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The calculation of the matrix element of the process y+4d — n-+p by dispersion techniques is considered.
There are twelve invariant amplitudes; the covariant form of the transition amplitude is related to the
noncovariant (Pauli matrix) form, and we further relate this to partial wave amplitudes, keeping, however,
only the dipole amplitudes. The Born terms of the dipole amplitudes are derived, and the dispersion rela-
tions for the dipole amplitudes are written down and solved in a low-energy approximation in which the
n-p final-state rescattering is taken into account, but no other higher-order effects. In an Appendix these
calculations are performed directly in the nonrelativistic limit to illustrate the essential simplicity of the
technique. No light is shed on the well-known discrepancy between theory and experiment for the threshold
M1 amplitude; the nearest (anomalous) singularities, at least, will have to be included in order for the
dispersion calculation to be sufficiently accurate. But we remark that the form of the amplitude implies a
correlation between the threshold value of the amplitude and its energy dependence, a correlation that

would be interesting to check experimentally.

1. INTRODUCTION

ANY theoretical studies' of the photodisintegra-
tion of the deuteron have been made since
Bethe and Peierls gave their quantum mechanical
calculation of the electric dipole transition. These
calculations, however, are based on nonrelativistic
quantum mechanics, and an electromagnetic interaction
which includes the phenomenological magnetic moment
of the nucleon. We want to show here a different
approach from the usual one, namely, through the
application of relativistic dispersion relations to this
process.

Chew et al.? applied relativistic dispersion relations at
fixed momentum transfer to the photoproduction of a
7 meson from a nucleon. Our approach to our problem
is similar, except that we use the dispersion relation
in energy at a fixed difference of the momentum trans-
fers (i.e., the difference between squares of the momen-
tum transfers of the photon to the proton and to the
neutron), in order to have all poles appear explicitly in
the dispersion relation. The situation is that the
momentum transfer between the photon and, say,
the proton, is the momentum of the exchanged proton
in the one-proton pole diagram [see Fig. 1(c)]; if the
v-p momentum transfer were held fixed, the one-
proton pole would not appear explicitly in the dispersion
relation. Our dispersion relation is of course equally as
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valid as the fixed momentum transfer dispersion relation
if the amplitude is simultaneously analytic in both
energy and momentum transfer, i.e., if the Mandelstam
representation® for our process is valid.

Our treatment, as remarked above, is in the same
spirit as Chew et al.? We limit ourselves to low energies

()
(b)
(c) + {n——p}
(d) + {n—p}

Fic. 1. Diagrams for the process y+d — n+p which have the
nearest singularities: (a) Deuteron pole and elastic cut; (b)
inelastic cut; (c) one-nucleon cross poles; (d) #—N crossed cuts.

3 S. Mandelstam, Phys. Rev. 112, 1344 (1958).
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and neglect all except the dipole amplitudes. Then, the
use of the dispersion relation at just one momentum
transfer suffices; the obvious choice is zero, i.e., photo-
production at 90° for then, for example, there is no
unphysical region for the final state.

In order to form and solve the dispersion relations,
we use physical and invariant principles as much as
possible. We give in Sec. 2 these kinematical considera-
tions as a preliminary. The approximate expressions
for magnetic dipole (M1) and electric dipole (E1)
are given.

In Sec. 3 we give the dispersion relations which
will be used in later sections. In this dispersion relation
approach the Born terms can be calculated as the
contributions of isolated poles. FFor these, we must know
the various vertex parts, including the deuteron-
neutron-proton vertex part; this latter is calculated in
Appendix A from the deuteron pole of the #-p scattering.

The dispersion relations thus obtained contain disper-
sion integrals which as usual run over both positive and
negative energies. The imaginary part of the amplitude
for negative energies is related not only to the process
of antiproton absorption on the deuteron but also to the
structure of the deuteron, which enters through the
anomalous singularities of the np-d vertex as a function
of mass of one of the nucleons. However, we shall
neglect these complications and remain only the
isolated pole terms (Born terms). The imaginary
amplitudes at positive energies larger than the threshold
of the m-meson production are determined by inelastic
processes as well as by elastic scattering in the final
state. We shall neglect these inelastic processes in the
final state since we apply our dispersion relations only
to the low-energy photodisintegration of the deuteron.

The most important amplitudes of the photodis-
integration at low energies are magnetic dipole and
electric dipole. In Sec. 4 we derive the formulas for
these amplitudes; these are functions of the #-p scatter-
ing phase shifts in the 15, state for M1, and in the 3P
states for £1. We use the effective-range formula for
the 1S, phase shift to estimate the value of the M1
amplitude.

In the final section we give a discussion and criticism
of this calculation. The correction due to the effect of
the singularities at negative energies is discussed.

2. KINEMATICAL CONSIDERATIONS

In this section we set forth some kinematical prelimi-
naries which we need to write the transition amplitude
for the photodisintegration of the deuteron in a form
suitable for relativistic dispersion relations.

The transition matrix element, in general, is propor-
tional to the polarization vectors of photon and
deuteron, which are denoted by ¢, and U,, respectively.
We treat the deuteron as a pseudovector particle in
the framework of the quantum field theory, therefore,
U, is a pseudovector while ¢, is a vector. Moreover,
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U, should satisfy the Lorentz condition

d-U=0, (2.1)

mn order that the deuteron be in the triplet state in its
rest system, where d is the four-vector momentum of
deuteron. We also take e, to satisfy the usual Lorentz
condition.

Let the four-vector momenta of the incident photon
and deuteron be denoted by % and d, respectively.
while those of the final nucleons are p and p’. Momen-
tum-energy conservation,

k+d=P+P':

means that of these four momenta only three are
independent. We choose to consider the combinations

g=3(—p), Q=3(+p), and & (2.3)

as the three independent four-vectors.

The mass shell restrictions, p*=p*=—m?, k=0,
and d’=—M? mean that only two independent scalars
can be formed from other three independent vectors,
where m and M are the mass of nucleon and deuteron,
respectively. We choose

v=—Q k/m
A=—q-k/m.

(2.2)

(2.4)
and
(2.5)

This choice of the four-vector momenta ¢, Q and scalars
v, Ais convenient because in the center-of-mass system,

q=O,p), v=(E/mo,
Q= (E;0)7 A= —pk/ma

where p and k are the momenta of one of the outgoing
nucleons and of the incident photon, respectively, while
E and w are their energies.

The transition matrix R is defined by

S=1+1R, (2.6)

where .S is the scattering matrix. The transition matrix
element for this process can be written

(pyr; 0" | R|kyd)
= 2m)9*(p+p'— k— d)[m?*/ (27)202W EE' ]}
Xt (p)Mag” (p,p" 5 kyd) Cppritg’ (p')
Xe,(K)U(d), (2.7)

where w and I are the energies of the initial photon and
deuteron, while E and E’ are the energies of the final
nucleons, and #,”(p) is the usual Dirac spinor which
satisfies the Dirac equation and is normalized

@ (p)u (p)=0rr. (2.8)
The matrix € is defined by
C=1irC, (2.9)

where C is a charge conjugation Dirac matrix.
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The most general transition matrix element (2.7)
must be a function of Lorentz invariants. Three sub-
stantial further restrictions on the form of the matrix
element result if we consider, in addition, the require-
ments: (1) the generalized Pauli principle for the two
final nucleons which demands that

LM (p,p"; kyd)Cap=—[M (p',p; k,d)Cpa, (2.10)
(2) gauge invariance, which demands that
kuMP=0, (2.11)

(3) invariance under space inversion.

We construct the independent convariant forms of
M# from the four-vectors Q, ¢, k, and the y matrix so
as to satisfy the above conditions. The Lorentz condi-
tions for e, and U, (2.1) and the Dirac equation for the
Dirac spinors, in addition to the above conditions,
limit the number of the independent covariant forms of
M» to be twelve, which are listed in Table I. If we
denote them by I.s(Q,q,k,y), where ¢ runs from 1 to
12, we can expand M* in terms of the I*(7) as follows:

12
M= 3 LI (0,),

=1

(2.12)

where the H; are scalar functions of the two scalar
variables » and A.

The number of invariants, 12 in this case, is the
number of transitions possible, starting from a given
orbital momentum; equivalently, it is the number of
transitions in a given total angular momentum state.
For instance, consider a photon and a deuteron in a
orbital angular momentum state 7; this orbital momen-
tum can be compounded with the spin of the photon
to form two multipoles: A=/ or /4-1; each of these two
can be compounded with the spin of the deuteron to
form three total angular momentum states; and finally,
each of these six states can decay into two #p states,
i.e., into 1y and 3J s if ®=(—)7 or into 3(J—1)s and
3(J+1)s if ®=(—)7t1. The same result follows if we
start with an orbital state of the neutron-proton system.
Also, since the number of orbital states per total
angular-momentum state must be equal to the number
of total angular momentum states per orbital state, we
can start in the middle and calculate 12 as the number
of y—d states per value of the total angular momentum
with a given parity (=2X3) times the number of #np
states (=2).

Since we take the electromagnetic interaction only
to first order, the transition matrix element can be
split into two parts, of which one is a contribution from
the isoscalar part of the electromagnetic interaction,
and the other is from the isovector part; these lead,
respectively, to the charge singlet state and fo the
charge triplet state of the final nucleons. The sign in
the second column of Table I denotes the change of
each invariant under the interchange of p and p’.
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TaBLE 1. Relativistic invariant forms.

A I; Sign
1 (12m®)[(e U)Q-k)—(e-Q)(U-k)] -
2 (1/2m))[(e-U)g-k)—(e-q)(U-%)] +
3 (/mI(g-B)e-0)—(e-g)(Q-B)I(U-q) -
4 (1/m(g-k)(e-Q)—(e-0)(Q- k) LU -
5 (1/2m)[(e-U)ik— (U-k)ie] +
6 (1/4m*)[(Q-kYie— (e-Q)ik1(U -k) +
7 (1/4m¥)[(q-k)ie— (e-gyik1(U -k) -
8 (1/2m¥)[(Q-k)ie— (e-Q)ik1(U-q) -
9 (1/2m¥)[(g-k)ie— (e-q)Yik1(U-¢q) +
10 (1/2m*)[3(eU—Ue)(Q-k)—3(RU-UK)(Q-e)] +

11 (1/2m®)[5(eU—Ue)(q-k)—3(kRU— Uk)(g-e)]
12 (1/2m)éupokesyvovseuUs

Since A changes to — A upon interchanging p and p’, the
generalized Pauli principle demands that if the sign
listed is 4, the isoscalar part of H® must be a sym-
metric function with respect to A whereas the isovector
part must be antisymmetric, while the opposite holds
if the sign listed is —.

The standard invariance requirements and symmetry
considerations have now been exhausted but one general
principle still remains unexploited, the unitarity of the
S matrix. It is well known that for the photodisintegra-
tion of the deuteron, unitarity implies that the phase
of the production amplitude in a single partial wave is
the scattering phase shift of the two-nucleon final state
(this is known as Watson’s theorem in case of the
photoproduction of = meson). The above decomposition
of 24 parts of H (12 each for isoscalar and isovector),
is not, however, an angular-momentum eigenstate
expansion. In order to apply unitarity, it is necessary
to find the relation between the amplitudes H® and
eigenamplitudes (partial waves).

As the first step we write the amplitude in terms of
Pauli, instead of Dirac, matrices. The photodisintegra-
tion amplitude & is defined so that the differential cross
section for disintegration in the center-of-mass system is

da/dQ=3" (p/w)|(F)|*, (2.13)

where the matrix element indicated is taken between
the two final Pauli spinors and 3} is the abbreviation
for the sum of spin and isospin in the final state and the
average of polarizations for the initial state. It is
possible to expand & as follows:

12
F= > Ny irafS+irersfiV ], (2.14)
i=1

where the A\ are 2X2 matrices which depend on the
direction of polarization of photon and deuteron and
on the direction of initial and final momentum. The
A9 like the 7(4), comprise twelve independent forms,
which are listed in Table II.

It is possible to relate the A\ and I**(z) by decompos-
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ing the Dirac spinors to Pauli spinors. By a straight-
forward comparison, one then arrives at a set of linear
equations relating the 12 amplitudes H; to the 12
amplitudes f;:

wp » m P ,
167rf1=—" — Hi\+—zH,+ —ZH{I, (2.151)
m? E E+4m E
167rf2= - (w/m)H,»—,, (21511)
wp2E m m
16mfs= ——[—34——H11+—H12], (2.15iii)
m2L m E E
P 2m m?
161rf4=——|i2H3Jr Hy+ Hy,
mt E+m E(E+m)
m
— Hg], (2.151v)
E+m
167 fs= (p*w/m3)H,, (2.15v)
m
167rfe=—?2 —P_[H2+ Hs
m? E E+m
Eow
+——————-*H6:l, (2.15vi)
2m(E-+m)
167 fr=— (pu?/2m*) Hy, (2.15vii)
wpl E P m
167"f8z—lr"'_(Hs_'”—ZHs)‘f“'—Hm], (2.15viii)
m2L m E E
3] Ew pow
167rf9=—[H5+—'—H6———ZH7:|, (2.15ix)
m 2m? 2m?
167 fro=— (p*w/m*E)H 1, (2.15%)
b4
16w fu= "ﬁ[Hm——ZHu:I, (2.15xi)
m? n
167rf12= (w/E)Hm, (215X11)

where z=p-k/|p| | k|.
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We denote the electric and magnetic 2*-pole transition
amplitudes by E\(SL;), Mx(5L;), where j is total
angular momentum and L and S are the orbital angular
momentum and total spin of the final two nucleons.
Keeping only the dipole transitions, we obtain the
following formulas for the f;:

fr=—@/N2)zsM1(D1)+E1(Po)— (1/V3) E1(*P2)

4+ (1/V2)E,(PFs), (2.161)
fe=M1(S)+ (1/V2)M1(*Dy), (2.16ii)
fs=—(3/2)E:(*P1)+ (V3/2)E,(*P»)

+(AV2)EL(Fy), (2.16iii)
Ja=—(5/N2)E(°F5), (2.16iv)
f5=0, (2.16v)
fo= 3/N2)M1(*Dy), (2.16vi)
J=0, (2.16vii)
Js= (V3/DEL(CP)+ (V3/2) EL(P)
+(1/V2)E\(°Fs), (2.16viii)
fo=—M1(Po)— (1/V2)M1(Dy), (2.16ix)
f10=3M1("D»), (2.16x)
Ju=Ei("P1)—3zM1('Dy), (2.16xi)
f12=2M1(*"D2)+M1("So). (2.16xii)

Continuing to neglect the higher multipole transi-
tions, we finally obtain by the help of Egs. (2.15) and
(2.16) the following approximate expression for the
magnetic and electric dipole amplitudes in terms of
linear combination of functions H at A=0:

1 w p?
Mi(1S0)>=— —|:H12+—H11:| (2.17)
16w E m? A=0,
Lapr. P
Eo_"\-’_———‘—" 3H1—2—H3+2H4—H8—H11] y (2183,)
167 m?L. m? A=0
1 wpr E m
Ell-’—-“' e —(2H4+H8)+—(2H12“‘[{11>] N (2.18b)
167 m2L m E A=0
1 wpr 4 p? 3E+2m 2E+3m
Eg"’———_ “——-Hg‘*‘ (2[[4“‘]{3)— Hn] y (218C)
16 m?L S m? Sm SE A—0
1 wpy 2 p? 2m m m?
Ef_’\’_—— —(***“)liZIJ,;JF 114'“ I]8+ - Ilu] , (218(1)
167 m2\ 5 m? E+m E+m E(E+-m) A
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TasLE II. A®),

i A®

1 (e-U)(o'-é)

2 (e-U)(o-k)

3 (e-p)(U-@)

4 (e-H)(U-$)@-p)
5 (e-p)(U-p)(o-k)
6 (e-p)(U-$)(©-p)
7 (ep)(U-k)(o-k)
8 (e-0)(U-$)

9 (e-o)(U-k)
10 i(e-p)(U-pXk)
11 i(e- UXP)
12 ile- UXE)

where
Fo=—23E1(Py),
E2= "—\/3E1(2P2),

E1=V§E1(3P1),

and E;=VIE,(Fy). (2.19)

Because of charge independence and parity conserva-
tion in nucleon-nucleon scattering there is no mixing
between triplet and singlet states, but there is mixing
between states of different orbital angular momentum,
but the same total angular momentum and parity.
We use the Blatt-Biedenharn* convention to specify
the phase shift of each angular momentum state and
the mixing. Then, by using unitarity, we arrive at

Im{E;(3Ps)cose+ E1(*Fs)sine}

= (tands)Re{ E1(*Ps)cose+ E1 (Fs)sine}, (2.20a)
Im{ —FE; (3P2)Sin€+E1 (3F2>COSG}
= (tand;)Re{— E1(*Ps)sine+ E; (*F3)cose}, (2.20b)

for E1(*Ps) and E;(*F,), where 8, is a eigen phase shift
relating to °P, state, and d; to °Fy, and e is a mixing
parameter.

3. DISPERSION RELATIONS

We shall assume that the scalar functions H; with
fixed A are analytic on the entire complex » plane except
for possible singularities on the real axis. We will look
for these singularities by graphs.

First, the class of diagrams shown in Fig. 1(a) have
singularities for positive ». The first diagram, which
has a deuteron in its intermediate state, has an isolated
pole at v=0, while the others have continuous singular-
ities (branch cut) for » larger than the physical threshold
of this reduction, namely »=2B, the binding energy
of the deuteron.

Second, the class of diagrams shown in Fig. 1(c)
have singularities for negative »— |A|. The first two
diagrams, which have a one-nucleon intermediate state,
give the isolated poles at »=:A plus continuous
singularities which start from v=wvyA, where vy

4]. Blatt and L. Biedenharn, Phys. Rev. 24, 258 (1952).
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~—pu(u+2v)/m. These last cuts result from the
anomalous threshold of the np-d vertex, considered as
a function of the square of the four-momentum of the
intermediate nucleon. The second pair of diagrams of
Fig. 1(d) have the same anomalous threshold.

In the present paper, we shall neglect all singularities
except the poles and the np rescattering cut, starting
at v=B, and will discuss the correction due to these
anomalous singularities in the final section.

In determining the pole contributions, it is convenient
to replace v and A by « and 8, defined by

a=—(p-k)/m, B=—(p'-k)/m; 3.1)
thus, they are related to » and A by
v=_(a+8)/2, A=(a—B)/2. 3.2)

The R matrix element which was given in the previous
section Eq. (2.7) can be written as follows:

&=eM[L]7w<p>i / a5 | TG ) (0| d)
(27) 20 F Xeir P (3.3)

where
(pyr; ¢’ | R| kyd)= (2m)'6* (p+p'— k— d)Gr.

v, is the electromagnetic current operator and f(x) is
the nucleon current defined by

(vo+m)y= f.

The second term of (3.3) is a contribution from a
singularity of equal time in 7' product so that it is a
function of (p—k)? and independent of 8. The absorp-
tive part of (3.3) is related to H (a+ie¢; 8)— H (a—1¢; 8)
and can be calculated for its one-particle intermediate
state as the absorptive part of the pole term. The
singularity of H in the variable 8 can be obtained by
the symmetric property of H by interchanging p and p’.
Since the imaginary part of H on the real » axis is
obtained by

ImH (v,A)= (1/2)[H (a-+1ie; B+ie)— H (a—1ie; B4-1€)
+H(a—1ie; B+ie)— H(a—1ie; —ie) ], (3.5)

(3.4)

in the region of the isolated poles, we can determine the
pole terms if we know the y-p, y-n, v-d, and np-d
vertex functions on the mass shell.
Isolating its pole terms, we write the function
H(»,4) as
B, (4) B_(A)+BO(A)

v+A  y—A v

H(v,A)= +h(r,4), (3.6)

where /(»,A) is analytic in the complex » plane except
for possible singularities on the real axis for »>B and
v<vo. We obtain By, B_, and By. which are listed in
Table III, by the help of the following vertex functions
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TasLE III. Born terms (charge singlet).®

1 —ntA+[3+(A/2m)u*]B —(mAQ/+/10)B
2 —n+A+[2+(A/ 2m)u*1B ~3(M /m)upB
3 —(m/2A)B (m/A)B
4 —(m/28)A— (u*/2)[14-(A/2m) 1B (m/A)A
5 plA+(A/2m)[v*/m*+-A/m)B] —3(M/m)upd
6 B (2m2Q/+/10)4
7 —(Aa/2m)u*]B
g - [7— (a/2m)ut1B
7B
10 —n""A—i- (A/Zm);ﬁ'B
11 —(t4+u*B
12 —uitfA+ (3A/ 2m+-~/m*)B]

® The B_() can be obtained from B.() by using the symmetry of A.
The charge triplet terms can be obtained by replacing n* by 2~ and putting
all Bo®) to zero.

which are derived in Appendix A.
(1) v-d vertex
(@] juldy=[(2m)2W 22W & 13U * (@) U . (d)
X[ (d4d")8 (B (B8, — Fr8,0) B (R2)
+(d+d) ek (R) ] (3.7)
and
a()=e, BO)=e(M/mup, ~v(0)=eQ/2(10)}; (3.8)

where up is the deuteron magnetic moment in units of
nucleon Bohr magnetons and Q is the deuteron quad-
rupole moment.

(2) y-N vertex

P |vul py=Lm?/ (2m) LE T (p')
X Lovuf (k) —iouk,g (k) Ju(p) (3.9)
FO)=3(1+7s)e, gO)=e(nt+nr5)/2m,
"7+:%(77p+"7ﬂ): 7]—=%(17p*77n), (310)

where 7, and 7, are the proton and neutron anomalous
magnetic moments in units of the nucleon Bohr
magneton.

and

(3) np-d vertex

[(ZzaETa(zn@'lfld)
2[(%_9;’%@]%@)[ {—vaca-p7
+(1’ —# "B((d— p’)2)]€]aﬂﬁp(P’)Uv(d), (3.11)

where €=1i7,C [see Eq. (2.9)] and

A(—m®)~—T(14a),

8wy/m H

[ a0-m)
(14-20?) (1—pv)

B(—m?)~3m*Ta/vy?;
1
a-”—‘[— tane] . (3.12)
\/2_ A

The meaning of the notation in these expressions is
explained in the Appendix.
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Defining 9N and §; by
M;i(2S0)= (1/167) (w/E)IN, (3.13)
E;=(p/87E)&;, (3.14)

we can see from Eq. (2.17), (2.18), and (3.6) that 91
and &; are analytic functions with respect to », if we
neglect the small » dependence of E in Eq. (2.18). We
use Cauchy’s integral formula to construct the disper-
sion relations for these amplitudes and obtain a set of
equations of the form
* Imd(»’)
M (v) =MB4-— / —dy,

V —y—1e

(3.15)

where we assumed that 91 vanishes as » goes to infinity
in any direction in the complex » plane and we have
neglected the cut at negative energies.

Equation (3.15) is the basic equation which will be
solved in the next section.

4. SOLUTION OF THE DISPERSION RELATIONS
AT LOW ENERGY

In this section we consider the solution of the
dispersion relations for the photodisintegration of the
deuteron at low energy. Our criterion of ‘“low energy”
is that the momentum of the incident photon is much
larger than the momentum of the outgoing nucleons;
we consider only M1 and E1l transitions, leading to
s- or p-wave n-p states.

M1 Transition

From Table IV, we can see that there are five
magnetic dipole transitions; i.e., Mi(1Sy), M1(3S1),
M1(®Ds), M1(®Dy), and M,(*D,). However, we do not
consider the last three, D-wave amplitudes; they are
proportional to p? so that we may neglect them near
threshold. Moreover, the Born term of the amplitude
M(%Sy) is proportional to

Luptun— (M/2m)up]~0.0233;

this is smaller by a factor of 1/500 than u,—ua, the
corresponding factor for M(1So).5 Therefore, we neglect
SM1(3S1) too, and will consider only the amplitude
M(1S0).

The approximate dispersion equation for this ampli-
tude was given above by Eq. (3.15). The Born term
9B can be calculated from B, and B_ listed in Table
111,

ME=e(up—un)T. 4.1)

By the unitarity of the S matrix the phase of M1(1S0)
for »> B is the phase shift of #-p scattering in the 1S,

® It might be noted that the amplitude M1(3S1) would vanish
completely in the absence of the #-p tensor interaction; in the
usual calculation the reason would be the orthogonahty of the
initial and final 3§ wavefunctions, and in the present calculation
the equality of the magnetic moments of the initial and the final
states.
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TasLE 1V. Dipole transition amplitudes.

Dipole amplitude Final np state

Mi(1S0) 1S,
E(tPy) it}
Mi(D;) 1D,
M1(3S1) 55,
L1(3Py) i)
Ly (3Py) 3Py
E1(3Py) 3P,
M1(3Dy) 3Dy
M,(3D2) 3Dy
E.(3P;) 3Fy

state. This statement is exact only for »S140 MeV;
above this energy other channels, #d or 72N, are then
open so that this simple rule does not hold anymore.
But as far as low energy is concerned, the contribution
to the dispersion integral from the high-energy region
is negligible, so we take the phase of 91 to be everywhere
8, the 1Sy n-p phase shift. Therefore, our dispersion
equation becomes

M(y)=

e(#p‘“ﬂn)l’_!_l /”du,tané(v') Rem(v’). 42)

v wJg v —v—ie

In order to have a unique solution of the singular
integral equation (4.2) we impose the condition that
the amplitude 9M(») is zero at infinite ». The method of
solving the integral equation is given by Omnes.® The
solution is

. cosd(p)
M(p)=e ‘(P)e(up—un)l‘ml: e
0 sing (&) e~®
+er@® P / dkz——————————], 4.3)
o (B+y)(kR—p?)

7(p)= (4.4)

P /°° 3(k)
P| dbt——,
™ o (B (F—p)

where p, the magnitude of outgoing nucleon momentum
in the center-of-mass system, is related to » by
=it *5)
In order to evaluate the integrals appearing in (4.3)
and (4.4), we use the effective range formula for the

180 n-p scattering phase shift 6(p)7:
P cotd(p) = —a1+1rp2. (4.6)

Setting

W (p)/mE=e(up—pn)Te*PF (p), (4.7)

§ R. Omnes, Nuovo cimento, 8, 316 (1958).
7J. M. Blatt and V. F. Weisskopf Theoretical Nuclear Physics
(J. Wiley & Sons, Inc., New York, 1952).
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we find F(p) to be
sind(p)

ap

F(p)=— [1-7(1—%?%
(e ] ws)
Y1+ (~2r/a)+yr]d

In the zero-range approximation (r=0), F(p) becomes
simply

F(p)| == (1—ya)[1+p%* T (4.9)
In terms of ¥, we have
Fu1= L(e UXk)o’szTg[e(p,p‘—un)/léﬂ'm]
XTF(p)e*®  (4.10)

for the magnetic dipole transition amplitude. Using
this expression, we write the total cross section of the
photodisintegration of the deuteron near threshold
with the help of Eq. (2.13):

0M1=(%)(g)(ﬂp—ﬂn)zm%;;yz—)m@)- (.11)

In the zero-range approximation (r=0), this becomes,
using (4.9),

2a\ /€ py(1—vya)?
omilrm0={ — N\ — J(up—pn)—e——, (4.12
i <3m2)(41r> (=) P*Hv1) (14+p%?) (12

agreeing with the standard result, quoted in (zero-
range approximation) Blatt and Weisskopf.’

Austern and Rost” have made a careful discussion of
the numerical evaluation of the ordinary (i.e., non-
relativistic and nonmesonic) expression for the threshold
M1 matrix element Myonmesonic Where N is a “reduced”
matrix element some known constants having been
factored out. According to them, the nonmesonic
matrix element is given by the Bethe-Longmire (B-L)
approximation plus three corrections which are each
of the order of 19}, and almost cancel one another.
Deciding on best values of the singlet scattering length
a and the effective 7 (singlet) and p (triplet), they find

Mnonmesonic = Np_1.= (1 _'Ya)/')’?a"' (7’+p)/4
~5.10—1.10=4.00

in units of 10~ cm. With this is to be compared our
result in the elastic rescattering approximation [see
Eq. (4.8) above, and Eq. (B22) below |

1—~a 4
va  1+(1—2¢/a)t+r

The experimental result is

Mre= =4.12.

oNexe-=4.18.
8 N. Austern and E. Rost, Phys. Rev. 117, 1506 (1960).
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E1 Transitions

From Table IV, we can see there are five electric
dipole transition amplitudes: E1(*Py), E1(*Po), E1(*P1),
Ei(®Ps), and E;(°F;). However, we see that the Born
term of E;(*P;) (the spin-flip transition) is smaller
by a factor (w/m) than the others, and, therefore, we
shall neglect it.

Defining Eo, Ei, Es, and E; by (2.19), the electric
dipole transition amplitude becomes

§E1=U2T273[6'Uﬁ‘f3f1+e'Zaﬂ'Uf:H‘ ‘eﬁU’ﬁ‘j'ﬁf‘l

+e-6U-pfs], (4.14)
where f1, f3, f4, and fs are given by
Ji=—%(Eo—E2)+3Ey,
fo=—3(ErtE.—Ey), (@.15)

f4= —%Ef,
fs=%(l1— Es+Ey).

Using the differential cross-section formula, (2.14), we
obtain for an unpolarized photon beam,

(do/dQ) ;= (p/w) (a-+b sin’g), (4.16)
where a and b are given by
a=4/3)[| f1]*+] fs|*],

=303] fs|*+ | ful*+2 Re{ fufs*+ ff*+ fufs*
+faf+ fafs*+fafs*} 1 (4.17)

Using (4.15), we obtain®
a=(1/27){4| Es— Eo+3E;|*+9| E1— Ex+E,|%},
b=(2/9){| Eo|?>+3| E:1|?>+5| Es|? (4.18)

+(12/5) | E/|*} —2a.

A set of dispersion equations for §; (:=0, 1, 2, f)
which are defined in (3.14) are given by an equation
similar to (3.15), that is,

m&;(v
8i=83+- /dvI ) (4.19)

14 —V—ié

The Born terms &;B can be calculated from Table III
and we find

EB=(1—2a)/my, &B=(14+a)/my,

=(1—a/5)/mv, &B=—06a/5mv. (4.20)

As a first approximation we neglect the integral in
(4.19) (Born approximation). Since the imaginary part
of & is proportional to the corresponding final »-p
scattering phase shift, this approximation is a neglect
of the final state interaction. Using (4.18), we obtain

a=0, b=2p(1+2a)[el/8r(v>+p) . (4.21)

9 This agrees with the expression obtained by J. deSwart.
J. J. deSwart, thesis, University of Rochester, 1959 (unpublished)
and Physica 25, 233 (1959).
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I{ we neglect « in the above expression, in other words
if we neglect the D-state probability of the deuteron,
and use (4.16), we obtain

8rrer\/1 Py \y/ 1
GG ) e

3 \dm/ \y2/\p*+~2/ \1—py
agreeing with the standard result, quoted in Blatt and
Weisskopf.”

Proceeding now to the calculation of the integral in

(4.19), we observe that the unitarity of the S matrix
implies

I E1 l Born

Im&o=tand, Re&,,
Imé&;=tand, Reé,,
Im&;=tand, Re(8,—V3 sine &;),
Im&;=— (1/V3)sine tand, Re &y,

(4.23)

where 8, 61, and &, are the phase shifts of np scattering
in the 3Py, 8P4, and ®P, states, respectively, and e is the
mixing parameter of *P, and 3F,. In the above expres-
sions we have omitted terms containing the 3F, phase
shift because it is very small compared with 8. Putting
(4.23) into (4.19) we obtain uncoupled singular integral
equations for &, and &; and the following coupled
integral equations for &; and &;:

1 r* tand, Re(8,—V3 sine &;)
52(P)= 82B+* / k>
m™Jo

—pP—ie

* dk? tand, sine Re &,

B B(R—pi—ie)

(4.24)

P
8 &B——
1(p)=6; n /s

Here we have made a subtraction at p?*=0 for &,
because &, should be zero at $2=0. Since the coupled
term is proportional to sine, an iteration procedure is
not bad if sine is small in the entire energy region.
We make the first iteration and obtain

k? tand, &,B sine

o~ B+
O ), e —p—io
tan&z Reé’g
+- / T (405)
- _16
P ( ) g ?2 @ Ztanég sine 52 . (4 25)
A= B(F—p—ie) '

These integral equations can be solved in the standard
way. The solution is given by

$i .
() ol DB 0]
i=0,1,2; (4.26)
P $s -
8= ——< +Kf> expid;s(p)a
P\
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where
Co=1—2a
H=1—a
Co=1—(1/5)
$r=—1(6/5)e
i s G ak*;(k)
=" ,
R
Ky=K;=0,

V3 [*  k?sind, 8B sine e 2®
Kz_— / dk2
0 v (k2—p%)
/w ’)/2 tan52 sine 82]3
d 2
0 k2 (k2_ p2)

™
1
Kj=—7P
V3T
51=51,
8=0,+V3[k28,® sine sind; e 2P /y2| &,
8;=—[p*8:B tand, sine]/V3y2| &;].

5. DISCUSSION

We have shown in detail for the process y+d — n-+p
that the deuteron can be treated as an ordinary
particle.’® But, in fact, the deuteron exhibits itself as
a not quite “ordinary particle’” by the existence of
anomalous singularities, corresponding to an inner
structure which arises from the long range nature of the
n-p potential. Although it is clear in principle how these
singularities can be included," in the present work we
have neglected them, keeping only the elastic rescatter-
ing cut. Thus, our result for the M1 matrix element
Eq. (4.8) depends on the 1S scattering parameters,
but not on the 35 parameters except through the binding
energy and the npd-coupling constant.®

It is due to the crudeness of our calculation in
neglecting the anomalous cuts that we cannot be said
to have shed any light on the experimental-theoretical
discrepancy in the threshold value of the M1 ampli-
tude, even though our result agrees with experiment
better than does the ordinary calculation. But we can
conclude that a dispersion calculation which does take
the nearest anomalous cut into account will agree
better with experiment than does the ordinary calcula-
tion only if the jump on the nearest anomalous cut is
exceptionally small; that is, smaller than expected from

In this connection, compare the field theory of composite
particles developed by K. Nishijima, Phys. Rev. 111, 995 (1958);
R. Haag, 7bid. 118, 669 (1958); W. Zimmermann, Nuovo cimento
10, 597 (1958).

11 The inclusion of the anomalous singularities in an effective
range potential approximation does not improve the agreement
with experiment of the threshold M1 amplitude; nor, by the way,
does it add to M any terms of first order in the effective range
and so does not lead when expanded to first order in the effective
range to the Bethe-Longmire formula.
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(a}

(b)

Fi1c. 2. A part of diagram (1d) which has the nearest anomalous
singularity. (a,b,c): The Born contributions to this diagram,
which may be described as representing the effects of (a) deuteron
structure due to the long-range part of the #-p potential, (b)
structure of the n-p final state due to the long-range part of the
n-p potential, and (c) the long-range part of the meson current.
The heavier lines are off the mass shell.

the ordinary calculation. This can result if, for instance,
there is cancellation between the contributions of
Figs. 2(a), (b), and 2(c). An experimental check on our
results is in principle possible through the observation
of the energy dependence of the M1 matrix element.
The argument goes as follows.

For our process, y+d — n+p, we have, as usual,
“threshold theorems,” or better termed, ‘‘zero-energy
theorems’ : At zero photon energy, the matrix elements
are given exactly by Born approximation, hence in
terms of charges and magnetic moments of the particles
involved.!? But to what extent is the photodisintegration
cross section above threshold related to the zero energy,
below threshold value? In the E1 case, where the final
n-p state is P wave, the zero-energy pole term is
dominant,and the matrix element extrapolates smoothly
across threshold; but in the M1 case, where the final
n-p state is .S wave, we have a cusp as is usual with S
waves, i.e., the slope of the matrix element is discon-
tinuous at threshold. Thus, though zero energy is only
2.2 MeV below threshold, simple extrapolation of the
M1 matrix element is nonsense. But the cusp depends
only on the final-state (LS) scattering, and, in fact,
we have the following result: The matrix element can
be written in the form

M=M[1+Cik+Col2+-- -], (5.1)
12 B, Sakita, following paper [Phys. Rev. 127, 1800 (1962)].
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where M*s is the solution of the dispersion relations
taking into account only the n-p elastic rescattering,
[ie., Egs. (4.7) and (4.8) or Eq. (B22)] and the series
14-Cik+ - - - represents a function without the elastic
cut, and so converges until the next branch point is
reached, at |k|= (u®+2uy)/m=~35 MeV. It might be
remarked again that the factor 14Ci%k+4- - contains
effects both contained in the ordinary static calculation
[wavefunction structure, e.g., Figs. 2(a) and 2(b)],
and not contained in it [ mesonic ““transition moments,”
e.g., Fig. 2(c)].

The thermal neutron capture experiment yields the
following result:

[1+C1k+C2k2+ . ']k=2-2 MeV = 1015 (52)

which is not far from unity; that is, the “distant”
effects on the matrix element are small. Now the ratio
of the third to the second term of the series in Eq. (51)
is k/E, where E is roughly the energy from which the
“distant” contributions to the matrix element come,
and is at least of the order of 40 MeV. Thus, Eq. (52)
gives us an estimation of the energy dependence of the
M1 matrix element,

M=~ (140.015 k/B)M*s for k<40 MeV,
where B is the binding energy of the deuteron.
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APPENDIX A

In this appendix we derive the y—d and np-d vertex
functions.

v-d Vertex

Lorentz convariance and gauge invariance determine
the following unique form for the matrix element of
the current operator between one deuteron states:

U,*@d)U,(d)

d'| ju|d)y= [(@+d")bpa(k?
< l]] ) [2Wd2Wdf(27r)6:|*L( );4 o (k)
+ (kpauf‘ kl'allﬁ)ﬁ (k2)
+(d+d")ukokry ()], (A1)
where k=d'—d.

To determine the mass-shell values of the parameters
a, B, v, let us consider the time component of

/ Fro®¥&'| 1u(x) | d)= 28 (d— k-] ju| &) (A2)

in the limit of k— 0. Then the left-hand side is just
the expectation value of total charge operator which
should be diagonal; therefore, we can immediately
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show by comparison with (A1) that «(0) is equal to

the total charge of the deuteron:
a(0)=e. (A3)

Now let us operate with —2V; X on thespace component
of Eq. (A2) and take the limit of k — 0, then we obtain

<d’ /d%c xXj (d>

The operator inside of the above matrix element is
just the magnetic moment operator so that this can be
written

mp(d’'|S|d)=—impu’ Xu,

in the rest system of deuteron, where u and w’ are the
polarization vectors of the deuteron, S is its spin
operator, and mp is the magnetic moment of deuteron.
Thus, by comparison with (A1) we find

B(0)=2Mmp=e(M/m)up,

where up is the deuteron magnetic moment in units of
nuclear Bohr magnetons. Let us now operate V2—3V,?
to the time component of Eq. (A2) and take the limit
of k— 0, then we obtain

d>. (AS)

v

The operator inside is just the quadrupole moment
operator so that the above quantity is equal to

—(2/5)%Q, (A6)

when initial and final deuteron polarization are in z
direction in its rest system. In above expression Q
denote the quadrupole moment of the deuteron. Apply
the same operation to (A1), and we find

7(0) =¢Q/2(10)?,
by comparing with (A6).

(A4)

/ d*x (32— x2)p(x)

(A7)

np-d Vertex

Lorentz invariance and the Lorentz condition for the
deuteron polarization vector #, (2.1) means that

m 3
[ 7 (ZW)J a(p)p'| f1d)
m? 3
B [m] @ (B)s () U, (d)
(6=

x[mA(<d—p'>2>+ B((d~p’>2)]e, (A89)

where C=17,C and 4 and B are real constants on the
mass shell.
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In order to determine the mass shell values of 4 and
B, we shall compute the pole terms of #p scattering by
using (A8) in perturbation theory and compare this
with the extrapolation to the pole of the actual scatter-
ing. The R matrix element of the nucleon-nucleon scat-
tering, can be written as follows:

(q¢' | R|pp’)= (2m)*8* (p+p'—q—1)

X[m*/ (2m)2popd'qoqo 1tF (q,q"; p,0"),  (A9)

where F is given by
F(q,q'; ,0")

4 ]
= I:M:I i/d4xe—i(q+q’)x/2da(q')

m?

A A
o) ()

The second term contains an equal-time anticommuta-
tor, which gives a 3-dimensional § function. Therefore,
we can integrate over x immediately and obtain a
quantity depending only on (p—¢)% In the center-of-
mass system this term depends only on momentum
transfer and is independent of the total energy. In
the center-of-mass system the first term of (A10) can
be written

F(E,p,q)

= [(27r)6E2:rﬂa(q)uﬂ(p)[zn(zr)sa (n—0)

m2

X(—qlfalnxnifa.i _p>z,,(21r)3a(n~p+q)
ﬂo“‘ZE“le
X(-qlfalnxnlfal—p)} (A1)
o

The first term of (A11) contains the deuteron as an
intermediate state so that the function I has a pole at
2E=M (M is the deuteron mass). The other term does
not contain a pole at 2E=M, and, of course, the
equal-time anticommutator term also does not. There-
fore, we obtain

. 21r)6E2 i_
Elg?lz (M-2E)F(E)—-[ -~ :Iua(q)

X Epora{— 4| fa| d)(d|f5] — p)s(d—0).
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In a general coordinate system this can be written

lim  [+p)+MIF(g.q'; p,2")

(p+p")2>—.

opd (2m)s R .
[P el el e
X8(p—p'—d)us(p). (A12)
Using (A8), we obtain

lim  [(p+p")+M*Xg,q | R| p,p")

(p+p")2»—M2

= (2m)!8(q+q' — p— P )iiar (Q)is (q')tta (D)2 (p’)

mt ¥ (g—q)»
[T 28)e]
E,EyEpEqy (21)2 2m g

x[e—1<i7,/1— @ ; : ) ”B)L. (A13)

The R matrix element of n-p scattering is related to
the scattering amplitude 7" in the center-of-mass system
by the following equation:

(9¢ | R| pp"y= (2m)'s* (p+p' —q—1¢)

m MrE
X[———————-] —T, (A14)
(2n)REEyEpEpd m?
where T is defined such that .
do/dQ=3% Tr{TT*}.

In order to compare the constants 4 and B with the
n-p scattering amplitude by Eq. (A9), we decompose
the Dirac spinors on the right-hand side of this equation
into Pauli spinors. Straightforward calculation gives

a(p)[ivA+(a/m)BJea(—p)
={oa+[34(o-)—016/V2}oars/2, (ALS)

where
a=~—24+%(p/m?)B,
b=~ (V2/3)(p/m)*(A+2B);

here p=p/|p| and §=q/|q|. If we use the expression
(A15) in the right-hand side of Eq. (A13), each o
connects the two final spinors and two initial spinors
separately, whereas usually, in nucleon-nucleon scatter-
ing, one takes the matrix element between initial and
final spinors for each of the two particles. So let us
reorder the legs of the Pauli spinors from ( ),
( )esy to ( Dap( )arg. The right-hand side of Eq.
(A13) becomes

®s[a*Ps—ab(Psp+Pps)+b°Pp ], (A17)

where ®s, Ps, Psp, Pps, and Pp are the projection
operators in the charge singlet state for 35— 3S,
8§ — 3D, 3D — 35, and 3D — D, respectively. On the

(Al6)
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other hand, T is given by

T=®s[ cos?e Ps+cose sine (Psp+Pps)
+sinZe Pp_|(e2®—1)/2ip,

where § is a Blatt-Biedenharn 35, eigenphase shift and
¢ is their mixing parameter. In the above equation we
omitted the other eigenamplitudes, but these give no
contribution in Eq. (A13) because in the limit of
(p+9")?— M? these have no pole while the retained
term in (A18) does have a pole.

Let us substitute Egs. (A17) and (A18) to (A13)
and estimate the values of ¢ and b [related to 4 and B
by Eq. (A16)] from the knowledge of low-energy n-p
scattering phase shifts and mixing parameter. To do
this we have to extrapolate the phase shift from positive
energy to the (negative) binding energy of deuteron.
We assume that such a procedure makes sense. This
extrapolation can be done by the help of the effective-
range formula for the #-p scattering phase shift:

b cotd=—y+3p(p*+7%),

(A18)

(A19)

where y= (mB)} (B: binding energy of deuteron) and
p is the triplet #-p effective range. If we put (A19) into
(A18), then we find that this has a pole at p=14y. This
is nothing but the pole of the bound state in S-matrix

theory.
Finally, we obtain
A(=m?)~—T(1+a),
B(—m?)~3(m*/y*)al’,

8wy /m -
s Frra |
(14+2a*) (1—pv)
a= lim 2-%tane
P2>—y2

(A20)

where
(A21)

APPENDIX B. CALCULATION IN A SIMPLE FORM

We have actually applied our relativistic formulas
only in the nonrelativistic limit. It may be illuminating
to see directly a nonrelativistic derivation of some of our
results; it will be seen that the calculations are really
simple, as simple as the ordinary quantum mechanical
calculation.

We need the following vertex factors:

E1 p-e
Yp—p e (B1)

m(2k)¥

where p is the momentum of the proton, and ¢ is the
polarization unit vector of the photon.
1l d' 4

yd—d: e , (B2)
M (2k)}
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where d is the momentum of the deuteron.

M, e io-kXe

'YP—_>¢: T My )

2m  (2k)} (B3)

where k is the momentum of the photon, and u,~2.8
is the magnetic moment of the proton; the same for-
mula holds of course for the neutron.
1k X s:l (BY)
, (B4
2k)?}

e .
—;’;ﬂd(—iafx Si)'[(

where &5 is the initial (final) polarization unit
pseudovector of the deuteron.
d—np: GXP*(O'"?’/\/:’Z)XnC:
where
(BS)

As an example of the meaning of this formula, consider
the case that the deuteron has spin up; then

== @+ig)V2

XnC =10axa* .

and so
(G“ 8+102)/V2= —’L.(01+’i02)02/2= (1+0’3)/2,

which is unity if the spins of proton and ncutron are
up, and zero otherwise.

The npd- coupling constant G is most directly
determined by comparing the pole term of 35 #-p
scattering as calculated in two ways, firstly by regarding
the deuteron as an intermediate particle, and secondly
by evaluating the scattering amplitude at the pole by
“effective range” techniques. The first calculation yields

m?G? 1
pole —

(B6)

8y p—iv

The second calculation evaluates the first factor in

froe= { (B7)

1 } 1
9L P cotd—ip]) piy ?_i’Y’
by the use of the lemma

pa cotd(p2) — p1 cotd (p1) .
=(p2—p1?) / dr [¢2°¢:"—op1], (B8)
0

where ¢,°(r) =sin(pr+8)/sind and ¢,(r) is the exact
radial wavefunction, normalized so as to equal ¢,°
outside the range of the potential. When p=4y then
0= —iw and so ¢in’=e¢""" (naturally), while ¢sm=12/9
where # is the normalized bound state radial wave
function, 9T being its asymptotic amplitude, i.e.,
u=9e™"" outside the potential (for a zero-range
potential, 9T= (2y)}. Thus, (B8) gives us

{95p COtO} pmiy =207 (1/27)— (1/90) ], (BY)
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and so, according to (B7),
frele= (i90/2v)[1/ (p—1iv) ].
Comparing the results (B6) and (B10), we conclude that
G=— (4m)¥/m, (B11)

(B10)

where the sign is fixed by considering the calculation of
the amplitude of the #p component of the deuteron by
perturbation theory, which also immediately makes
clear that the coupling constant is proportional to the
asymptotic bound-state amplitude.

In the effective-range approximation, i.e.,

Form[—y—ip+(y*+p)v/21"

and so
fereer=[i/ (A=) J[1/(p—2v)],  (B12)
we have immediately, by comparison with (B6),
Ger= (1/m)[8wy/ (1—r) . (B13)

We can now proceed to calculate the Born approxima-
tion photodisintegration matrix elements. For E1, the
term in which the photon is absorbed by the deuteron
contributes nothing since k-e¢=0; so the only term is
that in which the proton absorbes the photon:

Mo 2 L T8 ()
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For M1 we have all three terms contributing, one of
which requires the use of

3 X T X T O = — X o1 xnC,  (B16)
giving
B=—-ﬁ——><p*[(up—un)k>< e 8
2mkv2 (2k)}
Fi(uptpn—pa)o- (kX)X &Jxa¢
Nze(up—ltn) Xp*xnc(sz- o), (B17)

R

since pp+un—ua=~0. Our results (B14) and (B17) are,
of course, identical with the result of the usual calcula-
tions of these matrix elements.

With the assumption that each matrix element is an
analytic function of the energy except for Born poles
and for the cut on the positive real axis due to final-
state rescattering, we can write for each a simple
dispersion representation, of the form of (3.16). The
worst approximation here is the neglect of the nearest
out which is the anomalous cut starting at

k= (w+2uy)/m
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due to the diagrams of Fig. 2. Actually, in this approx-
imation it is unnecessary to write down the dispersion
representation, for we can work directly with the
analytic properties of the matrix element.

For definiteness, let us work with the M1 matrix
element, which we shall call Mer in our rescattering
approximation. It has the following properties:

(a) M»=M? at k=0 (threshold theorem), because
all M1 matrix elements contain a factor £, and only the
Born term has an energy denominator which vanishes
at £=0.

(b) Mr(k) is analytic in the complex % plane
[equivalently the p? plane, since mk=p*>+~>] except
for the “elastic cut” k>B=+?%/m, where its phase is
the scattering phase shift of the 15 n-p state. It follows
that

M=(k)=[D(0)/D(p) IM*(k), (B18)

where D(p) is the so-called denominator function of
the n-p scattering amplitude; it is analytic in the
energy plane except that on the elastic cut it has the
phase —§. Omnes has given the formula for D(k):

1 dp?
p=en|— [ —Z—ap], @)
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which obviously satisfies the requirements.

If we make the further approximation of using the
effective range approximation for the #-p scattering
amplitude, then the determination of D(k) and hence
M becomes trivial algebra. In the effective-range
form, p cotd is a polynomial in $?, so that the negative-
energy singularities of the scattering amplitude f are
isolated poles, and so to find D(p), which has the same
phase as f but not the left-hand singularities, the
following procedure suffices: For each pole of f on the
physical energy sheet, i.e., the upper half momentum
plane, say, at p=ix, replace in f the factor (p—ix)™!
by p-ix, thus, removing the singularity but not
changing the phase, for real .

Thus, if p cotd=—a'4-37p?, we have

f=l—a'—ip+3rp’ ' =C/ (p+ie) (p—iey), (B20)

where C=2/r and ay=[(1—27/a)}4=1]/r. For the case
of 1S scattering we have ¢<0, and so from (B20) we
have

1/D=C(ptia)/ (p+ic_) (B21)
and hence,
Mrsz’Y+a_ ptioy e® sing y+a_ P2+a+2MB
ytay ptie. p ytey C
=¢®F(p)MB, -

where this is the F(p) of (4.8) of the text.



