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This follows from 

E f p ' ° ( P o ) £ p ' ( P o K « 
P' 

1 1 
= — H ^ - S Z {Sk-i''—Sk',i>+io} 

= 0. (6.8) 

Now (6.7) is exactly the same as (4.32) for proper 

I. INTRODUCTION 

IN this paper we shall be concerned with the verifi­
cation of the results of the Landau theory of Fermi 

liquids for certain equilibrium and nonequilibrium 
phenomena. We shall do this first for short-ranged 
forces and then generalize to long-ranged Coulomb 
forces. The necessary formalism for this purpose has 
been given in the preceding paper.1 In addition, we 
shall show that it is possible to give a very simple 
general definition of the "quasi-particle distribution 
function'' which occurs in the Landau theory. 

We begin our discussion with a brief summary of 
the Landau theory.2 Consider first an ideal Fermi gas. 
A great many properties (heat capacity, compressi­
bility, conductivity, etc.) of this system are determined 
(for temperatures much less than the degeneracy 

* Supported in part by the Office of Naval Research. 
1 P. Nozieres and J. M. Luttinger, preceding paper [Phys. Rev. 

126, 1423 (1962)]. We shall refer to this paper as I. The notation 
and assumptions used in the present paper will be the same as 
those of I. 

2 See A. A. Abrikosov and I. M. Khalatnikov, Soviet Phys.— 
Uspekhi 66, 68 (1958). 

diagrams, and there is no difficulty passing to the infinite 
range limit. Thus (4.35) is valid for the proper vertex 
part. 

Therefore, we conclude that the results (4.40)-(4.43) 
are valid for the proper vertex parts on the Fermi 
surface and that consequently all the identities of 
Sec. V still hold for proper scattering functions on the 
Fermi surface. 
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temperature) by the nature of the single particle states 
which lie in the immediate vicinity of the last occupied 
single-particle state. I t is these same properties that 
the Landau theory tries to calculate for an interacting 
system of fermions. We can now state Landau's 
assumptions as follows: 

(1) If the interaction is turned on, the single-particle 
states in the neighborhood of the last occupied one 
remain eigenstates of the system. We call these quasi-
particle states, and say that a quasi-particle k is present 
if the state k is occupied. The low-lying excited states 
of the system are assumed to be in one-to-one corre­
spondence with those of an ideal Fermi gas, the quasi-
particle states just replacing the particle states. There­
fore, since the number of real particles is conserved, 
in these low-lying excitations the number of quasi-
particles must also be conserved. Adding a particle to 
the system must therefore also add a quasi-particle. 

(2) The state of the Fermi liquid for weak excitation 
(equilibrium or nonequilibrium) is entirely described 
by the distribution function n(k,x) of quasi-particles in 
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momentum and configuration space.3 The normalization 
of n(k,x) is such that n(kyx)d*kddx/' {2ir)z is the number 
of quasi-partides in dskd3x* (This already implies the 
semiclassical limit, since both the momentum and 
position of the quasi-partides is given.) The distribution 
function for quasi-particles for the system in its ground 
state (nQ) must be 

- 0 , E,°>M 0 

(1.1) 

when Ek° is the quasi-particle energy for the system in 
its ground state, JJLQ is the chemical potential at absolute 
zero, since the addition of one quasi-particle is the 
same as its addition of one real particle. If the system 
is excited, the quasi-particle energy will change. (In 
the Hartree-Fock approximation this would just be due 
to the self-consistent field of the neighboring particles.) 
Now by our general assumption the energy of the 
system must be some functional of n, i.e., E~E{n). 
If the distribution function changes by an infinitesimal 
amount 8n, and the total energy correspondingly by 
8E, then we define the quasi-particle energy E(k,x) by 

8E= / E(k,x)8n(Jt,x)-

That is, 

dskdsx 

E(k,x)=(2Try5E/8n(k,x). 

(1-2) 

(1.3) 

E(k}x) is still a functional of n. If the distribution n 
does not differ very much from n°, we may write 

and expand in n'. That is, 

8E 

i{kx)j 

82E 

(1.4) 

E{k,x) = (2ir)4 ) +(2ir)* Id?k'd*x? 
\8n(kx)/n=n° J 

X 
8n{kx)8n(k'V) 

n'{V,x')+' (1.5) 

If the forces are short-ranged and nf(k\xf) is a very 
slightly varying function of xf over the range of the 
forces (both assumed by Landau), then we may write 

(2*){-
\8 

82E 

\8n(x,k)8n(xf\kr) 

and, therefore, 

zfkh'8{x—x') (1.6) 

E(k,x) = Ek°-
W „ 

d?k' fkk>n'(k',x) + - (1.7) 

The quantities Ek° and fkk
f are the basic quantities 

necessary for the phenomenological theory of Landau. 

3 Units are such that # = 1 throughout this paper. We denote 
three-vectors k and x by italic symbols throughout. 

Since fkk' is a second functional derivative, we have 

fkk' = fk'k- (1-8) 

Further, it is assumed that if the original particles 
have a charge e then the quasi-particles also respond to 
external electromagnetic fields as if they had the same 
charge. That is, in an external field characterized by a 
vector potential A and a scalar potential <p, the Hamil-
tonian of the quasi-particles (h) will be given by 

h(k,x) = E(k—(e/c)A, x)-\-e*p. (1.9) 

(3) The distribution function satisfies a Boltzmann-
like transport equation 

dn(k,x) / dn dh dn dh 

+ E 
8t a=l,2,d\dXa dka dka dxa 

/dn(k,x) 

\ dt 
= 0. (1.10) 

collisions 

The term (d^/^Ocollisions is absent in equilibrium or 
when there are no impurities or other scattering 
mechanisms present over and above the particle-
particle interaction originally in the theory. We shall 
be concerned with a pure Fermi liquid in this paper, 
and shall not include this term. 

I t is easy to see from (1.10) that the total number of 
quasi-particles is conserved, and also that the current 
density defined by 

e f dh{k,x) 
3a(x) = d*k n(k,x) , (1.11) 

(27T)* dka 

satisfies the equation of continuity. Therefore, $a(x) is 
taken as the current density of the system. A similar 
expression may also be given for the energy current 
density Qa(x): 

1 f dh(k,x) 
Q«(x) = / &k n(k,x)h(k,x) . (1.12) 

(2TY dka 

We shall only be interested in the transport equation 
in the linear approximation, i.e., when the deviation 
of n from n° is very small. For completeness we shall 
also include an external magnetic field. If we write 

n = n°(k~ (e/c)A)+ni(k- (e/c)A, x) (1.13) 

and 

ni(kyx)-
dn°(k) 

-g(k,x) 

(1.14) 

where 
= 8}cg(k,x), 

5*E=5(/XO-£*0), (1.15) 

then we see at once that (1.10) (without the collision 
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term) becomes 

a « , ^ ( Kg+Ei) 

dt OF-1,2,3 I dXa 

+-(VkXH)a eEaVk" \ = 0 , (1.16) 
C Oka 

where 
vh*=dEkydka, 

I 
Ri{k,x) = 

(2rY 

(1.17) 

<Pk' fkk>Bk.g(k',x), (1.18) 

and E a and ZZ<* are the external electric and magnetic 
fields. Similarly, (1.11) becomes 

$«(x)--
(2x)3 

d3X g(k,X)8le 

X Vk*+ 
(2x)3 

If the electric field has the form 

Ea — E <Xgi(Q-x—<»>t) 

tPk'fkk,6k.Vk.«\. (1.19) 

(1.20) 

and we neglect the corresponding magnetic field, then 
so will g and the current density have this form. Putting 

g(k,x) = gqJ
k)ei<«'s»-at\ (1.21) 

(1.22) 

we obtain finally 

1 

+ 
and 

\2irf 

(2*Y 

iq-Vk+-(VkXH)-Vk 
c 

dW fkk.3k.g9U(k') 

qo)\fc) 

eE9a-Vk = 0, (1.23) 

(• 
d?kgqa(k)8k 

X Vk°-

w* 
i'fkk>h'Vv°\. (1.24) 

In (1.24), H represents a constant external magnetic 
field. In this paper we shall not consider this case, and 
therefore (1.24) becomes 

— iwgqa(k)+iq' Vkl gqu{k)-{ / dzkf fkk>gqo>{k') ) 

V (2TT)3 J / 

-eEqu.Vk = 0. (1.25) 

To conclude this section, we list some other results of 

the Landau theory, for purposes of future reference. 
In equilibrium at temperature T (J3=l/kT) the quasi-
particle distribution is given by 

»(*) = 1/(«P<**-M>+1), (1.26) 

where Ek is the quasi-particle energy at temperature T 
[itself a functional of n(k)~]. I t is easy to see, however, 
that the difference between Ek and Ek° is of the order 
of (kT)2/fi and can be dropped. The heat capacity at 
constant volume is given by the usual formula for a 
Fermi gas, but with the unperturbed energy replaced 
b)f the quasi-particle energy EJc°. If the system has 
translational invariance and if the unperturbed single 
particle energy is of the form ek = k2/2m, then Landau 
has shown that there is a relationship between the un­
perturbed velocity and the quasi-particle velocity on the 
Fermi surface. This is, for k on the Fermi surface, 

ka 1 

m (2TT)3 
V hvh'V**; (1.27) 

(1.27) becomes the Landau effective-mass equation if 
the interaction is isotropic so that the Fermi surface is 
spherical, and fkk' depends only on the angle between 
k and kf if k and kr are both on the Fermi surface. 

Finally the compressibility (K), as is well known, 
is given by 

1fdV\ V fdN\ 
V\dp)v N2\dv)v,t 

(1.28) 

In the Landau theory 

\dfjiJv 

dEk°(n) 
\h, 

and 

3£*°(<u) 1 

dp (2TTJ 

f I dEkfi(n)\ 
d?k'fkk.8Jl J. 

(1.29) 

(1.30) 

In the isotropic case this enables us to solve at once for 
(dEi?/dn) on the Fermi surface, and we at once get 
Landau's expression for the compressibility. In the 
more general case we have to solve the integral equation 
(1.30); in the next section we shall indicate how this 
may be done. 

II. EQUILIBRIUM PROPERTIES 

The equilibrium properties according to the many-
body perturbation theory have been discussed by 
Luttinger.4 I t is clear that the result for the heat 
capacity is the same as Landau's, if we identify the 
"single-particle excitation energy at absolute zero" of 
Luttinger with Landau's quasi-particle energy Ek

0. This 
provides us therefore with a formula which could in 

4 J. M. Luttinger, Phys. Rev. 119, 1153 (1960). We shall refer 
to this paper as L. 

file:///2irf
file:///dfjiJv
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principle be used to calculate Ek°, though of course 
realistic calculations are difficult if not impossible. 

Now we consider the compressibility. From (L. 70) 
we see that (1.29) is also a consequence of the micro­
scopic theory. I t only remains to verify that the 
Landau expression (1.30) for dEk0/d/j, is the same as 
that obtained from the microscopic theory. From 
(I. 5.1) in the limit of T = 0 w e see that dEk

d/dp satisfies 

dEk° 

djJL k' 

1 

dfj. 

— / (Pk' Vfkk,»8k 
irYJ 

dEk,°\ 
1 ), (2.1) 

dp 

where fkk,w is now the zero-temperature limit of fkk/0). 
Comparison with (1.30) shows that these are the same 
if we make the identification 

fkk> = Vfk.k> (2.2) 

Therefore, we have expressions for both Ek
Q and fkk'-

From (I. 5.2) we see that the general solution for 
dEk0/djji is actually given by 

dEk° V 
=Hfkk>qh> = 

dp w (2TT)3 

d3k' fkk>«8k>. (2.3) 

Finally, we consider the "effective-mass'' equation 
(1.27). From (I. 5.3) we have, under the same conditions 
that (1.27) is valid, 

vk
a=Vk

a+T, fkk>uh>Vk>
a 

k' 

- Vk°+ 
(i^y. 

d*k' Vfkk>»Sk>Vk>' 

which is the same as (1.27) with the previous identifi­
cation of Ek° and fkk>. 

III. TRANSPORT EQUATION 

We next wish to verify that the current density as 
calculated by the Landau prescription £(1.24) and 
(1.25)] agrees exactly with that calculated from the 
many-body perturbation theory point of view. To do 
this we first give an explicit expression for the Landau 
current density. 

Let us consider (I. 3.13) and (I. 3.14). If we replace 
licih/fi by co (where co is imagined to have a very small 
negative imaginary part), these formulas provide us 
with an analytic function f(P) of co in the upper half 
co plane, where now P=(q,a)). Making use of this 
function (I. 3.13) and (2.2), we see by direct substitu­

tion that the solution of (1.25) is 

eEqv-Vk 
gUk> 

i(q'Vk-co) 

iq-Vk 

i(q'Vk~u) V 

eE^Vv 
X fkiAP)5k>~ -. (3.1) 

Kq-Vv — w) 

Substituting this in (1.24) and using (I. 3.13) and (2.2), 
we obtain 

e2 ( dkEq 

3a»a = -[ E Vk"Vk«'-
V\k',a' 

-ice E Vk" 
i(([' Vfc — O)) k,k',a' 

8k 8kr 

X fkk>(P)-
i(q-Vk — a>) i(q- Vk> — u>) 

-Vk>"'EQ 

=—(L Vk°h(P)Vk«'Equ°' 
Via) ka' 

- Z Vk°lk(P)fkk.(P)h>(P)Vk>*'EqS'), (3.2) 
kk' a' 

where we have used (I. 3.16). 
Similarly, the charge density (pqa) may be calculated 

directly or obtained from the equation of continuity: 

yielding 
iq' $qo—iupqa> = 0, (3.3) 

P<,» = —{EMP)Vk"'Eqa«' 
VioO ka' 

- E lk{P)fkk'{P)'h'(P)VkyEv^'}. (3.4) 
kkf af 

We notice that gq(a
a and pqo} only depend on properties 

of the system on the Fermi surface because of the 8k 

and dk functions. 
Now, how can we verify (3.2)? In order to do this 

we must have an exact expression for gq<a
a and then 

transform it into the form (3.2). The type of formula 
we need has already been given by many authors.5 

The particular form which we shall need is developed 
in Appendix A. From (A28) 

Ea Ne2/E c 

V «' ice mV\ ice J 

where S"'a(P) is defined by (I. 3.3). From (I. 5.22) 
we have 

N 
S«f"(P)=S™'(P) = 8aa>-i: Vk«8k(P)Vk«' 

m k 

+ E Vk*lk(P)fkk>(P)lk>{P)Vk>°\ (3.6) 
k, k' 

5 R. Kubo, J. Phys. Soc. Japan 12, 570 (1957); P. Martin and 
J. Schwinger, Phys. Rev. 115, 1342 (1959). 
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Therefore, We also have 
.2 £ a' [>ff,P-J = 0, (4.7) 

e 
3*»a = - E ( E Vk°ik(P)Vk"' and 

F «' ico * 17 , a , P - J = OV^/w) (</«). (4.8) 

-Y,fVkadk(P)fkk>-tk'WVk"'}. (3.7) Therefore, (4.3) and (4.4) become 

1 r15 E c 

Comparison of (3.7) with (3.2) shows that they are w = — E / dv e~vzilo)(J- a(v)p ) g<° 
identical. Therefore, the Landau theory does give the y a J0 i^ 
correct current density. uq 

IV. TRANSPORT EQUATION WITH LONG-RANGE 1 

COULOMB FORCES 3qa« = - I dv <r" <*» 
Let us consider the exact expressions (A23) and V Jo 

(A29) for the current and charge densities. Instead of 

e2 Jo 
+-PiJ dv <r"™(p-t(v)Pt), (4.9) 

Hiau> A & J^aco 
. . . y V / J a'(v)J a) 

expressing them in terms of the applied field Eq(a
a, let ^ Z _ A -Q W « / 

us express them in terms of the total field Equ
a in the 

sample. From Poisson's equation, this is 
Eq(J> = Eqw—iqa(Vuq/e

2)pqo>, (4.1) 
where 

•squ) 

ice mV ice 

+-9qu\ dvtr**™(p-q(v)Jq°). (4.10) 
e2 JQ 

Uq = 4.Te^/Yq^^ (4.2) Using the same technique as in Appendix A, we have 
Therefore, 2 pa 

If" / _ Eq„" Pq„=-(-)-T.-^{ZRp(P)(ka + qa/2) 
pq<a = — E / dv e~vz(lo)(J-q

a(v)pq)—— \m/V « ice v 
V CL J0 ice 

UqPqw r" +Z(ka+qa/2)Rp(P)TPAP)RAP) 
+—— / dv(T**™{iq'J-q(v)pq\ (4.3) 

*2 t0)Jo . - « f l P , « { I i ?p(P)+ E i ? p ( P ) r ^ ( P ) ^ ( ? ) } . (4.i i) 
1 rfi Eq„

a' p P>P' 
3q»a = —lL / dve~vz^(J-.q

a,(v)Jq
a}-

V *> J0 ice From (I. 3.3.) and (I. 6.5), (4.11) becomes, with a 
little algebra, 

UqPqco r 
H — / dve-vz{h){iq-J-q

a'{v)Jq
a) 'e2\\ 

r^J* A7TT P9a=-[-)-T. VL RP(PKk„+qa/2) 
IV U qpqo> \m/V a i(j} p 

(iqa). (4.4) 
m ™ +Z(ka+qa/2)RP(P)TPp,(P)Rp,(P)}, (4.12) 

Now, by means of the operator identity, 

iq-J q-\-i[K,Pq~] = 0 (4.5) where we have also used 
Sm(P) 

(which is the operator form of the equation of conti- ^ (•* ' coofpV v4-1^) 
nuity), we can simplify certain terms of (4.3) and (4.4). q ^ ' 

We nave which also follows directly from the definitions and 
(I. 6.5). 

><r**Vo)(iq-j_q(v)A) Similarly, (4.10) becomes, using (4.12), (I. 3.3), and 
some manipulation, 

/e\2l 
gq«

a= - - - - - E {E RAP) (K>+qa>/2) 

Jo \ dv / X(*.+!Z«/2)+E(*-'+3«'/2)Up(P)rpp-(P) 

\ r® ] ]\re2 £ a 
= iUp„q(t3)A)-(p_qA)+z(lo) / e-»™{p-q(v)A)dv\ XRV'(P){K+qa/2)} — . (4.14) 

' ^o J my ico 

= i\((A,p-q))+<a f <rv*«0)(p-q(v)A)dv . (4.6) T h e expressions (4.12) and (4.14), which are still 
I Jo ' exact for all q, are of the same form as we used to 

-_i J dir**™(((X,p-q(v))A) / A M Eaa« 

/dp-q(v) 
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derive the Landau theory in the case of a short-ranged 
interaction [(A27) and (A31)], with the scattering 
function F replaced by the proper scattering function 
F, and the external electric field Eqo>

a replaced by the 
total field E^". Therefore, since from I (Section VI), 
all the Ward identities we need hold for the proper 
vertex functions, it follows that the Landau transport 
equation will still be valid in the long-ranged Coulomb 
case if the electric field is replaced by the total field, 
and if we make the identification 

where 

J kk'— V J kk' — V \± pr>' )p,p' on F e r m i i (4.15) 

This result has been anticipated by Silin.6 The 
explicit expression (4.15) for the interaction between 
quasi-particles in the Coulomb case has not been 
given previously. 

V. INTERPRETATION OF THE QUASI-PARTICLE 
OCCUPATION NUMBER 

We now show that it is possible to give a rather 
simple general expression for the "quasi-particle 
occupation number" which occurs in the Landau 
theory. Consider first the current density operator 

r(x)=—{(lpa-(e/c)Aa^)^+^\:pa-(e/c)Aa^} 
2m 

mV k',k" 

'+k 
a 

Aa(x) •>i(k"—k') 'X (5.1) 

If the system is in a state described by the density 
matrix PT, then the average current density is given by 

<^aW>av = Tr(p 2^«(*))= Z — "-
k',k"tnV\- 2 

where 

Now if we put 

we have 

%///- = Tr(pT^'WO-

kf = k-q/2, k" = k+q/2, 

(5.2) 

(5.3) 

(5.4) 

(cT(*)>a 

e 
' L( l /w)[& a — (e/c)Aa(x)']eUl'xcS)k+q/2,/c-q/2 

V k,q 

= — E [ * « - (e/c)Aa(x)j£)(k,x) 
V h 

(Pk{\/m)[ka- (e/c)Aa(x)~]®(k,x), (5.5) 
W 

^(kyx)^J^qe
iq-xc£> k+q/2,k—q/2» (5.6) 

From (5.5), we see that £>(k,%) plays exactly the role 
of the single particle distribution function at k, x, since 
(l/m)[ka — (e/c)Aa(x)~] is just the velocity of a (clas­
sical) particle with momentum k at the point x. £>(k,x) 
is of course just the well-known Wigner semiclassical 
density matrix. 

If the vector potential is finite, we can change the 
variables and write 

(ofW)a 
(2TY 

r ka 

J d*k— S>(k+(e/c)A(x),x). (5. 7) 

We are interested in the response of the system to 
an external oscillating field described by A. Then to 
the first order in A we may write 

and 
£>(£,*) = 33(0) (k,x) + £>(1) (k,x), (5.8) 

£)(&+ (e/c)A (x), x)=^Q(k,x) 

+ (pic) (A • V*) 3)<°> (k,x) + 5)M (k,x). (5.9) 

Thus, the first-order single-particle distribution func­
tion fi(k,x) is given by 

f1(k,x)=(e/c)(A'V,c)^^(k,x)+^^(k,x)1 (5.10) 

and the average current density is 

<<r(*)>a 

(' ka 
dsk--f!(k,x). (5.11) 

(2x)3 J m 

6 V. P. Silin, Soviet Phys.—JETP 6, 387 (1958). 

We now ask, is it possible to give an expression 
analogous to (5.3) from which we can compute the 
quasi-particle distribution function? I t is clear that in 
order to do this we need quasi-particle creation and 
destruction operators to take the place of the particle 
creation and destruction operators of (5.3). Now, in 
general, this is not possible since the quasi-particle 
states have a finite lifetime (i.e., they are not eigenstates 
of the system). This lifetime, however, goes to infinity 
as the momentum of the quasi-particle state approaches 
the Fermi surface, for the system in its ground state. 
Therefore, we would expect the quasi-particle states to 
be well defined on the Fermi surface, and any properties 
which just involve contributions from the Fermi 
surface to be rigorously calculated in terms of them. 

Let us consider the following operator: 

vk r 
Ak = / exp(im)akQxp(~-im)eiEkte-^ktdL (5.12) 

V*kJo 

In (5.12), Eh is the energy of a quasi-particle of mo­
mentum k, zjc is defined by (I. 2.17), and -q]c is an energy 
much less than the chemical potential but much greater 
than the reciprocal lifetime of the quasi-particle state k. 
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As k approaches the Fermi surface, we may let rjk 

approach zero. This quantity plays the role of the 
quasi-particle destruction operator, when k approaches 
the Fermi surface.7 That is, as k approaches the Fermi 
surface, the state A^o (where \f/Q is the ground state of 
the system) behaves for a longer and longer time like 
an exact normalized eigenstate of the system which has 
one less quasi-particle in the state k. Apart from 
normalization, the reason for this choice is fairly clear 
intuitively: exp(+i#C/)afc exp(—i3C/) acting on \f/0 gives 
a distribution of single-particle states of momentum k. 
If the excitation energy of some such state is Sk then 
the integrand oscillates with frequency Sk—Ek. Aver­
aging over long times means we only get the contri­
bution from the excitation of energy Sk = Eky if the 
time of averaging is not as long (much less than the 
lifetime) that the quasi-particle state with energy Ek 

decays away. That the normalization is correct will 
appear from what follows. We shall take (5.12) to be 
our definition of the quasi-particle destruction operator, 
and shall show it has all the properties which we need. 

If we go into the representation in which 3C is 
diagonal [see Appendix A, (A 15)] then we can do the 
integral in (5.12) at once, and we obtain 

(Ak)n 

tVk (dk)n 

\/zk Ek+ir)k+En—En> 

Similarly, the creation operator A^ becomes 

— ink (aktynn> 

\/zk Ek—ivh+En' — En 

(5.13) 

(5.14) 

Let us first consider the quasi-particle distribution 
function for equilibrium. By definition this is (Ak^Ak): 

Zk n,n' 

X-
(a-k^)nn' (&*)»' 

(Ek—irik+En, — En){Ek+ii)k+En,— En) 

dtr. 
zk J-a (Ek— £— ir}k){Ek— £ + M U ) 

X E pMi+Enl-En)(a^)nn.{ak)n,n. (S.15) 

Now 

£ pJ(x+En> — En)(aki)nn>(ak)n'n = pk(x)f~(x), 

/-(*) = -
eS(»-M)-fl 

-, (5.16) 

7 One of us (P.N.) has used this quantity extensively in a 
course given on the many-body problem during the past several 
years. Similar operators have also been introduced by N. M. 
Hugenholtz, Physica 23, 481 (1957) [see Eq. (12.9) of that paper] 
from a somewhat different point of view. 

where pk{%) is the spectral distribution function of the 
propagator (see I. 2.10). (This is easily seen by just 
writing down the definition of the propagator in terms 
of exact eigenfunctions.) Therefore, (5.15) takes the 
form 

,2 

(A,Mh If 
Zk ./-< 

<*$P*(f)/-(*> 
1?A 

(Ek-Zy+Vk 
(5.17) 

For k very near the Fermi surface, we have (I. 2.15) 

Pk{£) = Zn^-Ek)+pk(Z), (5-18) 

where pk(0 is a perfectly smooth function. Therefore 

(AMk) = f-(Ek) 

1 rm Vk' 
+- d£ pk(H)f~(Z> 

zk (Ek-HY+Vk 
(5.19) 

The last term of (5.19) vanishes for k near the Fermi 
surface since pk(£) is smooth, /"""(£) bounded, and 
r}k

2/(Ek— £)2+r)k
2 approaches rjkd(^~Ek) as r)k ap­

proaches zero. Therefore for k near the Fermi surface 

(AkUk) = f~(Ek) = 
1 

e^(Ek-ix)^l 
(5.20) 

which just checks the quasi-particle distribution func­
tion (1.26) of Landau. From the result, we see the reason 
for the normalization factor l/\/zk in the original 
definition of the quasi-particle destruction operator. 

We next want to calculate the quasi-particle distri­
bution function when the system is excited by an 
external oscillating electromagnetic field. 

Analogously to (5.3), we define 

Dk»k> = TT(pTAkMk»). (5.21) 

Following Appendix A, we have 

Z W = Z W ( 0 ) + Z W < 1 \ (5.22) 
with 

Dkf,k^ = (AkAAr,)^Sk,k„{AiJAk) 

= 6k>k»t(Ev), (5-23) 

£ W ( 1 ) = Z / dv(T"to\J-q°(v)AkAAk..}-^, (5.24) 
a Jo iu 

where z(lo) is to be replaced by co in the final results. 
Using (2.4) we get 

Dk,+qik^ = -Z:(ka+qi 
m k,a 

X / dve~^^\ak+qKv)ak{v)AkAAkf+q)^ (5.25) 

Now 

(ak+q^(v)ak(v)Ak^Ak>+q) 

= -(T(ak+qKv+)Ak,K0+)ak(v)Ak,+q(0))). (5.26) 
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The expression (5.26) would be exactly a conventional 
two-pa.rticle Green's function if the quasi-particle 
creation and destruction operators Ak>\ Ak> were 
replaced by ordinary creation and destruction operators 
ak>\ ay- Therefore, the expansion of (5.26) in diagrams 
has just the usual form, except that whenever the 
expressions {ak>iak>}, (T(ak^ak>(u))), {T(ak>+J{u)ak>+q)) 
occur, t hey are to be replaced b y {Ak'\Ak>), 
(T(Ak>1ak>(u))), (T(ak>+qKu)Ak>+q)), respectively. N o w 
define 

Qk{uhu2) = {T(A^(ui)ak(u2))), 

Qk (uhu2) = (T(ak^ (ui)A k (u2))). 

Consider first Qk(ui,u2) for u1>u2. This is 

Qk(ulyu2)= E Pne ( M 1 - M 2 ) ( ^-^ ' ) ( i4 A t ) n w / (a A ; ) n , n 
n,n' 

n,nf 

iVk \ (a]3)nn'(ak)n>n 

where 

(5.27) 

X 
\Zzk/Ek—irik+En> — En 

1 /ivk y(Ml-M2)*p*(s)/~M 
dxl—y —y—, 

XYSAV Ek — x—ir)k 

(5.28) 

by (5.16). 
If k is near the Fermi surface, we make use of (5.18). 

Since rjk approaches zero, the regular part of pk gives 
no contribution, and we get 

(M«i,«2)= (V^eiul~U2)Ekt(Ek), (wi>«2). (5.29) 

Similarly, for u2>U\, we find 

Qk(uhu2) = - (\/zk)e^-u*Ekf+(Ek), (U2>ui) 

f+(Ek) = l~f-(Ek). (5.30) 

Therefore, Qk is a convent ional unpe r tu rbed propa­
gator wi th the unpe r tu rbed energy replaced b y Ek, i.e., 

Qh(«i,ui) = (\A*)~ Z — • ( 5 - 3 1 ) 

Similarly, 
' U-Ek 

Qk(uhu2)=y/zk- E • 
0 i U-E* 

(5.32) 

Therefore, just as in Appendix A (A26), we may 
write 

{ak+J(v)ak(v)AkJAk>+q) 

(zk>+qzk>)% _ _ 
= E eW{&kk>0 E SPSP+P 

£ 3 lo I 

-p*dP.»sk'mf-(Ek>) 

+ E Rp(P)TpAP)5P>5pr+p) (5.33) 
i,v 

5 , 3 1/0-,-ii*). (5.34) 

The sum over I in the first term of (5.33) is done at 
once (by the technique of I, Sec. 2, for example): 

1 
~ E SPSP^P= ~8k(P), (5.35) 

using the nota t ion of ( I . 3.14). 
T h e second t e rm contr ibutes nothing to (5.25). For 

the third t e rm we have a sum of the form 

1 
- E Sp>Sp>+pF(£i>)=L (5.36) 

This can be t rea ted b y exactly the same me thod used 
for the sum in (I . 2.11), this giving for the contr ibut ion 
from the poles of SP'Sp>+P' — 5k>(P)F(fj,). T h e other 
term, arising from any singularities of P(fz), can be 
dropped. This is not very easy to see directly from the 
sum (5.36), though it is not difficult to verify for some 
classes of lower order diagrams for TPP'(P). However, 
from the original definition of Dk>+q,k^

l) (5.25), the 
fact that the quasi-particle operators Ak>^Ak>+q stand 
to the right means that we only get something when k! 
and k'-\-q are on opposite sides of the Fermi surface 
(q assumed very small, but not zero). Therefore, the 
result is proportional to f~(Ek>+Q)~f~(Ek'). Now for 
the terms from the poles we get another factor of 
l/[Ek>+q—Ek'~s(/o)], so the pole term is of order unity. 
The term arising from the singularities of P(fz) has 
however no singular behavior for small q or Z(IQ), and 
therefore this term is of lower order in P . Therefore, 
we may take 

7 = - 8 * ( P ) F G « ) . (5.37) 

We finally obtain, for small P , on putting this all 
together, 

E a 

Dk>tk>+qt
l) = ezk> E [pkf(P)vk'a 

+ £ V * , ( P ) r j ^ ( P ) ] r ^ ; i 

-'--'qw 

= ezk> E ^ ( P ) [ P ^ ( P ) ] r ^ M (5.38) 
a iw 

using the nota t ion of (I . 3.2). Since 8k>(P) forces k' to 
be of the Fermi surface, we m a y write this as 

PF
 a 

a*'.*'+«0)s=X; -7—«* ' (P) r^«(P) , (5.39) 
a ico 

from (I. 3.11). 
From (I. 3.20) and (I. 4.31), we have 

r^«(P) = y^«~E* ' /* '*" (P)8 f c - (P )y*-« . (5.40) 
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where Comparison with (5.6) and (5.10) shows that we 
would expect the qth Fourier component of the first 
order quasi-particle distribution function ni(k,q) to be 
given by 

J-q
a =— Ytipfe^'^+eit'^pi"). (A8) 

2m i 

ni(k,q) = (e/c) (Aq„-Vk)Dkk^+Dk+q,^ql^\ (5.41) T h e c u r r e n t d e n s i t Y operator at the point x is given by 

Substituting (5.20), (5.39), and (5.40) into (5.41), we 
obtain 

ni(k,q) = bk 
eEa iq-Vk 

e \Zpia-(e/c)Aia'] 
ofW=-E 8(xi-x) 

2 i [ m 

+5(xi-x) [. (A9) 

i(q-Vk—o}) i(q-Vk-oo) 

h>(eEqw-Vk>
a) 

XjLfkAP)— —. (5.42) 
*' nq-Vk — w) 

Direct comparison with (1.14) and (3.1) shows that 
this is identical with the quasi-particle distribution 
function obtained by solving the Landau transport 
equation. Therefore the quasi-particle distribution 
function is just given by exactly the same expression as 
the distribution function obtained from the usual 
single-particle density matrix, except that particle 
creation and destruction operators must be replaced by 
quasi-particle creation and destruction operators. 

APPENDIX A. RESPONSE TO AN ARBITRARY FIELD 

Consider a system in an arbitrary external electro­
magnetic field. Let this field be given by a vector 
potential A (we choose for simplicity a gauge with 
vanishing scalar potential). We shall be interested in the 
linear response of the system and shall therefore study 
only one Fourier component of A, i.e., put 

m 
If we Fourier-analyze this, 

(A10) 
we get 

2mV i 
+e-iq-xi[pia~ (e/c)Ai

a']} 

1 Ne2 E0l0« 
-Jo 

V mV too 
(AH) 

To find the average current density gq(a
a we must 

have the density matrix 9T of the system. This satisfies 

Writing 
(A12) 

(A13) 

where p is the equilibrium density matrix for a system 
with Hamiltonian 3C, and evaluating (A 12) to the first 
order in the field, we obtain 

Aa = Aqa
aeiiqmXr-<at), 

IdA 
Ea= =Eqa

aei^-x-wt\ 
c dt 

Eqa
a=(c/io))Aqa

a. 

(Al) 

(A2) 

(A3) 

( 3 C , F ) - ^ W P , 2 I ) . (A14) 

Let us label the representation which makes 3C diagonal 
as follows: 

In these expressions imagine that co has a small positive 
imaginary part, corresponding to the field being turned 
on at t— — QO . 

If the Hamiltonian of the system in the absence of 
the field is 

3C=E<c(^ ) + tf, (A4) 

where U is the potential energy of interaction, then 
when the field is present the total Hamiltonian is 

3tyn = En4sn. 

Then the solution of (A14) is 

{pn~ Pm)<in 
1 nm 

En—E„. 

(A15) 

(A16) 

3Cr=£« e(p,-(e/c)A,)+U. (A5) 

For simplicity we shall take t(p) = p2/2m. This is not 
at all necessary here, but it simplifies the writing 
considerably. 

Then to the first order in the field, 

a=-(lAa>)Efl„-/_fl, 

(A6) 

(A7) 

(A 16) is regular because of the small positive imaginary 
part of co. 

Now suppose we want the expectation value of any 
quantity 93. This will be given by 

(93)T^Tr(PT«) = Tr(p93)+Tr( JF93)^'w (_ 
= <SB>+Sftr-<««. (A17) 

Clearly 
_ \Pn PrnJ-Hnm^Omn 

25= Z • (A18) 
n,m En — Em — 00 

The question is, how can we calculate (A18) from the 
many-body perturbation theory of the Luttinger-Ward 
type, which involves only temperature and no time 
variables? This is particularly simple for the expression 
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(A 18). Consider Using (A26) and (A25) in (A23) and the fact that no 
p current flows in equilibrium, we obtain 

Q(z(h))= - f e-v*w(%(v)%)dv, (A19) 

Jo /e\2 1 Eqa
a' 

2 l ( , ) - e x p ( ^ ) § l e x p ( - ^ ) , z(h) = 2*ilo/p. (A20) 5 f l " ° = ~ W 7 5 " & T { ? * * ( P ) ( * " ' + * * ' / 2 ) 

Expressing this in terms of the exact eigenfunctions of v ,, . ..N . „ /7 . ,.. _ /T^-^ / T^ 
3C, we obtain X ( * a + ^ « / 2 ) + E , ( * « ' + ^ ' / 2 ) 1 2 , ( P ) r P 1 , , ( P ) 

<?(*(«) = £ — _ SlnmSB^n. (A21) X £ ( P ) ( £ a + g a / 2 ) } - J L ^ . (A27) 

Therefore if we calculate (A 19) (which just involves 
temperature variables) by the usual rules and in the F o r s m a 1 1 ? w e c a n d r o P t h e t e r m s coming from qa,/2, 
final result replace z(l0) by co, we get exactly (A18). 2«/2- Then (A27) becomes, in the notation of (I. 3.3), 
We may express this symbolically as 

-e2 Eqw«' Ne2Eqo," 
» = 6(w). (A22) Sqa«= £-_^«'«(p) _ . (A28) 

V «' io) mV ioi 
Let us apply this to the calculation of the average 

current density gq(a
a. This gives c . ... , ,, , , ., . , 

J i & Similarly, the charge density is given by 
1 /•' £«„"' 

5 * « a = - E dve-**™(J-.g°'(v)Jq") 1 p p a 
V "' J« m P«B = - E dv e^°«°\J-q«(v)Pq}-^-, (A29) Ne2Eqa

a V a Jo tea 
~ ~ ~7 > (A23) whej-e 

with z(h) replaced by oo in the final result. •Pq = eY,ka,kiak+q (A30) 

In second-quantized notation, we have i s t h e c h a r g e d e n s i t y o p e r a t o r t i m e s t h e v o i u m e . This 

e gives 
Jq

a=—E ak^ak(2ka-qa). (A24) 2 1 ^ a 

2w * ™ 

Therefore, the first term of (A23) is just a two-particle 

Green's function, + E ( i . + f , y 2 ) J R , ( P ) r M - ( P ) ^ ( P ) > l (A31) 

P,» = ~ ~ - L — { E ^(P)(A.+?-/2) 
7W F a id) P 

'/2)(ka' + qj2) 
by the same reasoning that led to (A27). 
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