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A unified theory of equilibrium and nonequilibrium quantum plasmas is presented, using an approach
originally developed by Bogoliubov. The results, which are valid in both high temperature-low density and
(for Fermi gases) low temperature-high density regions, include: (1) an expression for the equilibrium
correlation function (and, hence, the thermodynamic functions) which agrees with results previously ob-
tained by other methods, (2) the kinetic equation for homogeneous ‘“‘steady state’’ systems recently derived
by Balescu using a different approach, and (3) a new kinetic equation which is valid for inhomogeneous

and/or rapidly varying systems.

I. INTRODUCTION

HE theory of quantum plasmas has been attacked
by a number of different methods. In the equi-
librium theory, the principal results have been obtained
by summation over ring diagrams,'~* by the random
phase approximation,® % and by the self-consistent field
approach.” For nonequilibrium, homogeneous, “steady
state” systems, a kinetic equation has been derived by
Balescu,® using a method developed by Prigogine and
Balescu.?

In the present work, it is shown how all of these
results may be obtained on the basis of some very simple
physical considerations, using a method? originally
developed by Bogoliubov!® which has proved successful
in the classical theory.'=*¢ Furthermore, a new kinetic
equation is derived which is valid for inhomogeneous
systems and arbitrary time scale, provided the system
is not too far from equilibrium. The results are valid for
both Bose and Fermi systems in the high temperature-
low density limit, and also for Fermi gases in the low
temperature-high density limit (the regions of validity
will be discussed more precisely below).
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II. THE GENERAL FORMALISM

We consider a gas of an arbitrary number of types of
ions, with NV, of type o. Type o will be specified by
charge e,, mass m,, and statistics a(s) (=1 for Bose,
—1 for Fermi, 0 for Boltzmann statistics). The macro-
scopic properties of the gas may be described in terms
of a density operator py, which has the properties

Trlpy]=1 (1)

TrlpxyD]=(D), (2)

where D is any dynamical variable and (D) its expec-
tation value. py satisfies the equation

Opx/dt=[Hu,px]/ih, 3

analogous to the classical Liouville equation, where Hy
is the Hamiltonian and [4,B] denotes the commutator
as usual. We will consider a system of point charges
interacting only through the Coulomb potential.

In order to develop an approximation method for
determining the properties of the gas, it is convenient
to define reduced density operators by

ps=(V/N)" ILict” No,. Trapa™[on], (4)

where the trace is taken over all but the first s particles
(these may be of different types, with the ith particle
of type ¢;). Taking the corresponding traces in (3), and
letting

and

N=3,N,— =, V/N—v,  (5)

so that the ratio s/N may be neglected, one finds the
quantum B-BG-K-Y hierarchy, which may be written
in the position representation as

(0ps/08) w1+ + *ws) = (— Ts+UDps (21 - - &)

V— oo,

1
+- /dxs+1 V@1 %55 Fsp)porr (@1 - - 205p0),  (6)

?
where we have used the shorthand
X;= (qi;qilya—i)’

/dx8+1:2zrs+l Tr (s, (8)

1446



KINETIC THEORY OF QUANTUM PLASMAS

and
s 1
TS(xl' : 'xS):_"_ Z ”‘*(Vqﬁ_vqa"z); )
24 =1 m,.

1 1
U (X ) =— 2 > egjeﬂk< ______

i jer<s iqf_qkl

1
——), (10)
'qj/"qkl'>

€ogyy © 1
Vsl 24 xw):fﬁ eﬁ(__ﬁ_
ih -1 [Q;— o1

It is convenient to introduce directly the symmetry
requirements on the functions p, by means of

Ps:’)’st, (12)

where v, is a symmetrization (antisymmetrization)
operator defined by

Vo= TTime" (142 ket 60,0,0(0)) Pir), (13)

where P, permutes the variables q;, q;. Since v, satisfies
the relation

'Ys-}~1="Y,9(1"{'Zj=1s ()1(0']‘)5,,].,,5+1Pj,g+1), (14)

and commutes with the operators T, U;, Vs, one may
substitute (12) into (6) and factor out v, to obtain the
equation

1
= Tst+quFs+“ /dxs+1 CUSI"S+1
Vv

1 s
+- /dxs+1 Vs 2 a(”f)50j0s+lpjs+lps+1' (15)
v J

7=1

The remainder of the report is devoted to the approxi-
mate solution of this hierarchy.

III. THE APPROXIMATION METHOD

Equation (15) very closely resembles the classical
B-BG-K-Y hierarchy, to which it becomes equivalent
as #— 0. Just as in the classical case, the second term
on the right, representing the mutual interaction of the
s-tuple under consideration, may be treated as small
compared to the first, provided!” the average Coulomb
energy is much less than the average kinetic energy. In
the nondegenerate case

- 6> Er=(6x2)%%2/2m2?, (16)

17 An implicit assumption that the particles are effectively
prevented from approaching too close to each other is involved.
For a classical gas of charged hard spheres, the approximation will
be a good one if the radius of the hard core is not too small with
respect to €2/6. For a fuller discussion of this point, see reference
12, pp. 27-30.
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where §=£T', this is equivalent to the classical condition
€*/0\p= (¢/0) (4 /v0) << 1. V)

For a degenerate Fermi gas the average kinetic energy
is of the order of magnitude of Ep, and the average
Coulomb energy may be approximated by

e/[(3/4m)v JF,
so we have the conditions'®

0 Erp,

/[ (3/Ar)w P Ep= 2men}/3ri)<1.  (18)

The second of conditions (18) requires that the average
interparticle spacing be much less than the Bohr radius,
and the first that it be less than the de Broglie wave-
length of the electrons (times a factor of order unity).

The third term on the right of (15) represents the
interaction of the s-tuple with the rest of the gas. Even
when the Coulomb potential is “weak’ in the sense of
(17) or (18), this term may not be considered small,
due to the infinite range of the Coulomb field. It is this
term which produces the effective “shielding” or
“screening” of the potential.

Finally, the last term is an exchange type interaction;
the integrand, unlike that of the third term, has a finite
range.® For nondegenerate systems, I, will vanish if
any |q;—q,’| is much greater than a de Broglie wave-
length.? It follows that this term is of the order of the
average Coulomb energy times a factor A*/v, where

X="7/(2mb)* (19)

is the electron de Broglie wavelength. But according to
(16) this factor is <1, so the fourth term will be of the
same order of magnitude as or smaller than the second.
The same holds for a degenerate Fermi gas, where the
cutoff occurs approximately at

';L/PF’\”D"}.

These considerations show that for the regions under
discussion [defined by (16) and (17) or (18)7], one may
write (15) formally as

9 1
<_+TS>F::=_ /dxsr‘tl EOSFS—H
at v

1 r s 7
+€I:‘ust+“ /dxs+1 Vs Z a(gj)aaiva+1pjs+1F8+1J (20)
v

J=1

18 Requirements (18) may be thought of as defining what we
mean by high!density-low temperature, while (16) and (17) de-
fine the low density-high temperature region.

19 The case of Bose gases below the condensation temperature
is excluded.

20 This condition and the one while follows for degenerate Fermi
gases are a consequence of the vanishing of the Fourier transform
of Fs (the Wigner distribution) for |p;| 2 [2m(0+Er)].
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REGION 1

F1c. 1. Approximate regions of validity of results. The graph
shows regions of validity of the method used in this paper: region
1 for both Fermi and Bose systems, region 2 for IFermi systems,
and region 3 where the method breaks down.

and expand?! F,(s>2) in powers of e. The approximate
regions of validity of this scheme are illustrated in Fig.
1. Although we will not go beyond first order in ¢, it
should be emphasized that the method may be system-
atically generalized to arbitrary order.

It is readily verified that the entire hierarchy (20)
is satisfied to zeroth order in e by the uncorrelated
distributions

FO (- w)=T1m" Fa(ay). (21)
Accordingly, we put
Fo(ar- - a)=11m" Fi(a)+ege(ar- o), (22)
and find
a S
("‘+ Ts>gs:(us H Fl(xi)
ot g=1
1 s--1
+_ /dx\-u Vs Z 60103+1a(0])[ Jjs+1 H 141(@0
.
8 1 ) ) s+1
—z - dxs+1 WjH—la(O'j)aujﬂsruj)fﬁ‘-i’l II ﬁ‘l(xlﬂ)
=19 k=1
1 1 3 ]
+- /dxs.H Vsgop1—— 2 1T Fi(®r)Wjsta
9 =y
XgQ(xj1xS+1)+O(€)y (23)
where
1 1 1
ijZj*-ea,-eg,( - ] ) (24)
ift lg;—a:| |9/ —av|
This system is satisfied by
=22 II Fi(xa)ga(xj00)+0(e). (25)
i<i<s WELE

2 It should be remarked that we do not expand F; at this point,
since it is desired to determine the higher distributions as func-
tionals of F; for arbitrary F1. On the other hand, oF 1/ 0t will be
expanded in powers of e. The real expansion parameter is, of
course, given by (17) or (18).
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This fact, which may be checked directly by substi-
tuting (25) into (23), is a consequence of the similar
property possessed by the inhomogeneous terms in (23),
which is in turn due to the weakness of the interaction.

Because of the relation (25), we need only deal with
the first two equations in the hierarchy, which may be
written [using (25) for gs]

0
<—+ Tz)gz(xl,xﬁ
ot .
=W 1ol (x1) Fy(w2) +— /dx3{[W1360203a(02)P23
7

F W o300 050 (1) Prs 1 (21) F1(w2) F 1)
F W 1aga (%9,23) F1 (1) +Wasga(x1,205) F1(2)

Fga (21, %2) (Wiz+Was) F1(w5)} +0(e), (26)

and

d
<-+ T 1>F1
at

1
+- /dxz{w [ 14ea(01)8e 0, P 1o ]F 1 (21) F1(w2)
v

+ €Wiaga(w1,20) } +0(€2).  (27)
In the following sections it is shown how (26) may be
solved in some important special cases. For the equi-
librium state the determination of g enables one to
compute the thermodynamic properties, while for non-
equilibrium systems one substitutes into (27) to obtain
a kinetic equation from which one may eventually
determine the transport properties of the gas, etc.

IV. HOMOGENEOUS SYSTEMS; THE
STEADY STATE

A considerable simplification occurs in (26) for
spatially homogeneous systems. In this case
Fr(wi)=F1(q:—

qil’ Ui) (28)

and

g2(%i5)

=g(0i— ¢/, ¢~ ¢/, 3(qi+a'—q;—q;'), 05, 05), (29)

and it is convenient to introduce the Fourier-trans-
formed Wigner distributions,

1
fln)= /de exp(—iP-<)Fi(fix,0), (30)
(r)
k)=—— dqd=dq’
S’ k)= (27r)6///q q
Xexp{ik-q—P-=—P’-7'7}
ng(hc,hv',q,a,u’), (31)
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where

n=(P0), #'=(Pd).

Performing the indicated operations on (26), one finds

(32)

) P P
222 Yot
at My My

() S~ (") = f~(n) f* (') ]

4
4 /dn,/eq"{ea[f+ m—f~)]

1hok?
XG' " —K)—e L fH(n')—f~(n")]
XG(m'";k)}+0(e), (33)
where
()

FEn)= f(P A7k, a>[1+ o) (B fﬂ (34)
and

f dn= / P, (35)
Similarly, from (27)
(')f €,

o /dn ea/—[Q(P—aﬁk —_

(9[ 217r2ﬁ7)

—G(P+3tk, o;9'; k) ]+0(ed).  (36)

The solution of (33) will in general involve the initial
value of G. Furthermore (33) is nonlinear in the time
dependent f’s. However if one assumes, following
Bogoliubov,"® that sufficient time has elapsed so that
G depends on time only through f, one has

(5 k3¢
~—<n,n,k = /d facha )l(n” H)=0(e),
of(n" ) ot

so that dG/d! may be ignored in (33). One also remarks
that (33) determines G in terms of

(37)

Glnk) = / ' ewGlna's ), (38)

which is also the quantity occurring in (36). Multi-
plying (33) by?*
/

P P\ kP kP
eu'[—ik-<*——_—):| —>27re,r6+<——““‘—>, (39)
. Mg Mg Mo My

2 The interpretation of the singularity in (38) is equivalent to
Bogohubov s condition of “weakening of correlation.” (See work
cited in reference 10.)
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where

1 © 7
5 ()= — lim / dy et =30()—P(1/), (40
0 m

2 0

neglecting terms of order ¢, and integrating over »’, one
finds for G

(n,k)

A(k-P/kmo k)G (n k) = q(mkH—

4

d kP k-P
X / i e.,ra*'(~~~-—~>G(n', —K), (41)

kmy  kmg
where
472
D(n k)= ——e¢[ f*(n)— f~(n)], (42)
hok
21 k-P
Aluk)= l—l—;; /dn e,0 F(u-——k—ma>l)(n,k), (43)
271 (4we,) C k-P k-P’
q(nk)= ‘“7‘132—‘ /dTI (7% 5+<;:—';;>
XL @)=t (44)

Equation (41) is a standard type of singular integral
equation; in fact, it is a special case of (21) in I. (Cf.
also work cited in footnotes 12 and 13.) Since the only
properties used in obtaining the solution were the
relation (43) between D and A and the symmetry
relation

one may immediately write down the solution. Using
also the symmetry of

" k)—fd a( BN = a(—n, =k (16)
(] u, = NE s u k )(] 7}, —'q M, D

M5

one finds®

q(nk) iD(n,k)q(k-P/km, k)
G(mk)= !
A(k-P/kmo k) | A(k-P/km, k)|
D(n,k) du G(u,k)

47)

- wk? /.w (u—Lk-P/km,) |Awk) >

Substituting (47) into (36), ignoring terms of order €,
and setting the formal parameter e equal to unity, one

2 As pointed out by Balescu, it is not necessary to obtain the
explicit form of the correlation function in order to determine the
contribution to (36); however, we will also be interested in the
calculation of the thermodynamic functions where the complete
correlation function is needed.
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finds after some manipulation

9 2e.* [ dk k-P kP
—f(ZIZ: ‘ /~(T+-—T“‘) /dn’e.,'25<~————-—,—)

al h SR My My

SO @)= @)
|A(k-P/bmg k)

(48)

where the 7’s are operators defined for any function
¥(P) by
T+(P.K)y (P) =y (PL57k).

Equation (48) is a generalization of the equation of
Balescu® to a multicomponent plasma. We remark in
passing that the H theorem is satisfied for systems
obeying (48), and it is easily shown that the unique
equilibrium distribution has the expected form

Joln)=Lv/ Quh)* )/ { A (o)expl (P —m,V)*/2mof ] —a(a)}.
(50)

(49)

V. THE AVERAGE COULOMB ENERGY;
THE EQUILIBRIUM STATE

In order to compare with previous treatments for the
equilibrium state, which have proceeded from the par-
tition function rather than the correlation function, it
is convenient to calculate the average interaction energy
of the system. This is given by

/ o / dn e{eoa o) f(n)h

+1G(k 51
ARl G

™

2xN
U,=Tr[poyH.]=—

X J(P+7k,

where H, is the total Coulomb energy of the system
and we have used (4), (12), (22), (30), (31), and (38).
Using the explicit form (47) for G, one may write

2z N
U=—
v

“dk[
/ ;[ / dn e[ (n) f(P+1k, o)a(o) (h)?

t o qluk)
e / du— ] (52)
2r) ) 2

[A(u,k) |
The expression (52) is valid for all uniform states for
which the “asymptotic” time restriction is valid, and
the f’s may, in general, be time dependent. Considerable
simplification occurs for the equilibrium state, when
the f’s take on the equilibrium values given by (50).
In this case one readily shows that

7 M,k :——_‘;——"-‘
Tk = (i 20)

M (' k), (53)

u —u

©  sinh[ k(4 —u)/26]
X / dw

GUERNSEY

where
k-P 7ik- (P—mV)
M(uk)= /dn e,%(u——-)fo “(n)exp——
My o0
(54)
Tt follows that we may write
“ du qo(u) v = (1/A0(u)—1)
/ ———L=-1,P / du——
o |A0()|? w —w  Sinh(%ku/20)
*  sinh[hk(u' —u)/20
X / du ~»~W—w~—gﬂl (k). (55)
o (u' —u)

The analyticity properties of the integrand are such
that the path may be closed in the upper half plane,
and residues taken at the zeros of sinh(%ku/26). One
then finds

S Y
U.= V/ dkleﬁ:‘jdn e*a(a) fo(n) fo(P+1k, o)

0 . [1—A(2umig/hk) T2
— , (56
2(2r)? a8 Ao(2ming/ 1) 36)

which is a generalization of the result of Englert and
Brout® to include Bose statistics and multicomponent
systems. The function A, is readily identified as the
dielectric constant.

VI. INHOMOGENEOUS AND RAPIDLY
VARYING SYSTEMS

The transport properties of a plasma may be deter-
mined to a good degree of approximation from (48)
provided (a) the scale of any spatial inhomogeneities is
much greater than a Debye length, and (b) sufficient
time has elapsed?® for the higher distributions to depend
on time only through . Since these conditions are not
satisfied for many problems of interest, it is desirable
to derive a kinetic equation which is not subject to such
restrictions. It was shown in I how this could be done
for a classical plasma not too far from equilibrium. The
present treatment is completely analogous.

In order to solve (26) approximately for inhomo-
geneous and/or rapidly varying systems, it is con-
venient to perform the following linearization:

Fi=FOLFO, (57)
go= g(O)._l._g(l)‘ (58)

where F©® and g@© are the equilibrium one-particle
distribution and correlation function respectively and
neglect second-order terms in F® | ¢®_ Ag before, we
introduce the Fourier-transformed Wigner distributions
and integrate over one momentum argument. In addi-
tion, we take a one-sided Fourier transform in time.

2 A condition on the frequencies of the processes involved is
also implied; these should be much less than the electron plasma
frequency.
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Defining
Jo(nw )——/ dl/dc expli(wi— - P)JF O (hiz,0,0), (59)
Soln,n kw)= dt dz | d+' | dq exp[i(wi+k-q—%-P—<"-P) g (A7’ q,0,0',t), (60)
fl(n,k,w)=————~;/ dt/de/dq exp[i(wt+k-q— < -P)JFO (q+3x, q—3%x, 0, 1), (61)

Gi(nk K w) ~———/dn cg/ dt/dq/dq /dc/dﬂ: exp[t(wt+k-q+k'-¢'—=-P—<"-P')]

XgW(q+3hr, q—3he, 0; ' +307", ' =30, 0’5 1), (62)
One finds for G an equation of the form

w+k-v 2¢Dy(n,k) w+k-v+k'-v
AO( ) kl>Gl(’7:k:k’:w)=(](’?;k7k’>w) +-_'_~— /dﬂ, 60’6.“<————>Gl(n1yk/7k:w): (63)
4 kE 4
where Dy and A are defined by (42), (43), (34) with f replaced by fo,
v=P/m,, V=P /m,, (64)

and

81I'21. €4Cq
q (n)krk/7w) = ——h‘ /d‘r], esdt (w+k ' V+k/ : V/) l ‘;J;[fﬁ(%k,k':w)f0+(77/:k/) - flu(%kyk/,w)fo_ (ﬂ’,k/)]

—Go(ﬂ LT~ (PK) =T+ K) 1 f1(n, k+K, w)+ / .dn”ea”fl(n”; k+k, w)

(k+Kk)% ,
XLT+(P, k+K) =T (P, k+K') IGo(n, ', —k’)+;91(nm',k,k’,0) . (65)
Here, fo* is defined by (34) with f replaced by fo, 7+ by (49), and

(2ah)
fli(nrkak’7w) :fl(P:F%hkly g, k+kl, w)[l_f__“ !

v

a(o) fo(PF 37k, (r):{

(27rﬁ)

a(o) fo(PE£37k, o) fL(PE37K o, k+K, w). (66)

?

Once again the form of the equation is precisely the same as in the classical case [Eq. (21) of 1] and we may
use the results of I to write the solution as [cf. I, Eq. (61)]

(n,k7k,) D (W,k) d%[@ +(M)—<I> %(M)
Gi(n k") = : += / 2 . ; (67)
A (w+k-v)/F, K] wk? (w—k-v/R)Ao(w+ku/k', k')A (u,k)
where C is a path just below the real axis, and
1 (' kK

& (u)=—> lim | dy’ e,/—j—-— , (68)

i (k-v'/k—uTFie)

1 ewrq(n' K k)
Bt () = —— lim | dof—— . (69)

2mg 0 (k' -v'4w)/k+uzie
To obtain a kinetic equation, one substitutes into (27), whose linearized transformed version reads

47[' [ 1( ,K,w
(k) fun ) = { / g e
ho k?

XL+ (R k) —T=(P k) I fo(nJ)+ f1(nkw)[ T+ (P, k+2k") = T (P, k+2K") Jfo(n k) }

1 = TP Vs k) (o) / P, 0,k )

1 rdk
_6;/;[ +H(Pk)—T-(PK)]G:(n, k+k, — K, w)}+‘h(n,k 0).  (70)
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Here, F1(n,k,0) is the initial value of the singlet distri-
bution (untransformed in time).

On substitution of (61) into (70), one obtains an
equation for the perturbed singlet distribution, which
in principle determines the transport properties of the
system. An exact solution appears to be extremely
difficult because of the formidable nature of the ex-
pression for the correlation function. However, it is
hoped that (70) may prove useful in the approximate

RALPH L. GUERNSEY

determination of high-frequency transport properties
of a plasma, as well as the correlation effect on the
damping of plasma oscillations. A more detailed dis-
cussion of these problems is reserved for future work.
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An analysis of some recent experimental and theoretical in-
vestigations of the elementary excitation spectrum of liquid
He II is carried out. The spectrum of density fluctuations, which
is measured in an inelastic neutron scattering experiment, is
shown to consist of two distinct parts: direct excitation of single
quasi-particles from the condensed zero-momentum state; and
excitation of more complex configurations arising from the inter-
action of two, three, or more quasi-particles. With the aid of
general sum-rule arguments it is demonstrated that: (1) in the
long-wavelength limit, a single quasi-particle excitation exhausts
the f-sum rule; the resulting excitation spectrum is identical to
the phonon spectrum proposed by Feynman and found experi-
mentally by Henshaw and Woods; (2) this asymptotic behavior
of the density fluctuation spectrum may be used to normalize the
experimental results of Henshaw and Woods; one thereby obtains
a somewhat altered liquid structure-factor curve, detailed infor-
mation on the efficiency of quasi-particle excitation from the con-
densed state of an incident slow neutron, and an estimate of the
depletion of the zero-momentum state as a consequence of particle

I

ONSIDERABLE progress in our understanding of

the elementary excitation spectrum of liquid He*
has been made in recent years. Both neutrons' and
charged particles® have been used as probes to provide
a direct experimental measurement of the energy vs
momentum curve for the elementary excitations. The
spectrum so obtained is in good agreement with the
theoretical spectrum calculated by Feynman® and

* Work supported in part by the U. S. Army Research Office
(Durham) and the Air Force Office of Scientific Research.

L H. Palevsky, K. Otnes, and K. E. Larsson, Phys. Rev. 112, 11
(1959); J. L. Yarnell, G. P. Arnold, P. J. Bendt, and E. C. Kerr,
bip. 113, 1379 (1959); D. G. Henshaw and A. D. B. Woods, 7bid.
121, 1266 (1961).

2 G. Careri, Progress in Low-Temperature Physics, edited by J. C.
Gorter (North-Holland Publishing Company, Amsterdam, 1961),
Vol. 3, p. 58.

3 R. P. Feynman, Phys. Rev. 94, 267 (1954).

interaction; (3) the backflow introduced by Feynman and Cohen
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Feynman excitation and higher configurations involving several
elementary excitations.
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although they are of decisive importance in the determination of
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