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Angular Distribution of y Radiation Following Direct Nuclear Reaction* 
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The 7-ray angular distributions following the direct reaction Ci2(p,pfyiAz Mev)C12 have been calculated 
for the cases of single-particle excitation and collective excitation using Glendenning's optical potential 
and the surface interaction model. In the case of particle excitation, the effective two-body potential has 
been assumed to have the form Vd(\tp—rn\)Zao-\-ai€t(p) •(r(n)']. Comparison with experiments at this 
laboratory for incident proton energies Ep — 6.69, 8.46, 8.71, and 9.72 MeV shows remarkably good fits for 
ai/aQ= ±067. For the case of collective excitation, the agreement has been found to be poor. The plane-
wave Born approximation for the incoming and outgoing waves does not yield satisfactory results for either 
mechanism. 

I. INTRODUCTION 

RECENTLY, some 7-angular distributions fol­
lowing the reaction C12 (^ '74.43 Mev)C12 have 

been measured at our laboratory1 for incident proton 
energies between 5 and 12 MeV. These measurements 
were carried out at incident proton energies where the 
excitation curve shows no resonant structure, as well 
as at energies in the vicinity of resonance peaks. At 
the former energies, it is expected that the reaction 
proceeds by a direct process. 

For the angular correlation between the 7 ray and the 
inelastically scattered proton from the 4.43-MeV level in 
C12,Levinson and Banerjee2 have obtained good theoreti­
cal results using the approach of particle direct interaction. 

On the other hand, from an analysis of the inelastic 
electron-scattering cross section for C12, Ferrell and 
Visscher3 have reached the conclusion that some 
collective behavior exists in the 4.43-MeV level in C12. 
From the strength of the E2 transition from this level 
to the ground state in C12, Devons et alt and Kurath5 

also have suggested the same fact. 
For the angular distributions of protons and a 

particles inelastically scattered from the 4.43-MeV 
state in C12, the analysis has been performed by many 
authors.2 '6,7 They have shown that the shape of such 
angular distributions of protons and a particles are 
insensitive to the type of interaction (particle inter­
action and collective interaction). However, the shape 

of the angular distribution of 7 rays following the direct 
reaction, in general, depends on the interaction type. 
Thus, it is of interest to analyze the angular distri­
butions of 4.43-MeV 7 rays following the direct reaction 
of protons with C12 from the point of view of both the 
particle and collective interactions, since this may give 
some information on the properties of the 4.43-MeV 
state of C12 and on the interacting two-body force. 

Glendenning6 has shown that if suitable depths of 
the real and imaginary parts are chosen, the rectangular-
well optical potential yields good results for the angular 
distributions of particles (protons, neutrons, and a 
particles) inelastically scattered from several levels in 
a number of nuclei by the direct reaction process. 
Furthermore, he has shown that the surface interaction 
model is appropriate for such a direct reaction. 

In our calculation, the distorted-wave Born approxi­
mation is used for the incoming and outgoing proton 
waves. For the reason mentioned above and for ease 
of calculation, the distorted potential is taken to be 
Glendenning's optical potential in addition to the 
Coulomb potential, and the surface interaction model 
is introduced. 

II. ANGULAR DISTRIBUTION 

If the scattered proton is not observed, the angular 
distribution function for the 7 ray following the direct 
reaction is given by 

w(ey-
1 

2 ( 2 / r f l ) * MiMfvw 
dtt £ <*/(//M,)|ff7|*(/^><*(JJ^^^ (1) 

where II7 and V represent the interaction Hamiltonian tively; fd£l represents the integral over direction 0 of 
the scattered proton; <f>(JM) is the nuclear wave-
function for the state with spin / and ^-component M, 
the subscripts i, f distinguishing between the initial 
and final states, while the intermediate (excited) state 
has no subscript; \pi and \f/f are the wavefunctions of the 
incident proton and the scattered proton, respectively; 
a is the spin coordinate of the particle. 

We assume here a pure multipole for the 7 radiation. 
This assumption is correct for our analysis, since the 
7 radiation from the 4.43-MeV state (2+) to the ground 
state (0+) in C12 is known to be E2. For unpolarized 

for the 7-ray emission and inelastic scattering, respec-

* Supported in part by the Air Force Office of Scientific 
Research. 

f On leave from Niigata University, Niigata, Japan. 
1 H. S Adams, J. D. Fox, N. P. Heydenburg, and G. M. 

Temmer, Phys. Rev. 124, 1899 (1961). 
2 C. A. Levinson and M. K. Banerjee, Ann. Phys. (New York) 

2,471,499 (1957); 3, 67 1958). 
3 R. A. Ferrell and W. M. Visscher, Phys. Rev. 104, 475 (1956). 
4 S. Devons, G. Manning, and J. H. Towle, Proc. Phys. Soc. 

(London) A69, 173 (1956). 
5 D. Kurath, Phys. Rev. 106, 975 (1957). 
6 N. K. Glendenning, Phys. Rev. 114, 1297 (1959). 
7 J. S. Blair, Phys. Rev. 115, 928 (1959); E. Rost and N. 

Austern, ibid. 120, 1375 (1960) and references given there. 

1693 



1694 M. N O M O T O 

7 radiation, Eq. (1) becomes8 

W(6) = Zk Ak{JfJ)Bh(JJi) frtdP^cosO), (2) 

1 
A/c = Z—(2J+l)(2L+l)(~iyj+Jf-k-i(LlL~l\kO)W(JJLL;U (2a) 

L 47T 

1 
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2 ( 2 / ^ + 1 ) * MiMM'vw 

X [dQfriJMWAVltiiJMMi^ (2b) 

where L is the multipole order of. the y radiation; 
(aab(3\cy) the Qebsch-Gordan coefficient; W(JJLL; 
kJf) the Racah coefficient; {//||L||J) the reduced 
matrix element for the y emission, as defined by Devons 
and Goldfarb8; k is an even integer. 

\pi and \f/f are written in partial wave expansion as 
follows: 

*<= (4TT)* ZL, iL l exp(i5L l)(2Li+l)* 

XfLl{kurv)YLl\s°\ (3a) 

^ / = 4TT E L 2 M 2 iL* exp(-i8L2)YL2
M**(tt) 

XJL2(k2,rv)YL2
M>Xs°\ (3b) 

where the YLM are spherical harmonics, and the 
direction of the incident beam is taken as the polar 
axis; %/ is the spin wavefunction; 6L is the phase shift 
for the Coulomb potential. The radial wavef unction 
fiXk/) satisfies the equation 

r l d2 L(L+1) 2M 2kn n 
r _ _ _ ^ _ _ + £ 2 /L(*,r) = 0, (4) 

Lr dr2 r2 h2 r J 

where U is the distorting optical potential assumed to 
have a rectangular well shape, following Glendenning; 
M is the reduced mass of the target nucleus and the 
projectile. The Coulomb parameter is 

n=ZZfMe2/h% 

where Z and Zf are the atomic numbers of the target 
nucleus and the projectile, respectively. 

A. Particle Excitation 

We assume that one of the particles bound in the last 
shell of the target nucleus jumps to an upper level 
(with possibility of an exchange process) by the direct 
interaction with the incoming particle. The interaction 
Hamiltonian is given by 

v= E vpn, (5) 

8 S. Devons and L. J. B. Goldfarb, Handbuch der Physik, 
edited by S. Flugge (Springer-Verlag, Berlin, 1957), Vol. 42, 
Part III . 

where Vpn is the two-body potential between the 
incident particle (denoted by p) and the ^th bound 
particle. The summation is taken over all the bound 
particles (q in number) in the last shell. 

For Vpn we assume a surface interaction form for the 
reason mentioned in Sec. I. Since Glendenning's argu­
ment6 for the exchange contribution, advanced for the 
angular distribution of the inelastically scattered 
particle, is applicable in our case, the space exchange 
character is excluded from the two-body potential. In 
addition, the wavefunction describing the system con­
sisting of the projectile and the bound particles is not 
antisymmetrized with respect to interchange of the 
projectile with one of the bound particles. The tensor 
force is neglected. Thus, the two-body potential is 
assumed to be composed of a spin-flip part plus a non-
spin-flip part, 

Vpn=d(rp—Ri)Vd(\rp—rn\)[ao+aia(p)'v(n)], (6) 

where Ri is the interaction radius. 
Introducing the notation 

- 1 
(70° = 1 , Or-l1 = (o-x—i(Ty), 

(7) 
1 

o-0
1 = a-3, cri1 = — (orx+iary), 

and expanding V'& in a reduced tensor operator CM\ 
following Racah's treatment,9 

/ 4TT \* 
C/= Fx*(M, 

\ 2 X + 1 / 

the expansion coefficient being v\(rprn), Eq. (6) becomes 

Vpn = 5(rp-Rr) £ afivx(rprn)(-iy
+y 

07XJU 

X ^ ( # ) C ^ W ( » ) C V ( » ) . (8) 

For the nuclear state, we use the j-j coupling shell-
model wavefunction.10 In fact, Levinson and Banerjee2 

9 G. Racah, Phys. Rev. 62, 438 (1942). 
10 From analysis of electron scattering from C12, Pal and 

Nagarajan [Phys. Rev. 108, 1577 (1957)] have concluded that 
the L-S limit comes closest to the observed value, this being in 
contradiction to Levinson and Banerjee's conclusion. 
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have reported that this model yields a remarkably good the wavefunctions of the initial and excited states are 
fit to the p'-~y angular correlation from the 4.43-MeV expressed as follows: 
level in C12 as well as to the angular distribution of 
inelastically scattered protons. For the sake of brevity, rAJiMi)— \j<]Ji—Mi— u;, 
we assume Ji=Mi=0. This assumption is sufficient <b(JM)=\jq~l(j)jfJM). (9) 
for our purpose, since an even-even nucleus is con­
sidered here. Let us assume that one particle in the Using the Racah technique9,11 for tensor operators, 
j shell is excited to the f shell by the collision. Thus, and using (3), (8), and (9), we find 

= <Z*(4ir)» E i L l - L 2 expp(5 L l +5 L 2 ) ] (2L 1 +l )^F L 2 ^ (^ ) 
L1L2M2 

X E atf^LiLM*; JM)Fx{L1Li;W), (10) 

/ 2 ( 2 / + l ) ( 2 / ' + l ) ( 2 L » + l ) \ * 
hf = Z ( -DH2X+1)(2 ( S+1)( 0*fiy\JM) 

7M \ 2 Z i + l / 

X(i '0X0|ro)(Z,20X0|Li0)(j-<ra8-7|5-o-i)(X2-M2X-/i |I , i0) \s I j \ , (10a) 
[si ' j'l 

F*(LlLi;U')= ftStRMMW [RnT(rn)vx(Rirn)Rni(rn)rn2drn, (10b) 
2X+1 J 

f|3 X J 1 
where (jt~1(j)jJi=0'}j*Ji=0) is the coefficient of fractional parentage; \s l j \ is the Wigner 9-j symbol; 

U /' j') 
Rni is the radial wavefunction of the bound nucleon in the state with quantum numbers n and /. 

Inserting (10) into (2b) and using the algebra for angular momentum, Bk becomes, neglecting irrelevant 
constant factors, 

5*« E E | ^ | H - l ) ^ 2 ( 2 / 3 + l ) ( 2 7 + l ) ( 2 i ' + l ) ( 2 r + l ) ( L 1 O L 1 ' 0 | ^ 0 ) T F ( / X / X ' ; ^ ) t F ( X L 1 X ' i 1 ' ; « ) 

XG^a^LsjXOGpCLiLjjX), (11) 
G f l(i1L2;X) = ^ - ^ e x P R ( 5 i , + 5 i , ) l ( 2 X + l ) r ( 2 L 1 + l ) ( 2 L 2 + l ) ] i 

{/3 X J] 

s I j\Fi(LiLt;W). (11a) 

In the expression (11), the cross term of 0 = 0 and 1 For small shape oscillations of a spherical nucleus, a2M is 
vanishes. Remembering that k is even, we find from A 

Eq. (11) that Li+Li=even. If l+V and / are even, =( \Vh -L.(^\\nh *i / i2 \ 
which is true for the reaction considered here, we have 2M \ 2C/ ~^ 
\ = \ / = / , and L1+L2 and ZY+L2 are even numbers. 
In this case, since the integral in F\ contributes only a where fiu is the energy of one surface phonon; C the 
constant factor to Bk, the shape of the y-angular surface tension; by* and 6M are the creation and annihi-
distribution W{6) is independent of the shape of the lation operators for one phonon in the state |2/z), 
space portion Fd( | rp— r n | ) of the two-body potential, respectively. For the rotation of a slightly deformed, 
and independent of the form of the radial wavefunction axially symmetric nucleus, a2M is 
of the bound nucleon. 

B. Collective Excitation « 2 ^ y J £F 2**(0) , (14) 

For collective excitation, the interaction Hamiltonian . n . . T , , . ~ 
V must be the deformed part of the optical potential. w h e r e £ l s t h e u s u a l deformation parameter; @ repre-
We restrict ourselves to quadrupole deformation, sents the onentation of the symmetry axis _ 
Hence the effective nuclear radius is The interaction Hamiltonian 7«,u , to first order m 

•D r> n , v - v «,a ^ / , ^ " G - R a c a h> P h y s - R e v - 6 3 > 3 6 7 <1 9 4 3); N - N°ya> A- A r i m a> 
R = R^\\J\rl_v. azpY^ie,?)]. (12) and H. Horie, Suppl. Progr. Theoret. Phys. (Kyoto) 8, 33 (1958). 
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FIG. 1. Location of the incident proton energies at which calcu­
lations were carried out. Excitation curve from reference 1, 

the deformation, is given by 

V„ii=R0(dU/dr) Z,*2»Y2»(d<p). (15) 

Since the optical potential is assumed to have the 
rectangular well shape, dU/dr has a 5-function form 

dU/drozd(r-R). (16) 

Since (— 1)^_M* in Eq. (13) has the same property as 
F2

M*, for both shape oscillation and rotation, the matrix 
element of Vcou has the following form 

(Fooii) <*(<t>coii(JM) [ F2
M*(collective coordinate) | 

X*iooii(/i=Af i=0))<^ / |5(fp-i2r)F2'*|^>, (17) 

where <£Coii is the wavefunction for the collective nuclear 
state; R is replaced by Ri. On the other hand, according 
to the shell model, for the last shell in C12, we have 
/=/ '— 1 and J =2. Therefore, for the reasons mentioned 
in the last part of Sec. A, only the term with X=2 in 
the expression (8) contributes to W(6). Thus, for # i=0 , 
the matrix element of Vpn has the form, aside from an 
irrelevant constant factor, 

{VVn) « (j"-l{j)jn'JM | V2(Rirn)Y^ (<W„) j 
Xj"-l(j)jnJ^Mi=0)(^\HrP-Rr)Y2"\^). (18) 

In our case, X in Eq. (20) is regarded as a constant 
parameter and the summation over X is removed. Gp 

has the form f(@,\)Xg(LiL2,\). Therefore, the term 
depending on 0 contributes to expression (20) only as 
a constant factor. Thus, the shapes of the angular 
distributions of the inelastically scattered proton are 
the same for both the spin-flip and non-spin-flip two-
body potential. This conclusion is independent of the 
choice of distorted potential, and independent of the 
surface interaction assumption. This conclusion should 

The first matrix element in both the expressions (17) 
and (18) reduces to the form (constant) X ^ M - . There­
fore, expressions (17) and (18) differ only by a constant 
factor. Thus, the shape of the angular distribution W (0) 
for collective excitation is the same as that for particle 
excitation in the case of the non-spin-flip two-body 
potential. 

III. RESULTS OF CALCULATION 

According to the j-j coupling shell model, the 
excitation to the first excited state (7'=2) of C12 corre­
sponds to the single particle transition IP3/2 —> IP1/2. 
Thus, we have J = f , j'=i a n d l=lf=l, resulting in 
X = X'=2 as already mentioned in Sec. I I B. 

For the distorted optical potential U we use, following 
Glendenning, 

U=V0+iWo for r<R 
= 0 for r>R, (19) 

Fo=35 MeV, JF0=10 MeV, R=3.2X10~16 cm, 
# I = 3 . 4 5 X 1 0 - 1 3 c m . 

For the incoming and outgoing waves (3), partial 
waves with angular momentum up to 4 are taken into 
the calculation. For the incident energies (5J10 MeV) 
considered here, the partial waves with angular mo­
mentum greater than four have a negligible effect on 
W(B). 

The calculations have been carried out for the 
incident proton energies E p = 6.69, 8.46, 8.71, and 9.72 
MeV. The location of these incident energies in the 
excitation curve1 are shown by arrows in Fig. 1. The 
results of calculation are shown in Fig. 2. As seen from 
Fig. 2, the curves for the spin-flip potential (ao=0) 
and the non-spin-flip potential («i=0) (shown by full 
curves I and II , respectively) are quite different. 

For the same two-body potential as (6), the angular 
distribution of the inelastically scattered proton is, 
aside from irrelevant constant factors, given by 

be contrasted with the result for the angular distri­
bution of 7 radiation. 

For all four incident proton energies, good fits to the 
experiments are found for #i/#o==b0.67. The curves 
obtained for this mixing ratio are shown by the full 
curves I I I in Fig. 2, being compared with the experi­
mental points. This value of a±/ao might, in general, 
change by changing the distorted potential and the 
surface interaction assumption. However, suppose that 
we were to change the distorted potential or the type 

2J+1 
* ( 0 ) « E E l ^ | 2 ( - l ) x ( 2 / + l ) ( 2 / ' + l ) ( 2 / m ) [ ( 2 L 2 + l ) ^ 

x/3 L1WL2L2' 2 X + 1 
X £ (Li0/V0| £0)(L20L2 '0| WS)W{LXUUU\ \k)Pk(cos6). (20) 

k • 
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FIG. 2. y angular distributions 
from the 4.43-MeV level in C12. 
The points are the experimental 
results of reference 1. Solid curves 
I are for distorted wave and particle 
excitation due to spin-flip potential 
(a0 — 0, # i = l ) ; solid curves II for 
distorted wave and non-spin-flip 
potential (do=l, #i = 0), or for dis­
torted wave and collective excita­
tion; solid curves III for distorted 
wave and #i/#o=±0.67. Dashed 
curves I are for plane wave and 
spin-flip potential; dashed curves 
I I for plane wave and non-spin-flip 
potential, or for plane wave and 
collective excitation. 
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of effective two body interaction (e.g., surface or 
volume) between the projectile and the bound particle. 
If the angular distributions of the inelastically scattered 
protons from the first excited state of C12 can still be 
explained under the new conditions, one can show that 
the value of the ratio ai/a0 will remain essentially 
unaltered.12 

12 This is found to be approximately true when the incident 
proton energy is low so that the partial waves of the incoming 
protons with L\ > 2 and the partial waves of the outgoing protons 
with L2>\ give small contribution to the cross section. If we 
neglect the effect of such partial waves, and if only X = 2 is allowed, 
the angular distributions of the inelastically scattered protons 
and of the y radiation have the following forms: 

<r(0p) '- 2 dLxL2 2 FLXL2, JM,p(6p), 
L2(Li) M 

Wfi(ey)oc 2 aLlL2% faXlFLlL2,jM^(0P)Wj 
L2(LX) M J 

y) 

0, where 2 :L2(LI) represents the sum over two terms with {L2-
Li — 2) and (Z,2 = £ i = l ) ; dhxL2 is independent of M and j8; 
WJM(B7) represents the angular distribution function of y radi­
ation following the transition (JM —> Jf = Mf = 0). The effects 
of the distorted potential and the surface interaction assumption 
are contained only in dLxL2

 a n d affect the shapes of o-(6p) and 
Wp(6y) through the ratio between the two dLxLr Therefore, if the 

The plane-wave Born approximation for the incoming 
and outgoing waves does not yield satisfactory results 
by any choice of the mixing ratio of the two types of 
the two-body potential. 

The theoretical curves for collective excitation are 
identical to those for particle excitation for #1=0, as 
mentioned previously, and hence are not in agreement 
with the experiments. Thus, our analysis shows that 
the 4.43-MeV level in C12 is probably a particle-excited 
state. However, the possibility of a small admixture of 
the collective mode in this level remains. For a small 
admixture of the collective mode, the ratio ai/a0 would 
change to a slightly larger (absolute) value. 

The author is grateful to Professor G. M. Temmer 
for suggesting the problem and for many useful 
discussions. 

shape of <r(dp) is unaffected by a change in the distorted potential 
or the surface-interaction assumption, since this implies no change 
in the ratio of the dLiL2, the shape of Wp($y) and the ratio ai/ao 
remain unchanged. At the lowest incident proton energy Ev—6.69 
MeV considered in our analysis, the approximation mentioned 
above is well justified. Nevertheless, good fits for all four incident 
energies including £ p = 6.69 MeV are obtained for the same value 
of ai/ao. 


