|L(2—))= (JL&D)= (| L&) =1

(LOHX@| L) = (| LeD)= (| LED)= (| L6))=1

(LODX® | L0D)= (| L09)= (| L&) = (| L&) =1

(LODX®| Leb)= (| LeD)= (| L6H) = (| Le) =1

(LOOLAD | )= (LOHLaD|)

(LOOLED| )= (LOHLED|)

(LAILED | )= (LADLeD|)

(LOOLED | )= (LUDLED|)

(LA LG | )= (LOHLGH | )

(LOOXW| )= (LOHX®D|)

(EOX®|)=(LOHXW|)

(L X® | )= (LOHX® | )

(LOOX®|)= (LAHX®|)

(LEHLED | )= (LODLAD|)

(LEDLED| )= (LOH LI )

(LENLED| )= (LODLED)|)

(LeHLE l )= (LOHLE|)

(LEHXW|)= (LOHX®D|)

(LEHX® I )= (LaHX® l )

(LENX® | )= (LaDX®|)

(LeHX®|)= (LahX®|)

(LEILED|)= (LODLaH|)

(LEOLED| )= (LOHLED 1)

(LEIVLED | )= (LAMLEH|)

(LEIXW| )= (LOHXD|)

(LEIX®| )= (LabX®|)

(LEOX®|)= (LaEHX®|)

(LEOX@| )= (LOHX®]|)

(LEPLED|TaH) = (|TeD) = (|T2H)=1; (|TusH)
=(|resh)= (| X®)= (| X®)= (] X®)
=(|x®)=2

(L@HLE) | T0)= (L) = (|ree)=1;  (|7e5)
= (lp(zs—))= ([X<1))= (l)((z))=([X(s))
=(|x®)=2

(LEHX®|LaD)= (| L) = (| LeD)= (| L&) =1,

(1L69)=(|Le)=2
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TasLE VI. (continued)

(LEHX® | )= (LEHX® | )= (LBHX® | )= (L(a+)X(1) | )

(LEOLED | )= (LEHLED|)

(LEIXWD| )= (LEIXD| )= (LEOX®| )= (LEIX®|)

= (LEHXW®|)

(X®X®|PEH)=(|TE) = (|PeH) = (|re-)

(|Tas)= (|ress)= (| X®)

(1X@)= (| X®)=(| X®)=1

(XOX®@|1a-))=( | redh)= (|raebd)= (|rae-)

= (Ip(xs+))= (lp(zs—))_—_ (IX(”)
= (|X®)=(|X®)= (| X®)=1

(XOX® | rash)=( | ras))=( |r-(25+)) =( | res)

= (|X0)=(|X®)=(|X®)=(|X®)=1

(XOX®|)=(XDX®|)

(XOX®|)=(XOXO | )

(XOXO|)=(XDX®|)

(XOXD|)=(XDX®]|)

(X®OX®| D)= (|ra))= (|rah)=(|ram)
= (|Te) = (|1¢)= (| X)
=(|X®)= (| X®)=(| X®)=1

(X®X® ] rebh)= ( I @)= ( |p<12+))= ( | Tz

= (| D) = (|T)= (| x)
= (| X®)= (| X®)=(| x®)=1

(XOX®|)=(XOX®|)

TEOWO|We)=1

TOWe | ww)=1

(TEOW | )= (POOIW ™ |)

(TEIW ™ | )= (PaHW | )

(MEDWO|Ww)=(|We)=1

(razhwe | )= (IrazhHym | )

(raWm | )= (razhym|)

(rashwo | we)=1; (|[W0)=2

(TasHhWe | ww)=1; (|[W®)=2

(PasIHWm | )= (PUsHY @ | )= (IEHYO | )

=(resOWe|)

(PAW® | )= (PASHW D | )= (Ir&HW |)

= (QeIWo|)

(WOWOD | paH)= (|1e)) = (|102H) = (|1127))= (| T15)
= (|TeH)= (| XD)= (| X?)= (| X®)
=(|X®)=1; (|2®)=(|2®)=(]2®)
=(|Z@=(|rash)= (| 1@))=2

(W(l)W(z) II‘(I—)) = (]p(2+>)= ( | I‘(12+))= (]r(lz-) = (lr(15+))
=(|Te)=(|X®)=(|X®)=(|X®)
= (|X(4))_—_1; (|):(l))= (|2(2))= (lz(a))
= (|2®)= (|ru)= (|res)=2.

(WOW®|)=(WOW®|),

(EOEO[20)=(|2®)= (|2®)=(|2®)= (| X®)
=(|X®)=2; (|X®)=(|X®)=(|T")
(Jrazh)=(|1a))= (]p(26+))
(|re)=1.
EOE@|20)=(|2®)= (|2®)= (|2®)= (| X®)
=(|X®)=2; (|X®)=(]X®)=(|1a)
= (|r#)=(|rash)= (|resh)
(lres)=1,
(|2@)=(|2®)=(|2®)=(| X®)
(1X®)=2; (|X®)=(|X®)=(|r®)
= (Jra2) = (Jrash) = (|ras)
= (|resh)=1.
EOZO|Z0)=(|Z@)=(|2®)=(|Z®)
(1X®)=(|X®)=2; (|X®)=(]X®)
(|09 = (|rarh) = (|rash) = (| ras
(|re)=1.
EmEm|)=(ZOZO]) m=2,3,4
EOz6|)=(Z0z®|)
EOz®|)=(z0z®]|)
ZOz®|)=(z0z®|)

']

(Eoz®|3m)

s In the last 11 lines of this table, Z1=(m,7,0)(1/a): see note b of Table IV,

of high symmetry in the zone: one wave vector from a
star is given. In Table ITI wave vector selection rules for
28 combinations are given; these are the ordinary
Kronecker product of the stars so indicated. The
coefficients listed are those defined by the equation
(4.2); for representations with /,,>1 such as may occur
at T, XL, *A, *A, and must occur at *X, *W, *Z, we
must use (4.10). When k; and k;- are on a line or plane
(as distinct from a point) of symmetry we shall take
the most general case, with different components. For
example, in (AA’|k;) we take A and A’ to be two
different wave vectors of the A symmetry. Special
cases, with particular values of components, can then
easily be constructed. In Table III for the coefficients
we give the components of one of the arms of k;;
this defines the entire star, since the components of the
other arms can easily be found by applying all rotations
in O to the components given. Note, too, that for
special values of components a given star may degen-
erate into stars of higher symmetry. For example, if
K1=Kg, *N — 2 *Z; if k=0, *T — 12T'; etc. In Table IV
we give wave vector selection rules for the reduction of

the symmetrized Kronecker square, and in Table V
for the symmetrized cube of certain representations.

The reduction group method was applied, inter alia,
to reduce the ordinary Kronecker products of represen-
tations I'™, *X(™  and *L(™, From Table III, the
relevant wave vector selection rules are

*X@*X =3I®2 *X, 6.1)
*[@*L=AT @4 *X, (6.2)
*X @*L=3*L,. (6.3)

When using (6.1)-(6.3) we must recall that all /,,=2
in *X (™),
We find, for the four cosets in 7/Xx

T/Kx=%x, {e|ts}Xx, {elt=}Xx,
{elt,}Xx. (6.4)
There are eight cosets in 7/& L
T/Kr=%1, {e|lte,}K, {eltz}XKy,
{e[t, .}z, {e|Q}Kzi, {e|ts,+Q}XKy,
{e[te+Q} Kz, {e|t,.+Q} Kz, (6.5)
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TaBLE VII. Reduction coefficients for diamond.?

(PADAM | Am) =1
(AW | A®)=1
(TIIAD [ A®)=1
(TIA® | A@)=1
(raHA® ] AM)=1
(TA® | A®) =1
(reHA® | A®)=1
(rehHa®|Am)=1
(reha®|a®)=1
(rehHa® | A®)=1
(TEHA®|AG) =1

(re-am |A(3)) = 1’
(reA® (AW)=1

re-Ha® [A(l)) =1

(rema® ] A@)=1

(reEIA® l A®)=1
(PazHAW | A®)= (| A®)=1
(T@HA® | )= (rzHAm|)
(T@2HA® | A®)= (|A®)=1
(THAW | )= (Ir2HaA®|)
(I‘(12+)A(5) | A®)=2

(FAAD | )= (P2HAG® | )= (IM12HA®|)

(TWDA® | )= (D2HAD | )= (D2AWD|)

(Pa2A® | )= (ra2zhHa®|)

(TWHAD|AD)= (|A®)=1

(TAHAD [ A®)= (|A®))=1

(TWHAD | AD)= (|A®)=1

(TAHAD | AD)= (] A®)=1

(I‘(15+)A(5)|A(‘))= ( l A®)= (| A®)= (IA(“))= ( l A®)=1
(rasoHA® \ )= (['asHA® l )

(TWHAD | )= (PUFHAG® | )

(TWIAD® | )= (DWHAA|)

(MIA® | )= (TAHAD|)

(DUDIAG) | )= (TASHAG) | )

(PEHAD | )= (PAEHAD | )

(M@HAD | )= (TWHAW|)

(P&BHA® | )= (PAHAD | )

(T@HAD | )= (TUHAD | )

(F(25+)A(5) | )= (F(16+)A(5)| )

(re-HAm l )= (T'@&HAM® ‘ )

(NEHA | )= (MeEHA® 1)

(D@IA® I )= (r(25+)A(2) ‘ )

(D@HA® | )= (resHam | )

(TEIA®) | )= (T'@HA® | )

(TADAM | AM) =1

(PEOAD [A®)=1

(PADIA@ |AD) =1

(TIIA®|A®)=1

(T@HAM | )= (TAIAM|)

(PEDIAM | )= (MADA ™| )

(razhHpm lA(a))= 1

(razbp@ ( )= (IHA®|)

(PeHA®[A®)= (|A®)= (| A®)=1

(TU2IAM | )= (TUZDAM | )

(PATHAMW |A®) = (|A®@)=1; ([AIAD|)= (IWHAD])
(TWsHA@ l AD)=(|A®)=1; (PUWIAD|)= (PWHAD D)
(TEHA®[AW)=(|A®)=1; (|A®)=2; (1WA
(D@HAM | )= (DAFFIAM | ),

(ADA®| L) = (|702) = (|T05) = (|30) = (|2®)
=(Ja)=1
(ADA® |TeH) = (|T2h) = (| PE) = (|20) = (|2)
=(|la®)=1
(ADA®|1C)) = (| = (|TH) = (|Z@)=(|Z®)
=(|a’®)=1
(A(l)A(d)lI‘(l-)): (ll’-‘(lZ—)): (]I‘(15+))= (‘z(z)): (]2(3))
= (la®)=1
(AWA® | TA5H) = (|75 = (|T@H) = (| 1)) = (| ZW)
=(|2®)=(|2®)=(|2®)=(|a"®)=1
(A®A® | T0P) = (|10 = (|TEP) = (| 1) = (|Tash)
= ([Pt = (|resh) = (|rem) = (|a)
=(|a'®)=(|A'®)=(|a"®)=1;
(|T0) = (|ram) = (|20) = (|2®)
=(|Z®@)=(|zW)=2
(APA® | TEH) = (|T@)= (| 105)) = (| Te5H) = (|A")
=(|2'W)=(|2'®)=(|a"®)
= (|a®)=(|a®)=1
(AWA®[T)= (|T@) = (|T0sH) = (| 1) = (|A'®)
=(|z'®)=(|2/®)=(|a'®)=(|]a'®)
=(]a’®)=1
(AWA® | TW2H) = (|T02)) = (| DD ) = (| TA5) = (| T@H)
= ([res)= (|A®)=(|2'®)=(|z'®)
=(|z/@)=(|2'®)= (|a®)=(|a"®)
=(la@)=(|a"®)=1; (|a"®)=2
(A(3)A(3) lI‘(1+))= (II‘(I—))= (lr(2+))= (l]"ﬂ‘)): ( l I‘(12+))
=(|T@)=(JA'®)=(|A'®)=(|A'®)=1;
(D)= (| Pas) = (| Pesb) = (| 1) = (|2/0)
=(|z/®)=(|2'®)=(|2®)=(|a"®)
=(|a'®)=(|a"®)=(|a"®)=2; (|a'®)=4
(ADAD )= (ADA® | )= (ADAG® | )= (AWAW®|)
(AA®|)= (a®a®|)
(ADA® | )= (A®AW])
(ADAW | )= (ADA®|)
(ADA® | )= (A®A® | )= (A®A® | )= (ADA®|)
(ADAM | )= (ADA® l )
(AWA® l )= (A@A® |)
(AWA® | M )= (|20)=(|2®)=1;
(A®AD | )=(APA® | )= (AWA® | )= (AWAD [ );
(ADA® | M @)= (|2)=(|2¥)=1;
(ADAD | )= (A@AD | )= (ADAD | )= (ADA®D|);
(AVA® | MO)= (| M®)= (|Z0)= (|2®)=(|20)
=(|z®)=1;
(AMA® | )= (ADA®|) m=2, 3, 4;
(AOA® | M ®)= (|M®)=(120)=(|Z®)=(|ZO)
= (12(4))=2, :

a Qur *A®) corresponds to Herrings'0 Ax’; our *A® to his Ai’; we reserve primes to denote différent wave vectors (stars) of a given type, e.g., on a

line or plane.

where

{e]Q)={e| toy+taatt,.}.

Hence the reduction group @®, suitable for reduction
of all direct products of type (6.1)-(6.3), consists of
(njh)=(8X48)=384 elements. To carry out such
reductions we need to determine the character of each
element in each of the irreducible representations

Iém *X(m *[ (™) The matrix groups involved here are
I‘(m)/ch’ *X(m)/JQL’ *L(m)/JCL' (6.6)

We also used the reduction group method to reduce
products involving *W and *Z, the latter for the case
of ;= (m,m,0)(1/a). The relevant wave vector selection
rules are

WRW=6ID2*X®2*Z 6.7)



SPACE GROUP SELECTION RULES

and

ERET=1T®12*XD8*Z. (6.8)

In (6.7) and (6.8) we are dealing in all cases with the
*Z for which Zy=(r,7,0)(1/a). The group 7/Xw is a
group of order 32, whose cosets are easily found. The
group 7/Xz is of order 16 with the specified choice of
wave vector. Thus the reduction group for the reduction
of (6.7) is or order (32)X (48)=1536; however, most
of these cosets have character zero, and far fewer are
needed to find the appropriate reduction coefficients.
Similarly for (6.8), with 768 cosets in the reduction
group ; most of these have zero character. In using (6.7)
and (6.8), we note that /,=2 for all *W ) and *X ™),

Once the cosets, or elements comprising the reduction
group, have been determined, the characters of needed
symmetry elements in the full space group irreducible
representations desired must be given. The character
tables in the literature® are for the allowable irreducible

TasLE VIII. Reduction coefficients for symmetrized
Kronecker square in diamond.

([T ]y |TOP)=1; m=12, 2+
([T ]y [TOD)= (|TED)=1; m=124
([0 Jiy [ D0) = (|00 = (|DED) =15 m=15k, 25
([LW ]y |ITOD) = (|TED)= (| XD)=1; m=14, 2+
(L2 Jiy [T49) = (|0020) = (| 1o = (| X ) = (| X9) =1;
(ITesh)= (| x®)=2; m=3%
([X ™ ] [T#H) = (| D) = (| D09 = (|P@2) = (| T@H)
=(XO)=(|X®)=1; m=1,2
([X™Jay [ TO) = (|T0D) = (D) = (|102) = (| TH)
=(|[XD)=(|X®)=1; m=3,4
(LA™ ] gy | TO0) = (L0 = (|Z0) = (|aA' D) =1 m=1,2, 3, 4°
([A®J@) [TOR) = (|T¢2) = (|TEN) = (|1®29) = (|T@D)
=(|a®)=(|a'®)=(]a'®)= (|2®)
=([z®)=1; (|r®H)=(|z0)=2
(A ] [ THP) = (|TEH) = (|A®) = (] A"®) = (|]A'®)
=(|2'W)=1 m=1,2
([A® ]2y | TOP) = (| PO = (| T62D) = (| TsH) = (| P25
=(|a®)=(|a’"®)=(|a’®)=(|z'®)
=([2'®)=(|A'®)=(|A'®)=1;
(IPe®)= (|a®)= (|a'®)= (|2/0)=2
(W] | T0D) = (| @)= (| T029) = (|Pa20) = (| T05h)
= (|Te)= (| X®)= (| X)= (| X®)
=(|z®)=(|2®)=1; (|20)=2; m=1,2"
(20 ]y [ T0D) = (| D020) = (| 0@8) = (| X®) = (| X )
=(lz®)=(z®)=1;
(1X0)=(|z0)=2;
(Ires)=2;
(Jrash)=( | D@ ) =3e

m=1,2,3,4v
[kl |T0P) = (|Teh)=1;

a See footnote a of Table VII.

b See footnote a of Table VI.

¢ Only representations I'(m) were determined, using the basis function
method.

10 C, Herring, J. Franklin Inst. 233, 525 (1942); W. Déring
and V. Zehler, Ann. Physik 13, 214 (1953). We use essentially the
notations of Herring (see also Lax and Hopfield, reference 8,
where some errors in Herring’s paper are corrected), exceptions
are noted in the appropriate table. In labeling representations
*L(m¥) we follow Herring (op. ¢it.) and Lax and Hapfield, rather
than Doring.
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TasLE IX. Reduction coefficients for symmetrized
Kronecker cubes in diamond.

([T ]y D) =1; m=1%, 24
([razh ], | P0H) = (|1eEH) = (|7H) =1
([T (5 [T0D) = (|T@)) = (|T12)) =1

([0 Ty | P@0) = (| T@D) =15 (|100)=2
([0 ]y | 1) = (L) =15 (|005)=2
(L0es T | T09) = (|T059) =1 (|Tess)=2

(CX T |T69) = (|T69) = (|T59) = (| 7@50) = (| XO)

=(|X®)=1; (IX®)=2; (|X®)=4
((X@]@ | TeP) = (|T¢)= (JTaH) = (|11) = (| X D)
=(|X®)=1; (JX®)=2; (|X®)=4
(IX®]@ | T0P) = (|17)=(|T@®D)= ()= (| XD)
=(|X®)=1; (|X®@)=2; (|X®)=4
([LOD] @ | LED)= (| LEM)=1;  (|LOP)=2
([LOD ] | LM = (| LED)=1; (| LED)=2
([LE ] | LO)= (| L&) = (| LEV)=2; (|LOD)
=(|LeY)=4; (|LeD)=T
([LED ] | LOM)= (| LEV)= (| LED)=2; (| LOD)
=(|L&)=4; (|Le)=T7

(LK® ] |769) = (|162) = (|1@H) = (|re)=1 o
(LK@ | )= ([K O]y ) o
([K®]y |1@9) = (|16) = (|T6sH) = (Jras) =1 »
(LK@ |T™) = (LK@ 5| T) &

= For these representations we only obtained coefficients of types (|I'(m),
using the basis function method.

TaBLE X. Wave vector selection rules in zinc blende.®

Ordinary

(LZ|M)=2;
(LZ|M")=2;

M= (r,w, —x—m)(1/a)
My =(mr, 7, k—m)\1/0a)
(L2 |M)=1; M= (+m,«c+n,7)(1/a)
Lz|M)=1; M/=(—m,k—m,7)(1/a)
(Lz|k)=1; k1= (4« k—7,—7)(1/a)
(LA|M)=1; M,=(r,=,r+k)(1/a)
(La|M")=1; Mi=(r, +m, m—x)(1/a)
EAM)=1; M= &+, «x+«,«)(1/a)
CA\M)=1; M/=@&—«, k—«,«)1/a)
CAR)=1; k= @+« x—«, —&')(1/a)
QA M)=1; Mi=(x« «+c)(1/a)
(AA|M")=1; M= (x, & «—«')(1/a) .
(AN |A)=1; A'=(x+K, c+4, k+6)(1/a)

AN |M)=1; Mi=(x—«, k—«, k+«')(1/a)
Symmetrized

(XI» D)=3;. (|X)=1

Al |a)=1; (|a")=1

(2A]A)=3; (|a")=4

[WlelD)=3; (X)=2; (|2)=1

[Z1»IT)=6; (la)=2; (|a)=1; (|k=1;
(1X)=2; (|2)=1; (|z)=1

([k]o|T)=12; (|k)=12

[X1wImM=1; (|X)=3

(Wl W)=4; (la)=4; (|L)=2.

a Rules not listed here are identical to those in diamond; see Tables III,
IV, and V. When the latter are used for zinc blende, use the appropriate
wave vectors (see Table II).
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TasLE XI. Reduction coefficients for zinc blende.

(TR | pitmy=1
(TOL®|L®)=1

(roL@|Lw)=1

(Tr@L®|L®)=1

(rOxXW| x@)=1
(rox®|xmw)=1

(rOX®| X®)=1

Trox® [ X®)=1

(rex® ] X®)=1

(T L®| L®)=1

(raa e | L®)=1

(TWL®| L) = (|L®)= (| L®)=1
(TXO | X0)= (| X®)=1
TDX® | X0)= (| XD)=1
(rx® |X(3))= (| X®)=1
(PIDXW | X®)= (| X®)=1
(T X® | X®)=2

(ra» Lm I LW)= (|L(3))= 1
(TUO LD | L@)= (| L®)=1
(PUOLG | LW) = (| L®)=1;
(ra®xw lx(a))= (IX(5))= 1
(ranx® [X(a))= (]X(s))= 1
(ranx® | XW)=( | X®)=1
(ras x@ | X@)=( l X®)=1
(CEDX®| XD)= (| XD)= (| X®)= (| X®)= (| X®)=1
(resLm l L®)= (IL("’)) =1
(e LA | L0)= (| L®)=1
(res L@ lL(l)): (|L@)=1;
(TEOXO | XW)= (| X®)=1
(TeOX® | X®)= (| X®)=1
(TeOX®| X@)= (| X®)=1
(revx®| xm)= (| X®)=1
(e X® | )= (rx®|)

(LOLO|T®) = (|T09) = (| XO)= (| XO)= (| X®)=1
(LOL®|P®)= (1) = (| X®)= (| X®)= (| X®)=1
(L®L®|T09) = (|T09)= (|709) = (| X0)= (| X®)
=(|x9)=(|x®)=1; (|X©®)=2
(LOXD|LW)=(|L®)=1
(LOX@|L®)=(|L®)=1
(LWX®|)=(LOX®|)
(LOX®|)=(LOX®|)
(LWX® 1L(1))= (|L(2))= 1;
(LOL® | )= (LWLW ] )
(LOL®|)=(LWOL®|)

(|L9)=2

(]L(a))=2

(IL®)=2

(LOXD|)= (LOX®|)

(LOX®|)= (LOXW]|)

(LOX®|)= (LOX®|)

(LOX®|)= (LOXWD|)

(LOX®|)=(LOX®])

(LOLO|r®)=(|T®)=(|T®)=1; (|T4®)=(|T®)
=(|X0)=(|X®)= (| X®)= (| X®)=2;

(1X®)=4

(LOXO|L0)= (| L)=1; (|L®)=2
(L®OX®™ | )=(L®OXD I)
(LOX®|)=(L®XD|)
(LOX®|)=(L®XD|)
(L(S)X(B)\L(l))= (\L(2))=2; (lL(3))=4

(XOXO|PM)=(|102)= (| X®)= (| X®)=1
(XOX®|T®)= (|P02)= (| X®)= (| X®)=1
(XWX®| P8 = (| X®)=1
(Xx® II‘(”)) = | X®)=1
(XOX®|Pa9)=(|re9)= (| X®)= (| X@)= (| X®)=1
(XOX®|)=(XWXD|)
(X®X®])=(XOX®|)
(X®X® l )=(XOX®|)
(XOX®|)=(XWX® | )
(X®X®|PD)= (|TD)= (| X®)= (| X®)=1
(XOX®|1®)= (|T09)= (| X@)= (| X®)=1
(X®OX®|100))= (|T)= (| XD)= (| X®)= (| X®)=1
(XOX® I )=(XOX® ] )
(XOX® | )=(X®X® l )
(XOX®|P®)= (|T®)= (|T09)=(|r®)= (| XV)
= (|X®)= (| X®)= (| Xx¥)=1;
(Irw)=(|x®)=2
(WOWD | P®)= (|1?)=(|T¢0)= (|XD)= (| x)
=(|z0)=(|z®)=1
(WOW® |r@)= (|10) = (|T9)= (| X®)= (| X)
=(|z0)=(|z®)=1
(WOW® |19)= (|19) = (| X©)= (|20)= (|2®)=1
(WOW® |rw)= (|109)= (|1e)= (| X@)= (| X®)
=(|z0)=(|z®)=1
(WOW®|T®)=(|109)=(|T09)= (| X®)= (| X)
= (|z0)=(|z®)=1
(WOW® | )= (WOW®|)
(WoOWw®e|)=(WoOwo|)
(WOW® l )=(WOW® | )
(WOWD | )=(WOW®|)

representations of G(k;)/7'(k;) for one arm of the star.
We must first find the conjugate subgroups for each
of the other arms of the star, and then using the general
theory we construct the space group irreducible
representation as outlined in Sec. 3 above. The case
of diamond is troublesome since the same rotational
element may be combined with different fractional
translation elements in the conjugate subgroups. For
example, take wave vector L= (mmm)(1/a) and
Ly=(r, —m, —)(1/a), both in *L; then {8,z %1} in
G(L1)/T(L,) is conjugate to {3sy:] %2} in G(Ls2)/T(Ly).
In Table VI we give the reduction coefficients for
reduction of the ordinary Kronecker product of I'™

with each of the *X(m *[(m) *(m and *T(» and
for the reduction of products of type (6.1), (6.2),
(6.3), (6.7), and (6.8). All these coefficients were ob-
tained using the reduction group method.

In Table VII we give the reduction coefficients for
ordinary Kronecker products of ['™ with *A(m *A(m,
and for the products

XA XA (6.9)
*ACm @*AC), (6.10)
*AC @*AM), (6.11)
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In this table we have relabeled the representations for
certain *A so as to have a unique meaning for
*A/(m) (see footnote a of Table VII). These coefficients
were obtained using direct inspection.

In Table VIII, results for the symmetrized Kronecker
square, and in Table IX, results for the cube are given.
In certain cases, only the coefficients of types (|T'™)
were obtained, as we have in mind applications to
radiative processes; the remaining coefficients can be
found, if needed, by our methods.

By way of illustration of the use of the tables consider

TasLE XII. Reduction coefficients in zinc blende.

(T@OAD|A®)= (IPAD|AM)=1
(Tr@Am |Am)=1 m=3, 4
(TA® | AD)=(|A®)=1

(TUDA® | )= (TEDAM|)
(TrA®|A@)=(|aA®W)=1
(TWDAW| )= (T1DA® D)

(TUDAD | AD) = (|A®) = ( |a®w)=1
(PAOA® | A®) = (|A®@)=(|]aA®)=1
(TUA® | AW) = ( | A®)=(|aA®)=1
(TEOAW | )= (TUHAD|)

(TEHA®D | )= (PUHAD|)

(I‘(25)A(3) l )= (I‘(lﬁ)A(a) l )

(TOAW |A®@)=1

(Fr@A®@ l AW)=1

(TOA®|A®)=1

(Tapm l A®)=1

(TA®|A®)=1

(TWA®|AD) = (|A®) = (|JA®)=1
(TamA M ,A(x)) =( \A(s)):_ 1
(TADAD |A®) = (|A®)=1
(PO9A® | A®) = (|A®)=1;
(DEDAD |A®) = ( [A®)=1
(IempA@ IA(l)) =(|A®)=1
(TEOA® | )= (DUHA® D]

(ADA® [T®) = (|T69) = (|10) = (|20)= (|2®)
=(law)=1

(ADA®|T®) = (|T1D) = (| 1) = (|30) = (|2®)
=(|a®)=1

(ADA® |L0)= (|Pe)= (|20)= (|Z®)= (|a"®)=1+

(a®A®|1®) = (|109)= (|ra) = (|20)= (|2®)
=(]a’@)=1b

(A®A® | T®)= (|PD)=(|1e)=(|ZD)=(|=@)
=(|a'®)=1"

(ADAD [ AW)= (|A’®) = (|[A'®)=11

(ADA® |A'®) = (|A’®) = (|A'®)=1»

AOA® |2 0)= (| A®) = (|a®)= (|4"®)= (|4 ®)=1

AOA® [A0)= (|A®)= (|A@)=1; (Ja®)=(]a"®)
=(|a'®)=(|a'®)=2

(AD(—A)D|TW) = (|T0D)= (|Z/D)=1c

(A®(—2)®|T®)= (|pe)= (|2/®)=1

(AW (—A)® | TW) = (|TU) = (|TED) = (| Z'®)=(|2'®)=1

(A®(—2)®|T®)=(|T®)=(|Te2)=1; (JT09)=(|Te")

= (|lz7)=(|z'®)=2

(la@)=2

» *A®) and *A® are degenerate and interchangeable.

b The ambiguity in this reduction arises because of the degeneracy of
*A®) and *AW),

¢ See text, Egs. (7.1) and (7.2).
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TasLE XIII. Reduction coefficients for symmetrized
Kronecker square in zinc blende.

([T ] |T®)=1; m=1,2

([r42])e) | T®)=(|T02)=1

([T gy |TW) = (|TD) = (|TW)=1; m=15, 25

([L™ () |[TW) = (|TW) = (| X D)= (| X@)=1; m=1,2

([L® i) |TW) = (|TD) = (|TE) = (| X @)= (| X¥)
=(|X®)=1; (|T®W®)=(|XD)=(|X®)=2

([X Mgy |TW)=(|TW)= (| XD)=1; m=1,2

([X™ ]y |TW)=(|T®)= (| X®)=1; m=3,4

([X®]) |T®)=(|T®)=(|T1®)= (| XD)= (| X®)
=(|X®)=1; (|rw)=2

([A] () |[T®) = (|TW) = (|A'W)=(|2W)=1; m=1,2

([A™] () |T@) = (|TD) = (|a'W)=(|ZW); m=3, 4

([AM™ ]| A D)= (JA'D)=1; m=1,2

([A®] (o) |A' D)= (|A'@) = (|a'®)=(|A"®) =1,

(|a"w)=2

(W] |[TW) = (|TW®)= (| XV)= (| X®)=(|ZW)=1

(W) )= (WD)

(W] |TW) = (|TW) = (| X @)= (| X®)=(|2®)=1

WO )= (W] ])

([Z0] | T®)=(|T®)=1; (|TW®)=2"

([Z®] ) |T™) = ([ZD] 5y [Tm) b

(B [TW)=(|T®)=1; (|T@)=2

(lI‘(lB)): (]p(zs))=3 b

& *A® and *A® are degenerate and interchangeable. . .
b(h)ngly representations I'(m) were obtained, using the basis function
method.

the reduction of certain symmetrized Kronecker cubes
in diamond (Table IX):

[*X®75=TeP@re@reh@ra-gxxw

O *XO@4*XO@2*X®,  (6.12)
[(*X@] 5 =TEH@TreI@reshHere-orx®
@*XO@2*XO@4*XD  (6.13)
and
[*X0]4=TEH@re@raereseg *xo
@2*XO@*XOD*X®.  (6.14)

7. APPLICATION TO ZINC BLENDE: T.?

Zinc blende, T2, is a subgroup! of diamond O,”. The
invariant subgroup of translations (face-centered cubic)
is identical in both space groups; the factor group
G/T now, however, consists of 24 coset representatives,
namely, those rotations listed in Table I without
fractionals.

The wave vectors and their components are identical
in zinc blende and diamond, but the multiplicity s is
different for certain k, as indicated in Table II. The
wave vector selection rules which are different involve
the stars *A, *H, *M. In Table X, those wave vector

selection rules for the ordinary Kronecker product,

11 R, H. Parmenter, Phys. Rev. 100, 573 (1955). We use essen-
tially the notations of Parmenter; exceptions are noted in the
appropriate table.
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TaBLE XIV. Reduction coefficients for symmerized
Kronecker cube in zinc blende.

([0 | T™)=1; m=1,2
([P0 [T®)= (|T@) = (|7a)=1

([P0 iy | D®)= (7@ =1;  (|109)=2
(@] |T®)=(|T0®)=1; (|1@)=2
(X T [T®)= (| X®)=1; (| X0)=2
(X0 |T®)=(|X®0)=1; (|X®)=2

(X | T)= (|T®)= (|709)= (|Te9)= (| x®)
=(1X®)=(|X9)=(|x®)=1; (|X®)=6

([L® ]| L@)=1; (|L®0)=3;

(CL® ]| LW)=(|L®)=6; (|L®)=9.

or the symmetrized powers of two stars, which differ
in zinc blende from the corresponding rules in diamond,
are given.

Note that in 7' *A has 4 arms, and *A and *(—A) are
to be considered distinct ; (x,x,x)(1/a) and (—«, —k, —k)
X (1/a) are in distinct stars. Time reversal will ob-
viously cause them to be degenerate but at present we
consider these two stars distinct. Thus we have

*AR@*A=*A'D2 *A, (7.1)

where
A= (26,2x,2¢) (1/a),
Al’ = (2K70:0) (l/d),
but
FAQ*(—A)=4T@®*Y, (7.2)
where

1= (2«,2¢,0) (1/a).

In Table XI we give reduction coefficients for the
reduction of those zinc blende ordinary Kronecker
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products analogous to the diamond products reduced
In Table VI. These were obtained using the appropriate
reduction group. In Table XII we give rules analogous
to those listed for diamond in Table VII; these were
obtained by direct inspection. Because of (7.1) and
(7.2) there are two ways of carrying out the direct
inspection reduction for products *A™@*(—A)"" or
FAQ*A™) 5 both of these products have identical
characters for the 24 cosets in G/7; no ambiguity arises
when we use the correct wave vector selection rules
(8.1) or (8.2), depending on which product we mean
to reduce. Note also the degeneracy between *A®
and *A®_ already pointed out by Parmenter,! which
means that *A® and *A® are interchangeable in
the reductions.

In Tables XIIT and XIV reduction coefficients are
given for symmetrized Kronecker squares and cubes,
respectively.

8. SUMMARY

Two general and rigorous methods are discussed for
the complete reduction of the ordinary Kronecker
products and the symmetrized Kronecker powers of
full space group irreducible representations. These are
applicable to any space group, and can easily be
extended to include time-reversal and spin-orbit effects.

Explicit selection rules are obtained for the diamond
and zinc-blende space groups, by applying these
methods. A later paper will discuss applications of
these rules to physical processes in the two space groups.
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