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from the discrepancy between the theoretical curve and cross sections at low bombarding energies. No theo-
the experimental results that the plane-wave Born retical expressions for M-shell ionization cross sections 
approximation is not applicable at low bombarding are available so that no quantitative comparison can 
energies. At higher energies (between 1.5 and 4.0 MeV) be made. 
this approximation works quite well.13 To explain the 
low-energy data it is probably necessary to include 
effects due to the Coulomb deflection of the bombarding The authors would like to thank Roy Cedarlund, 
particle by the nuclear field. It has already been shown14 Bruce Burford, and Al Horn for their help during the 
that this must be done to fit the K x-ray ionization course of these experiments. 
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Self-consistent field wavefunctions have been obtained for the ground states of the first row atoms and 
for the excited states belonging to the same configurations. They are the solution of the variational problem 
of finding the best orbitals for a given state, without any additional approximations except for those in­
herent in the expansion method. 

INTRODUCTION shall now consider (I) in a series of papers,2 differ from 

ANALYTICAL self-consistent field (SCF) functions other recent work3"5 in, among other things, that a great 

for the Is2, ls22s, and ls22s2 atomic configurations deal of effort has been put into obtaining accurate 
were published recently.1 These calculations, which we representations of the Hartree-Fock functions with 

TABLE I. Orbital exponents of the basis function. 

Is 
Is 
2s 
2s 
2s 
2s 
2p 
2p 
2p 
2p 

Is 
U 
2s 
2s 
2s 
2s 
2p 
2p 
2p 
2P 

Li(2S) 

2.4803 
4.7071 
0.3500 
0.6600 
1.0000 
1.7350 

N( 2#) 
6.4730 
10.9700 
1.2745 
1.8034 
3.1159 
5.0338 
1.0906 
1.6446 
3.0200 
7.1650 

BeOS) 

3.4703 
6.3681 
0.7516 
0.9084 
1.4236 
2.7616 

N(2P) 
6.5035 
1.1318 
1.2721 
1.8038 
3.0120 
5.2338 
1.0580 
1.6279 
3.0243 
7.2029 

B(2P) 

4.4661 
7.8500 
0.8320 
1.1565 
1.9120 
3.5213 
0.8783 
1.3543 
2.2296 
5.3665 

0(3P) 
7.6160 
13.3243 
1.7582 
2.5627 
4.2832 
5.9445 
1.1536 
1.7960 
3.4379 
7.9070 

C(3P) 

5.4125 
9.2863 
1.0311 
1.5020 
2.5897 
4.2595 
0.9554 
1.4209 
2.5873 
6.3438 

oez» 
7.6105 
13.2681 
1.7582 
2.5630 
4.2754 
5.9445 
1.0626 
1.7405 
3.4198 
7.8890 

COD) 

5.4300 
9.1500 
1.2255 
1.6142 
2.6990 
4.2131 
0.9372 
1.4147 
2.5545 
6.3021 

oes) 
7.5333 
12.7015 
1.7098 
2.4512 
4.0761 
5.9445 
1.0555 
1.6985 
3.3517 
7.6690 

cos) 
5.3842 
9.0600 
1.2100 
1.5929 
2.5964 
4.2500 
1.1060 
0.5074 
2.3590 
6.2000 

F(2P) 
8.5126 
14.4130 
1.8599 
2.7056 
4.9019 
6.4440 
1.2655 
2.0301 
3.9106 
$.6363 

N(4S) 

6.4595 
10.8389 
1.4699 
1.9161 
3.1560 
5.0338 
1.1937 
1.7124 
3.0112 
7.1018 

NeOS) 
9.5735 
15.4496 
1.9550 
2.8462 
4.7746 
7.7131 
1.4700 
2.3717 
4.4545 
9.4550 

* Present address: Argonne National Laboratory, Argonne, Illinois. 
1 C. C. J. Roothaan, L. M. Sachs, A. W. Weiss, Revs. Modern Phys. 32, 186 (1960). 
2 In reference 1, we referred tothe paper describing the general theory (here reference 6, as I). We hereby specifically withdraw this and 

we shall use the Roman numerals to indicate the various practical applications which are now under way or planned for the near future. 
3 L. C. Allen, J. Chem. Phys. 34, 1156 (1960). 
4 R. E. Watson and A. J. Freeman, Phys. Rev. 123, 521 (1961); 124, 1117 (1961). 
6 L . M. Sachs, Phys. Rev. 124, 1283 (1961). 
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short expansions. We believe we have generally suc­
ceeded in obtaining three decimal place accuracy for 
the orbitals or better. 

The calculations in (I) were based on a formulation 
of the SCF problem6 which handles configurations with 
one open shell correctly as to the off-diagonal Lagrangian 
multipliers. An extension of this method to two open shells 
was given by Huzinaga.7 More recently a modification 
which can conveniently handle any number of open 
shells, except that no two shells may be of the same 
symmetry. This was worked out in detail.8 Thus the 
SCF problem for configuration like spn, spndn', etc., is 
solved in the sense that the best orbitals are determined 
for a particular individual case; for instance, for the 
oxygen atom in the state W2s2p\ IP. The IBM 7090 
program based on this analysis8 has the following im­
portant features which are rather essential to successful 
calculations: 

(1) automatic optimization of the basis functions, 
so that satisfactory short expansions can be tracked 
down systematically; 

(2) automatic adjustment of convergence thresholds, 
guaranteeing the greatest accuracy obtainable in a 
particular case; 

(3) elaborate error and diagnostic facilities. 

RESULTS AND DISCUSSION 

The SCF functions were determined for all the states 
associated with the ground state configurations of Li, 
Be, B, C, N, 0, F, Ne. The basis functions are Slater-
type functions (STO's) with integer principal quantum 
numbers, but flexible exponents. Note that the notation 

6 C. C. J. Roothaan, Revs. Modern Phys. 32, 179 (1960). 
7 S. Huzinaga, Phys. Rev. 120, 866 (1960); 122, 131 (1961). 
8 C. C. J. Roothaan and P. S. Bagus, Methods in Computational 

Physics (Pergamon Press, New York, 1962), Vol. 1 (to be 
published). 

Is, 2s, 2p, etc., is used in two different ways. Namely, a. 
2s STO means the basis function re~^r, whereas a 2s 
occupied orbital means an s function with one radial 
node. 

In Table I we give the optimized basis functions; 
they were obtained in each case as the best of many SCF 
calculations. We believe that we have thus obtained 
functions which represent to three decimal places or 
better the solutions of the Hartree-Fock integro-
differential equations. A necessary, but not at all 
sufficient, criterion for having obtained the Hartree-
Fock functions is that the virial theorem should be 
satisfied; for our best expansions we found V/E 
= 2.00000zb0.00002. Another test on the orbitals is 
the "cusp value" which can be used as a rough indi­
cation of the quality of the orbitals near the origin.1 

In Table II are given the total energies, orbital 
energies, cusps, and expansion coefficients; numerical 
tabulations of the radial functions P(r) are computed. 
Tabulations of these wavefunctions for different grids 
are available upon request of the authors.9 
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