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In this paper we study the approach to equilibrium of an arbitrary physical system in contact with a
thermal reservoir when the internal dynamics of the system is described by its Hamiltonian and the inter-
action with the reservoir can be described by a linear stochastic kernel which in general can be time de-
pendent. We find a generalization of the Markov process represented by the master equation to the space
of density matrices and we prove that the necessary and sufficient condition that any solution of an equation
of our general structure approach equilibrium monotonically is that equilibrium is a stationary solution.
We prove that the Helmholtz free energy is a minimum as a functional of the density matrix and thus is a
suitable measure of deviation from canonicity. We also find another measure of deviation which is equally
good and easier to use. We show, as an example, that Bloch’s microscopic density matrices fulfill our criteria
and thus approach equilibrium monotonically. Finally, we extend our results for the thermal reservoir to

more general reservoirs.

I. INTRODUCTION

N integro-differential equation in I' space which
described nonequilibrium classical ensembles in
contact with thermal reservoirs has been obtained and
discussed by Lebowitz and Bergmann.!? We shall
begin the extension of a theory of irreversible Gibbsian
ensembles from classical to quantum mechanics. In
this paper, we find the necessary and sufficient condition
that an arbitrary quantum mechanical system in
contact with a thermal reservoir approaches equi-
librium monotonically when the effect of the reservoir
is represented by a linear kernel. In a second paper,?
explicit kernels will be constructed by perturbation
theory.
In L-B IT they showed that the necessary and suffi-
cient condition that a classical Gibbsian ensemble which
satisfies

Op
) L)~ / Ko )u(x) — K (Xu@@dx, (L1)

where
dA 0B 04 9B

{AyB} =Z )
3q:0p; 9P, Ag;

and
x= (g1 pn)

approach equilibrium monotonically is that
/K(xx')e"”-?(")dx’=e‘”a(‘)/K(x’x)dx’, (1.2)

where = (k7). This theorem was proved independent
of any explicit form of the K’s.
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A quantum mechanical Gibbsian ensemble represent-
ing a system in interaction with a thermal reservoir
would satisfy the equation

(9e/90)+i(H,,0) =Ko, (1.3)

where ¢ is the density matrix and (4,B)=AB—BA.
The quantity K is an operator in the space of density
operators and needs four indices to specify its value. Our
first problem is to find the functional form of K that is
the appropriate generalization of Eq. (1.1) to the
quantum mechanical density matrix. The stochastic
kernel of Eq. (1.1) has the form of the “number
entering” minus the “number leaving,” which is the
general form of the Markov process for continuous
time and continuous state variable when a transition
probability per unit time which is independent of time
exists.

In the space of density matrices there is no simple
representation of a Markov process. The difficulty is
that the number of restrictions placed on K such that
Eq. (1.3) represents a quantum mechanical Gibbsian
ensemble interacting linearly with a thermal reservoir
are not sufficient to determine its functional form. The
example of the normalization requirement illustrates the
difficulty. In classical mechanics we have fu(x)dx=1
and for the master equation we require 3; P;=1 which
in the space of density matrices becomes 3 paa=1.
Thus, the normalization condition is a much less
stringent requirement on the form of the density
matrix.

To gain insight into the solution of the problem we
consider the Liouville equation for the quantum
mechanical equation for an isolated system,

do
i—+29=0, where  (£0)s=(e )= T L™pmn,

and where .
GGijmn: 6m1"Hnj_ 6njHim-

Although we need four indices to specify £, it is a simple
function of a single ordinary operator.
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The requirements that K preserve the normalization,
Hermiticity, and positive-definiteness of g, plus the
requirement that the canonical distribution is a solution,
are not sufficient to guarantee that K will cause a
monotonic approach to equilibrium. It is also necessary
to use the fact that K can be written as a function of an
ordinary operator and its adjoint.

We have found a general form for the kernel for
which the necessary and sufficient condition that ¢
approach equilibrium monotonically is K exp(—6H)=0.

In Sec. IT we deduce the H theorem for the master
equation. In Sec. ITI we show our stochastic kernel
satisfies the necessary properties for it to represent a
thermal reservoir and we prove these conditions are
indeed sufficient for a monotonic approach to equi-
librium. In Sec. IV we show that Bloch’s equation? for
the density matrix is a special case of our formalism.
Section V is a discussion of our results. In the Appendix
we show that although the Helmholtz free energy can
be used as a measure of deviation from canonicity there
exists another measure which is equally valid and easier
to use.

II. H THEOREM FOR MASTER EQUATION

The density matrix which represents an arbitrary
isolated physical system satisfies the quantum mechani-
cal Liouville equation. If we consider a quantum
mechanical Gibbsian ensemble of systems interacting
with a thermal reservoir, the equation for ¢ has the form

(9¢/00)+i(H,,0)=Ke, (1.3)

where (H,,0)=H,p—oH, and #=1. K is a linear
stochastic kernel which represents the effect of thermal
reservoirs. We first find the conditions imposed on K by
the requirement that Eq. (1.3) represent a valid time
development equation for a density matrix.

If a matrix is to represent a density matrix in any
problem, there are three conditions which ¢ must

satisfy :
(A) e=¢"— (Ko)=(Ko)",
which does not imply K=Kf;
(B) Tre=1—Tr,Ko=0;
(C) x*px>0,

where Tr, means to take the trace over a complete set
of states for the system. The positive-definite condition
on g gives rise to a condition on K that is most easily
expressed in terms of an operator k, which we shall
introduce later in this section.

We have two requirements that K must satisfy if it is
to represent a thermal reservoir:

(a) Kexp(—6H,)=0,
(b) Kp=Np, Rex<0.
Condition (b) is a sufficient condition that the reservoir

4R. K. Wangsness and F. Bloch, Phys. Rev. 89, 728 (1953).
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cause the free energy of the system to approach the
canonical distribution monotonically.

Before considering the problem of a density matrix
with off-diagonal matrix elements, it is instructive to
examine the master equation for a system in contact
with a heat bath. We will show that the functional
form of the master equation is sufficient to guarantee
that conditions (A), (B), and (C) are satisfied. We then
prove the necessary and sufficient condition that a
solution of the master equation approaches equilibrium
monotonically is that the canonical distribution is a
stationary solution.

The master equation is

dP;/di=%; LijP;, Lij=Nij—8ji2aNaj (2.1)

where P, is the probability of observing the state ¢ and
\;j is the probability per unit time of a transition from
state j to state .

Condition (A) is satisfied automatically because L;;
is real. Since from its definition }_; L;;=0, condition
(B) is satisfied.

To show that condition (C) is satisfied we show that
if all the P; are initially positive they remain positive.
Assume P;=0 for some /; then

dP/di=3 ;i \i;P;>0,

because P; and \;; are positive or zero; thus, P; cannot
become negative. The positive definiteness of P is
maintained because of the form of the master equation
and the fact that \;;20. The requirement that \;; be
positive or zero is very much weaker than the require-
ment that X be a positive-definite matrix and is much
easier to verify.
We now show that the condition

2 hie Ei=ePE 3 N

is both a necessary and sufficient requirement that the
P, approach equilibrium monotonically. In the Ap-
pendix we show a useful measure of the deviation from
canonicity, that takes its minimum value Z7! for
o=exp(—06H,), is

D()=Tr(¢Hs 26+ 12p).

(2.2)

We now prove dD/dt<0; the equal sign occurs only
when the system is in equilibrium.
For the master equation the expression for D(2)
becomes
D(¢)=Z, e"EfPiZ. (23)

When we differentiate Eq. (2.3) and use Eq. (2.1)
we obtain

D
E=% 2 (uiLisP ;L iiPs)
17

=3 2 (NP i—psiPituN;iPo—pdisPs),  (2.4)
ij

where
pi= M EiI2P B2,
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When we introduce Eq. (2.2) in the second term of Eq.
(2.4) and interchange the indices 7 and j in the third
term, we obtain

dD
—=% 2 (udi;Pj— piPie FimEON;

dt ij
FNijwiPi—piPNiz)
=% Z >M’J'(IMP]‘—l-li2e—aE'.‘*‘IJ,,'I)]‘—;;L]'I)j)
¥}

=—% 2 Nije " Fi(u—p;)*<0.  (2.5)
i3

dD/dt=0 only if u;=p;;i.e., P;=e9%i(Z)
The derivation does not require any microscopic
symmetry condition such as detailed balancing,

AijeﬁoEf= )\ﬁe—wi; (26)

it only requires that equilibrium be a solution. If the
interaction between system and reservoir can be treated
as a perturbation, Eq. (2.6) is satisfied. An example of a
model that does not satisfy Eq. (2.6), but for which the
theorem still applies, is a sufficiently dilute reservoir and
system such that the interaction is through strong
binary collisions. After the interaction the reservoir
particle is discarded so the system always sees a
canonically distributed reservoir. The \;; now satisfy

Nije Fi=Njpipe ',

where jr and ¢y are obtained from ¢ and j by time
inversion. This model will not satisfy detailed balancing
but will satisfy Eq. (2.2) and thus approach equilibrium
monotonically.

The detailed balance condition implies that the
eigenvalues of L are real and thus P(¥) in addition to
D(?) approaches equilibrium monotonically. The weaker
condition requires only that D(¢) decays monotonically.
The deviations of the P;’s from their equilibrium values
can oscillate as they decay.

We would like to generalize the H theorem proved in
this section for the master equation to the space of
density matrices. Before we can do this, however, we
have to find a suitable generalization of the master
equation for the quantum mechanical density matrix.

III. H THEOREM FOR THE DENSITY MATRIX

The quantum mechanical relaxation of a system via a
reservoir leads to expressions for Kp that can be written
as traces over the reservoir coordinates with the
reservoir in canonical equilibrium.

We take for Ko the following form:

Ko="Tr.(OP,/29P 20t
—1 exp(6H,/2)p exp(6H ,/2) P20 QP2

—31P120t0PY2 exp (0H,/2)p exp (6H,/2)), (3.1)
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where
P,!\?=exp(—6H,/2)(Z,),

P'2=exp[—0(H,+H,)/2](Z.),
Z,=Tr: exp(—6H,),

H, is the Hamiltonian of the reservoir, and 7 is a
complete set of commuting variables for the reservoir.
The operator O (x,7,¢) depends on the system coordinates
x and the reservoir coordinates  and may depend on
time 7. The form of O depends on the particular model of
system-reservoir interaction. In perturbation theory?®
O0=6(H,+H,)V(x,r) where the delta function repre-
sents energy conservation. For the model of strong
interactions discussed in Sec. II the operator O is
simply related to the .S matrix.

When we express Eq. (1.3) in the energy represen-
tation using Eq. (3.1) for Kp, we obtain

apmn/at'l"'l«(HsyQ)mn: (KQ)mn

(R)un = (b Ipsy— BBt 912, i
iJ
— ‘21569 (En+Eq) /2Pinkjjmi) ,

(3.2)
where

k= (m| Tre( OP2[6)(j| P20 [ m).

We show in Sec. IV that the microscopic Bloch*
equation satisfies Eq. (3.1). In a second paper® we show
that all perturbation theory models satisfy Eq. (3.1).
In a series of papers on coherence effects in light
experiments Barrat® has derived equations that are
examples of Eq. (3.2). Gross and Lebowitz” proposed
an equation of the form of Eq. (3.2) as the generali-
zation of the Lebowitz-Bergmann? equation to quantum
mechanics but did not give an explicit form for k...

We first show that K satisfies the three necessary
conditions imposed by the requirement that Eq. (1.3)
is the time development equation of a density matrix.

Condition A, Kp= (Kp)', is satisfied since the first
term in the trace is self adjoint, the second term is the
adjoint of the third, and the third term is the adjoint
of the second.

To show that Tr,Kg=0, we introduce into Eq. (3.1)
the variable

u=cPHsl2gefHol2
and obtain

Tr,Ko="Tr (OP!2yP!20t — 1yP120tOP/2
— 1P12OOP! 2y).

The trace on the right-hand side is now over a complete
set of states of system--reservoir. Consequently, we can
cyclically permute the operators to show that the trace
vanishes.

8 C. R. Willis and P. G. Bergmann, Technical Report AFOSR-
57-623, 1957 (unpublished).

6J. P. Barrat and C. Cohen-Tannoudji, J. phys. radium 22,
443 (1961).

7E. P. Gross and J. L. Lebowitz, Phys. Rev. 104, 1528 (1956).
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Since the trace in the definition of Kg is only over
the reservoir states, the order of factors is crucial. For
example, Tr,007=Tr,0'0 since O depends on both
system and reservoir coordinates.

We can verify condition C (positive-definiteness) by
the same method we used in Sec. II for the master
equation. At some instant of time ¢ we assume poo=0
for some «, where a is the representation where g is
instantaneously diagonal and all other pgg are positive
or zero. We now show if Kg satisfies Eq. (3.2) dpao/dt is
greater than zero.

We have for pea=0 the following :

00aa/0t="Tr,{a| OP2uP1 20" | &)
=Tr, 2y (| OP2[y )iy (v | P20 | )
=Tr, Z'y I‘wl <af OP1/2|7>12>0-

We have shown that Eq. (3.2) for K¢ maintains the
positive-definiteness of p.

We now prove that the necessary and sufficient
condition that the solution of Eq. (1.3), where Kp
satisfies Eq. (3.2), approaches equilibrium monotonic-
ally is

KetH:=0,

From Eq. (A.2) we have

oD de

—=2 Trq—u=2: Tr,(H;,0)u+2 Tr,uKp.

ot ot
The contribution to dD/dt of the commutator vanishes
since

Tr, (H,,0)u=Tro(H,,u),
implies
2 Try(H,,0)u="Tr,(H,,pu)=0,
and the trace of a commutator vanishes.
We must show that

Tr,(uKp)<0.
First, consider the following expression:
—Tr(OPV2y—uOPY2) (OPY2y— uOP2)f
=Tr(2uOP2yP20t — Q P2y P2Q*
—uOP12P120 ). (3.3)
We have used the property P=P" and u=u'. Since the

trace over a complete set of states is invariant under
cyclic permutations, we obtain

TrOPY2yyP20Q" = TruP20tQP2y,
We may write Eq. (3.3) in the form
—Tr(OPY2y—yOP2) (OP2y— wQPV2)t
=2 Tr(OPY2uP2Qu—1/2uP20tQPV2y
—1/2uP120tOPY2y)
+Tr(uP20+40P2y—uOPO%y), (3.4)

where we have added and subtracted to Eq. (3.3) the

term
TryP1/2OTOP1/2y.
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If the second trace on the right-hand side of Eq. (3.4)
vanished, our proof would be complete since we would
have

—Tr(OP2y— yOP!2) (OP2y— wOP2)t = TryKp.

Since the trace of a product of an operator with its
adjoint is positive-definite, we obtain

TruKe <0.

We now use the condition that the canonical distri-
bution is a stationary solution. We have from Eq. (3.1)

0=K exp(—6H,)=2 Tr,(OPOT—P2QtQP2), (3.5)

since at equilibrium w is a constant times the unit
matrix. We multiply Eq. (3.5) on the left and on the
right by u and obtain

TruOPOfy=TruP20tQP2y,

which is just the condition for the vanishing of the
second trace on the right-hand side of Eq. (3.4).

IV. H THEOREM FOR THE BLOCH EQUATION

In this section we show the microscopic equations
Bloch* derived satisfy the conditions of the H theorem
proved in Sec. III. Bloch showed that equilibrium is a
solution of his equations so we only have to show that
his stochastic kernel can be written in the form of
Eq. (3.1).

Equation (3.25) of reference 4 is

da’mm'/dt= i(Hsyo')mm’—{' 2 Zr e‘”l—‘mm’ffrm#r m/r
- (me7+ I1m’m"r)o'7mn’y (41)

where ¢ is the density matrix of the spin system, H, is
the Hamiltonian of the spin system, E.,,=#%mw=%myH,
are the Zeeman levels in constant magnetic field H,,
m, m', and 7 are integers, and x= (%w)/kT. Bloch’s
expression for Tpm/™ is

U / n(1)a] (my 41| Gim+r, HP(Pn(f+r)
X<m,+7" fIGIm', f+7'w>7 (42)

where G is the system-reservoir interaction Hamiltonian,
£ is the label for the reservoir states H,| f)=%f| f), and
n(f) is the density of reservoir states.

We replace S dfn(f)(---) by 2;(---) and obtain

Z,— “""I‘,,,mr’am+,- \m'pr = (m { TrfG)GPrll20Prll2G(P ‘ m'),

where @ is a projection operator that restricts the trace
over the reservoir states to those states that conserve
the energy of system--reservoir. The consequence of
the projection operator is to reduce the usual four-index
kernel kpmn™" to three-index I',./" for the special case
of the spin system. To see how this happens, we list the
conservation equations required by the projection

operator:
—martf'=— (m+r)ot f,
—m'o+f'=— (m'+7")o+f.
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The only solution of these equations is 7=7" which
proves our statement about the projection operator.
The reduction of the number of indices of T' from four to
three is not a direct consequence of perturbation theory
but is due only to the integer spacing of the unperturbed
levels of the spin system. In a second paper we show
that the perturbative treatment of the reservoir-system
interaction leads to kernels k;;m" that depend on four
indices.

We define the operator O by the relationship O= @G,
so we can write Eq. (4.1) in the form

(90/9t)+i(Hs,0)
=2 Tr,(OP, 2P 120t — L y P20 O P12
+P12Q0Q1Pii2y).

This completes the proof of the H theorem for the
Bloch equation. The condition that the matrix elements
omms Interact only with elements of the form
Omirm+- Makes the Bloch equation a special equation
from the standpoint of irreversibility. It means that
the elements of ¢ are divided into mutually exclusive
noninteracting sets. The diagonal elements satisfy the
master equation and thus satisfy the H theorem of
Sec. II. Consequently, it is easy to see the diagonal
matrix elements relax to equilibrium but since the
various off-diagonal sets do not interact with the
relaxing diagonal set it is not at all clear that the off-
diagonal matrix elements decay. That they decay
follows from the proof in this section.

V. DISCUSSION

We can generalize the type of reservoir from the
thermal reservoir to any reservoir canonically distri-
buted in variables that are additive integrals of the
motion of the system+-reservoir Hamiltonian.

The most general form of P, that leaves the proof of
Sec. TIT unaltered is

Pr= (Zr)—l eXP[" Zi’)’@'A i (l’)],

where (H,,4i(1))=0, (H,A*(x))=0, Ai(r)+4(x)
=const, and the v.’s are generalized temperatures. As
an example, when A4 represents the number of particles
N¢ of the ith species we have the grand canonical
ensemble.

The form of Kg which satisfies Eq. (3.2) and Kgo=0
has in general no special symmetries. For example, we
show that detailed balancing does not occur in general.
We compute the ratio of &s™"e 9% t0 kmntle~®Fi, which
should be equal to one if detailed balancing holds.

kimme?En  Tr.(i| OPY| m)(m| PIOY|4)
Fnnt'e % Tr(i| PO | m)(m|O'P4| i)
T |G| OPY ) 2

T, (i | PAO | m) |?

)
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unless OP2=P12Q, For perturbation theory O has a
delta function of the total energy which makes PV2=1;
thus, detailed balancing holds as usual in perturbation
theory.

A further important general property of the quantum
mechanical H theorem we proved in Sec. ITI is that the
operator O in Eq. (3.1) can depend explicitly on time.
This time dependence is not the time dependence of an
external field which occurs in the form of a commutator
of an operator with ¢ and can prevent the system from
reaching equilibrium. The time dependence we are
considering is that which might be necessary in prob-
lems where the conditions of time-independent transi-
tion probabilities are not satisfied, this may be the case
for transitions due to perturbation theory or hard binary
collisions. Other examples of time-dependent O’s include
cases of non-Markovian behavior. As long as the kernel
has the form of Eq. (3.1) and equilibrium is a stationary
solution, any solution of Eq. (3.2) will approach equilib-
rium monotonically even though O is time dependent.

APPENDIX. THE HELMHOLTZ POTENTIAL

In this Appendix we will show that the Helmholtz
potential is a minimum at equilibrium. For an isolated
system the entropy is a maximum at equilibrium. When
the system is in contact with a heat reservoir the
entropy of the system is no longer a maximum, but the
Helmholtz free energy U—T7S is a minimum. In
quantum mechanics, because of the noncommutativity
of operators, the proof is a bit more involved than in the
classical case. Because it is an absolute minimum, the
free energy may be used as a measure of deviation
from canonicity. Accordingly, in irreversible processes
the approach to equilibrium may be observed in terms
of the decrease of the free energy. To prove a monotonic
approach of the system to equilibrium without ex-
plicitly solving the equations of motion, it is only
necessary to show that the time derivative of the free
energy is negative definite and vanishes at equilibrium.

The definition of the free energy F is

F()=F=U—TS=Ti[o(H, 46" Ing)].

Consider a variation é¢ subject only to the normali-
zation condition Trée=0.

8F=Tr[6o(H,+6"11np)]. (A1)

To prove Eq. (A1) we write p=1—e and expand the
logarithm in a power series in the representation where
o (and thus &) is diagonal.

o 1 w 1
Inpe=In(1—¢€)a=— Y ~ea’'=— X —(1—pa)".

r=1 7 r=1 ¢
Since
6(1 “Pa)rz 7(1 _Pa)r‘lapa;
we have
Trp(6 Inp) ="Trp, (6Pa/Pa) =Trép.=0.
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For the first variation only the diagonal elements
8pa=0pa«a appear; thus the variation is simple.
To find the extremum we set 6F=0. Since dp is
arbitrary
(H,+67! Ing) = const,

e=exp(—6H,)/Z.

Since Tro=1, we must have Z=Tr exp(—6H). To
prove that F is a minimum we must take the second
variation:

82F =Tr[0%e(H,+6~" Ing) ]+ Tr[806~5 Ing ].

At equilibrium the first trace vanishes so the second
must be shown to be >0.
In a representation where p is diagonal,

61 < Tr[60(5 Ing)]

-g T 0-0]

Ba

0 0 1
= Zﬂ lﬁpaalzéﬁo (1—0g)* 2 —(1—ga)

re=g+1 ¥
w fl—p\* 1 = 1
=5 Il E (0) — £ =m0
of =0 \1—p,/ 1—pgr=stiy
Therefore,
Tr[50(5 Ing) ]>0.

At equilibrium F=—6"'InZ. Since gr=g19: for
noninteracting systems, it is easily seen that Fr
=F1+F,;i.e., the free energy is additive.
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Due to the difficulties in treating the logarithm of an
operator, we work in this paper with another function
D(t). We first show this function is a minimum for
equilibrium.

We define D(¢):

D(f)="Tr[ o exp(6H/2)gp exp(6H/2)]. (A2)

Using the fact that the trace is invariant under
cyclic permutations, we find that

8D=2 Tr[sp(exp(6H/2)p exp(6H/2))].
{6D=0 implies [exp(6H/2)p exp(6H/2)]=const.}

Therefore,
e=exp(—6H)(2)7,

and since Tro=1,
Z="Tr exp(—6H).
Thus, the canonical distribution is an extremum of D.

8D =Tr{8g[exp(6H/2)o exp(6H/2)T}
+Tr[de exp(6H/2) .

The first trace vanishes at equilibrium and the second
trace is >0. Therefore, D is a minimum at equilibrium
and its value then is (Z)7L Since F=—01nZ, D=7,
The fact that for two noncoupled systems D is
nonadditive causes no trouble. Log D is additive, and
since the logarithm is a monotonic analytic function in
the domain D>0 (D cannot be 0, by virtue of its
definition), log D also is an absolute minimum. Hence,
the employment of either D or log D is purely a matter
of convenience. And as D is a ¢ number, its logarithm
will not be as troublesome as the log of a ¢ number.



