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The formal relationships necessary to derive the Landau theory of Fermi liquids are given. These include 
relationships between scattering functions for small energy and momentum transfers, vertex functions, and 
correlation functions. In addition certain identities (of the Ward type in quantum electrodynamics) are 
established which enable us to evaluate these quantities. Finally, the form of all these relationships when a 
long-ranged Coulomb force is present is given. 

I. INTRODUCTION 

ABOUT five years ago Landau1 proposed a phe-
nomenological theory of strongly interacting 

particles obeying Fermi-Dirac statistics. Such systems 
were called by him "Fermi liquids." The theory was 
intended for "normal" Fermi liquids, and excluded such 
possibilities as superfluidity or superconductivity. 
Landau was largely interested in He3, and considered 
the case of short-ranged forces between the particles. 
For electrons in metals, however, the long-ranged 
Coulomb force is essential and the theory must be 
extended. Silin2 has indicated how one must generalize 
Landau's results for this case. 

In this, and in a subsequent paper, we shall be 
concerned with the establishment of these results of 
Landau and Silin under certain assumptions. The basic 
assumption is that we can use some form of many-body 
perturbation theory (to arbitrary order) to treat the 
interaction between the particles. In fact, essentially 
all that is necessary in order to obtain the Landau 
results is to extend a technique3 used by Landau 
himself to justify his result for "zero-sound." This 
method, supplemented by certain identities (which are 
of the same type as those of Ward in quantum electro­
dynamics), enables one to show that the Landau 
prescription and the direct microscopic theory lead to 
identical results for the quantities one actually observes. 

In this first paper we shall limit ourselves to the 
definitions of the basic quantities of the theory, and to 
the establishment of all the necessary relationships 
between them. This will be done both for short-ranged 
forces and for the long-ranged Coulomb interaction. 
Some of these results are already known (at least for 
the absolute zero of temperature), but we have felt it is 
of some interest to have them systematically developed 
and all together in a uniform notation. In the following 
paper they are applied to obtaining the Landau theory. 

II. SCATTERING FUNCTIONS 

The form of the many-body perturbation theory 
which we shall use is that of Luttinger and Ward.4 This 
enables us to carry out the entire theory at finite 
temperatures, and also avoid difficulties connected 
with the change in shape of the Fermi surface. In order 
to keep the notation as simple as possible, however, 
we shall consider spinless fermions and no external 
periodic potential. These are not essential simplifi­
cations, but make the entire discussion much easier to 
follow. 

Following Landau,3 we consider a quantity which 
we shall call the "scattering function" rp p>(P). This 
is the collection of all connected diagrams of the form 
indicated in Fig. 1. The index p is the "four-vector" 
(k£i), where k is the momentum carried by the line,5 

and fz = M+fl"i(2H-l)//3 (J3=l/kT), gives the (complex) 

P'+P 

p+p p 
(b) 

P+P, 

P'+P 

p+P, 

(e) 

FIG. 1. Diagrams for TPP>(P). (a) gives the general structure 
of the diagrams; (b), (c), (d), (e) are some special cases. The 
propagators associated with the external lines are not included in 
the contribution of the diagram. 

* Supported in part by the Office of Naval Research. 
1 L. Landau, Soviet Phys.—JETP 3, 920 (1956); 5, 101 (1957). 
2 V. P. Silin, Soviet Phys.—JETP 6, 387 (1958). 
3 L. Landau, Soviet Phys.—JETP 8, 70 (1959). See also A. A. 

Abrikosov and I. M. Khalatnikov, Soviet Phys.—Uspekhi 66, 68 
(1958), Appendix 2. 
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4 J. M. Luttinger and J. Ward, Phys. Rev. 118, 1417 (1960). We 
shall refer to the paper as LW and shall follow its notation when­
ever practical. 

5 For simplicity of notation we denote three-vectors k by italic 
symbols k. Their character will be evident from the context. 
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"energy" carried by the line. The quantity P is an 
arbitrary "four-vector" of the form (q,2Trilo/fi), giving 
the momentum and "energy" transferred in the scatter­
ing. I t is often very convenient to have an expression 
for Tpp'(P) in terms of the exact two-particle Green's 
function. Let us define 

where T orders in increasing v from right to left and 
provides a plus or minus sign depending on whether or 
not this ordering requires an even or an odd permutation 
of the operators. The angular bracket is the usual 
average in the ground canonical distribution. It is easy 
to see6 that (2.1) has an expansion of the form 

(V1V2V3V4) 

1 
= - £ ^P^hvi+^hv2-^i^s-^hVi)GpimmPA. (2.2) 

ft hhhh 

Then one has, on putting 

pi = p+P, p2 = p', pz = p, p*=p'+P: (2.3) 

GP+p,p',p)P'-\-p—fi2{dpp>Sp Sp+p —dp,oSp Spf } 

+f3Sp'Sp+p'Tpp, (P)Sp,fSp>+p'. (2.4) 

In (2.5) Sp is the exact single-particle propagator 
Sk(£i) defined in LW. I t can easily be shown from this 
t h a t r ^ ; ( P ) = IV P (P ) . 

The diagrams for TVP'(P) may be decomposed into 
their so-called "irreducible parts." An irreducible 
scattering diagram is one which never has in its internal 
propagator lines a pair which differ by P due to mo­
mentum and fz conservation. For example, in Fig. 1, 
(b) and (e) are irreducible, (c) and (d) are reducible 
in this sense. Call the contribution of all the irreducible 
diagrams IPP'(P). Then clearly from the diagrams 
(see Fig. 2) 

x PP K1 ) i p j > I 1 J\JL-IP *-pp" ><Jp" » J p " + r 

Xh»AP)+--; (2-5) 
where 

Z P ^ ( 1 / / 3 ) Z H - (2-6) 

Therefore, in a transparent matrix notation, we have 

r ( P ) = / ( P ) + / ( P ) P ( P ) r ( P ) 
= I(P)+T(P)R(P)I(P), 

where R(P) is the diagonal matrix with elements 

J\pp'{P) = 0pp>Op>op-{-p. (2.8) 

I t will turn out that all the quantities of interest in 
the theory of Fermi liquids will be expressed in terms 
of r ( P ) for P very small.7 We next consider this case. 

6 P. C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959), 
Sec. V. 

7 This means effectively |#|<<CFermi momentum, 2irh/(3|<<Cyu, 

(2.7) 

FIG. 2. Decomposition of r into irreducible diagrams. 

The important thing to notice in this connection is that 
there is no unique limit as P approaches zero, but that 
the limit depends just how q and U approach zero. 
This arises from the behavior oiR(P), the quantity / ( P ) 
being, for short-ranged forces, perfectly regular as P 
approaches zero. Let us consider quantities of the type 

1 
Qk(P)=-T,Rp(P)F(i:i) 

1 

— Z^Q-O-WGW 7 ^ ) . (2.9) 

Now S'(£i) has a spectral representation of the form8 

P*(f) 
Sk'(ti)= d£ 

Therefore, 

Qk(P) = 

f j - $ 
(2.10) 

dm'Pk{Z)Pk{t,'h 

XL 
F{U) 

« G-j-fXr™-*') 
(2.11) 

This may be converted into a contour integral (cf. 
LW Appendix A) by taking a contour C which is the 
sum of infinitesimal circles proceeding clockwise about 
each pole of /(f) = l / (^ ( f _ / x ) + l ) . The analytic behavior 
of P(f) may be very complicated. We shall only assume 
that there is sufficient regularity near f J = JU. Therefore, 

1 F{U) 

1 (fz-£)(fz+*o-r) 

27riJc ( f - £ ) ( f+2 i r f / o / / 3 - -S / ) 
•dt- (2.12) 

Imagine the contour C deformed in such a manner that 
we surround the poles f =£ , %—2TUO/I3 and any cuts or 
poles of P(f). Call the contribution of the former poles 

8 J. M. Luttinger, Phys. Rev. 121, 942 (1961). The proof is only 
carried out in detail for T = 0 in that paper. However, the identical 
argument for 7 ^ 0 leads to (2.10). p/c(£) is, of course, a function 
of temperature now. For £ near fx, Eq. (69) of that paper is no 
longer exactly valid, but the 5 function is spread out over a region 
of the order of (kT)2//j.. All corrections coming from this source 
are extremely small and we shall drop them in what follows. 
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A. Then 

/-(?)^(?)-/-(r-2«/o//3)i?(?'-2«/0//3) 
(2.13) 

£-r+2x*V0 

Now in accordance with Luttinger,8 we may write 

P*({) = 8 ( 5 - « * - * * « ) ) + & ( * ) , (2-14) 

where pk(Q is a perfectly smooth function. 
This may also be written 

P*(0 = z*S($-£*)+P*($), (2.15) 

where Efo is the single-particle excitation energy 
given by 

Ek-ek-Kk(Ek) = 0 (2.16) 
and 

z^V-KkW/dQw (2.17) 

Therefore, the contribution to Qk(P) which comes 
from A and the singular part of (2.15) is 

f-(Ek+q)F(Ek+q-2Tilo/P)-f-(Ek)F(Ek) 
ZkZk+q-

Ek+ q—Ek—2-KIUI$ 

The leading term of this is, for \q\ and 12-KiU/$\ small, 

t(Ek+q)-t(Ek) 
ZkZjc+q- -F(Ek). (2.18) 

Ek+q—Ek--2Trilo/P 

If we define the "quasi-particle" velocity by 

Vk" = dEk/dka (2.19) 
and use 

-df-(x)/dx = d(n-x)[l+0((kTy/^)2, (2.20) 

(2.18) becomes 

-zk' 
2 

Vk-q 
-5fa-Ek)F(n). (2.21) 

Vk-q-(2irilo/P) 

This is the part of the result for Qk(P) which depends 
on how P approaches zero, the rest being perfectly 
regular.9 Let us put, for very small P, 

RP(P) = AP(P)+R: 

Vk-q 

(2.22) 

•8Qx-Ek)8it-m. (2.23) 

where 

Ap(P)=-f3zk
2-

Vk-q-(2Til0/P) 

In (2.23) di-1/2 really means that P(fz) is to be evalu­
ated at fz = M- Rp is the P = 0 limit of the part of RP(P) 
which doesn't depend on how P approaches zero. 

There are two limits of particular interest. The first 
of these (which we shall call, following Landau, the 

9 It should be mentioned that we have not established the 
results necessary for this conclusion with complete rigor. The 
analytic properties of the F(£i) which came into our problem are 
not known with sufficient generality for this purpose. However, 
it is quite easy to check the results for a few diagrams of lower 
order. 

o) limit) is if q approaches 0 and then h approaches zero. 
Clearly, Av (P) = 0 in the GO limit and we have 

RpO^Rp. (2.24) 

The second limit is when /o=0; then q approaches 
zero. We shall call this the q limit. For this case 

[Ap(P)] f liimit=-/32*25p, (2.25) 

8p^8(fjL-Ek)8. (2.26) 

Rp*=Rv-$Zi?8p. (2.27) 

where 

Therefore, 

One sees easily that the q limit is also what one 
obtains if one puts # = 0, /o=0 in the beginning for 
Rp(P), i.e., 

Rp^St*. (2.28) 

Taking the co and q limits of Eq. (2.7), we obtain 
at once 

r " = / + / P w r " , (2.29) 

r*=/+/p«r«. (2.30) 

I t is a straightforward matter to eliminate I in (2.7) 
in terms of P° or IX This gives10 

and 

r(p)-rw+rwA(p)r(p) 
=rw+r(P)A(P)rw 

r(p)=r*+r«£(p)r(P) 
=r«+r(p)A(p)r«, 

(2.31) 

(2.32) 

where 

Ap(P) = Ap(P)+(3zk*8p 

(2wih/p) 
= -$zk

28p , (2.33) 
7*-g-(2irt/o /0) 

The relationships (2.31) and (2.32) (which are due 
to Landau) are the basic equations for the scattering 
functions necessary to obtain a theory of Fermi liquids. 

III. VERTEX AND CORRELATION FUNCTION 
IDENTITIES 

In working out the Landau theory certain sums over 
scattering functions will be necessary. We now in­
vestigate these. The first set are the so-called "vertex" 
functions or vertex parts. Let the unperturbed single-
particle energy be ek. Then (in order to have a compact 
notation) define the "four-velocity" vfc

a as 

(3.1) 
vf=\ if a = 0 

= dek/dka if a = l , 2, 3. 

The vertex part Tp
a(P) is then defined by 

P/(P) = ̂ + L ^ Tpp>(P)RAPWa. (3.2) 
10 These relationships are also immediately obvious graphically 

if one expresses them in terms of diagrams. 
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Similarly the "correlation" function Saa'(P) is defined 
by 

S™'(P)=ZPRP(P)V,V 

+£P.P'Rp(P)rP P>(P)RAP)v k°v k>"'. (3.3) 

We can express these functions for arbitrary but 
small P in terms of their values in the w and q limits. 
Multiplying the p, p' matrix element of the first 
equation (2.31), for example, on the right by Rp>(P)vk>

a 

and summing on pf we obtain, after a little algebra, 

7 V ( P ) = 2 V » + 2 > I V » A p . ( i > ) 7 V ( P ) . (3.4) 

Similarly, taking the second equation of (2.31) and 
multiplying with Rp>"vk>

a yields 

r / ( p ) = 7 y - + £ p ' I V ( P ) A P , C P ) Z V « » . (3.5) 

The same technique applied to (2.32) yields the 
equations 

TP"(P) = Tp°*+?,p> Tpp>*ZAP)Tp>°(P) (3.6) 
and 

ZV(P) = Z y * + E p ' ?pp'qWAP)Tp'a«. (3.7) 

Next we write the correlation function as 

S™'(P) = ZP RP(P)VP"TP"'(P). (3.8) 

Making use of (3.5) and (2.22) and some algebra, we 
obtain at once 

Saa'(P) = S(r'+'ZP TP°»LP(P)TP°'» 

+ZPP> Tp™kp{P)TPAP)liAP)Tp>°'°. (3.9) 

Similarly, 

S™'(P) = Sq™
f+llp Tp

a«Ap(P)Tp
a'« 

+ZP,P> TP°*APTPP'(P)AAP)TP>°'*. (3.10) 

We shall mainly be interested in the different func­
tions of p "on the Fermi surface," that is for k on the 
Fermi surface (F.S.) and fr = /x. It is convenient to 
introduce the following notation: 

rf(P)^zkTp«(P)\u^tk on F . s , (3.11) 

fkk>{P) = ZkZfc'Ypp'(P)\£ljl'^.) k,k' on F.S. (3.12) 

On the Fermi surface, (2.31) takes on the following 
form in these quantities 

hAP) = hv°-?lk"hv°h''{P)Fv.AP) 

or, in matrix notation, 

KP)=f-MP)f(P) 

where 

Similarly, 

= f-f(P)5(P)f, 

(Vk-q) 

(3.13) 

8k(P) = 8(^-Ek) : . (3.14) 
Vh-q-{2irih/P) 

J . M. L U T T I N G E R 

where 

8*(P)=8G*-.E> 
(2«/0//3) 

Vk-q-{2-wiU/$) 
(3.16) 

= J<-KP)KP)f\ 
(3.15) 

We now list the form that the relationships of this 
section take on the Fermi surface: 

rk"(P) = T A T - E * ' Jkk>»hk>(P)rk>"(P), 

a = 0, 1,2,3 (3.17) 

Tk*(P) = Tk«»-Zk> fkAP)8AP)rk*», (3.18) 

T*"(P) = T * « * - E * ' fkk>qiAP)Tk>a(P), (3.19) 

r ^ ( P ) = r ^ - I > fkk>(P)~d(P)Tk>«% (3.20) 

S^'^^S^'-Zlc Tk™hk(P)Tf'« 

+ E M ' Tk°»6k(P)fkAP)&k'(P)Tk>°'u, (3.21) 

+ E * . * ' rA««?*(P)/**'(P)5*'(P)r^«'«. (3.22) 

These relationships involve only properties of the vertex 
parts on the Fermi surface. These, as we shall see in 
the next section, may be obtained in some cases in the 
co or q limits, and therefore the above relationships 
provide evaluations for general P. 

IV. WARD IDENTITIES 

We shall call certain identities which relate vertex 
parts with suitable derivatives of the proper self-energy 
part [the G*(fO of L W ] "Ward identities." There are 
four such identities which are of interest to us. They 
are all straightforward consequences of the definition 
of the scattering function TPP>(P). Let us consider the 
diagrams for Gp=Gic(£i). Imagine them expressed in 
terms of the true propagators. If we remove an internal 
line p' in all possible ways from Gp we obtain clearly 
(see Fig. 3) the irreducible scattering function Ipp>. If 
we differentiate Gp with respect to /*, we therefore 
obtain 

dGv/&n = i:*Iw>(dSf.'/dti. (4.1) 
Since 

dSA/d» = SAll- (dGp,/d/*)], (4-2) 
we obtain 

&Gp/d» = -T,App'Sp>*[l-(dGp>/dtiJ (4.3) 

Using (2.28), we may write this as 

1 = 1-(dGp/dfx)-Zp^PP'Rp'qL^-^GP'/df,)J (4.4) 

On the other hand, from (2.30) we have the matrix 
identity 

1-IR^=(1+T^R^~\ (4.5) 

so that (4.4) becomes 

1 - (dGp/dfi) = 1 + E P ' TPP>*RP>*. (4.6) 

However, by (3.2) the right-hand side of (4.6) is just 



D E R I V A T I O N O F L A N D A U T H E O R Y O F F E R M I L I Q U I D S . I 1427 

(a) 

FIG. 3. Diagramatic representation of the Ward identity (4.1). 
(a) represents a diagram for Gp in which an internal line p' has 
been explicitly indicated, (b) represents the result of differentiat­
ing the middle unperturbed propagator of this line with respect 
to ix. The dot on the end of the p' lines means that those propa­
gators have to be included and p' summed on in taking the con­
tribution of the diagram. 

Tp
0q

y and therefore we obtain 

Tp°*=l-dGp/dn, (4.7) 

which is the first "Ward" identity. 
Similarly, differentiating Gp with respect to ka gives 

another identity. Since Gp depends on k only through 
the matrix elements of the interaction potential, and 
these are invariant if all the momenta are increased by 
the same amount, differentiating with respect to ka is 
the same as differentiating with respect to the kj of 
every internal line of the diagram. Therefore, the same 
reasoning as lead to (4.3) yields 

dGp/dka= + E P ' IpP>Sp>'*Zvk"+ (dGp>/dka')J (4.8) 

Or we may write 

Vka = Vka+(dGp/dka) 

-Hv Ivp>Rp>q\_n>aJr (dGP'/dka')]. (4.9) 

Using (4.5) again, we obtain 

v*a+(aGp/d*«) = w* a+Ep' TPP>«RP>%C><*. (4.10) 

The right-hand side of (4.10) is by (3.2) just Tp
aq, and 

therefore we have the second "Ward" identity11: 

Tp"*=vk°+(dGp/dka). (4.11) 

Next we consider the effect of changing fz in Gp. 
Since ?i+iQ={i+z(h)y where 

(4.12) Z(IO) = 2WUQ/P, 

we will consider the quantity 

Gp{U+z{h))-Gp{U)/z{h) 

in the limit where z(lo) is small, but not zero. To have 
a compact notation we write 

dG{U) Gk(U+z{h))-Gk(U) 
= Hm (4.13) 

z(lo)->0,l0^0 
*f i *(/o) 

11 The identity (4.11) may also be proven directly from the 
gauge invariance of the theory. In fact, gauge invariance gives us 
a more general result relating to the vertex part for q arbitrary, 
U = 0. We shall not need this, however, in what follows. 

Now consider the left-hand side of (4.13). Since the 
only dependence of Gk(Xi) on I comes through the 8 
functions which "conserve" I, changing / by U is 
equivalent to replacing the V of any internal line by 
l+U). This is the same as replacing Sk>f($i') by 
•SV'(f z'+s(/o)) in every internal line. Using the identity. 

S * / ( r r + z ( / o ) W * / ( { V ) 

z(h) 

X 

= -Sk/(^+z(k))Sk/(^) 

GAU>+z{U))-G,AU') 

dGp 

= lim 

1-
s(/o) 

— 2P'I PP>S kf/ (£i'-\-z(h)) 

( dGp>-
X ^ / Q v ) 1 

dG 

(4.14) 

~ Zjp'l pp'J\.p' „.- ( l ). (4.15) 

Writing (4.15) as 

l = l - ( d G „ M - , ) 
-UP' I„.RP.-£1- (dGv./dSv)~\, (4.16) 

and making use of the matrix identity 

l-IR"=(\+T"R")-', (4.17) 

which follows from (2.29), we obtain 

l - ( a G p / a f , ) = l + E p ' TPP.»RP.«. (4.18) 

The right-hand side of (4.18) is just the definition of 
Tp

0a and therefore we have the third "Ward" identity: 

r , t o = i - ( a G p / a f i ) . (4.19) 

To obtain the final Ward identity, consider the 
operator (<P) for the total momentum 

(?a = Jlka^akka, a = l , 2, 3. (4.20) 

For the last identity we must assume that 6** commutes 
with the Hamiltonian of the system. Consider the 
quantity 

e* a(fy) = <r(afct(t,)(P«(t,')flfc)), (4.21) 

which is related to a certain class of vertex diagrams. 
Since (Pa commutes with the Hamiltonian, 

(Pa(v,) = CPa. (4.22) 
Therefore, for v>v', 

Qk«(v,v') = {T{aJ{v)(5><*ak)) 

= (T(ak^v)a«(P«))-ka(nak^v)ak)), (4.23) 
on using 

( ( P > * ) = - / U / , . (4.24) 
For v<vf, 

Qk°(v,v') = {T(<9«atf(v)ak)). (4.25) 
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Assuming ^>0 , we therefore may write If the unperturbed single-particle energy is of the form 

Qka(v/) = (((?aakKv)ak)) e/c = £2/2w, (4.34) 

w h e r e -U*M)*M-*) (4.26) t h e n ( 4 . 3 3 ) t a k e s t h e f o r m i 2 

^ ( , - , 0 = 1, v>v' , d G . 

=0, v<v'. y J vAi )=v*a+ErPp^i2p^ib'a 

\ df i J P> 

On the other hand, QK
a(v,v') is a two-particle Green's 

function. From (2.1), (2.2), and a little manipulation, =Tp
au, a=l, 2 ,3 , (4.35) 

we have 
which has the same structure as the other Ward 

Qf(v,vf) = j:k'ka
;(T(akKv)a^(vf+0+)ak'(vf)ak)) identities. 

— S^b'r ( M-n+ fc\\ Finally, we evaluate these identities (4.7), (4.11), 
-Isk'kaLrkVVkKViV^U ,W) ^ ^ j ^ ^ ^ t h e p ^ ^ s u r f a c e < M a k i n g u g e Q f 

1 (2.16) and (2.17), and differentiating (2.17) with 
= —YLka JL eUvez(h)v respect to /x and ka we obtain at once, on the Fermi 

13 w i,v,io surface, 
XGkk'k'k(ti,£ir+io,i>i"£i+io)- (4.28) f i f j = __M V (4.36) 
, . . . . , , „ ^ . \ dp / zk\ dfx J 

{ dGp\ 1 
U " + ) = -Vk", (4.37) 
\ dka J Zk 

\ dU J Zk 

Expanding the Green's function in (4.28) in a manner 
similar to that of (2.4), we obtain 

Qka(v,v') = ~Zka' £ <fe'W'\-8Pf,Rv(P0) 
/ 3 2 *' i.i'.io { / dGv\ 1 

+Sk,0Sp'S/—Rp(Po)T„,(Po)RAPo)\, (4.29) 

(4.38) 

/ dGp\ 1 
where vk"ll )=—»*"• (4.39) 

P0= (0,z(lo))- (4-30) V d$iJ z* 

On the other hand, if we use (4.26) to obtain a similar Therefore, we have 
expansion for Qka(v,v'), we obtain (if 1^0) for the . . . 

expansion coefficients r*««=l-a£*/d / i , (4.40) 

T * » « = F » « , a = l , 2 , 3 (4.41) 

e-^ve'Mv'Qka(v,v')dvdv' r / w = l , (4.42) 

=-J /̂W«^«^ T4"='4"' a==1,2'3- (4-43) 
° ° V. CONSEQUENCES OF WARD IDENTITIES FOR 

> g-a(z0)f—1 VERTEX AND CORRELATION FUNCTIONS 
= kaJ^ dve~^vSk

;(v)—— F r o m t h e r e l a t i o n s h i p s (3<18) a n d (3 20) and (4.40)-

(4.43), we obtain the following important results13 

Sk(?i+z(h))-Sk'(?i) [remembering that 8k
q=d(fjL-Ek), 8k"= ~8(fx-Ek)']: 

= ha . (4.31) 
z(k) l=l-(dEk/dv)+Zk' fkkrtQi-Et') 

Comparing (4.31) with (4.29), we have, for lo9*0, X [ l - (d£V/cV)], (5.1) 

« & , « « ) - « ( » l - f f f i / * > - l - & . / - « G . - A . > , (5.2) 

ka — Vka=Vk«+Zk>fkk>'>8(v-Ek,)Vk'a, (5.3) 

Vk"=vlc
a-J2k' fkk'qKn-Ek')vk>a. (5.4) 

= -CW?p(Po)+Z: RP(Po)rPP'(P0)RAPo)k«l, 
v' 

(4.32) 12 ̂ e identity (4.35) is not needed for the establishment of the 
r /j \ ii ' Landau theory. It is, however, necessary if one wants to establish 

or tor Z{h) small , t n e L a n o ! a u effective mass equation. 
13 For simplicity in this section, we shall always assume e/c 

/ oGp\ ^ =k2/2m. Some of the relationships of this section are changed if 
+&«( 1 J = ka~\~2Z Tpp'wRp'wka . (4.33) we do not assume this, but none that we shall need for the Landau 

\ d£i J p' theory. 
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Using these results, (3.21) and (3.22) become Actually (5.2) is equivalent to (5.1) and (5.4) is 
equivalent to (5.3). This follows from specializing 
(3.13) to the q limit. Then 

(5.5) 

(5.6) 

(5.7) 

fkk'q=fkk'a-'Lk" fkk>>"&(p-Ek")fk"i 

From this we see at once that if 

Bk=Ak+T,k> fkfuS(n-Ek')Ak', 
then 

Ak=Bk-Zk' fkk><6(ji-Ek>)Bk.. 

[Multiply (5.5) by 8(ix—Ek>)Ak' and sum on &'.] 
In order to obtain the correlation functions, we first 

need Sq
aa' and Sj™', where a, a' = 0, 1, 2, 3. Starting 

from (3.8) we have 

Sr' = ZpSP'hk-Tp-'", (5.8) 

Su""' = 'EpRpVk
aTp'''''. (5.9) 

From (4.7) and (4.11) 

Sr' = ^vSp'hk
aO—dGJdn), «' = () 

= E P SP'hk«(vf'+dGP/dka>), o '= 1, 2, 3 

= ZPvk"(-dSp'/dn), a ' = 0 

= ZpVf(dSP7dka>), a''=1,2,3 

=£*»*"(-_3iV*M*), «'=o 
= 2>*"(Wd*«') , «'=1,2,3, (5.10) 

where JV*, is the mean occupation number for mo­
mentum k. Therefore 

Sq
m=dN(n)/dn, (5.11) 

5 a
t e ' = + 5 , « ° = 0 , « , a ' = l , 2 , 3 (5.12) 

^ a " ' = - E * (dhk/dkadka,)Nk, a, a ' = 1, 2, 3 (5.13) 

= - (N/m)8aa>. 

From (4.19) and (4.35), we have 

= Z,£,T>*^*«'(l-dG1)/dft), a ' = 1,2,3. 

However, 

(i//s)2^,(i-aGP/af«)=o, 
so that 

,S</a' = 0, a,a' = 0,l,2,3. 

To see (5.16), consider 

( l / j8 )S£5 i 'G- J ) -5* ' ( f M . l 0 )>"^=0. 

This is the same as 

(5.14) 

(5.15) 

(5.16) 

(5.17) 

(3 i 
1-

G*:(fj+Zo) —£/c(?j)" 

2(/o) 
= 0, (5.18) 

if /o^O. Now let /o be small, but not zero. Then the first 
factor in (5.18) just goes over to Rp and the second to 
(l—dGp/d£i), so that (5.16) is proved. 

+ Z vk"dk(P)fkk<(P)6k>(P)w"'9 
k,k' 

(a = 0, 1,2,3) (5.19) 

dJN(p) ( dEk\ ( dEk\ 3£* dEk\ 

I 9Ek\ 
+ E I 1 )«*(P)/*t'(P) 

« ' \ dju J 
( 3Ek.\ 

X8h.(P)ll J, (5.20) 

/ ^Ek\ 
5»«'(P) = - E 1 )Sk(P)Vk"' 

k \ dyU I 

+ E i )dk(P)fkk'(P)sk>(P)vk^', 
k,k' \ dfi / 

( a ' = l , 2 , 3 ) (5.21) 

S*«'(p) = -'£ 
dEk 

-Nk-Z Vk«5k(P)Vf 
k dkadka' k 

+ E vk"h(P)fk,AP)lAP)vk/"', 
k,k' 

(a,a' = 1,2,3). (5.22) 

Of these only (5.22) will be of direct interest to us for 
the Landau theory. We also mention that by specializ­
ing these last relationships to the q or co limits we get 
some interesting identities, but we shall not elaborate 
on these here. 

VI. LONG-RANGE FORCES 

Until now we have assumed that the forces between 
the particles are short-ranged. This has enabled us to 
go to the small-g limit without any difficulty. If, how­
ever, a Coulomb force is present and we have a diagram 
with a matrix element that has momentum transfer q, 
there will be a factor proportional to 1/q2 present. This 
diverges as q approaches zero. Such diagrams must 
clearly be given special treatment before the limit of 
small q is considered. Let us consider the diagrams for 
YVV'(P). We shall call a diagram proper if the mo­
mentum transfer q never appears in an internal inter­
action line,14 and improper if it does. Fig. 4 gives a few 
examples. 

Let us call the sum of all ^ro^e/scattering diagrams, 
TpP'(P). This is perfectly regular as q approaches zero, 
since we are just not taking diagrams which lead to 
small q difficulties. We next express an arbitrary dia-

14 Equivalently, a proper diagram is one which cannot be cut 
in two by cutting a single interaction line. 
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p+P 

(a) 

p'+P 

p+P p 

(c) 

FIG. 4. Proper and improper scattering diagrams, (a) and 
(b) are improper; (c) and (d) are proper. 

gram in terms of the proper ones. The general structure 
of Tpp'(P) diagrams is indicated in Fig. 5. Clearly 

TpviP) = Tvp>{P) + Tv°{P)V{P)fp\P), (6.1) 

where 

V(P) = fxq+uqS^(P)uq+uqS
QQ(P)uqS

00 

X ( P K 5 0 0 ( P ) + . . - (6.2) 

Here, we have used the notation 5, T to mean the proper 
correlation and vertex functions. In (6.2), ug is just the 
matrix element of the Coulomb potential for momentum 
transfer q, i.e., 

uq = 4^r^/Qq\- (6.3) 

where 12 is the volume of the system. 
The expression for V(P) is just a geometric series, so 

that we have 
V(P) = uq/l-uqS™(P) (6.4) 

V(P) 

(b) 

FIG. 5. The general structure of scattering diagrams: (a) gives 
the diagrams for TPP>(P). In (b) the oval-shaped parts are proper, 
i.e., they cannot be cut in two by cutting an interaction line. 

and 

rpp>(P)=?pp'(P)+rP
Q(P)fp«(P) 

Xluq/l-uqS
00(P)J (6.5) 

The quantities f, T, S now have well-defined q and co 
limits, Tq, rw, etc. The same analysis that led to (2.31) 
and (2.32) can now be repeated for proper diagrams. 
This tells us at once that these equations now hold 
with r replaced by T. 

In addition, all the results of Sec. I l l , which are 
purely algebraic consequences of (2.31) and (2.32), now 
hold for the proper vertex and correlation functions. In 
particular (3.17)~(3.22) hold if a tilde is placed on every 
/ , r, and S. 

Finally, we must consider the Ward identities of 
Sec. IV. Clearly (4.6) (because of the q limit) makes no 
sense for the long-range force case. This is also reflected 
in the fact that Gp itself diverges in this case because it 
contains the term (from the direct interaction) Nu(0). 
Now in the Coulomb case, if we have a uniform back­
ground charge opposite to that of the interacting par­
ticles such terms are exactly canceled, and Gv is actually 
perfectly regular. That means terms like (a) and (b) of 

(a) 

FIG. 6. Examples of 
proper self-energy dia­
grams which give 
trouble in long-range 
case. 

(b) 

Fig. 6 never occur. However, it is just such terms which 
when differentiated with respect to JJL give rise to im­
proper r diagrams. Therefore we have at once 

dGp/djj, — kj p (6.6) 

Similarly, (4.10) holds for Tpp
,q and is replaced by 

Tpp
,(*, since the type of insertion [Fig. 6(a)] which gives 

rise to difficulties has its I dependence completely in­
dependent of the incoming /. Therefore, changing / 
doesn't affect the contribution of such a line, and it does 
not contribute to dGp/d£i. 

Lastly, we come to the identity (4.35). This must be 
dealt with by another method (which incidently also 
works for other Ward identities). We consider first an 
interaction between the particles which is finite ranged, 
and at the end we let the range go to infinity. Then 
(4.32) still makes sense. Using (6.5), we obtain 

vk
a(dSp'/dSi)^-Rp(P*)Tp°(Po) 

= RP(P*)TP*(P*)-Y, Tp°(Po)Tp,°(Po) 
v' 

XRAPoW"-
«0 

\-u^{Pa) 
= RP(Po)Tp«(Po). (6.7) 
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This follows from 

E f p ' ° ( P o ) £ p ' ( P o K « 
P' 

1 1 
= — H ^ - S Z {Sk-i''—Sk',i>+io} 

= 0. (6.8) 

Now (6.7) is exactly the same as (4.32) for proper 

I. INTRODUCTION 

IN this paper we shall be concerned with the verifi­
cation of the results of the Landau theory of Fermi 

liquids for certain equilibrium and nonequilibrium 
phenomena. We shall do this first for short-ranged 
forces and then generalize to long-ranged Coulomb 
forces. The necessary formalism for this purpose has 
been given in the preceding paper.1 In addition, we 
shall show that it is possible to give a very simple 
general definition of the "quasi-particle distribution 
function'' which occurs in the Landau theory. 

We begin our discussion with a brief summary of 
the Landau theory.2 Consider first an ideal Fermi gas. 
A great many properties (heat capacity, compressi­
bility, conductivity, etc.) of this system are determined 
(for temperatures much less than the degeneracy 

* Supported in part by the Office of Naval Research. 
1 P. Nozieres and J. M. Luttinger, preceding paper [Phys. Rev. 

126, 1423 (1962)]. We shall refer to this paper as I. The notation 
and assumptions used in the present paper will be the same as 
those of I. 

2 See A. A. Abrikosov and I. M. Khalatnikov, Soviet Phys.— 
Uspekhi 66, 68 (1958). 

diagrams, and there is no difficulty passing to the infinite 
range limit. Thus (4.35) is valid for the proper vertex 
part. 

Therefore, we conclude that the results (4.40)-(4.43) 
are valid for the proper vertex parts on the Fermi 
surface and that consequently all the identities of 
Sec. V still hold for proper scattering functions on the 
Fermi surface. 
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temperature) by the nature of the single particle states 
which lie in the immediate vicinity of the last occupied 
single-particle state. I t is these same properties that 
the Landau theory tries to calculate for an interacting 
system of fermions. We can now state Landau's 
assumptions as follows: 

(1) If the interaction is turned on, the single-particle 
states in the neighborhood of the last occupied one 
remain eigenstates of the system. We call these quasi-
particle states, and say that a quasi-particle k is present 
if the state k is occupied. The low-lying excited states 
of the system are assumed to be in one-to-one corre­
spondence with those of an ideal Fermi gas, the quasi-
particle states just replacing the particle states. There­
fore, since the number of real particles is conserved, 
in these low-lying excitations the number of quasi-
particles must also be conserved. Adding a particle to 
the system must therefore also add a quasi-particle. 

(2) The state of the Fermi liquid for weak excitation 
(equilibrium or nonequilibrium) is entirely described 
by the distribution function n(k,x) of quasi-particles in 
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